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Abstract: Soil investigations concerning cyclic loading focus on the evaluation, in particular, of 
design parameters, such as elastic modulus, Poisson’s ratio, or resilient modulus. Structures 
subjected to repeated loading are vulnerable to high deformations, especially when subgrade soils 
are composed of cohesive, fully-saturated soils. Such subgrade soils in the eastern part of Europe 
have a glacial genesis and are a mix of sand, silt, and clay fractions. The characteristic of, e.g., Young 
modulus variation and resilient modulus from repeated loading tests, is presented. Based on 
performed resonant column and cyclic triaxial tests, an analytical model is proposed. The model 
takes into consideration actual values of effective stress p′, as well as loading characteristics and the 
position of the effective stress path. This approach results in better characterization of pavement or 
industrial foundation systems based on the subgrade soil in undrained conditions. The recoverable 
strains characterized by the resilient modulus Mr value in the first cycle of loading was between 44 MPa 
and 59 MPa for confining pressure σ’3 equal to 45 kPa, and between 48 MPa and 78 MPa for σ’3 
equal to 90 kPa. During cyclic loading, cohesive soil, at first, degrades. When pore pressure reaches 
equilibrium, the resilient modulus value starts to increase. The above-described phenomena 
indicate that, after the plastic deformation caused by excessive load and excess pore water pressure 
dissipation, the soil becomes resilient. 

Keywords: dynamic loading; cyclic loading; resilient response; resilient modulus; shear modulus 
 

1. Introduction 

The structures which are subjected to dynamic and repeated loads are mostly industrial 
foundations, railroads, and pavement. Such structures are based on occasionally highly plastic soils, 
where their origin is connected with a glacier. Such cohesive soils can be found in central and 
northeastern parts of Europe. 

Bituminous pavements are based on rigid and granular layers, to provide the optimal 
distribution of traffic loads [1]. Nevertheless, soft cohesive subgrade soils, even under low loading 
conditions and after improvement, still develop some deformations [2]. 

The uneven settlement or rutting which can be observed as a premature exceeding of the 
serviceability limit state is caused by such deformation in the subgrade and, therefore, in the 
sub-base layer. The deformation of soils under dynamic and cyclic loading conditions is important 
to study [2,3–5]. 
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In the case of a pavement construction on an embankment based on soft soil, the permanent 
deformation characteristics caused by traffic become an important factor, which impacts the design 
life and maintenance of pavement [6,7]. 

The long-term cyclic loading and short-term dynamic loading characterizes the traffic 
excitations. The typical strains in the base and sub-base vary from 0.01% to 1%. The strain change 
range in subgrade soil layers vary from 0.003% to 0.6% [8,9]. 

The long-term loadings, defined as a “quasi-static loading”, cause long-term settlements and 
creep processes to occur due to the dissipation of loading energy as a plastic strain. The dynamic 
loadings caused by traffic may occur in the form of short-term deformation of layers, characterized 
by the small permanent strain and the behavior of layer, which may be seen as reversible [1,10–12]. 
The evolution of modulus value during cyclic lading shows different characteristics under certain 
strain range. Therefore, the popper adjustment of the moduli value is important. 

The design method of pavement layer thickness is based on the mechanistic pavement analysis, 
which uses the multilayer linear elastic model and a cyclic triaxial test. The laboratory tests 
conducted on the pavement layer material leads to the definition of the actual soil mechanical 
behavior under cyclic loading by simulating the in situ conditions [13–17]. 

The calculations of characteristic values for the pavement design purposes, in the mechanistic 
method, concerns the estimation of the Young’s modulus E and Poisson ratio υ. The resilient 
modulus Mr, defined as the unloading modulus of the hysteresis loop after many cycles of repeating 
loads, is a stiffness measurement of pavement layers. The Mr value is connected with the non-linear 
elasticity model [18–21]. The plastic displacement which is another important part of pavement 
design and is calculated mostly on the basis of empirical models, based on the results of cyclic 
triaxial tests, which present the plastic strain function of a number of cycles [22]. 

The response of soil to repeated loading is stress dependent, therefore, the resilient modulus 
value is also stress-dependent. The low pressure conditions during dynamic tests results in small 
strain and elastic response of the soil, provided that the strain amplitude does not exceed 10−4%. One 
of the best methods of obtaining this kind of loading and separating the stress-strain elastic relation 
is propagating in the soil small amplitude stress waves [23,24]. The linear stress-strain behavior 
below the strain level being equal to 0.001% was observed for uncemented granular soils [25,26]. 

The small-strain characteristic modulus is called the “maximum Young’s modulus” Emax or the 
“maximum shear modulus” Gmax. The Gmax value corresponds to the linear elastic region of strain, 
where no plastic strains occur. If the shear force is high enough, the G value starts to deviate from 
Gmax [27]. 

In the small-strain, elastic zone the shear modulus is calculated using Equation (1): = ∙ , (1) 

in which ρ stands for soil density and Vs stands for the shear wave speed. 
The shear wave speed is estimated using, e.g., the bender element test (BE). The bender 

elements are piezoelectric cantilever strips, which are placed on top of the soil specimen’s bottom 
side. The electric signal produces compressional (P) and shear (S) waves. The wave produced by the 
bender element propagates through the soil sample and induces a voltage in the second bender 
element. The wave propagation data recorded by the emitter and receiver of the bender element as a 
function of time leads to estimating the shear and compression wave velocities [28]. 

The repeated loading conditions in which the plastic strain occurs takes place in intermediate 
and large strain zones. The resilient modulus Mr is based on elastic theory, although subgrade 
materials, themselves, are not elastic. If the load is small enough, after a large number of repetitions, 
the soil can behave in an elastic manner; however, the deformation is nearly fully, but not fully, 
recoverable [29–32]. The phenomenon of plastic deformation decreases during cyclic loading and is 
connected with the shakedown concept, while the state after numerous cycles, in which no permanent 
deformation occurs, is called the “resilient state”. This specific elastic state is characterized by 
resilient modulus Mr. 
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The influence of such factors as confining pressure, deviator stress, moisture, saturation degree 
on resilient modulus value was reported by many studies [33–38]. The conditions under which the 
soil subgrade works are characterized by long-term repeating loads. 

The Mr value is calculated using Equation (2): = ∆ , (2) 

in which Δσ stands for the deviator stress and Δεr stands for the recoverable strain. The resilient 
modulus value can be obtained by repeat loading triaxial tests of the tested soil. Numerous methods 
and numerical models have been proposed in order to obtain the Mr value [39,40]. One of them is the 
k-θ model, called the “Uzan-Witczak model”, which describes the resilient modulus, characteristic 
for varying confining pressure [41]. 

This model is applicable for various types of soil. Its coefficients (k1, k2, and k3) for a certain type 
of soil remain the same, in regard to the stress state. The Uzan-Witczak model equation is presented 
in the Equation (3): = , (3) 

in which θ stands for the bulk stress = = 3 ∆ , where σc is confining pressure,  
Δq is stress magnitude, pa stands for the atmospheric pressure (normalizing factor), qmax is the stress 
deviator equal to = − ; k1, k2, and k3 are regression constants that are a function of the soil 
properties [42]. 

The resilient modulus value of granular materials is dependent from several parameters, 
among which the most important are the stress level, confining pressure and moisture content,  
the Mr value decreases along with the increase in water content [43]. 

The Mr value in certain, constant physical soil conditions, changes with strain level. A method 
for describing this phenomena is degradation curve which presents a change of the modulus at  
a given strain level to the maximal material modulus [44]. 

The difference between the elastic moduli in small-strain and plastic zones is presented in Figure 1. 

 
Figure 1. Diagram of differences between the elastic moduli in a small-strain zone and the resilient 
modulus in a plastic zone. 

In this article, the resilient modulus Mr characteristic for cohesive soils was presented and a new 
analytical model for resilient modulus calculation is proposed. The analytical model takes into 
account actual values of effective stress p′, excess pore water pressure, the loading characteristic  
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(for example, qmax) and the position of the effective stress path. The proposed model describes more 
exact the phenomena of modulus development during cyclic undrained conditions. The cohesive 
soil deformation characteristics, which are common to glacial till in Northern and Eastern Europe, is 
presented. Tests performed on this type of soil are rather rare. 

Tests which characterize the stiffness change from small to large strains consist of resonant 
column (RC) and torsional shear (TS) tests in a small strain range were performed with the purpose 
of estimating the Young modulus E degradation curve. The intermediate and large strain zones were 
specified by conducted cyclic triaxial tests (CTRX. Such tests are one of the pioneering methods for 
this type of soil. 

The impact of cyclic loading in the plastic zone was investigated and an occurrence of the 
quasi-elastic response after numerous repetitions was studied. During the unloading stage, the 
hysteresis curve can be specified by different tangent resilient modulus values in this study, called  
Mr max. The Mr max characterizes the elastic response during the first phase of unloading, in which the 
modulus value is the greatest. 

2. Materials and Methods 

For the tested material, cohesive soil, standard laboratory tests were conducted to classify the 
soil and determine its physical properties. The tests consisted of particle size analysis, consistency 
limits, and the Proctor compaction test was conducted. 

The particle size analysis led to recognising the cohesive soil as a sandy clay (saCl), by 
performing tests based on sieve and aerometric analysis (the Bouyoucos method using a 
modification made by Casagrande), in accordance with the EUROCODE 7 [45] standard. Test results 
are shown in Figure 2. 

 
Figure 2. Particle size distribution of the tested soil. 

In terms of World Reference Base for Soil Resources—WRB—the tested soil can be recognised 
as albeluvisoil (AB). The soil was deposited by glacial processes. The sandy clay in natural 
conditions is unconsolidated glacial till. This type of soil shows no stratification. 

The liquid limit and plasticity limit test were conducted in accordance to [46]. On the basis of six 
sets of tests using the Casagrande apparatus with varying moisture content the liquid limit LL was 
established as being equal to 18.9%, classifying this soil as a clay with low plasticity. The plasticity 
limit PL was equal to 10.3%. 

The optimum moisture content was conducted using the AASHTO T99 [47] procedure. It was 
achieved by a compaction in the Proctor mold whose volume is equal to 2.2 dm3. Standard energy of 
compaction, equal to 0.59 J/cm2, was used. Optimum moisture content for sandy clay was equal to 
10.2% and the maximum dry density at optimum moisture content reached a value of 2.09 g/cm3. 
Table 1 presents the results of physical and mechanical tests conducted on sandy clay. 
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Table 1. Physical and mechanical properties of sandy clay in this study. 

Properties Symbol Value
Skeleton density ρs (g∙m−3) 2.64 
Volume density ρd (g∙m−3) 2.09 

Natural moisture wn (%) 12.82 
Liquid limit LL (%) 18.9 

Plasticity limit PL (%) 10.3 
Plasticity index PI (-) 8.6 

Void ratio e0 (-) 0.41 
Optimum moisture content Wopt (%) 10.2 
Maximum dry unit density γd max (g/cm3) 2.09 

Bender element (BE) and torsional shear (TS) tests in a resonant column apparatus led to the 
estimation of the shear modulus, Young modulus and, finally, the Poisson ratio. 

After determining the properties of the soil, several series of triaxial tests under cyclic loading 
conditions were conducted. The tests were performed on compacted sandy clay, with optimal 
moisture conditions, in accordance with the Proctor method. The maximum dry density of soil 
samples was equal to 2.09 g/cm3. 

In this paper two kinds of tests, one using the RC device and second using the CTRX were ran. 
However, the tests were conducted with an attempt to maintain similar testing conditions during 
both measurements. Initial effective confining pressure σ’3, was set to be 45 kPa, 90 kPa, and 135 kPa 
during all of the conducted tests. The examined soils were initially saturated, and the B values 
measured in the triaxial specimens exceeded 0.95, which means full saturation of sandy clay 
specimens. Subsequently, the tested specimens were consolidated to the set state of stress σ’3. 

Repeated loading triaxial (CTRX) tests were carried out with a triaxial apparatus from GDS 
instruments (GDS, Hampshire, UK). The device is suitable for cylindrical soil specimens of 7 cm in 
diameter and 14 cm in height. Samples were fully saturated, and a B-value equal to, or greater than, 
0.95 was assured at each measurement. 

Specimens were then subjected to isotropic effective confining pressures of 45 kPa, 90 kPa,  
and 135 kPa and consolidated. The cyclic-test procedure consisted of applying an average deviator 
stress value qm superimposed to a forward-moving pulsating sine wave with constant stress 
amplitude qa. Details of the experimental design are shown in Table 2. Repeated loading triaxial tests 
were conducted under the consolidated-undrained (CU) conditions. The frequency used during the 
tests was equal to 1.0 Hz. 

The tests were performed in a multistage manner. After the first series of tests (105 cycles), 
further stages were conducted. Each stage was characterized by characteristic deviator stress q values. 

The cyclic stresses and initial confining pressure levels were used to define the effects of cyclic 
loading on soil behavior. 

The resonant column has a fixed-free configuration. The specimen is fixed to the pedestal at the 
bottom end, and the other end is connected to the drive plate, while the top cap remains free. This 
system is provided with a testing unit (testing chamber), control computer, back pressure system, 
cell pressure controller, resonant column controller, and a data acquisition box [48–50]. 

Immediately after the first mode is found, the measurements of the resonant frequency (Fr) of 
the vibration amplitude are made. The sinusoidal torsional vibration at variable frequency is applied 
in a rotary manner by a device which causes such excitations. Subsequently, these measurements are 
combined with the specimen size and equipment characteristics in order to determine the shear 
wave velocity (VS), shear modulus (G), and shearing strain amplitude (γ). Based on the elastic wave 
propagation, the fundamental data-reduction equation, Equation (4), can be established: = tan , (4) 
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in which I and I0 stand for the moments of specimen inertia and the driving system, respectively; ωr, 
the natural frequency, stands for the system, and L stands for the length of the sample. In this study, 
the specimens of a typical size were used, i.e., representing 70 mm in diameter and 140 mm in 
height. Upon calculating the shear wave velocity, the shear modulus could be computed from 
Equation (1). The RC apparatus can perform at the resonant frequency, TS, and BE tests on the same 
specimen, without change of device settings. 

Table 2. The stress parameters of cyclic triaxial test experiment for the tested sandy clay. 

Caption σ3 (kPa) Δq (kPa) qm (kPa) qmin (kPa) qmax (kPa) qa (kPa) 
Test 1.1 45 10.60 47.90 21.30 31.90 5.30 
Test 1.2 45 21.20 53.20 21.30 42.50 10.60 
Test 1.3 45 31.40 58.70 21.50 52.90 15.70 
Test 1.4 45 41.70 64.45 21.80 63.50 20.85 
Test 1.5 45 52.10 70.25 22.10 74.20 26.05 
Test 1.6 45 61.90 75.55 22.30 84.20 30.95 
Test 1.7 45 67.50 78.35 22.30 89.80 33.75 
Test 1.8 45 77.90 83.55 22.30 100.20 38.95 
Test 1.9 45 88.70 88.75 22.20 110.90 44.35 
Test 2.1 90 10.50 47.45 21.10 31.60 5.25 
Test 2.2 90 21.00 52.70 21.10 42.10 10.50 
Test 2.3 90 31.40 58.30 21.30 52.70 15.70 
Test 2.4 90 41.80 63.70 21.40 63.20 20.90 
Test 2.5 90 51.60 69.00 21.60 73.20 25.80 
Test 2.6 90 61.70 74.45 21.80 83.50 30.85 
Test 2.7 90 66.90 77.65 22.10 89.00 33.45 
Test 2.8 90 77.00 83.10 22.30 99.30 38.50 
Test 2.9 90 87.20 88.40 22.40 109.60 43.60 
Test 2.10 90 97.50 93.95 22.60 120.10 48.75 
Test 3.1 135 10.50 47.45 21.10 31.60 5.25 
Test 3.2 135 21.00 52.70 21.10 42.10 10.50 
Test 3.3 135 31.40 58.30 21.30 52.70 15.70 
Test 3.4 135 41.80 63.70 21.40 63.20 20.90 
Test 3.5 135 51.60 69.00 21.60 73.20 25.80 
Test 3.6 135 61.70 74.45 21.80 83.50 30.85 
Test 3.7 135 66.90 77.65 22.10 89.00 33.45 
Test 3.8 135 77.00 83.10 22.30 99.30 38.50 
Test 3.9 135 97.50 93.95 22.60 120.10 48.75 

During TS tests, the sample was subjected to small cyclical torsional motion due to a 
coil-magnet system at the RC. The shear stress was calculated by the torque generated this way. The 
shear strain levels were determined from the twist angle of the soil sample, as measured by a 
proximitor. The shear strain was controlled by applying a voltage between 0.004 V and 1 V to the 
coils, which generated a shear strains between 0.0001% and 0.003%. 

The TS tests were conducted with the application of a sinusoidal load wave with frequencies of 
0.1, 1 and 10 Hz. The shear modulus G and damping ratio D were estimated for all three frequencies. 
For measurements at 0.1 Hz and 1 Hz, ten cycles were taken into account for G and D calculations. 
For the 10-Hz frequency, 100 cycles were used. The range of the tested amplitudes varied between 
0.005 V and 0.6 V. 

The properties of sandy clay samples are summed up in Table 3. The descriptive statistics 
covers mass, dimensions, and basic physical parameters. The results of standard deviation 
calculations show a high repetition of dry density and moisture content. The differences in sample 
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dimensions are caused by the compaction technique in the Proctors mold designed for samples used 
for triaxial tests. 

Table 3. The stress parameters of cyclic. 

Average Value Standard Deviation Variance Max Value Min Value 
Dry soil mass (g) 1092.0 19.8 392.3 1121.1 1067.6 

Height (cm) 13.92 0.125 0.016 14.03 13.76 
Diameter (cm) 6.92 0.051 0.003 6.98 6.86 

Porosity (–) 0.22 0.005 0.000 0.23 0.21 
Water mass (g) 112.28 4.707 22.155 119.60 106.70 

Full saturation soil mass (g) 1204.25 24.178 584.558 1240.80 1174.30 
Soil dry density (g) 2.09 0.003 0.000 2.09 2.08 

Moisture (%) 0.10 0.003 0.000 0.11 0.10 

3. Results and Discussion 

The triaxial tests were performed in order to, above all, designate the resilient modulus Mr of 
sandy clay under the changing test conditions. The second objective of the test was to estimate the 
maximal value of resilient modulus Mr max during the first stage of unloading. The permanent strain 
accumulation was also analyzed. The axial strain ε1 development during the tests conducted in the 
triaxial apparatus are presented in Figure 3a–c. 
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Figure 3. Axial strain ε1 development during cyclic triaxial test for tests under (a) confining pressure 
σ’3 equal to 45 kPa; (b) for tests under σ’3 equal to 90 kPa; and (c) for tests under σ’3 equal to 135 kPa. 

The strain observed during this tests indicate three possible ways of soil responding to such 
loads. The deformation characteristic with the number of cycles N is distinguished between a 
stepwise failure, shakedown, and abation [51]. The concept of deformation which occurs during 
cyclic loading was later developed to refer to shakedown theory. The three possible categories of 
material response are:  

- Plastic shakedown, characterized by a rapid decrease of the plastic strain rate, this phenomena 
is followed by an equilibrium state and fully resilient strains are observed. 

- Plastic creep is observed when plastic deformation are observed in each cycle or in a cumulative 
plot of plastic deformation against the number of cycles the increase of deformations are 
observed. 

- Incremental collapse, when plastic deformations are great and failure is achieved in a low 
number of cycles. 

The tests performed under constant radial stress equal to σ’3 45 kPa, in which deviator stress 
amplitude qa was equal 5.30 kPa and maximal deviator stress qmax was equal 31.90 kPa, resulted in 
low strain accumulation and shakedown response. The same permanent deformation characteristic 
was observed in case of tests 1.2, 1.3, 2.1 to 2.4 and 3.1 to 3.5. The second kind of soil response to 
cyclic loading, which is plastic creep, was recognized in test numbers 1.4 to 1.6, 2.5 to 2.6, and 3.6 to 
3.9. The strain accumulation was higher and a growing tendency of strain accumulation was 
observed. The incremental collapse phenomena was preceded by the occurrence of shakedown. In 
other words, plastic creep was not observed in Stage 1.7 and 2.7. The last phenomenon, incremental 
collapse, occurred in Stages 1.8 and 2.8, but not in the case of tests in σ’3 equals to 135 kPa. The strain 
accumulation displays characteristic growth, which led to failure. 

All three phenomena were present in the performed tests. The characteristic method of 
deformation development leads to various resilient modulus values and the resilient response, 
which can be compared to the elastic phase in the small strain zone. 

Figure 4a–c show the effective p′ stress paths obtained during tests in the radial stress equal to 
σ’3 45 kPa, 90 kPa, and 135 kPa, respectively. 

The stress path plots show distinctly different mean effective stress paths during cycling and 
provides a tool to analyze the stress-path evolution. Such evolution happens as a result of pore 
pressure generation, which increases after numerous cycles, which cause the movement of the stress 
path toward the critical state line. When the critical state is reached, the stress path moves opposite 
to the deviator stress axis. 

During cyclic loading (σ’3 = 45 kPa), the stress path moves toward the deviator stress axis in the 
first three stages. After the third stage of loading, the stress path starts to move in the opposite 
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direction. The pore water pressure decreases, which was the result of the increase in porosity value. 
The incremental collapse was observed. This process lasts during tests 1.4 to 1.6. Test 1.7 was 
characterized by a smaller maximal deviator qmax increase. During this test the plastic strain rate was 
lower (see Figure 3a), as was the stress path rate. This phenomenon was caused by lower maximal 
deviator stress than the critical state deviatoric stress in this condition. The same observation can be 
made when the 2.7 test is analyzed. Conditions under σ’3 equal to 135 kPa shows that the critical 
state is reached by the soil sample in Stage 3.9 (see Figure 4c). 

 
(a)

 
(b)

 
(c) 

Figure 4. Stress paths for different test conditions: radial stress equal to σ’3 (a) 45 kPa; (b) 90 kPa;  
and (c) 135 kPa, as defined in Table 2. 
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The loading conditions of conducted cyclic triaxial tests which are called constant stress 
conditions, lead to a critical state but this state did not last during the time of the test, which can be 
observed as strain development during cycling. The strain rate decreases and after around 103 
repetitions the purely resilient statistic can be observed. 

3.1. Pore Pressure Analysis 

During undrained tests, the pore pressure was not expected to dissipate due to leakage. This 
happened because drainage was kept steady by pressure and volume controllers. However, 
experiments have shown otherwise (see Figure 5a,b). 

(a) (d)

(b) (e)

(c) (f)

Figure 5. Excess pore pressure generation during the three tests for radial stress versus axial strain ε1 
for σ’3 (a) 45 kPa, (b) 90 kPa, (c) 135 kPa and versus the number of cycles for σ’3 (d) 45 kPa, (e) 90 kPa, 
and (f) 135 kPa. 

The pore water pressure develops in a similar scenario for the three radial stress test conditions. 
At tests 1.1, 2.1, and 3.1 the pore water pressure rises due to the first load cycle, which causes the 
greatest pore pressure build up. After this event, the pore water pressure rises during cyclic loading 
until the critical state is achieved. During tests 1.1 to 1.3, tests 2.1 to 2.5, and tests 3.1 to 3.8,  



Appl. Sci. 2017, 7, 370  11 of 20 

the change of the deviator stress value caused the response of the pore water pressure, raising the 
pressure. After the abovementioned tests, the increase of qmax led to another behavior. In the first 
cycles the pore water pressure increases, which causes the development of plastic strain. This 
phenomenon is observed as a pore water pressure decrease due to changes in porosity. 

When pore water pressure reaches the lowest value in this phase, a hardening process begins to 
occur. This phenomena can be recognized as the pore water pressure builds up. 

Nevertheless, indirect conclusions can be drawn from the analysis of the accumulation of 
plastic strains, which are presented in Figure 3a–c. 

3.2. Resonant Column Test Results 

The maximal Young modulus value was obtained by performing the torsional shear (TS) test 
and resonant column test (RCA). The frequency in TS tests was equal to 1 Hz. The plot of the 
Young’s modulus at different radial stresses is shown as a function of γ in Figure 6. The results show 
the low dependence of Emax on the radial stress value. 

 
Figure 6. Young modulus Emax versus shear strain amplitude for isotropically-consolidated sandy 
clay (σ’3 = 45 kPa and σ’3 = 90 kPa); RCA—resonant column test; TS—torsional shear test for  
a frequency of 1 Hz. 

The maximum value of Young modulus from RCA and TS tests for radial stress σ’3 equal to  
45 kPa was 135.5 MPa, for σ’3 equal to 90 kPa, Emax was 218.2 MPa. 

3.3. Analysis of Resilient Modulus Value 

The hysteresis loops were analyzed and the value of Mr was established for nineteen tests. The 
additional values of Mr max, which characterizes the modulus with maximal slop on the stress-strain 
plot, were also calculated (see Figure 7). The purpose of these calculations was to evaluate the 
correlation between maximal resilient modulus and Emax. The resilient modulus had different values 
for each of the applied deviator stress levels, and the Mr max values were also different for each test. 

 
Figure 7. Schema of the hysteresis loop for Mr and Mr max calculations. 
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The recoverable strains characterized by the resilient modulus Mr are presented in Figure 8a–c 
for tests in σ’3 equal to 45 kPa, 90 kPa, and 135 kPa, respectively. The Mr value in the first cycle was 
between 44 and 59 MPa for confining pressure σ’3 equal to 45 kPa and between 48 and 78 MPa for σ’3 
equal to 90 kPa. For σ’3 equal to 135 kPa the Mr value was between 45.0 to 81.1 MPa. During cyclic 
loading, the resilient modulus value decreases to around 103 cycles. Then, in the case of plastic creep 
strain response, the Mr value increases in the rest of the tests. 

The resilient modulus Mr decrease was caused by strain development between 102 and 103 
cycles. This can be observed as the Mr value decreases on plots 8a–c and indirectly on plot 3a–c. After 
this stage, the Mr value increases. The reason for that is the increase of stiffness which can be 
observed as smaller resilient strains in one cycle. During this phase, the stress path has not changed 
its value (see Figure 5c,d), the equilibrium state is achieved, and no further changes of the resilient 
modulus value occurs. 
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Figure 8. Resilient modulus value of tested sandy clay for different conditions: radial stress σ’3 equal 
to (a) 45 kPa; (b) 90 kPa; and (c) 135 kPa, as defined in Table 2. 

The differences in the Mr value are clearly dependent from the deviator stress levels, which 
causes decreased soil strength in further steps during this test. The deviator stress also causes 
different responses of the soil. In the case of the tests conducted in radial stress σ’3 equal to 45 kPa, 
the Mr average values was between 41.8 to 70.5 MPa. Four stages of cyclic loading were 
characterized by lower values of Mr and were between 41.8 to 49.9 MPa. The Stages 1.5 to 1.8 showed 
another Mr value development. The resilient modulus rises from 47.6 MPa to 70.5 MPa. The Mr value 
for tests conducted at radial stress σ’3 equal to 90 kPa ranged between 43.0 and 65.3 MPa.  
The average value of resilient modulus in first stage of repeating loading varies form 44.7 MPa to 
56.3 MPa. The test results for σ’3 equal to 90 kPa indicate that the Mr value decreases with rising 
deviator stress qmax, which is not so clear in the case of tests where σ’3 is equal to 45 kPa. After the 
specimen rises to a critical state, the Mr value rises from 43.0 to 55.8 MPa. The tests performed in σ’3 
equal to 135 kPa show other characteristics. The average resilient modulus in the first stages is low 
and rises in Stages 3.2 and 3.3, where it reaches a maximum value. In Stages 3.4 to 3.9 decreases 
occur due to pore pressure. Detailed information about the resilient modulus values are presented in 
Figure 9a–c. 
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Figure 9. Resilient modulus value of tested sandy clay for first and last cycles, and average value in 
the radial stress σ’3 equal to (a) 45 kPa, (b) 90 kPa and (c) 135 kPa, as defined in Table 2. 

3.4. Analytical Model for Mr Calculation 

Calculations on the average resilient modulus value (Mr avg) and analysis of effective stress paths 
(see Figure 4a–c) led to the estimation of the function describing the change of resilient response of 
tested soils as a function of the maximal deviator stress in the actual mean effective stress conditions. 

The stress paths ‘critical state line for both tests in radial stress σ’3 conditions was employed for 
the model. The inclination M of the critical state line was calculated based on Equation (5): = , (5) 

in which qmax is stated as the maximal deviator stress in the actual mean effective stress conditions. 
The M parameter is equal to 2.4. For characterization of how distant the actual maximal 

deviator stress is from the maximal deviator stress in the critical state, the T parameter is introduced. 
The maximal deviator stress qmax(p′) is a value of deviator stress which must occur to reach the critical 
state. Equation (6) presents the abovementioned parameter: = ∙ ′, (6) 

The T parameter, therefore, is simply the difference between qmax(p′) and qmax from Equation (7): = −  (7) 

The T parameter change is presented in Figure 10. The figure plots the value of the resilient 
modulus and T parameter in 3D space. Note that the resilient modulus is almost independent from 
the number of cycles. Additionally, the Mr value corresponds to the value of the T parameter. This 
phenomenon is very similar for tests in the effective confining pressure σ’3 equal to 45 kPa, 90 kPa, 
and 135 kPa. This fact strongly suggests that the change of Mr can be modeled in a reasonable 
manner through the use of an equation involving the T parameter and number of cycles N. 
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(a) (b)

(c)

Figure 10. Resilient modulus versus the number of cycles and analytical model T parameter for test 
results in 3D plots for isotropically-consolidated sandy clay (a) σ’3 = 45 kPa; (b) σ’3 = 90 kPa; and (c) 
σ’3 = 135 kPa. 

Based on the test results, the selection of parameters to formulate the resilient modulus 
equation should be conducted carefully. On one hand, the formula must have its limitations, and the 
results derived from their use must be carefully interpreted. On the other hand, the use of the 
resilient modulus formula which have parameters significantly different for each test condition 
results in different Mr values. 

According to previously-presented test results, the level of resilient modulus in cohesive soil 
subjected to cyclic loading can be estimated through the combination of the number of repeated 
loading and T parameter. 

The linear formula based on this two parameters and constants which characterize the cyclic 
loading conditions is presented in Equation (8): = − 1 ∙ ∙ ∆ ∙  (8) 

The χ parameter is termed amplitude ratio (MPa) and can be calculated based on Equation (9): = = 11 −  (9) 

The Δu1 is the excess pore water pressure in the first cycle in MPa. The k1, k2, and k3 indicators 
are material constants. Figure 11 summarizes the target resilient modulus obtained during the tests 
and calculated Mr value based on Equation (8). 

The resilient modulus was calculated from Equation (8). This is confronted by the 
Uzan-Witczak model. The results of the Uzan-Witczak resilient modulus Mr was calculated based on 
Equation (2). The result show that the resilient modulus calculated based on Equation (8) (constants 
k1 = 43, k2 = 10, k3 = 0.2) better fits the obtained data. The Uzan-Witczak model parameters were fitted 
for this study in each test. The k1, k2, and k3 parameters were equal to 0.19, 0.91, and −0.45, 
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respectively, for σ’3 equal to 45 kPa, 0.15, 0.91, and −0.45 for σ’3 equal to 90 kPa, 0.4, 0.1 and −0.31 for 
σ’3 equal to 135 kPa. The results of resilient modulus calculation also shows that if we consider a 10% 
error level for Mr estimation, in almost all cases the resilient modulus is in this range. 

The proposed resilient modulus model as well as the Uzan-Witczak, can be exploited in the 
analysis and design of pavement systems. This analytical models is motivated by the observation of 
the cohesive soil response to cyclic loading. It is obvious that the Uzan-Witczak model was created 
for unbound granular materials and, therefore, the resilient modulus calculation results must not be 
the same as the test results. 

The analytical model presented above takes into consideration the actual values of effective 
stress p′ (parameter T), actual excess pore water pressure in reference to initial conditions before 
cyclic loading Δu1, the loading characteristics (qmax and χ), and the position of the effective stress path 
(the T parameter). This approach results in better characterization of pavement or industrial 
foundation systems where undrained conditions in the subgrade soil may occur. 

(a) (b)

(c)

Figure 11. Resilient modulus calculated by the proposed analytical model (blue points) and by the 
Uzan-Witczak model (red points) versus the resilient modulus value from tests (a) σ’3 = 45 kPa;  
(b) σ’3 = 90 kPa; and (c) σ’3 = 135 kPa. 

3.5. Maximum Resilient Modulus Value Analysis 

The maximum resilient modulus Mr max change for σ’3 = 45 kPa and σ’3 = 90 kPa versus axial 
strain Figure 12a,b. Maximum resilient modulus Mr max during the test follows the same pattern for 
σ’3 equal to 45 kPa and 90 kPa. In the first cycles of tests 1.1 and 2.1, the Mr max degraded to a constant 
value after around 20–30 cycles. This occurrence is caused by excess pore pressure generation. When 
pore pressure reaches a constant value, the Mr max stabilizes and remains constant until the end of the 
test. The interval between the maximal and minimal Mr max values is the highest in the case of tests in 
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the small strain zone. When the stress path moves towards the critical state path, the response of the 
soil changes. 

 
(a)

 
(b)

Figure 12. Modulus value versus axial strain of tested sandy clay for different conditions: radial 
stress σ’3 equal to (a) 45 kPa and (b) 90 kPa, as defined in Table 2. 

The soil material in the critical state, at first, degrades. After this stage, when excess pore water 
pressure caused by a new amount of loading is dissipating, the maximum resilient modulus Mr max 
remains almost constant by around 1 × 103 to 2 × 103 cycles. When pore pressure reaches equilibrium, 
the maximal resilient modulus value starts to increase. Indirect conclusions can be drown from 
Figure 5a–d. The above-described phenomenon indicates that after the plastic deformation 
occurrence caused by excessive load and excess pore water pressure dissipation, soil becomes 
resilient and the maximal resilient modulus Mr max starts to increase. 

The maximal resilient modulus value at third stage characterizes the high interval. This 
occurrence is caused by the small strain in this area in which measurements are difficult to maintain 
by the triaxial cell. 

Nevertheless, Figure 12a,b show a comparison of the resonant column test results and cyclic 
triaxial test results. The degradation curve, which shows how the Young’s modulus E degrades 
during shearing test, fits for with maximum resilient modulus during the second stage of the 
above-described phenomena. 

Degradation of the soil’s Young’s modulus value is caused by greater stress or strain amplitude. 
In cyclic triaxial tests, for maximum resilient modulus, the strain amplitude is greatest during the 
first stage of the test where the pore pressure rises and plastic strains occur. Therefore, the proper 
characteristic of the soil’s Young’s modulus degradation, in the case of the performed cyclic triaxial 
tests, is evident only for the first stage of tests where no critical state occurs, or for the second stage of 
tests where the critical state was noted.  
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4. Conclusions 

The geotechnical design of pavement constructions need to also take into account the 
deformation properties of soils. The fundamental geotechnical concepts, like the strain level or 
deviator stress quantity, should be taken into consideration. The results presented in this paper 
illustrate the cohesive soil resilient modulus Mr and maximum resilient modulus Mr max. The test 
results lead to the following conclusions: 

1. The strain observed during this test indicates three possible ways of soil the respond to cyclic 
loading. Under the low deviator stress amplitude, low strain accumulation is observed. In 
intermediate deviator stress amplitude levels, the strain accumulation was higher, the growth 
of strain accumulation can be observed. The plastic strain accumulation presents a characteristic 
growth tendency, which is caused by pore pressure development. 

2. During the cyclic triaxial tests the stress path moves towards the deviator stress axis in the first 
few stages. When critical state of soil is achieved, the stress path starts to move in the opposite 
direction. The critical state did not last during the entire time of the test, which can be observed 
as plastic strain development during cycling. The strain rate decreases and, after numerous 
cycles, the purely resilient state can be observed. 

3. The pore water pressure develops in a similar scenario for three radial stress test conditions. At 
the first stages of the tests the pore water pressure rises due to the first load cycles, which cause 
the greatest pore pressure build up. Later, the pore water pressure develops through further 
stages of cyclic loading until the critical state is achieved. When pore water pressure reaches the 
equilibrium state, a hardening process begins. 

4. The maximum value of the Young’s modulus from RCA and TS tests for radial stress σ’3 equal 
to 45 kPa was 135.5 MPa, and for σ’3 equal to 90 kPa, Emax was 218.2 MPa. 

5. The recoverable strains characterized by the resilient modulus Mr value in the first cycle was 
between 44 and 59 MPa for confining pressure σ’3 equal to 45 kPa, between 48 and 78 MPa for 
σ’3 equal to 90 kPa, and from 44 to 81 MPa for σ’3 equal to 135 kPa. The resilient modulus Mr 
decrease was caused by plastic strain development.  

6. The analytical model presented in this article takes into consideration the actual values of 
effective stress p′ (parameter T), actual excess pore water pressure in reference to initial 
conditions before cyclic loading Δu1, the loading characteristics (qmax and χ), and the position of 
the effective stress path (the T parameter). 

7. The maximum resilient modulus for soil material was characterized. During cyclic loading, soil 
first degrades, then when Mr max reaches the plateau stage by around 1 × 103 to 2 × 103 cycles, pore 
pressure reaches equilibrium, and the maximal resilient modulus value starts to increase. 
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