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Abstract: Solar energy technologies play an important role in shaping a sustainable energy future,
and generating clean, renewable, and widely distributed energy sources. This paper determines the
optimum tilt angle and optimum azimuth angle of photovoltaic (PV) panels, employing the
harmony search (HS) meta-heuristic algorithm. In this study, the ergodic method is first conducted
to obtain the optimum tilt angle and the optimum azimuth angle in several cities of China based on
the model of Julian dating. Next, the HS algorithm is applied to search for the optimum solution.
The purpose of this research is to maximize the extraterrestrial radiation on the collector surface for
a specific period. The sun’s position is predicted by the proposed model at different times, and then
solar radiation is obtained on various inclined planes with different orientations in each city. The
performance of the HS method is compared with that of the ergodic method and other
optimization algorithms. The results demonstrate that the tilt angle should be changed once a
month, and the best orientation is usually due south in the selected cities. In addition, the HS
algorithm is a practical and reliable alternative for estimating the optimum tilt angle and optimum
azimuth angle of PV panels.

Keywords: harmony search meta-heuristic algorithm; solar radiation; photovoltaic; tilt angle;
orientation

1. Introduction

Environmental pressure and increasing energy costs escalation create a series of fundamental
dilemmas in electric power production. Like many developing countries, the growing consumption
of energy fuels bolsters the Chinese economy, but increasing the use also exposes potential
disruptions in supply [1]. Thus, renewable energy plays an increasingly important part in the future
Chinese power system, supplanting all or part of conventional energy sources. Solar energy
deserves attention because of its clean, non-polluting, and sustainable use, and other advantages [2].
It is an ideal energy that fundamentally solves the energy crisis and environmental problems [3].
Solar radiation varies with geographic latitude, season and time of a day due to the various solar
positions [4]. To maximize the collection of solar radiation, a PV panel should be installed at the
appropriate tilt angle and orientation under various circumstances [5].

Recently, many investigators have searched for the optimum tilt angle (Sopt) and optimum
azimuth angle (yopt) of solar collectors. Dixit [6] used the artificial neural network (ANN) estimator
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taking the Hg, ¢ and Ev of the site as inputs, to estimate the optimum tilt angle almost
instantaneously while testing. Gopinathan [7] represented the optimum slope and the azimuth
angles with the anisotropic model for South Africa, calculating the daily radiation at various slopes
and orientations, thus obtaining Sopt and yopt. The past few decades have seen an increased interest in
general-purpose “black-box” optimization algorithms that have drawn inspiration from
optimization processes that occur in nature in large part [8-14]. In Ref. [15], an approach combining
the orthogonal array experimental technique and an ant direction hybrid differential evolution
algorithm (ADHDEOA) was presented for determining the tilt angle for PV modules. In Ref. [16],
the tilt angle was changed from —20° to 90° in a step size of 0.1°, and the corresponding value of
maximum global solar radiation for a specific period is defined as the optimal tilt angle. In Ref. [17],
a particle-swarm optimization method with nonlinear time-varying evolution (PSO-NTVE) was
proposed, by which the tilt angle of PV modules were determined for Taiwan. The calculation can be
formulated as an optimization problem for maximizing the output electrical energy of the modules.
From previous applications, the defect of particle swarm optimization (PSO) prematurity makes it
easy to fall into a local optimum; thus, it is necessary to select other algorithms to attempt this
research.

In 2001, Geem [18] developed a new harmony search (HS) meta-heuristic algorithm that was
conceptualized using the musical process of searching for a perfect state of harmony. The word
“heuristic” refers to “solution by trial and error method”, and the word “meta” refers to “high level”.
The harmony in music is analogous to the optimization solution vector, and the musician’s
improvisations are analogous to local and global search schemes in optimization techniques [19].
The characteristics of the HS algorithm include the following three aspects: (1) There is no need for
initial values of the decision variables; (2) HS uses a stochastic random search, which requires the
harmony memory (HM) without any derivative information; and, (3) When compared with
meta-heuristic optimization algorithms, it demands fewer mathematical requirements and can be
applied to a wider range. Sandgren [20] and Wu and Chow [21] applied the algorithm to analyze
pressure vessel design to minimize the total cost of the material. The HS algorithm was used to solve
a weld beam design optimization problem in [19], which was compared with previous solutions. In
[22], the HS algorithm was used to determine the near-global optimal initial weights when training
the model. Since the initial values of design variables are not required in HS, it is regarded as the best
solution in terms of results, and has the fewest limitations on the range of applications.

Traditional methods, such as the ergodic method, are too slow to find the best result in a
relatively complex mathematical model. Hence, the HS algorithm is proposed to search for the
optimum values because of the advantages mentioned. In this paper, first, the ergodic method is
adopted to obtain Sopt and yopt by calculating the extraterrestrial solar radiation at various tilt angles
and azimuth angles. The ergodic results are used as standard values for comparison. Next, the
calculation of Bopt and yopt is formulated as an optimization problem. Then, the HS method is
employed to determine the optimal angles based on the established objective function and
constraints. Finally, the HS and PSO results are compared with reference values obtained from the
ergodic algorithm through the most widely used statistical methods. Comparisons show that the HS
is an accurate and reliable method for the PV module to determine the tilt angle and orientation.

2. Mathematical Model

To obtain the maximum solar radiation, it is necessary to design the tilt angle and orientation of
a PV panel. The proper mathematical model related to the latitude of the station and the Julian day is
a basis of calculating fopt and yopt. There are various methods to classify climates in China [23-25]. In
this paper, several methods are applied to solar energy collection optimization on the tilted surfaces
for six stations (Sanya, Shanghai, Zhengzhou, Harbin, Mohe, and Lhasa) in different climate zones
(tropical zone [TZ], subtropical zone [SZ], warm temperate zone [WTZ], mid temperate zone [MTZ],
cold temperate zone [CTZ], and Tibetan plateau zone [TPZ]) in China [26]. General layout of the six
major climates across China is shown in Figure 1. General information about the selected six typical
stations is shown in Table 1.
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Figure 1. General layout of the six major climates across China. TZ = tropical zone; SZ = subtropical
zone; WTIZ = warm temperate zone; MTZ = mid temperate zone; CTZ = cold temperate zone; PZ =
Tibetan plateau zone.

Table 1. General information about selected six typical stations.

Climate  Location Latitude(®) Longitude(E) Elevation(m)

TZ Sanya 18°14' 109°31’ 59

SZ Shanghai 31°24' 121°29’ 6
WTZ Zhengzhou 34°43' 113°39’ 110.4
MTZ Harbin 45°45' 126°46’ 142.3
CTZ Mohe 53°28’ 122°31’ 433
TPZ Lhasa 29°40' 91°08' 3648.7

2.1. Julian Day (JD)

The Julian day or Julian day number (JDN) is the number of days that have elapsed since the
first day of a year, January 1. December 31 has a JDN of 365, except when it has a Julian number of
366 in a leap year [27-29].

2.2. Solar Declination (5)

The declination of the sun is the angle between the line joining the centres of the earth, the sun,
and the equatorial plane. In Equation (1), the declination of the sun is determined by the day of the
year using the following formula [30]:

5 =23.45sin(27(284 + 1)/ 365), 1)

where 7 is the JDN.

2.3. Angle Incidence (0)

The angle of incidence of the direct solar radiation on the tilt surface, 0, can be calculated by (2)
[31]:
cos @ =sin dsin gcos [ —sin d cos@gsin fcos y
+cos d cos g cos [ cos @
+cos O sin ¢sin fF cos y cos @ ’ @)

+cosJsin fsin y sin @

where @ is the latitude of the site, f is the tilt angle of PV panel, y is the azimuth angle, and w is the
hour angle, which shifts with the sun movement.
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2.4. Sunrise and Sunset Hour Angle

The solar altitude angle is zero at the sunrise and sunset. To find the sunrise (or sunset) hour
angle wr (ws) on a south-facing (y = 0) tilt surface, one can use the following formulas [32]:

w, =cos ' (—4/(2B)) , 3)
@, =cos” (~tangtan ) (4)

Furthermore, the sunrise (or sunset) hour angle wr (ws) for the inclined surface is given by [31]:

o, =max(-a,,—w,) ) (5)
o, = min(a)l,a)z), (6)
with
A =2(sindsin ¢cos —sinJ cos ¢sin £ cos y) x(cos d cos gcos F+cos dsin@sin fcosy), (7)
and

B = (cos 5 cosgcos B+ cos I singsin fcos y)’ x(cos I sin Bcosy)’, (8)
where A and B are calculated by Equation (2), which were used to obtain the values of sunrise (or
sunset) hour angle in Equations (3)—(6).

2.5. Extraterrestrial Solar Radiation
We use I* to denote extraterrestrial solar radiation, which is calculated by:

~24x3600 360n 27,

I* 1, x(1+0.033cos )x(cosgcososinw, +
365 © 360

singsin ), )
T
where I is the solar constant (=1367 W/m?2).
The extraterrestrial solar radiation on a tilted surface for a day (lu) is calculated from (10):
~24.3600 o

I, = I*cosBdw
d Sy ' (10)

The monthly mean daily extraterrestrial solar radiation on a tilted surface (In) can be calculated
from Equation (11):

1,=30, /(0= +1) (11)

i=n
s

where 11 and n2 are the JD number of the first day and the last day of a month, respectively. li is the
extraterrestrial solar radiation on a tilted surface of the day, which has the JD number of i.

In this paper, the ergodic method employs Equations (1)—(11) to calculate the monthly mean
daily extraterrestrial solar radiation for six different stations. The tilt angle is changed from 0° to 90°
with a step size of 0.1°, while the azimuth angle is changed from 0° to 360° in the step of 0.1°, and the
corresponding value of maximum extraterrestrial solar radiation for a specific period are defined as
the optimal angle. Note that the results are considered to be standard values, serving as a reference
group in the following research.

3. Object System by Using HS Theory

3.1. Objective Function

In general, an objective function may be any functional relation that an investigator selects to
reflect the relative desirability of groupings [33]. According to the “radiation-maximized” demand
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and the mathematical model of solar obit and position, this paper establishes the object system of
decision-making. Equation (12) reflects the optimization problem, in which the tilt angle and
azimuth angle are determined with a maximum of In:

max(I,, (5.7)) (12)

3.2. Constraints

1. Tilt angles
Prin <BE P (13)

where fmin and fmax are the lower and the upper values of §. In this optimization problem, fmin and
Pmax are set as 0° and 90°, respectively.

2. Azimuth angles
7/ming7/sj/max, (14)

where ymin and ymax are the lower and the upper value of y. In this optimization problem, ymin and
ymax are set as 0° and 360°, respectively.

3.3. HS Searching Procedure

The HS algorithm was conceptualized using the musical process of searching for a perfect state
of harmony. Musical performances seek pleasing harmony (a perfect state), as determined by an
aesthetic standard, just as the optimization process seeks to find a global solution (a perfect state) as
determined by an objective function. The pitch of each musical instrument determines the aesthetic
quality, just as the objective function value is determined by the set of values assigned to each
decision variable [11]. The searching procedure using HS theory for fopt and yopt [13] is as follows:

Step 1: Initialize the optimization problem and algorithm parameters. First, the optimization
problem is specified as Equations (12)-(14). The HS algorithm parameters required to solve the
optimization problem (i.e., Equations (12)-(14) are also set in this step: harmony memory size
(number of solution vectors in harmony memory, HMS) = 6, harmony memory considering rate
(HMCR) = 0.9, pitch adjusting rate (PAR) = (0.4, 0.9), and termination criterion (maximum number of
searches) = 2000.

Step 2: Initialize the harmony memory (HM). The solution vectors in the HM matrix are
generated randomly and sorted by the values of the objective function. The HM is given by (15):

ﬂl ﬂ2 ﬂHMS:|T

15
Yot L s (15)

]

Step 3: Improvise a new harmony from the HM. A new harmony vector, (f, ¥’) is generated
from the HM based on memory considerations, pitch adjustments, and randomization. For example,
the value of the first design variable (') for the new vector can be chosen from any value in the
specified HM range (f’'-pHMS). Values of the other design variables ()’) can be chosen in the same
way. Here, the algorithm chooses the new value with HMCR = 0.9:

, {ﬂ'e{ BB, ™} with probability HMCR
e

16
B' € (B> Buin)> With probability (1- HMCR) (16)
L re {7/1,7/2,...,7H’”S},with probability HMCR
Vo< 17)
V"€ (Vins> Vi )» With probability (1— HMCR)
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The pitch adjusting process is performed until a value is chosen from the HM. PAR of 0.4
indicates that it is possible to choose a neighboring value using 40% x HMCR. The value (1-PAR) sets
the rate of doing nothing.

Pitch adjusting decision for

By (_{ Yes with probability PAR (18)

No with probability (1— PAR)

If the pitch adjustment decision for g, 7" is “Yes”, and ', y” are assumed to be ' (k),” (k), the kth
element in § and y, the pitch-adjusted values of g (k), (k) are:

ﬁ’(—ﬂ'+a, (19)
}/'(—}/’+a, (20)

where a =bw x u(-1, 1), bw € (0.0001,1), which is an arbitrary distance bandwidth for the continuous
design variable, and u(-1,1) is a uniform distribution between -1 and 1.

Step4: Update the HM. If the objective function value of new harmony vector is larger than the
worst harmony in the HM, include the new harmony in the HM and exclude the existing worst
harmony from the HM. Then, sort the HM by the objective function value.

Step 5: Repeat Steps 3 and 4 until the termination criterion is met. In this step, the termination of
a computation process is allowed before the final conclusion, in accordance with specified
termination criterion (maximum number of searches = 2000). If not, repeat Steps 3 and 4.

4. Statistical Methods

To assess the accuracy and suitability of the models, numerous statistical methods are used to
compare the reference optimum tilt angle obtained by the ergodic method and the optimum tilt
angle calculated by the PSO and HS algorithms. PSO is a stochastic technique for exploring the
search space for optimization [34]. It emulates the social behavior of a natural swarm. With the term
“swarm”, a population of individuals (particles) is indicated. Each swarm particle follows a path in
the solution space. The motion of each particle is governed by a list of constraints based on ecology
(i.e., natural swarm behavior) [35]. In the present study, PSO is used to compare the solution quality
with the HS algorithm. The model equations are evaluated using mean percentage error (MPE),
mean absolute percentage error (MAPE), mean absolute bias error (MABE), and root mean square
error (RMSE), which are defined as below [36-42]:

13 B=Ba
MPE = NZ( 3 100} (21)

_ N[ [Be=Bu.
MAPE—N;( 7 100) (22)
MABE = 3 B.—B.|/N (23)
RMSE = \/Z(ﬂw _ﬂim)z /N (24)

7

where fic and Bin are the ith calculated and standard optimum tilt angles, respectively; N is the total
number of observations; and f« and Pma are the average of the calculated and standard values,
respectively.5. Results and Discussions

The optimum tilt angles and orientations of PV modules for six stations in different climates are
established using the HS method, accounting for the climate and latitude of each site. The six
Chinese cities selected for study are Sanya, Shanghai, Zhengzhou, Harbin, Mohe, and Lhasa. In
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practical applications, PV modules do not operate under a standard condition. During the sun’s
movements, the solar irradiance accumulates each hour angle with the corresponding
extraterrestrial radiation.

Based on Equations (1)—(11), the monthly mean daily extraterrestrial radiation data were
determined accordingly; Figure 2 displays the results from January to December in Shanghai.
Taking the result of March as an example, in Figure 2¢, I on a tilted surface varies from 0 to over 35
M]J/m?2. Apart from south-facing orientations, the solar radiation decreases gradually with an
increasing incline angle from horizontal to vertical surfaces. The maximum value is observed at the
inclined angles between 20° and 40°, with the azimuth angles from 150° to 210°. The figure also
indicates that la is quite symmetrical with respect to due south (y = 180°). As the result of the sun
path in Shanghai, the sun is visible for most of the day throughout the year; therefore, solar
collection is greatest among all of the surfaces. Since the east-facing surfaces and west-facing
surfaces face the sun in the morning and afternoon, respectively, the solar radiations at these two
orientations are very close to each other. Due to the shortest period facing the direct sun, the
north-facing planes receive the least solar radiation.
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Figure 2. Monthly daily extraterrestrial solar radiation for various tilted angles and orientations in
Shanghai: (a) Jan; (b) Feb; (c) Mar; (d) Apr; (e) May; (f) Jun; (g) Jul; (h) Aug; (i) Sep; (j) Oct; (k) Nov;
and, (1) Dec.

From Figure 2, the optimum azimuth angles are 0° (360°) or 180° in every month. Therefore,
when referring to the optimum results, the azimuth angle data are simplified to the sign in the
discussion below: a positive sign means due south, and a negative sign means due north. Table 2
demonstrates the values of fopt obtained using the ergodic method, the PSO and the HS algorithm. In
the ergodic results, fopt values from Sanya, Shanghai, Zhengzhou, Harbin, Mohe, and Lhasa ranges
from -18.1°(Jun) to 49.9°(Dec), from -7.6°(Jun) to 61.4°(Dec), from 5.5°(Jun) to 64.3°(Dec), from
12.6°(Jun) to 73.7°(Dec), from 16.6°(Jun) to 80.0°(Dec), and from -8.9°(Jun) to 59.9°(Dec), respectively.
The values of fopt are negative from May to July. The results also show that yopt values obtained with
the HS method are exactly the same as those obtained with the PSO method and ergodic method,
and that the trend of Bopt values in each month is roughly the same.
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Table 2. Optimum tilt angles of each station obtained by ergodic, particle swarm optimization (PSO),
and harmony search (HS) methods.

Month
Jan Feb Mar  Apr May Jun Jul Aug Sep Oct Nov  Dec
Ergodic 472 377 218 3.6 117 -181 -15.2 3.1 15.1 329 450 499

Station Method

Sanya (TZ) PSO 4745 3717 2223 374 -1188 -18.14 -1467 328 15.60 32.66 4525 49.78
HS 4724 3773 2190 367 1176 1812 1522 3.15 1511 3295 4508 49.86

Ergodic 59.0 50.1 34.9 16.6 53 7.6 3.8 11.1 28.3 45.6 57.0 61.4

Shanghai (SZ) PSO 58.19 49.17 33.89 15.22 5.49 -8.32 4.02 1135 2817 4433 5626 60.51
HS 5899 50.18 35.00 16.56 5.33 -7.58 3.81 11.07 2826 4566 5696 61.40

Ergodic 61.9 53.2 38.2 19.8 8.0 5.5 6.4 14.2 31.6 48.8 59.9 64.3

Zhengzhou (WTZ) PSO 6195 53.06 3836 19.37 7.74 5.45 6.31 13.89 3152 4880 59.83 64.19
HS 6193 5320 3829 19.80 8.01 5.52 6.42 1413  31.58 48.85 59.88  64.28

Ergodic 715 63.5 49.1 30.8 16.5 12.6 14.0 24.7 42.6 59.3 69.7 73.7

Harbin (MTZ) PSO 71.59 6346 4983 3067 16.15 12.82 1396  23.67 42,69 59.14 6941 7358
HS 7152  63.65 4923 3049  16.56 12.62 1396 2473 4258 5929 6947  73.68

Ergodic 779 70.5 56.8 38.7 23.0 16.6 19.2 32.7 50.3 66.5 76.3 80.0

Mohe (CTZ) PSO 7769 7033 5690 3847 2212 16.57 1920 3120 5060 6630 7648  80.04
HS 7790 7051 56.86 3857  23.06 16.59 19.16 3276 5033 6647 7634 80.00

Ergodic  57.5 48.6 33.3 14.9 3.8 -89 -5.7 9.5 26.5 44.0 55.4 59.9

Lhasa (TPZ) PSO 57.56 4873 33.14 1497 3.58 -8.62 -5.64 899 2648 4418 5531 59.98

HS 5746 4854 33.28 14.92 3.88 -8.91 -5.69 9.55 2653 4399 5544  59.89

Table 3 compares the optimum tilt angles and monthly total extraterrestrial solar radiation of
Shanghai using the ergodic, PSO, HS, and some traditional methods. The results indicate that
radiation on fopt obtained with the HS method is clearly higher than that obtained using the PSO
method and methods, taking f to be equal to @ and @ * 15°. Hence, the tilt angle obtained using @
for the PV modules should not be adopted for different places to obtain the maximum overall solar
energy. However, in Table 3, the results of the HS method are closest to the standard values. These
data show that the HS method can be used as a substitute for the ergodic method.

Table 3. Comparison of results of Shanghai using several methods.

Ergodic Method PSO Method HS Method _ _ o _ o

Month B M) fon®) 1Y) font®) 1M/ Bopt=® Popt=D+15() Popt=D-15(°)
Jan 59.0 1100.86 58.19 1100.76 58.99 1100.86 975.89 1074.49 810.79
Feb 50.1 1046.94 49.17 1046.80 50.18 1046.94 991.57 1044.74 870.83
Mar 34.9 1182.78 33.89 1182.58 35 1182.78  1180.54 1159.16 1121.48
Apr 16.6 1156.53 15.22 1156.21 16.56 1156.53  1118.21 1004.55 1156.52
May 53 1213.51 5.49 1213.50 533 1213.51 1070.68 887.24 1184.17
Jun -7.6 1180.48 -8.32 1180.38 -7.58 1180.48 982.83 780.58 1122.34
Jul 3.8 1215.11 4.02 1215.10 3.81 1215.11 1042.77 845.05 1173.14
Aug 11.1 1205.31 11.35 1205.29 11.07 1205.31 1129.09 983.04 1199.82
Sep 28.3 1146.41 28.17 1146.41 28.26 1146.41 1144.69 1089.48 1122.01
Oct 45.6 1169.21 44.33 1168.94 45.66 1169.21 1133.67 1169.09 1020.99
Nov 57.0 1083.85  56.26  1083.77 5696  1083.85  977.85 1065.52 823.54
Dec 61.4 1078.14  60.51  1078.01 61.4 1078.14  933.68 1041.40 762.34

For further comparison, the statistical errors of PSO and HS for six typical climatic stations in
China are shown in Table 4, obtained using Equations (21)—(24). According to MPE, MAPE, MABE,
and RMSE, the errors of the HS model are lower than those of the PSO method. More specifically,
the computational results show that HS errors are about 1 order of magnitude smaller than the PSO
errors. The MPE of the HS method is between —0.0450% and 0.4376%, the MAPE ranges from 0.1105%
to 0.4510%, the maximum of MABE is 0.0867°, and the minimum of MABE is 0.0317°. The RMSE
value, which measures the accuracy of estimation, stays well between 0.0385° and 0.1279°. The data
in Table 4 starkly illustrate that the monthly optimum tilt angle data obtained from the HS method
are more accurate and reliable than that from PSO. The results indicate that the HS method is
applicable to the optimization problem of the tilt angle and orientation for PV modules.



Appl. Sci. 2017, 7, 1028 10 of 12

Table 4. Statistical indicators (mean percentage error (MPE), mean absolute percentage error
(MAPE), mean absolute bias error (MABE), root mean square error (RMSE)) of PSO and HS at six
different climatic stations.

Methods  Statistical Indicators Sanya Shanghai Zhengzhou Harbin = Mohe Lhasa

MPE 0.9968 0.0560 -0.8521 -0.3617 -0.7451 -1.2242

PSO MAPE 1.9739 3.4607 0.9353 09567  0.9215 1.4549
MABE 0.2825 0.7117 0.1458 02742  0.3200  0.1550

RMSE 0.3266 0.8206 0.1894 0.4005  0.5264  0.2018

MPE 0.4376 0.0337 0.0472 -0.0450 0.0022  0.2163

HS MAPE 0.4510 0.2008 0.1507 0.2405  0.1105  0.2943
MABE 0.0475 0.0383 0.0292 0.0867  0.0392  0.0317

RMSE 0.0539 0.0476 0.0393 0.1279  0.0524  0.0385

6. Conclusions

The tilt angle and orientation play an important role in maximizing the solar radiation collected
by a PV panel. In this paper, the ergodic method is applied to the mathematical model of
extraterrestrial solar radiation to determine the monthly optimum tilt angles and azimuth angles in
six Chinese cities with different climates. The results of the ergodic method serve as a reference
group. Then, the calculation of the optimum angles based on HS theory is presented. By comparing
the results of the HS and PSO methods with standard results, the following conclusions can be
drawn:

1. In most cases, the best orientation is due south (optimum azimuth angle, 180°) in the selected
cities. Except when the azimuth angle equals 180°, the extraterrestrial solar radiation decreases
as the tilt angle increases.

2. The optimum tilt angle increases during the winter months and reaches a maximum in
December for all of the stations. To enhance the energy collected by the panel, if possible, the tilt
angle should be changed once a month.

3. According to MPE, MAPE, MABE, and RMSE, errors with the HS method are less than those
with PSO. Moreover, the extraterrestrial solar radiation of HS is larger than that of PSO. The
application of HS performs better in the search for Sopt.

4. The proposed approach, the HS method, provides an accurate and simple alternative to the
ergodic method. The experimental results of the HS method are very close to the standard
values.
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