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Abstract: The long-span triple-tower suspension bridge is a brand-new type of structural form with
typical wind-sensitive features. Inevitable wind-induced vibrations will heavily influence the driving
comfort during strong winds and shorten the fatigue life of the bridge structure, which highlights
the demand for the mitigation of wind-induced vibrations of long-span bridges. In this study, a
parametric analysis is performed to investigate the control effect of multiple tuned mass dampers
(MTMD) on the buffeting responses of a long-span triple-tower suspension bridge. Taking Taizhou
Bridge as an example, the buffeting analysis is conducted via the finite-element-based approach.
A step-updating framework is presented to guide the parametric analysis and determine the preferred
values of the mechanical parameters of the MTMD. Specifically, four parameters—including the
number of TMDs, the mass ratio, the damping ratio, and the frequency bandwidth ratio—are
included in the parametric analysis. The robustness of the MTMD is also evaluated by changing
another parameter called the frequency ratio. It is found that the performance of the MTMD is
sensitive to the variation of the four parameters and the robustness can be adjusted by increasing
the frequency bandwidth ratio. Utilizing the MTMD with reasonable mechanical parameters, the
buffeting responses of the long-span triple-tower suspension bridge under strong winds can be
effectively mitigated.

Keywords: triple-tower suspension bridge; buffeting; vibration control; multiple tuned mass dampers
(MTMD); finite element analysis

1. Introduction

In recent decades, wind disasters have become more and more violent across the world. Damages
to property with attendant economic losses and casualties are frequently reported by the public
media [1,2]. Among the disasters, extreme wind events—e.g., typhoons/hurricanes, downbursts,
tornadoes, etc.—have become the most severe cases that will cause destructive damages or significant
performance deteriorations to engineering structures [2,3]. With the worsening of global climatic
environment, many places have been known as typical wind-prone areas. For example, every year the
coastal area of East China will be attacked many times by the severe typhoons from the Pacific Ocean.

However, in the wind-prone areas above, there are a great number of long-span bridges
constructed or still under construction over rivers or even seas, which is catering to the developments
of local transportation and economics [4]. With the rapid increase of the bridge span, the bridge
will be a typical slender structure which is sensitive to the wind effects [5]. There are four main
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types of wind-induced vibrations occurring on bridges known as flutter, buffeting, galloping, and
vortex-induced vibration. Among them, buffeting is a typical forced vibration induced by the
turbulence existing inherently in natural wind. Different from the other three vibrations, buffeting is
daily experienced by long-span bridges and becomes more prominent with the increase of the bridge
span. Although the buffeting will not cause direct catastrophic failure to structures, it will result
in instability of the vehicles travelling on the deck as well as discomfort of pedestrians, it will also
severely shorten the fatigue life of structural components [6–10].

Many studies have been conducted on the buffeting performance of cable-supported bridges.
For example, Xu and Zhu investigated the buffeting responses of Tsing Ma Bridge under skew winds
during Typhoon Sam [11]. Wang et al. conducted a comparative study on the buffeting performance of
Sutong Cable-Stayed Bridge based on design and measured spectrum [10]. In recent years, a typical
bridge with a brand new type of structural form, which is called the triple-tower suspension bridge,
has been put into engineering practices for long-span bridges, e.g., Taizhou Yangtze River Bridge and
Ma’anshan Yangtze River Bridge in China. The triple-tower suspension bridge has not only two towers
at the ends of two main spans, but also a dominant mid-tower between two main spans to alleviate
the strain of main cables. Compared to the double-tower suspension bridge, structural characteristics
of a triple-tower suspension bridge are strikingly different because of the existence of the middle
tower and an additional main span [12,13]. Most existing research focuses on the static analysis of
long-span triple-tower suspension bridges [14–16]. Several studies also made efforts to the flutter
stability [17–19]. However, few researches are concerned about the buffeting problem of the long-span
triple-tower suspension bridge.

With the increase of the bridge span, buffeting may perform an important role in the
structural design of long-span triple-tower suspension bridges, especially for the ones located in
the typhoon/hurricane-prone areas. In order to improve the travelling comfort and keep sufficient
structural fatigue life, effective measures need to be adopted to mitigate the buffeting responses of
long-span triple-tower suspension bridges during strong winds. There are a lot of dampers available
in the vibration control of engineering structures—e.g., viscous damper, magnetorheological damper,
tuned mass damper (TMD) [20–24]. Buffeting responses of long-span bridges are prominent in the main
girder, which is a linear and flexible structure. Obviously, the viscous damper and magnetorheological
damper are not easy to be applied in the vibration control since they are usually installed between two
adjacent joints to alleviate the comparative motions. However, the TMD is proved to be an effective
device for the vibration control of long-span structures as the tacit mechanism is inertia.

TMD is a classical device with a mass, a spring and a damper attached to attenuate undesirable
vibrations of engineering structures [25]. However, it is known that the performance of the TMD is
sensitive to the frequency variation of the main structure [4,26,27]. A solving scheme is realized by
the MTMD, which is equipped with a series of TMDs with distributed frequencies. Hence, there is a
frequency band formed in the MTMD to cope with any target frequency lying in this band, which means
the robustness of the TMD has been significantly improved. A lot of pioneering work has been done
on the performance of the MTMD [26,28,29]. Also, a few studies have been conducted on the buffeting
control of the double-tower cable-stayed bridge with MTMD. For example, Gu et al. conducted a
parametric study on the MTMD for buffeting control of Yangpu Bridge, which is a cable-stayed bridge
with a main span of 602 m [27]; Wang et al. presented a simulation study on the optimal control of a
long-span cable-stayed bridge with MTMD via the first-order optimization method [4]; However, few
studies are reported on the buffeting control of the novel long-span triple-tower suspension bridge.

In this study, a parametric sensitivity analysis is conducted on the buffeting control of a long-span
triple-tower suspension bridge. The Taizhou Yangtze River Bridge, “Taizhou Bridge” for short, is taken
as the research object. The buffeting performance of the long-span triple-tower suspension bridge
is firstly analyzed with the unconditionally simulated wind field. Then, a step-updating framework
is presented to guide the parametric analysis and determine the preferred values of the mechanical
parameters of the MTMD. Four parameters, which are the number of TMDs, the mass ratio, the
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damping ratio and the frequency bandwidth ratio, are specifically included in the parametric analysis.
Meanwhile, the robustness of the MTMD is also evaluated by changing another parameter of MTMD
which is called the frequency ratio. The analytical results are expected to provide references for the
buffeting control and wind-resistant design of long-span triple-tower suspension bridges.

2. Structural Description and Finite Element Model

2.1. Description of the Taizhou Bridge

The Taizhou Yangtze River Bridge, ‘Taizhou Bridge’ for short, is located in the lower reach of the
Yangtze River in China, and first establishes the connection of land transportation between Taizhou
and Zhenjiang, as shown in Figure 1. The bridge has been a landmark project across the Yangtze
River and the longest triple-tower suspension bridge in the world since it was open to traffic in 2012.
With respect to the geographical location, Taizhou Bridge is located in the eastern part of the Asian
continent, which belongs to a wind-prone area that is vulnerable to the typhoons from the west Pacific
Ocean in the summer and the strong northern wind from Siberia in the winter.
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width of the bridge deck is 39.1 m with the wind mouth included. Two steel-wired cables are 
installed in parallel to support the static and dynamic loads on the main girder, and the sag-to-span 
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Figure 1. Geographical location of Taizhou Bridge.

As shown in Figure 2a, Taizhou Bridge is equipped with two main spans. Each main span is
1080 m long. The two main spans are continuously connected at the mid-tower while they are separated
from side spans with two expansion joints installed at the side towers, respectively. The streamline
flat-steel-box girder is employed as the bridge deck, as shown in Figure 2b. The total width of the
bridge deck is 39.1 m with the wind mouth included. Two steel-wired cables are installed in parallel to
support the static and dynamic loads on the main girder, and the sag-to-span ratio of the main cable is
1/9. The two side towers are reinforced concrete structures with a height of 178 m, and the middle
tower is a steel tower with a height of 192 m. To constrain the lateral and vertical displacements of
the main girder, lateral and vertical bearings are installed on lower cross beams of side towers, while
only lateral bearings are installed on the mid-tower. Elastic restraints made of steel-stranded wires are
installed in the longitudinal direction to control the relative displacement between the main girder and
mid-tower. Since Taizhou Bridge is such a long-span bridge with a novel structural type, the buffeting
performance attracts extensive attention.
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Figure 2. Schematic description of Taizhou Bridge: (a) Elevation (unit: m); (b) Section of the main
girder (unit: mm).

2.2. Finite Element Model

According to the ultimate design scheme of Taizhou Bridge, the finite element (FE) model is
established based on ANSYS (ANSYS, Inc., Canonsburg, PA, USA), as shown in Figure 3. In the
FE model, the BEAM4 element is utilized to simulate the main girder and the towers, and the
LINK10 element is selected for the simulation of the main cable and suspenders. The main girder and
suspenders are connected via the zero-mass rigid beams. To model the real restrictions between the
main girder and the towers, the lateral, vertical, and torsional degree of freedoms (DOF) of the main
girder are coupled with the lower beams of the side towers, while only the lateral DOF of the main
girder is coupled with the mid tower. The COMBIN14 element with only stiffness coefficient is applied
to model the elastic cable between the main girder and the mid-tower in a longitudinal direction.
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2.3. Modal Analysis of Taizhou Bridge

Modal analysis of Taizhou Bridge is conducted with the subspace iteration method based on
ANSYS (ANSYS, Inc., Canonsburg, PA, USA), and 200 modes of the structure are extracted. Among
them, the 13 typical modes with natural frequencies and the corresponding mode shapes are presented
in Table 1, and six typical mode shapes of Taizhou Bridge are shown in Figure 4.
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Table 1. Typical modes of Taizhou Bridge. 1

No. Frequency/Hz Modal Shape

1 0.07163 First antisymmetric lateral vibration of the main girder (AS-L-1)
2 0.08023 First antisymmetric vertical vibration of the main girder (AS-V-1)
3 0.09512 First symmetric lateral vibration of the main girder (S-L-1)
4 0.11489 Second antisymmetric vertical vibration of the main girder (AS-V-2)
5 0.11758 First symmetric vertical vibration of the main girder (S-V-1)
6 0.13709 Second symmetric vertical vibration of the main girder (S-V-2)
7 0.17089 Third antisymmetric vertical vibration of the main girder (AS-V-3)
8 0.18518 Third symmetric vertical vibration of the main girder (S-V-3)
9 0.23058 Second antisymmetric lateral vibration of the main girder (AS-L-2)
10 0.23786 Fourth antisymmetric vertical vibration of the main girder (AS-V-4)
11 0.23983 Fourth symmetric vertical vibration of the main girder (S-V-4)
13 0.27290 First antisymmetric torsional vibration of the main girder (AS-T-1)
25 0.36613 First symmetric torsional vibration of the main girder (S-T-1)

1 AS—Antisymmetric; S—Symmetric; V—Vertical; L—Lateral; T—Torsional. The number represents the order.
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3. Wind Loads on Structures

To compute the buffeting responses of Taizhou Bridge in time domain, an important step is
to integrate the wind loads on structures. In this study, the Alan G. Davenport Wind Loading
Chain [30,31] is utilized for analysis, in which the aerostatic forces, buffeting forces, and the self-excited
forces are included.

Under the framework of finite element approach, the governing equation for the buffeting analysis
of Taizhou Bridge under turbulent winds can be expressed as

M
..
X(t) + C

.
X(t) + KX(t) = FG + Fst + Fb(t) + Fse(t) (1)

where M, C, and K are structural mass, damping and stiffness matrices, respectively;
..
X,

.
X, and X are

acceleration, velocity, and displacement vectors; FG = structural gravity vector; Fst is the static wind
force vector; Fb is the buffeting force vector; Fse is the self-excited force vector. For such a long-span
cable-supported bridge, the actions of gravity and aero-static forces will heavily influence the initial
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geometry and stiffness of the structure. Hence, the static forces must be firstly applied to the bridge
structure to establish an initial structural state for the buffeting analysis.

3.1. Wind Forces on the Bridge

The quasi-steady equations accompanied by the aerodynamic admittance functions are utilized
to simulate the buffeting forces [30,32]. The buffeting forces, which include lift force, drag force, and
pitching moment, acting on the bridge deck per unit length are given as Equations (2)–(4).

Lb(t) =
1
2

ρU2B
(

2CLχLu
u(t)
U

+ (C′L + CD)χLw
w(t)

U

)
(2)

Db(t) =
1
2

ρU2B
(

2CDχDu
u(t)
U

+ (C′D − CL)χDw
w(t)

U

)
(3)

Mb(t) =
1
2

ρU2B2
(

2CMχMu
u(t)
U

+ C′MχMw
w(t)

U

)
(4)

where ρ is the air density; U is the average wind velocity; B is the width of the bridge deck; CL, CD,
and CM are steady-state coefficients; C′L = dCL/dα; C′D = dCD/dα; C′M = dCM/dα; α is the attack
angle; χLu, χLw, χDu, χDw, χMu, and χMw are the aerodynamic admittance functions; u(t) and w(t) are
fluctuating wind velocities in along-wind and vertical direction, respectively.

Self-excited forces are included in the buffeting analysis to describe the coupled and feedback
relationships between structural motions and wind field [32]. The self-excited forces acting on the
bridge deck per unit length can be expressed as linear functions of nodal displacement and nodal
velocity as Equations (5)–(7).

Lae(t) =
1
2

ρU2B

[
KH∗1

.
h(t)
U

+ KH∗2
B

.
α(t)
U

+ K2H∗3 α(t) + K2H∗4
h(t)

B
+ KH∗5

.
p(t)
U

+ K2H∗6
p(t)

B

]
(5)

Dae(t) =
1
2

ρU2B

[
KP∗1

.
p(t)
U

+ KP∗2
B

.
α(t)
U

+ K2P∗3 α(t) + K2P∗4
p(t)

B
+ KP∗5

.
h(t)
U

+ K2P∗6
h(t)

B

]
(6)

Mae(t) =
1
2

ρU2B2

[
KA∗1

.
h(t)
U

+ KA∗2
B

.
α(t)
U

+ K2 A∗3α(t) + K2 A∗4
h(t)

B
+ KA∗5

.
p(t)
U

+ K2 A∗6
p(t)

B

]
(7)

where K = ωB/U is the reduced circular frequency; h(t), p(t), and α(t)are vertical, lateral, and
torsional displacements, respectively;

.
h(t),

.
p(t), and

.
α(t) are vertical, lateral, and torsional velocities,

respectively; A∗i , H∗i , and P∗i (i = 1, 2, . . . , 6) are flutter derivatives, which are expressed in terms
of reduced wind velocity Ũ = U/ f B and determined by geometric configuration of the deck’s
cross-section; f is the natural frequency.

Equations (5)–(7) is expressed in a frequency manner for complex sinusoidal structural
motions [33], but the self-excited forces can be reshaped as aerodynamic stiffness and aerodynamic
damping [6,9,34,35]. Hence, the governing equation by Equation (1) can be further expressed as

M
..
X(t) + (C−Cse)

.
X(t) + (K−Kse)X(t) = FG + Fst + Fb(t) (8)

where Cseand Kse are the aerodynamic damping matrix and the aerodynamic stiffness
matrix, respectively.

In such a case, the self-excited forces can be treated as parts of structural components instead of
direct loadings. In this study, self-excited forces are realized in ANSYS with the user-defined element
MATRIX27 [19,35]. Then, the ultimate FE model for the buffeting analysis of Taizhou Bridge is shown
in Figure 5.
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iP  (i = 1, 2, …, 6) are flutter derivatives, which are expressed 

in terms of reduced wind velocity /U U fB=  and determined by geometric configuration of the 
deck’s cross-section; f  is the natural frequency. 
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where seC and seK  are the aerodynamic damping matrix and the aerodynamic stiffness  
matrix, respectively. 

In such a case, the self-excited forces can be treated as parts of structural components instead of 
direct loadings. In this study, self-excited forces are realized in ANSYS with the user-defined 
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In the buffeting analysis of Taizhou Bridge, the steady-state coefficients and flutter derivatives 
were obtained from the section-model wind tunnel tests conducted in the State Key Lab for Disaster 
Reduction of Civil Engineering at Tongji University [17,19]. As there is no available measured admittance 
function, it is supposed to be one in the analysis. The wind is assumed to be perpendicular to the main 
girder, which means the yaw wind issue is not considered in this study. From Equations (2)–(4), it is easy 

Figure 5. FE model of Taizhou Bridge with MATRIX27 element included.

In the buffeting analysis of Taizhou Bridge, the steady-state coefficients and flutter derivatives
were obtained from the section-model wind tunnel tests conducted in the State Key Lab for Disaster
Reduction of Civil Engineering at Tongji University [17,19]. As there is no available measured
admittance function, it is supposed to be one in the analysis. The wind is assumed to be perpendicular
to the main girder, which means the yaw wind issue is not considered in this study. From
Equations (2)–(4), it is easy to find that the turbulence is another vital factor that must be included in
the time-domain buffeting analysis. Hence, the simulation of the fluctuating wind field is conducted
in the following section.

3.2. Simulation of Wind Field

The spectral representation method proposed by Deodatis [36] is utilized to unconditionally
simulate the spatial fluctuating wind field around the triple-tower suspension bridge. To enhance
the computational efficiency, the fluctuating wind inputs are exerted on the uniformly distributed
locations [34], as shown in Figure 6. There are 55 simulated points in total on the main girder. Due to
their insignificant contributions to the buffeting response, the wind effects on the main towers, the
main cables, and suspenders are neglected for the sake of brevity [37].
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Figure 7. Typical samples from the simulated fluctuating wind field: (a) Along-wind case;  
(b) Vertical case. 

To verify the effectiveness of the simulated wind field, the power spectral densities (PSDs) and 
cross-correlation functions of the simulated wind samples are compared with theoretical target 
values. Some cases of them are selected as examples, which are shown in Figures 8 and 9. The targets 
refer to Kaimal and Panofsky spectrum in Figure 8, while the target cross-correlation functions in 
Figure 9 are acquired by the inverse Fourier transform to the corresponding cross-PSDs. In Figure 9, 
Ri,j denotes the cross-correlation function of fluctuating winds at Point i and Point j. It can be seen 
that both the PSDs and cross-correlation functions conform well to the targets, indicating the high 
fidelity of the simulated fluctuating wind field.  
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Kaimal spectrum [38] and Panofsky spectrum [39] are utilized to simulate the along-wind and
vertical fluctuating wind velocities with a sampling frequency of 1 Hz, respectively. Davenport
coherence function [40] is adopted to present the spatial correlation of fluctuating winds and the
coherence coefficient is conservatively taken as 7. With the Deodatis method, the wind field for Taizhou
Bridge is successfully simulated. A typical set of generated along-wind and vertical fluctuating winds
at Point 15 is presented in Figure 7.

To verify the effectiveness of the simulated wind field, the power spectral densities (PSDs) and
cross-correlation functions of the simulated wind samples are compared with theoretical target values.
Some cases of them are selected as examples, which are shown in Figures 8 and 9. The targets refer to
Kaimal and Panofsky spectrum in Figure 8, while the target cross-correlation functions in Figure 9 are
acquired by the inverse Fourier transform to the corresponding cross-PSDs. In Figure 9, Ri,j denotes
the cross-correlation function of fluctuating winds at Point i and Point j. It can be seen that both the
PSDs and cross-correlation functions conform well to the targets, indicating the high fidelity of the
simulated fluctuating wind field.
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Figure 8. Comparison of the PSD of the simulated wind velocity and the target function: (a) Along-wind
case; (b) Vertical case.
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Figure 9. Cross-correlation functions of the simulated wind samples with comparison to target values:
(a) Along-wind case; (b) Vertical case.
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4. Buffeting Analysis of Taizhou Bridge

4.1. Buffeting Responses

Based on the simulated wind field and the FE model shown in Figure 5, the buffeting responses
of Taizhou Bridge are calculated via the governing equation by Equation (8) in time domain. The RMS
distribution of buffeting displacements of the main girder is presented in Figure 10. To unify the unit,
the torsional buffeting displacement has been multiplied by half of the width of the main girder.

Appl. Sci. 2017, 7, 395  8 of 21 

10-3 10-2 10-1
10-1

100

101

102

103

S u
(n

) 
/ m

2 ·s
-1

n / Hz

 Point 12
 Point 25
 Target

10-3 10-2 10-1

100

101

102

S w
(n

) 
/ m

2 ·s
-1

n / Hz

 Point 6
 Point 18
 Target

(a) (b)

Figure 8. Comparison of the PSD of the simulated wind velocity and the target function: (a) Along-wind 
case; (b) Vertical case.  

-2000 -1000 0 1000 2000
0

2

4

6

8

 

 

C
ro

ss
-c

or
re

la
ti

on
 f

un
ct

io
n 

/ m
2 ·s

-2

t / s

 Target
 R

10,12

-2000 -1000 0 1000 2000
0.00

0.04

0.08

0.12

0.16

0.20

C
ro

ss
-c

or
re

la
ti

on
 f

un
ct

io
n 

/ m
2 ·s

-2

t / s

 Target
 R

12,20

(a) (b)

Figure 9. Cross-correlation functions of the simulated wind samples with comparison to target 
values: (a) Along-wind case; (b) Vertical case. 

4. Buffeting Analysis of Taizhou Bridge 

4.1. Buffeting Responses 

Based on the simulated wind field and the FE model shown in Figure 5, the buffeting responses 
of Taizhou Bridge are calculated via the governing equation by Equation (8) in time domain.  
The RMS distribution of buffeting displacements of the main girder is presented in Figure 10.  
To unify the unit, the torsional buffeting displacement has been multiplied by half of the width of 
the main girder. 

-1080 -900 -720 -540 -360 -180 0 180 360 540 720 900 1080
0.00

0.03

0.06

0.09

0.12

D
is

p
la

ce
m

en
t 

/ m

Bridge Axis / m  
(a)

-1080 -900 -720 -540 -360 -180 0 180 360 540 720 900 1080
0.0

0.1

0.2

0.3

0.4

D
is

pl
ac

em
en

t 
/ m

Bridge Axis / m  
(b)

Appl. Sci. 2017, 7, 395  9 of 21 

-1080 -900 -720 -540 -360 -180 0 180 360 540 720 900 1080
0.000

0.005

0.010

0.015

0.020

0.025

D
is

p
la

ce
m

en
t 

/ m

Bridge Axis / m  
(c)

Figure 10. RMS distribution of the buffeting displacements of the main girder: (a) Lateral case;  
(b) Vertical case; (c) Torsional case. 

As shown in Figure 10, the buffeting displacements of Taizhou Bridge exhibit the most prominent 
in the central region of each main span. Different from the other two cases, the maximum of the 
vertical buffeting displacement shows a leaning trend to the mid-tower. The primary reason is that 
the vertical stiffness of the main girder is mainly dominated by the longitudinal stiffness of the 
towers. Obviously, the longitudinal stiffness of the mid-tower is much smaller than side towers, 
which are tightly restricted by the anchorages. 

As a typical sample, the buffeting displacements in the middle of one span are presented as 
shown in Figure 11. It can be seen that the lateral and vertical buffeting displacements are very 
prominent, while the torsional displacement is generally small. Hence, the torsional vibration of the 
main girder will not be considered in the following vibration control stage of buffeting responses. 

0 600 1200 1800 2400 3000 3600
-0.4

-0.2

0.0

0.2

0.4

D
is

p
la

ce
m

en
t 

/ m

Time / s  
(a)

0 600 1200 1800 2400 3000 3600
-1.2

-0.6

0.0

0.6

1.2

D
is

p
la

ce
m

en
t 

/ m

Time / s  
(b)

0 600 1200 1800 2400 3000 3600
-0.08

-0.04

0.00

0.04

0.08

D
is

p
la

ce
m

en
t 

/ m

Time / s  
(c)
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Figure 10. RMS distribution of the buffeting displacements of the main girder: (a) Lateral case;
(b) Vertical case; (c) Torsional case.

As shown in Figure 10, the buffeting displacements of Taizhou Bridge exhibit the most prominent
in the central region of each main span. Different from the other two cases, the maximum of the
vertical buffeting displacement shows a leaning trend to the mid-tower. The primary reason is that the
vertical stiffness of the main girder is mainly dominated by the longitudinal stiffness of the towers.
Obviously, the longitudinal stiffness of the mid-tower is much smaller than side towers, which are
tightly restricted by the anchorages.

As a typical sample, the buffeting displacements in the middle of one span are presented as shown
in Figure 11. It can be seen that the lateral and vertical buffeting displacements are very prominent,
while the torsional displacement is generally small. Hence, the torsional vibration of the main girder
will not be considered in the following vibration control stage of buffeting responses.
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energy distribution of vibrations in frequency domain. In addition, the energy variation along the 
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4.2. Time-Frequency Analysis

Before conducting the buffeting control of the long-span triple-tower suspension bridge, a prior
step is to find the dominant modes in charge of the buffeting responses. These modes are the basis for
the design of the MTMD system. Hence, the wavelet transform is selected to characterize the energy
distribution of vibrations in frequency domain. In addition, the energy variation along the time will
also be clearly presented. With the Moret wavelet as the mother wavelet, the wavelet transform is
applied to the lateral and vertical buffeting displacements. The distribution of the modules of the
wavelet coefficients in time-frequency domain are shown in Figure 12. It is found that the energy
distribution at each time instant is presented, and the dominant frequency can gather to form a bright
frequency band along the time. In such a case, the energy variation is easily evaluated via the primary
dominant frequency band. For example, some intermittence can be found in each bright frequency
band as the input energy varies with the turbulence.

As can be seen in Figure 12, the energy of the lateral buffeting displacement mainly concentrates
on two frequencies (0.072 Hz and 0.095 Hz), which correspond to the AS-L-1 mode and the S-L-1 mode.
It means that the lateral buffeting displacement is mainly dominated by these two modes. For the
vertical buffeting displacement, 0.080 Hz is the most prominent frequency that plays a dominant
role in frequency domain. Although there are some vague high-frequency bands captured in the
time-frequency spectrum, they are so minor compared to the bright band of 0.080 Hz that they can
be neglected. With the aid of Table 1, the vertical buffeting displacement of Taizhou Bridge is proved
to be dominated by the AS-V-1 mode. Hence, AS-L-1 and S-L-1 modes are determined as the target
modes for the design of vertical MTMD system while AS-V-1 for the lateral MTMD system.
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5. MTMD Applications on Taizhou Bridge

5.1. Layout of MTMD on the Main Girder

To exert the effect of MTMD to the maximum extent, the MTMD system should be deposited near
the maximum amplitude of the dominant mode. As the lateral and vertical buffeting displacements
are both dominated by the mode whose maximum amplitude appears in the middle of the span, the
MTMD systems are attached to the center region of Taizhou Bridge in each span, as shown in Figure 13.Appl. Sci. 2017, 7, 395  11 of 21 
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In this study, there are two independent MTMD systems, a lateral MTMD system and a vertical
MTMD system, for the buffeting control of Taizhou Bridge. The layouts of TMDs in the two main
spans are entirely the same considering the structural symmetry. In the longitudinal direction of each
span, the TMDs of two systems are both symmetric about the central line of the main girder. For the
lateral MTMD system in each span, there is only one MTMD included. As shown in Figure 13a, the
TMDs are distributed on the axial line of the main girder with equivalent distance between each other.
The two TMDs symmetrical about the central line are equipped with the same mechanical parameters.
For the vertical MTMD system in each span, there are two MTMDs with the same configuration
included. Identical to the TMDs in the lateral MTMD system, the TMDs in one vertical MTMD are
distributed in parallel to the axial line with equivalent distance between each other. The two TMDs
symmetrical about the central line are also equipped with the same mechanical parameters. For the
two corresponding TMDs from the two vertical MTMD, they are symmetric about the axial line with
the same mechanical parameter. As there is a distance between the vertical MTMD and the axial line,
the MTMD can also to some extent participate in the mitigation of torsional buffeting responses. The
section view of TMDs of lateral and vertical MTMD systems is shown in Figure 13b.

For the simulation of TMDs, there is no element directly available in ANSYS. It is simulated with
the combination of two basic elements, the MASS21 element and COMBIN14 element. The MASS21
element is utilized to simulate the mass block of TMD, and the COMBIN14 element is applied to
simulate the spring and the damper with the stiffness coefficient and the damping coefficient included.
Hence, TMD can be represented via the connection of the MASS21 element and COMBIN14 element.

5.2. Design Parameters of the MTMD

The MTMD is consisted of groups of TMDs, whose frequencies are uniformly distributed around
the frequency of the dominated mode. The MTMD in Figure 13a is equipped with two groups of TMDs
with a shared TMD on the central line. For the TMDs from the central one to the last one on each side
in one MTMD, they are named from TMD1 to TMDn using the subscript 1, 2, . . . , n. For convenience,
the mass of the block as well as the damping ratio of each TMD in the same MTMD is assumed to be
the same. The basic frequencies of TMDs from TMD1 to TMDn, f 1, f 2, . . . , fn, are assumed to increase
or decrease with a constant difference. The frequency of the TMD is adjusted by changing the stiffness
of the spring component.

In the application of MTMD, the mechanical parameter of each TMD, including the mass of
the block, the stiffness of the spring, and the damping ratio, must first be known. This raises the
determination of limited key parameters of MTMD to facilitate the damper design. In this study, five
key parameters are utilized to characterize the structure of the MTMD. They are the number of TMDs
N, the mass ratio µ, the damping ratio ζ, the frequency bandwidth ratio δ, and the frequency ratio λ,
respectively. Once the five parameters are given, the MTMD will naturally be determined.

The number of TMDs N refers to the number of TMDs included in one MTMD. In this study,
this number will be odd considering the distribution in Figure 13a. The relationship between N and
subscript n can be expressed as Equation (9). When the other parameters are given, more TMDs will
lead to more intensive natural frequencies. This means the frequency difference between two adjacent
TMDs will be smaller with the increment of N.

N = 2n− 1 (9)

The mass ratio µ is a key parameter reported to heavily influence the control effectiveness of the
MTMD system. µ denotes the ratio of the total mass of TMDs in a MTMD to the equivalent mass of the
dominated structural mode, which is defined as

µ =
(2n− 1)m

Mequ
(10)
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where m is the mass of the block for each TMD; Mequ is the equivalent mass of the dominated mode.
To facilitate the design of the MTMD system, the damping ratios for all the TMDs in the same

MTMD are assumed to be identical. ζ is defined as Equation (11) in detail.

ζ =
ci

4πm fi
(11)

where ci and fi are the damping coefficient and the natural frequency of the ith TMD, respectively.
Frequency bandwidth ratio δ is a measurement of the range of frequencies that can be controlled

by the MTMD. It is a vital parameter indicating the robustness of the MTMD and makes the MTMD
insensitive to frequency variations of the main structure. It is defined as the ratio of the maximum
frequency difference in the TMDs to the central frequency, which is detailed as

δ =
| fn − f1|

fc
(12)

where f 1 and fn are natural frequencies of TMD1 and TMDn, respectively. fc is the central frequency
which is the average of frequencies from TMD1 to TMDn.

The frequency ratio λ denotes the ratio of central frequency to the dominated frequency of the
main structure, as expressed in Equation (13). In engineering applications, this ratio is often determined
as 1 for the MTMD case. Moreover, the modal frequencies of such a long-span bridge will not vary too
much after the installation of the MTMD with a not very large mass ratio. When the natural frequency
of the main structure varies with the performance deteriorations or maintenance, this parameter is
utilized to evaluate the frequency shift of the installed MTMD system and for further performance
evaluation of the damper.

λ =
fc

fs
(13)

Once the five parameters above are given, the mechanical parameter for each TMD can be
determined. The procedure is detailed as follows,

(1) The frequency difference ∆ between two adjacent TMDs is

∆ =
| fn − f1|

n− 1
=

λ fs

n− 1
(14)

(2) The frequency from TMD1 to TMDn can be either ascending or descending. It is set as descending
in this study. The natural frequency of the ith TMD is

fi = 1.5λ fs − (i− 1)∆ (15)

(3) The mass of the block for each TMD is

m =
µMequ

2n− 1
(16)

(4) The damping coefficient of the ith TMD is

ci = 4πm fiζ (17)

(5) The stiffness of the spring for the ith TMD is

ki = 4π2m f 2
i (18)



Appl. Sci. 2017, 7, 395 14 of 22

5.3. Step-Updating Framework for the Determination of Parameters

In order to quantify the control efficiency of the MTMD, the attenuation factor is defined as

η =
β− α

β
× 100% (19)

where α and β are the RMS (Root Mean Square) of the buffeting displacements with and without
MTMD, respectively. This attenuation factor is a performance-oriented index that directly presents the
effect of the MTMD system [27].

As shown in Figure 14, a step-updating framework is presented to analyze the parameter
sensitivity of the control efficiency for each MTMD, and determine the preferred values for the main
parameters with the expected attenuation factor. The frequency ratio is set as 1 in the analysis, but it
is also changed within ±10% to investigate the robustness of the MTMD system. The step-updating
framework gets the main parameters updated one by one via the parametric analysis. A feedback
in each step will be included for the next round of updating, which will save time for the parameter
determination. By the experience obtained in testing the framework, the prescribed attenuation factor
can be satisfied within 2–3 rounds.
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There are seven steps included in the whole procedure, which are detailed as

Step 1 Set the initial values for the four main parameters, including the number of TMDs N0, the
mass ratio µ0, the damping ratio ζ0, and the frequency bandwidth ratio δ0, by experience.
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Step 2 Conduct the parametric analysis on the number of TMDs N with the other parameters
unchanged, and determine a preferred value for N in this round. Then, include the positive
range between N and the attenuation factor in the next round.

Step 3 Conduct the parametric analysis on the mass ratio µ with the updated N and two initial
other parameters, and determine a preferred value for µ in this round. Then, include the
positive range between µ and the attenuation factor in the next round.

Step 4 Conduct the parametric analysis on the damping ratio ζ with the updated N and µ as well
as δ0, and determine a preferred value for ζ in this round. Then, include the positive range
between ζ and the attenuation factor in the next round.

Step 5 Conduct the parametric analysis on the frequency bandwidth ratio δ with the updated N,
µ, and ζ0, and determine a preferred value for δ in this round. Then, include the positive
range between δ and the attenuation factor in the next round.

Step 6 Compare the damping ratio η of the MTMD with the updated parameters to the prescribed
threshold η0. If η ≥ η0, go to Step 7; Otherwise, go to Step 2.

Step 7 The final values of the four main parameters are determined as the ones in Step 6 and are
renamed as Nd, µd, ζd, and ηd, respectively.

5.4. Parametric Analysis on the MTMD Application

Before the parametric analysis on the MTMD application, the dominant frequency and
corresponding equivalent mass should be firstly determined. Since the vertical buffeting response of
Taizhou Bridge is dominated by the AS-V-1 mode, the modal frequency and equivalent modal mass
for the vertical MTMD design is definite, as shown in Table 2. However, the lateral buffeting response
is mainly dominated by two modes (AS-L-1 and S-L-1). Hence, a weighting calculation is performed
on the two modes. The weight coefficients are given according to the average energy represented by
the two modes over the time. For example, if the averaged energies on two frequencies are E1 and E2,
respectively, the corresponding weight coefficients will be E1/(E1 + E2) and E2/(E1 + E2). Then, the
dominant modal mass and frequency are expressed as

fL = w1 fAS-L-1 + w2 fS-L-1 (20)

ML = w1MAS-L-1 + w2MS-L-1 (21)

where fL and ML are the dominant modal mass and frequency, respectively. f AS-L-1 and f S-L-1 are the
modal frequencies of Mode AS-L-1 and Mode S-L-1, respectively. MAS-L-1 and MS-L-1 are the equivalent
modal masses of Mode AS-L-1 and Mode S-L-1, respectively. w1 and w2 are weight coefficients, and in
this study correspond to 0.7 and 0.3, respectively.

In such a case, the dominant modal mass for the lateral MTMD is set as 25,318.6 t and the
dominant modal frequency is 0.07868 Hz. The modal mass for vertical MTMD is 24,200.4 t and the
modal frequency is 0.08023 Hz. Then, a parametric analysis is conducted in the following section.

Table 2. Dominant frequency and corresponding equivalent mass for MTMD design.

Dominant Mode
Lateral Vertical

AS-L-1 S-L-1 AS-V-1

Equivalent modal mass/t 25,988.8 23,754.8 24,200.4
Modal frequency/Hz 0.07163 0.09512 0.08023

Weight coefficient 0.7 0.3 1
Dominant modal mass/t 25,318.6 24,200.4

Dominant modal frequency/Hz 0.07868 0.08023
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5.4.1. Number of TMDs

The control efficiency of the lateral and vertical MTMD systems is investigated with different
numbers of TMDs, as shown in Figure 15. During the process, the other three parameters are constant.
These three parameters for lateral MTMD are µ0 = 0.02, ζ0 = 2%, δ0 = 0.5, while those for vertical MTMD
are µ0 = 0.02, ζ0 = 2%, δ0 = 0.2. The lateral buffeting response is dominated by two modes, so the
selection of frequency bandwidth ratio needs to cover both of the two modes. In such a consideration,
the frequency bandwidth for lateral MTMD is wider than the vertical one.
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According to Figure 15, the control efficiency firstly increases with the augment of the number
of TMDs, but the rising trend gradually levels off and finally becomes stable. This phenomenon
is consistent in both lateral and vertical MTMDs. When the number of TMDs is small (e.g., it is
taken as two), the MTMD system will mainly dedicate itself to mitigating the vibration components
characterized by the two frequencies, even though the MTMD system is equipped with a wide
frequency bandwidth. However, as the number of TMDs increase, the effective frequencies in the
given frequency bandwidth will be densely distributed so that the effect of the MTMD can be fully
exerted. The maximum control efficiencies of the lateral and vertical MTMDs in this round can be
17.9% and 30.4%, respectively.

Except the control efficiency, the robustness is another consideration in the performance of the
MTMD. The parameter sensitivity of the number of TMDs is also investigated with the frequency ratio
ranging from 0.90 to 1.10. As is apparent from Figure 15, the difference of the control efficiency for
different frequency ratios will be nearly constant when the number of TMDs is large enough. This
means the attenuation factor will not deviate too much from the prediction even if there is a big shift
captured in the modal frequency of the main structure.

Hence, to keep the MTMD with a stable performance, the number of TMDs should lie in the
aforementioned steady range. However, considering the increasing construction difficulty of more
TMDs, the lower limit of the range is a preferable selection of this number. In this round, the numbers
of TMDs in the lateral and vertical MTMD system are set as 13 and 11, respectively.

5.4.2. Mass Ratio

The control efficiency of the lateral and vertical MTMD systems is also investigated with different
mass ratios, as shown in Figure 16. During the process, the damping ratio and frequency bandwidth
ratio are kept the same as the parametric analysis on the number of TMDs above, while the number of
TMDs is updated with 13 for the lateral MTMD and 11 for the vertical MTMD.
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As shown in Figure 16, the control efficiency of the lateral MTMD increases with the augment of
the mass ratio, but the ascending gradient is gradually decreasing. For example, the control efficiency
goes up by 8.99% when the mass ratio varies from 0.01 to 0.03, however, it increases by only 7.18%
when the mass ratio changes from 0.03 to 0.10. It is indicated that the improvement of the control
efficiency is rather limited when the mass ratio is larger than 0.03. Hence, the mass ratio is updated as
0.03 for the lateral MTMD.

For the vertical MTMD, there is also a rising trend between the control efficiency and the mass
ratio. But the control efficiency gradually decreases when the mass ratio is larger than 0.07. This is
mainly because the mass distribution of the bridge structure will be changed when the mass ratio
of the MTMD is too large. Then, the natural frequency of the vertical dominant mode will have a
big shift from the design value, which accounts for the decreasing of the attenuation factor of the
MTMD. This phenomenon is not captured in the lateral case, which means the lateral mode is not
obviously influenced by the investigated mass ratios. Since the control efficiency is improved the most
dramatically from 0.01 to 0.02 and the value when mass ratio is 0.02 has reached 30.33%, the preferred
mass ratio of the vertical MTMD is determined as 0.02 in this round.

5.4.3. Damping Ratio

The control efficiency of the lateral and vertical MTMD systems is also investigated with different
damping ratios, as shown in Figure 17. During the process, the frequency bandwidth ratio are kept the
same as the one in the parametric analysis above, while the other parameters are updated as N = 13,
µ = 0.03 for lateral MTMD and N = 11, µ = 0.02 for vertical MTMD.
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Vertical case.

As illustrated in Figure 17, when the damping ratio changes from 0% to 10%, the control
efficiencies for lateral and vertical MTMD vary only 1.41% and 3.44%, respectively, indicating that
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the damping ratio has less influence on the control efficiency. For the lateral MTMD system, with
the augment of the damping ratio the control efficiency first increases and then gradually declines,
which peaks at 20.27% with the damping ratio of 2%. This is mainly because increasing the damping is
beneficial for the energy dissipation of the structure. However, when the damping ratio goes up to a
certain level, the movement of the mass block will be suppressed, leading to the decline of the MTMD
control effect. Hence, the preferred value of the damping ratio for the lateral MTMD is set as 2% in
this round.

For the vertical MTMD system, the control efficiency decreases with the augment of the damping
ratio, which means only the suppression effect of damping is presented in the movement of the mass
block. When the damping ratio is between 0% and 2%, the reduction of the control efficiency is
unapparent, but the subsequent reduction is nearly in a big constant gradient. Since the un-damped
TMD is very sensitive to the variation of the natural frequency of the main structure [27], the preferred
value of the damping ratio for the vertical MTMD is also set as 2%.

5.4.4. Frequency Band Width Ratio

The control efficiency of the lateral and vertical MTMD systems is investigated with different
frequency bandwidth ratios, as shown in Figure 18. During the process, the other updated parameters
are N = 13, µ = 0.03, ζ0 = 2% for the lateral MTMD and N = 11, µ = 0.02, ζ0 = 2% for the vertical MTMD.
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According to Figure 18, a typical feature in the parametric analysis is that the control efficiency
first increases to a peak and then decreases with the augment of the frequency bandwidth ratio. When
the frequency bandwidth ratio is small, the effective frequencies that can be controlled are limited.
An extreme case is that, when the frequency bandwidth ratio is zero, the MTMD is reduced to the
TMD, which means only the central frequency is determined as the controlled target. Hence, with the
increase of the frequency bandwidth ratio, the control efficiency of the MTMD will have a prominent
improvement, but when the frequency bandwidth ratio becomes larger, the frequency difference
between two adjacent TMDs is increasing. This will lead to the same problem resulting from the case
with small number of TMDs. In such a status, only limited discrete frequencies can be controlled
by the MTMD system, which accounts for the decreasing attenuation factor in the high frequency
bandwidth range.

The robustness of the MTMD system is also investigated via changing the frequency ratio, which
is also shown in Figure 18. In this study, there is a 10% maximum frequency shifting to the central
frequency considered. For the lateral MTMD, the control efficiencies in the five cases do not deviate
too much from each other. However, for the vertical MTMD, the performance is sensitive to the
frequency variation in the range of small frequency bandwidth ratios. This phenomenon can be
obviously alleviated utilizing high frequency bandwidth ratios. The lateral buffeting responses are
dominated by two modes, which means the buffeting responses cannot be well mitigated in the
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cases with low frequency bandwidth ratios as the central frequency is between the frequencies of
the two modes. That is why the performance of the MTMD sensitive to frequency variations in low
frequency-bandwidth-ratio cases is not captured in the lateral MTMD.

For the lateral MTMD, the frequency bandwidth ratio should cover the two dominant modes.
To‘make the control efficiency of the MTMD sufficiently performed, the preferred value of the frequency
bandwidth ratio for the lateral MTMD is determined as 0.5. When the frequency bandwidth ratio is
0.3, the control efficiency of the vertical MTMD is only a little smaller than the peak value, but the
robustness is obviously improved and can be accepted for application. Hence, the preferred value of
the frequency bandwidth ratio is updated as 0.3 for the vertical MTMD.

In this study, the prescribed thresholds for the control efficiencies of the lateral and vertical MTMD
systems are both set as 20%. Thus, with only one round, the main parameters of the MTMD systems
for the buffeting control of Taizhou Bridge are determined via the step-updating framework. Of course,
a better attenuation factor can be obtained after another step or two, but the increment would not be as
big as the first step due to the small gradient observed in the parametric analysis. The preferred values
for the design parameters of the MTMDs are presented in Table 3.

Table 3. Preferred values for the design parameters of MTMD.

Cases Number of TMDs Nd Mass Ratio µd Damping Ratio ζd (%) Frequency Band-Width δd

Lateral MTMD 13 0.03 2 0.5
Vertical MTMD 11 0.02 2 0.3

5.5. Performance Evaluation of the MTMD Application

With the parameters for the MTMD systems above, the buffeting displacement of Taizhou Bridge
in the middle of the main girder is compared to the non-MTMD case to make a performance evaluation
of the MTMD application. The buffeting displacements of Taizhou Bridge with and without MTMDs
are shown in Figure 19.
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As shown in Figure 19, the lateral and vertical buffeting displacements of the main girder of
Taizhou Bridge are both successfully suppressed. The RMS of the lateral buffeting displacement has
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been reduced to 0.083 m from 0.105 m with a 21.0% reduction, while the RMS in the vertical case is
decreased to 0.255 m from 0.361 m with a 29.4% reduction. To better present the performance of the
MTMD system, a spectral analysis is conducted on the buffeting displacements in Figure 19. The PSDs
of the displacements with and without MTMD are presented in Figure 20. It is obvious that the energies
contained in the dominant frequencies are remarkably mitigated by the MTMD, which means the
damper system has fully exerted its function. In conclusion, with the preferred mechanical parameters
determined by the step-updating framework for MTMD application, the buffeting responses of the
long-span triple-tower suspension bridge under strong winds can be effectively mitigated.
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6. Conclusions

In this study, a parameter sensitivity analysis is conducted on the buffeting control of a long-span
triple-tower suspension bridge with MTMD. The following conclusions can be drawn accordingly:

• The buffeting responses of Taizhou Bridge are the most prominent in the central region of each
main span. The lateral buffeting displacement is dominated by the AS-L-1 mode and the S-L-1
mode while the vertical displacement is dominated by the AS-V-1 mode.

• The control efficiency of MTMD firstly increases with the augment of the number of TMDs, but
the rising trend gradually levels off and finally becomes stable. The effect of MTMD can be fully
exerted when the amount of TMDs is big enough with effective frequencies densely distributed in
the given frequency bandwidth.

• The augment of the mass ratio has a positive contribution to the control efficiency of the MTMD.
However, the structural modal frequency will have a big shift from the design value when the
mass ratio is too large, which even leads to the decreasing of the attenuation factor of the MTMD.

• The damping ratio has less influence on the control efficiency of the MTMD. Increasing the
damping is beneficial for the energy dissipation of the structure, but when the damping ratio goes
up to a certain level, the movement of the mass block will be suppressed to cause the decline of
the MTMD control effect.

• When the frequency bandwidth ratio is small, the effective frequencies that can be controlled
are rather limited. Hence, the control efficiency of the MTMD firstly increases to a peak with
the augment of the frequency bandwidth ratio. However, when the frequency bandwidth ratio
increases, the frequency difference between two adjacent TMDs increases. Then, only some
discrete frequencies can be controlled, which accounts for the decreasing of the control efficiency.
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• The performance of the MTMD with small frequency bandwidth ratios is sensitive to the frequency
variation, but it can be obviously alleviated when utilizing high frequency bandwidth ratios. That
means increasing the frequency bandwidth ratio can improve the robustness of the MTMD.

• The preferred mechanical parameters of the MTMD can be easily determined by the presented
step-updating framework. With the MTMD application, the buffeting responses of the long-span
triple-tower suspension bridge under strong winds can be effectively mitigated.
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