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Abstract

Accurate prediction of transient melt pool thermal fields in Laser Powder Bed Fusion (LPBF)
is essential for understanding melt pool geometry and defect formation mechanisms, yet
conventional finite element methods (FEM) impose prohibitive computational costs for
parametric process exploration. A variational physics-informed neural network (VPINN)
framework is presented for 3D transient thermal modeling of a GH3536 single-track LPBF
scan. The framework incorporates a continuously differentiable Goldak double-ellipsoid
moving heat source, temperature-dependent thermophysical property surrogates, and an
effective heat-capacity treatment of latent heat associated with solid-liquid phase change
and vaporization. These components are embedded in a weak-form residual-minimization
scheme with octree-adaptive domain decomposition, hierarchical Legendre test functions,
and sequential sliding-window time marching. Effective absorptivity is inferred jointly
with the network parameters, using sparse experimental melt pool profiles as supervision.
Within a parametric study covering laser powers from 100 to 140 W and scan speeds from
1000 to 1500 mm/s, the predicted melt pool width, depth, and aspect ratio agree closely
with FEM benchmarks and cross-sectional optical micrograph measurements across both
supervised and held-out interpolation conditions, with total relative L, nodal temperature
errors ranging from 3.23% to 6.75%. Following a one-time offline training investment of
15,323 s that simultaneously resolves the full parametric space, surrogate inference reduces
per-condition query time from 3000-4000 s (FEM) to merely 4-5 s, delivering a speedup of
two to three orders of magnitude and making the framework increasingly cost-effective for
high-throughput parametric studies and digital-twin integration as the number of queried
conditions grows.

Keywords: laser powder bed fusion; physics-informed neural network; variational formulation;
melt pool thermal modeling; inverse calibration; additive manufacturing

1. Introduction

Laser Powder Bed Fusion (LPBF), also referred to as Selective Laser Melting (SLM), is
characterized by highly localized, rapidly evolving thermal fields that dictate melt pool
dimensions and thermal histories, thereby exerting first-order control over consolidation
quality and defect propensity across process windows [1,2]. The melt pool width W and
depth D provide compact geometric signatures of the underlying temperature gradients and
cooling rates, making transient thermal prediction central to both mechanistic interpretation
and practical process qualification in track-scale studies [3].
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Computational heat transfer models for LPBF commonly rely on a moving volu-
metric heat source embedded in a nonlinear heat conduction formulation, because they
provide a tractable mapping from process inputs to temperature fields while retaining
compatibility with engineering-scale simulation workflows [4]. Among volumetric source
representations, the Goldak double-ellipsoid model remains a de facto standard due to
its flexible front-rear asymmetry and energy-conservative construction, which have moti-
vated extensive adoption beyond welding and into laser-based manufacturing heat-transfer
analysis [4]. Practical accuracy, however, is often limited by the need to calibrate effective
laser—material energy coupling parameters against experimental observables, with effective
absorptivity and related assumptions frequently acting as dominant uncertainty carriers
that are often re-identified across scan conditions and material states [5].

Even when the governing physics is restricted to thermal conduction with phase-
change regularization, 3D transient simulations based on the FEM remain computationally
expensive for parametric exploration, design-of-experiments loops, and inverse identifica-
tion workflows that require repeated forward solves [6]. This cost barrier is amplified by the
multiscale nature of LPBF, where steep near-source gradients coexist with comparatively
smooth far-field diffusion, producing a persistent tension between numerical resolution
demands and throughput requirements in process-window studies [7,8].

Physics-Informed Neural Networks (PINNs) provide a Scientific Machine Learning
(SciML) alternative by embedding Partial Differential Equation (PDE) residuals and initial-
boundary constraints into the learning objective, enabling forward solution and data-driven
inverse discovery under sparse supervision through automatic differentiation [9,10]. Within
the track-scale LPBE, PINNs have been applied at progressively increasing physical fidelity.
Hosseini et al. [6] parametrically solved the single-track transient heat equation with
a Gaussian heat source and constant properties in an unsupervised setting, achieving
melt pool size errors below 5% relative to FEM across varied process conditions. Liao
et al. [11] introduced semi-supervised calibration by fusing sparse infrared measurements
with the heat equation, simultaneously recovering full-field temperatures and inferring
unknown material parameters and laser absorptivity. Jiang et al. [12] extended data-physics
coupling to predict melt pool dimensions across variable scan speeds from a single trained
model using a small labeled dataset. Beyond conduction, Sharma et al. [13] embedded the
coupled Navier-Stokes and energy equations to recover melt pool velocity and pressure
fields from sparse temperature data alone, while Zhu et al. [14,15] reduced training cost
through transfer learning and reality-augmented adaptive sampling strategies. Safari and
Wessels [16] further extended the paradigm to multi-track scenarios via DeepONet operator
learning. All of the above studies rely on strong-form pointwise residual minimization;
the variational weak-form alternative has not been explored for 3D transient LPBF melt
pool modeling.

VPINNSs address these limitations by minimizing weak-form residuals over suitably
chosen test spaces, reducing the differentiability burden on the trial network and improving
robustness in problems with steep gradients and localized features [17]. Furthermore, hp-
VPINNSs enhance this approach through domain decomposition and high-order polynomial
test functions, enabling localized resolution enrichment and more favorable accuracy—cost
tradeoffs for multiscale transient phenomena [18]. Within the LPBF single-track context,
this variational SciML perspective creates a direct pathway to amortized, parameterized
thermal surrogates that can be queried rapidly while remaining anchored to the same
governing equations used in established conduction-based benchmarks [14-16]. In this
work, a variational physics-informed learning framework is formulated for 3D transient
melt pool thermal modeling in single-track LPBF scanning of GH3536 under conduction-to-
transition-mode conditions. The principal contributions are:
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(1) The VPINN weak-form residual-minimization framework is applied for the first time
to 3D transient LPBF melt pool thermal field prediction, reducing the differentiability
requirement on the network from second to first order relative to strong-form PINNS.

(2) A heat-source-aware adaptive element weighting combined with causal sliding-
window time marching is proposed to address the coupled optimization stiffness
from the moving Goldak source and phase-change enthalpy peaks.

(38) Effective absorptivity 7 is treated as the sole trainable physical parameter, calibrated
jointly with the network weights via sparse melt pool contour supervision, eliminating
iterative outer-loop FEM calibration.

2. Methodology
2.1. Governing Equations

The transient thermal field T(x, t) in domain Q) C R over T = [0, t,,4] satisfies the
nonlinear heat conduction equation governing LPBF single-track processing:

p(T)C;(T)%—z =V (KT)VT)+Q(x,t), (x,t) € QAx T (1)

where C;(T) denotes the effective specific heat incorporating latent heat contributions
(Section 2.3) and Q(x,t) denotes the Goldak volumetric source [19]. The domain is initialized
at T(x, 0) = 298.15 K, and all external boundaries 9Q2 satisfy a Robin condition combining
natural convection and surface radiation:

K(T) 9T = he(T — o) + eorsp (T* — T4) o)
where the ambient temperature is defined as T = 298.15K, the convective heat
transfer coefficient is uniformly set to h. = 15W/(m? - K), the surface emissivity
is assigned a representative value of ¢ = 0.4 for the nickel-based superalloy, and
osp =5.67 x 1078 W/ (m2 . K4) denotes the Stefan-Boltzmann constant [20]. To avoid nu-
merical scaling disparities, the temperature and time variables are non-dimensionalized as
follows [21]:
y— T i t-v
Tmax, Lref

)

where Tax = 3200 K is the normalization temperature chosen to encompass the full
ambient-to-near-vaporization range, L,y = 1.5 mm is the reference length correspond-
ing to the scan track length, and v is the physical scanning velocity. The spatial co-
ordinates x = (x,y,z) retain their physical dimensions in millimeters and are not non-
dimensionalized.

2.2. Moving Heat Source

To accurately capture the asymmetric thermal gradient of the melt pool while main-
taining strict C* differentiability for stable automatic differentiation within the VPINN
framework, the laser-material interaction is modeled using a smoothly blended formulation
of the Goldak double-ellipsoid moving heat source [19]. Conventional discrete quadrant
switching introduces non-physical residual spikes during backpropagation; conversely,
naively interpolating geometric semi-axes within the exponential argument compromises
the analytical energy conservation of the domain integral. The present formulation adopts
a field-level superposition strategy, constructing the total volumetric power density by
blending two analytically conservative fields—a front ellipsoid Qf and a rear ellipsoid
Q,—through a hyperbolic tangent smoothing weight w(x, t):
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Qx,y 2z t) = w(x )Qs(x,y, 2, t) + (1 —w(x, 1)) Qr(x,y, 2, t) 4)

where individual power densities are defined strictly in their classical conservative forms:

) o 2 2 _ 2
Qi(x,y,z,t):mexp <—3 lu(;t)—i-zz—l-(zbzz())])ie{f,r} (5)

The spatial transition weight acts as a continuously differentiable Heaviside function
localized at the moving beam center:

w(x,t) = % + ;tanh<x I w) (6)
with smoothing length [; = 0.005 mm—an order of magnitude below the transverse semi-
axis a—ensuring that the field transition is confined within a sub-element domain without
smearing the macroscopic Goldak geometry. Because Qr and Q; are each independently
energy-conservative, the blending weight w analytically drops out of the global energy
integral. Consequently, the macroscopic temperature field is theoretically insensitive to the
specific value of Is provided it remains within the bounded range 0 < Is < hyin, where
the upper bound preserves sub-element spatial localization and the lower bound avoids
floating-point saturation of the tanh argument. Furthermore, since the energy partitioning
coefficients satisty f; + f, = 2 by construction, interpolating scalar flux fields rather than
geometric parameters strictly preserves the global integral [[f, QdQ) = 1P, guaranteeing
energy conservation as a prerequisite for physically meaningful parameter inversion.

Source geometry is assigned as physically motivated prior estimates consistent with
the nominal laser spot radius and standard Goldak proportions: the transverse semi-axes
a = b = 0.05 mm approximate the beam half-width typical of LPBF optics in the present
power range, while the longitudinal semi-axes ¢y = 0.05 mm and ¢, = 0.10 mm preserve
the classical front-rear ratio ¢, /cy = 2. Because 7 linearly scales the total absorbed power
Perr = P and thereby governs all isotherm extents monotonically, moderate perturbations
in ellipsoid geometry can be largely compensated by a corresponding shift in the calibrated
1 as the sole trainable quantity—calibrated jointly with the solution network weights per
Section 2.4—is therefore a deliberate regularization choice that avoids the parameter co-
linearity inherent in jointly identifying shape and magnitude from sparse cross-sectional
supervision, while concentrating all residual modeling uncertainty into a single physically
interpretable scalar. The spatial distributions of the volumetric power density in the x-z,
x-y, and y-z planes are depicted in Figure 1.

2.3. Thermophysical Properties and Phase Change Formulation

The thermophysical properties of GH3536 (thermal conductivity k(T'), density p(T),
and specific heat C(T)) are each represented by an independent Feedforward Neural
Network (hereafter referred to as MaterialFNN), each comprising three hidden layers
of 32 neurons with hyperbolic tangent activations. All three networks are trained ex-
clusively on tabulated property data prior to any VPINN optimization. Specifically, the
temperature-dependent reference data were extracted directly from the FLOW-3D material
database. For each thermophysical quantity, the training dataset comprises approximately
30 discrete temperature-property pairs. These property surrogates were optimized via the
Adam algorithm over a training cycle of 3000 epochs. Upon completion, their parameters
Omat = {0k, 0p, 0c, } are frozen for the duration of physics-informed training, supplying
k(T), o(T), and Cp(T)—together with their exact automatic-differentiation gradients—at
arbitrary quadrature points as static material closure modules. This decoupled design pre-
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Value

vents PDE residual gradients from distorting physically calibrated property representations,
a failure mode that joint co-optimization cannot reliably suppress even under anchoring
regularization. The resulting property fits are depicted in Figure 2.
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Figure 1. Power density distributions of the Goldak double-ellipsoid heat model: (a) x-z plane;
(b) x-y plane; (c) y-z plane.
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Figure 2. Temperature-dependent thermophysical properties of GH3536 represented by the material
surrogate network: (a) thermal conductivity; (b) density; (c) specific heat capacity.

Each MaterialFNN is trained under a composite objective that combines supervised
data fidelity with extrapolation regularization:

Lot (8) = Li030(09) + Aext £}, (07) %
The data-fitting term enforces agreement with tabulated measurements {T;, f fef}f\fit“
across the supervised interval [Tyin, Tinax:
1 Niata f(Tle ) _ fref
e o Il e ®)

Niata i=1 oy

where 0y normalizes gradient magnitudes across properties with disparate physical units.
Because unconstrained network predictions beyond [Ty, Tinax]) may introduce spurious
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derivative magnitudes into the diffusion operator V - (k(T)VT)—a consequential risk given
the ambient-to-near-vaporization temperature span traversed during LPBF simulation—

the extrapolation regularization term simultaneously penalizes non-zero derivatives and
Next.

deviations from the nearest boundary reference value at extrapolation samples {Tf’“} =1

Next d 2
(f) _ 1 df £ (ext. ref \2
ﬁextmp(ef) - Noyt 2 (dT T]g’xt + (f(T] t’ 9f) - bnj;) (9)

j=1

where f;zf‘; is the tabulated reference value at the nearest training boundary, defined as
fref (Tpin) for fot < Tpin and £ (Typay) for fot > Tax-

Latent heat at both fusion and vaporization transitions is incorporated via the effective
heat capacity method [22,23], augmenting the sensible C,(T) with Gaussian-distributed

enthalpy peaks:
L (T - Te)”
Cy(T) = Cp(T) + exp | ————-— (10)
=+ 2 e (-T2

The solid-liquid transition employs a solidus temperature of 1533.15 K, a liquidus
temperature of 1628.15 K, and a latent heat of fusion of 2.7 x 101! mm? s~2; the liquid-
vapor transition uses an initial boiling temperature of 2973.15 K, a final boiling temperature
of 3173.15 K, and a latent heat of vaporization of 6.9 x 10'> mm? s~2. The standard
deviation o; of the Gaussian distribution, acting as the numerical smoothing parameter, is
set proportional to the half-width of each transition interval. This formulation preserves
full differentiability of the governing equation across both phase changes, circumventing
the need for algorithmic branching [24]. It should be noted that vaporization is modeled
here solely as an enthalpy sink; mass loss, recoil pressure, free-surface deformation, and
keyhole formation are outside the scope of the present thermal conduction framework.
Accordingly, the solid-liquid interface is identified as the 1628.15 K liquidus isotherm
extracted from the predicted temperature field, consistent with the melt pool geometry
extraction protocol in Sections 3.1 and 3.2.

2.4. VPINN Formulation and Loss Function Architecture

Network Architecture. The solution network u(x, t;0) : R® — R maps (t,x,y,z,P,v)
to dimensionless temperature u = T/T.,. To overcome the spectral bias of standard
multilayer perceptrons (MLPs) against steep moving-source thermal gradients, the spa-
tiotemporal coordinates vg; = (£, x,y, z)T are first encoded through fixed Gaussian random
Fourier features [25,26]:

v(v) = [sin(27Bvy;), cos(27Bvg)]T, B € R12*4 ~ A7(0,10?) (11)

yielding a 256-dimensional spatiotemporal representation. It should be noted that the
process parameters (P, v) do not undergo Fourier transformation; instead, they are directly
concatenated with the encoded spatiotemporal features. This results in a 258-dimensional
input vector that feeds an 8-layer x 32-neuron MLP with sine activations [27], preserving C*
differentiability of the complete computational graph. The architecture is depicted in Figure 3.
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Figure 3. Core architecture of the proposed variational physics-informed learning framework for
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transient thermal modeling.

Variational Weak Form. In contrast to conventional PINNs that minimize pointwise
strong-form residuals, the VPINN framework projects the governing PDE onto a finite-
dimensional test function space, reducing the differentiability requirement on the network
output from second- to first-order spatial derivatives [18]. The spatial domain is decom-
posed into N, non-overlapping hexahedral elements via Octree partitioning. The mesh is
graded from h,,, = 0.2 mm in the far field to h,,;;,, = 0.02 mm along the scan trajectory.
This spatial discretization strategically concentrates quadrature points within the melt pool
and heat-affected zone, as depicted in Figure 4 [28]. Within each element, hierarchical
Legendre bubble functions:

om(@) = (1= Lp(Z), p=3, Ny =37 =27 (12)

serve as test functions, with (1 — ¢2) enforcing vanishing at element boundaries by con-
struction. The element variational residual, evaluated numerically utilizing a 4 x 4 x 4
Gauss-Legendre quadrature rule yielding 64 integration points per hexahedron to ensure
exact integration of polynomial terms, reads [29]:

. U du Q ;x,?
Re,m(G) = /e<pcp Tefaiftv vm+kVu-va — (;,7736) Um>d0 (13)

Scale consistency across elements of differing volume is enforced by L? normalization:
Remn = Rem/ (|0emlly + €), where [[vgm]l, = Y wlv?, . Because the Goldak source
- ;

concentrates energy deposition within a sub-millimeter region, unweighted optimization
disproportionately favors the numerically dominant far-field residuals at the expense of the
physically critical melt-pool zone. Element-wise heat-source-aware weighting counteracts
this imbalance:

. - 1 .
We =148 (Gnorme), B = we/ (3L, we +10712) (14)
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(a)

M—” (b) w

The exponent « = 1 was chosen as the simplest monotonic mapping that preserves
inter-element ranking without adding nonlinearity. The prefactor p = 1 keeps the maxi-
mum element weight within one to two orders of magnitude of the far-field baseline w, = 1,
preventing gradient domination by source-adjacent elements. Both values were fixed from
a single preliminary run on V01 and reused across all conditions without re-tuning.

Yielding the PDE loss:
1 N Ne
Lppe(0) = Y WY R:, (15)
NeNim e=1 m=1

Boundary and initial conditions are enforced via mean-squared-error collocation,
contributing losses Lpc and Ljc.

Figure 4. Dynamic quadrature sampling for VPINN weak-form residuals utilizing adaptive mesh
refinement along the scan track: (a) laser positioned at x = 0 mm; (b) laser positioned at x = 1.5 mm.

Physics-Data Co-driven Inverse Calibration and Training Objective. The scalar
absorptivity ¢ = {#} is identified jointly with 8 by embedding an experimental constraint
loss within the training objective, eliminating the iterative forward-solve loops characteristic
of FEM calibration. Melt pool boundary coordinates extracted from metallographic cross-
sections under the liquidus criterion T; = 1628.15 K (Section 3.1) define Ny, target points
at quasi-steady-state time ts:

Z [M(Xi, tss; 0, 47) * Tinax — Tl]z (16)
i=1

Scalar identifiability from L,y is confirmed by the strict positivity of JW/dn > 0 and
90D /oy > 0 throughout the physical parameter range, a direct consequence of # linearly scaling
total absorbed power Pef = #P and thereby governing the spatial extent of all isotherms
monotonically. The complete training objective for joint optimization of 8¢y, and ¢ is:

Liotal (Btemp, §) = AppE LppE + Apc Lc + Arc Lic + Aexp Lexp 17)

To dynamically rebalance competing gradient contributions—particularly the stiff
nonlinear PDE residual near phase-change transitions—adaptive weights {A; } are updated
at every gradient step via an Inverse Dirichlet strategy utilizing an Exponential Moving
Average (EMA) [30,31]:

1/EMA,

EMAk < ﬁw EMAk + (1 - ,Bw)ﬁk, )\k = Cllp m, Winins Wmax
- ]
)

(18)
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where the smoothing factor B, is uniformly set to 0.9 across all loss components to ensure
temporal stability in the adaptive weight evolution. This specific value suppresses erratic
gradient fluctuations during the highly non-convex early optimization phase without
excessively delaying the algorithmic response to abrupt residual variations near the phase-
change interfaces.

Training Protocol. Physical causality is enforced through a sequential time-marching
strategy [32] that partitions the normalized temporal domain into overlapping windows of
width At = 0.1 with stride 0.05: window # is initialized against the converged prediction
of window n — 1 at interface time t,,_1, propagating latent heat enthalpy history forward
and precluding catastrophic forgetting of early thermal gradients. Each window undergoes
two-stage optimization utilizing a full-batch collocation strategy to eliminate stochastic
gradient noise. The Adam [33] optimizer, configured with a cosine-annealed learning
rate (79 = 3 x 107%, 500-step warmup), initially navigates the non-convex landscape
for a maximum of 30,000 epochs. Subsequently, the L-BFGS [34] algorithm (79 = 0.9,
Strong Wolfe line search) resolves residual stiffness from the nonlinear diffusion term,
terminating either when the relative loss change drops below 1078 or after an upper
limit of 500,000 iterations. To stabilize the initial optimization dynamics before the EMA
scheme activates, the penalty coefficients for the total loss (Equation (17)) were empirically
initialized to Appg = 1.0, Agc = 100, A;c = 100, and Ayp = 1000, after which the
inverse Dirichlet mechanism dynamically constrained the weights within [10~2, 10*]. These
adaptive weights {A;} frozen during the L-BFGS stage to prevent instability under line-
search perturbations.

3. Experimentation and Verification
3.1. Process Parameter Matrix and Melt Pool Measurements

As enumerated in Table 1, five single-track experiments on GH3536 were structured
into two orthogonal parametric sweeps: a velocity sweep (1000 to 1500 mm/s) at a fixed
laser power of 100 W (cases V01-V03), and a power sweep (100 to 140 W) at a fixed scan
speed of 1500 mm/s (cases V03-V05) [35]. Case V03 serves as the shared baseline anchoring
cross-sweep consistency [36]. This matrix covers stable conduction-mode operation at the
low-power /high-speed end and approaching the conduction-to-transition boundary at
the high-power/low-speed end [37]. Tracks were manufactured as isolated scan vectors
to preclude inter-track thermal interaction, and cross-sectional analysis was conducted at
mid-track locations free of scan-initiation transients, as depicted in Figure 5.

The fusion boundary signatures, specifically width W and depth D, were derived from
etched optical micrographs through a multi-stage coordinate extraction and refinement
pipeline. To provide high-fidelity supervision for the inverse calibration of absorptivity 7,
the melt pool contours in the transverse cross-sections were first manually delineated by
identifying the characteristic grain structure transition between the fusion zone and the
heat-affected zone, as shown in Figure 6 [38]. These discrete, non-uniformly distributed
boundary markers were subsequently processed using a cubic B-spline interpolation al-
gorithm to reconstruct a continuous representation of the liquidus interface. To ensure
unbiased gradient contributions in the experimental loss function Ly, the resulting splines
were re-sampled into a fixed set of Ny, equidistant coordinates {x;, z;} using a chord-
length parameterization. This algorithmic treatment effectively filters the stochasticity
inherent in manual labeling and ensures that the sparse experimental constraints are dis-
tributed with sufficient density to resolve the high-curvature regions of the melt pool
base, thereby providing a robust geometric reference for both VPINN training and the
subsequent FEM benchmark comparisons.
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(a) Robin BC v

eV

Figure 5. Single-track LPBF configuration: (a) schematic of the physical domain and melt-pool
dimensions; (b) top-surface morphology of the deposited track.

Table 1. Process parameter matrix and experimentally measured melt pool geometric statistics for
single-track LPBF experiments on GH3536.

Case P (W) v (mm/s) W (um) D (um) R (D/W) Train Role

Vo1 100 1000 67.123 31.045 0.463 Supervised
Vo2 100 1250 61.212 25.682 0.420 Validation
V03 100 1500 53.783 21.452 0.399 Validation
V04 120 1500 72.582 38.892 0.536 Supervised
V05 140 1500 75.551 32.067 0.424 Supervised

Figure 6. Experimental GH3536 melt-pool geometries serving as target constraints for neural network-
based inverse calibration of absorptivity: (a) P =100 W, v = 1000 mm/s; (b) P = 120 W, v = 1500 mm/s;
(c) P=140 W, v = 1500 mm/s.

3.2. FEM Benchmark

The FEM benchmark was configured using the FEniCS computing platform on a
domain [—1, 1.8] x [-1, 1] x [—1, 0] mm with governing equations, Robin boundary con-
ditions, Goldak source parameters, and effective specific heat treatment identical to those
of Section 2; thermophysical properties were supplied throughout by the pre-trained Mate-
rialFNN, eliminating material representation as a confounding inter-model error source.
The domain was discretized with 3D linear hexahedral elements refined to h,,;,, = 0.02 mm
within a 0.1 mm radial band of the scan path and coarsened to h;;,x = 0.2 mm in the far field,
matching the VPINN Octree refinement levels shown in Figure 7. Temporal integration
employed an unconditionally stable implicit backward Euler scheme at At =1 ps (source
displacement 1.5 pm per increment at maximum scanning velocity), with Newton—-Raphson
nonlinear iterations converging to a normalized residual tolerance of 10~° per time step; the
complete configuration is summarized in Table 2 [39]. Melt pool geometry was extracted
from the T} = 1628.15 K isotherm at f4 in the transverse cross-section, consistent with the
extraction protocol of Section 3.1.
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Cross-Sectional Plane
x=0.75 mm

Figure 7. FEM mesh configuration for the 3D transient single-track thermal benchmark, indicating
the local refinement zone and the transverse cross-sectional plane at x = 0.75 mm.

Table 2. Finite element analysis configuration for the 3D transient single-track LPBF thermal benchmark.

Parameter Specification
Computational domain [—1,1.8] x [-1,1] x [—1, 0] mm
Temporal integration scheme Unconditionally stable implicit backward Euler
Near-source element size 0.02 mm
Far-field element size 0.2 mm
Time step 1us
Nonlinear solver Newton-Raphson iteration
Thermophysical property source Pre-trained MaterialFNN
Heat source model Goldak double-ellipsoid formulation
Boundary conditions Robin: surface convection and thermal radiation
Latent heat treatment Effective heat capacity method with Gaussian regularization

Melt pool geometry extraction criterion ~ 1628.15 K isotherm at quasi-steady time, transverse plane at x = 0.75 mm

3.3. Evaluation Criteria

The VPINN framework is comprehensively evaluated across physical compliance, geo-
metric fidelity, transient thermal accuracy, and computational efficiency. Physics compliance
is diagnosed by spatially mapping the strong-form pointwise residual error, log;,(|Res|),
near phase-change interfaces and the moving heat source. Geometric fidelity is assessed
by extracting the melt pool width (W), depth (D), and aspect ratio (R = D /W) from the
quasi-steady liquidus isotherm (T = T;). Deviations are quantified utilizing Mean Absolute
Error (MAE) [40] and relative errors [41] against both experimental micrographs (to validate
inverse calibration) and FEM benchmarks (to isolate algorithmic discrepancies). Holistic 3D
transient thermal fields and enthalpy propagation are quantified against FEM references
using the total relative L, error via nodal parity analysis and the temporal evolution of the
domain-maximum temperature Tmax(t). Finally, computational throughput—comprising
offline training, inference latency, and total FEM solver times—is benchmarked on a unified
hardware platform (NVIDIA RTX 4090 GPU, Intel Xeon Silver 4314 CPU, 270 GB RAM)
and averaged over three independent runs to suppress stochastic variance.

4. Results and Discussion
4.1. Convergence and Residual Diagnostics

The comparative logarithmic loss histories in Figure 8 illustrate the convergence dy-
namics of both the standard strong-form PINN (Figure 8a) and the proposed VPINN
(Figure 8b) under the sequential time-window strategy. While both frameworks exhibit a
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repeating sawtooth pattern across temporal windows—driven by initial residual reduction
under Adam followed by sharp final convergence under L-BFGS—their optimization be-
haviors diverge substantially. The pointwise residual formulation of the standard PINN
introduces severe stiffness into the loss landscape, manifesting as highly unstable, oscil-
latory training trajectories that require nearly twice the number of global iterations to
reach an acceptable threshold. In contrast, the VPINN mitigates these localized gradient
spikes through weak-form integration over the finite test spaces, yielding a demonstrably
smoother and more stable descent path. Underlying both convergence trajectories is the
EMA-based inverse Dirichlet adaptive weighting scheme, which structurally governs the
loss component interactions. Because the total loss is computed as a weighted sum where
each component is assigned a dynamically adjusted coefficient less than unity, its plotted
magnitude consistently appears smaller than Lppr alone, even as the PDE residual remains
the numerically dominant individual term. This mechanism sustains approximate parity
among Lppg, Lexp, Lpc, and Ljc throughout, effectively preventing the numerically stiffer
PDE residual from systematically suppressing boundary and data enforcement during
the nonlinear diffusion phase. Supported by this balanced optimization environment,
the specific loss components exhibit physically meaningful evolution: periodic Ljc re-
sets at window boundaries decay monotonically in amplitude as scanning approaches
quasi-steady state, confirming progressive thermal stabilization. Furthermore, the exper-
imental loss Ly, descends along a trajectory closely tracking the total loss, reflecting
the network’s improving ability to satisfy the sparse melt pool boundary constraints as
training progresses.

Loss Loss
4 = Total Loss b —Total Loss
10? ~— PDE Loss 10! ( ) PDE Loss
—— BC&IC Loss ) | ——BC&IC Loss
—— Exp Loss | ——Exp Loss
101 I
| 1071
l
1] | \
10 107311\ & X
TN
1 10 \&§K &
10_5 10-7— kK’K L LM

0 20,000 40,000 60,000 80,000 100,000 120,000 0 10,000 20,000 30,000 40,000 50.000 60,000 70,000

Global Iteration Global Iteration

Figure 8. Evolution of the total, PDE, experimental, and boundary/initial-condition losses during
time sliding window optimization: (a) PINN; (b) VPINN.

To assess near-source spatial resolution sensitivity, training loss histories for /,,,;,, = 0.01 mm
and 0.04 mm were compared against the 0.02 mm baseline (Figure 9), holding far-field
Bmax =02 mm. Neither alternative outperforms the baseline. Halving h,,;,, to 0.01 mm in-
duces a highly oscillatory training trajectory. The denser near-source quadrature over-samples
the steep Goldak heat source and C, enthalpy peaks, generating conflicting local gradients that
destabilize the optimizer. Conversely, coarsening ,,,;,, to 0.04 mm yields a smoother descent but
plateaus at a higher terminal loss. Here, insufficient quadrature points under-resolve the rapid
spatial variations of Q(x,t) and Cy(T), embedding inherent approximation errors that further
iterations cannot overcome. Thus, /,,,;,;, = 0.02 mm optimally balances quadrature fidelity and
optimization stability. Far-field /1,y variation was excluded, as the accuracy-limiting stiffness is
strictly confined to the near-source melt pool.
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Figure 9. Sensitivity of VPINN training loss histories to near-source element size h,,,: (a) Hyy,,, = 0.01 mm;
(b) hypip = 0.04 mm.

The strong-form pointwise error log;,(|Res|) evaluated at N = 2000 post-training
diagnostic collocation points (strategically sampled with 50% allocated to the immediate
vicinity of the heat source and 50% distributed across the far-field substrate) over the entire
melt pool domain when the heat source is located at x = 0.75 mm and shown in Figure 10,
remains uniformly low in the far-field substrate while concentrating within and immedi-
ately adjacent to the melt pool across all five process conditions. This localization reflects
the coupled stiffness of the exponentially decaying Goldak source—which compresses
the solution’s active variation into a sub-millimeter neighborhood of the beam—with the
Gaussian-augmented C;(T) nonlinearity at both phase-transition intervals. Although
Octree quadrature refinement and heat-source-aware element weighting w, concentrate op-
timization effort toward this zone, the residual floor there measurably exceeds the far-field
level. Quantitatively, log;,(|Res|) ~ —2 in the near-source region corresponds to a local
temperature relative error on the order of 3%, whereas log,,(|Res|) < —5 in the far field
implies relative deviations well below 1%, confirming that the equation residual satisfies
engineering accuracy requirements across the entire computational domain. This spatial
contrast identifies the coupled phase-change and moving-source stiffness as the primary
accuracy-limiting mechanism rather than boundary enforcement or inter-window temporal
accumulation. This attribution follows directly from the equation structure. The Goldak
source (Equation (4)), with semi-axes on the order of 0.05 mm, concentrates virtually all
deposited power within a sub-millimeter neighborhood of the beam center. Simultaneously,
the effective heat capacity C,(T) (Equation (10)) introduces enthalpy peaks of magnitude
2.7 x 10" and 6.9 x 10'> mm? s~2 at the fusion and vaporization transitions. Because
the liquidus isotherm coincides with the region of steepest source-induced gradient, both
Cp, and du/dt in the residual integrand (Equation (13)) are simultaneously maximized
within the same narrow spatial band, producing multiplicative stiffening. In the far field,
Q — 0 exponentially and T remains sub-solidus, reducing the problem to smooth linear
diffusion with negligible residual. The spatial superposition of these two independently
stiff mechanisms accounts for the observed residual localization.

4.2. Calibration Outcome

Joint optimization of 6 and ¢, = 7 is supervised exclusively by melt pool contour
points from V01, V04, and V05, while V02 and V03 serve as unsupervised validation cases
spanning the intermediate range of the velocity sweep. The calibrated # converges to
0.6728, a physically plausible value for GH3536 under conduction-to-transition irradia-
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tion. Within the thermal conduction framework of Section 2.1, 57 should be interpreted as
an apparent effective absorptivity that phenomenologically compensates for Marangoni
convection, buoyancy-driven flow, and incipient vapor depression absent from the gov-
erning equations [42]. This compensatory role becomes more pronounced toward the
high-power/low-speed edge of the present parameter matrix; extending ¢ to 7, b over a
substantially broader process window may be required to decouple energy coupling from
geometric penetration.

Loss
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Figure 10. Point-wise spatial distribution of strong-form residuals over the entire melt pool domain
when the heat source is located at x = 0.75 mm, for different power and speed combinations: (a) 100 W,
1000 mm/s; (b) 100 W, 1250 mm/s; (c¢) 100 W, 1500 mm/s; (d) 120 W, 1500 mm/s; (e) 140 W,
1500 mm/s.

For all three supervised conditions—Figure 11a,d,e—VPINN predictions of W, D, and
R = D/W extracted from the T; = 1628.15 K isotherm at ¢,; reproduce both experimental
measurements and FEM reference solutions with close three-way agreement. Using the
same globally calibrated #, the model captures the expected trend that increasing scan
speed contracts the melt pool during the velocity sweep (V01-V03 at fixed P), while increas-
ing laser power expands the melt pool during the power sweep (V03-V05 at fixed v). For
the unsupervised conditions V02 and V03—Figure 11b,c, fully bracketed in (P, v) space by
V01 and V04—predicted W and D track the FEM-consistent contraction trend along the ve-
locity sweep within acceptable deviations; R preserves the correct inter-condition ordering
across all five cases, with the residual inter-method discrepancy attributable to the ab-
sence of geometric supervision at intermediate velocities and the asymmetric sensitivity of
Gaussian-regularized C;,(T) to depth-direction isotherm displacement. The three-condition
calibration thus sustains predictive fidelity across the complete five-condition parametric
matrix without condition-specific re-tuning.

4.3. Transient Thermal Accumulation and Causal Training Effects

The sequential time-window strategy reproduces two hallmark signatures of single-
track thermal accumulation that global space-time minimization systematically suppresses.
For P =100 W, v = 1000 mm/s (Figure 12), the trailing thermal wake broadens progressively
across successive windows: rising far-field temperature ahead of the advancing beam
elevates the effective preheat state, producing a quasi-steady melt pool measurably wider
and deeper than the early-scan transient—a feature recoverable only when enthalpy history
is propagated forward as a hard window-boundary constraint rather than re-optimized
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(a) = VPINN

globally. The domain-maximum temperature Ty (t) provides a complementary scalar
diagnostic: the predicted steep ascent from ambient decelerates into an asymptotic plateau
whose onset coincides precisely with the decay of periodic window-reset amplitude in
the loss history (Figure 8). The VPINN reproduces both the transient ascent rate and
the asymptotic level within FEM accuracy bounds, confirming that the causal sliding-
window mechanism faithfully resolves the full multi-timescale thermal response without
accumulating temporal drift across window interfaces.
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Figure 11. Comparison of predicted melt pool width (W), depth (D), and aspect ratio (D/W) among
VPINN, FEM benchmark, and experimental measurements for different process conditions: (a) 100 W,
1000 mm/s; (b) 100 W, 1250 mm/s; (c) 100 W, 1500 mm/s; (d) 120 W, 1500 mm/s; (e) 140 W, 1500 mm//s.
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Figure 12. Transient temperature field evolution during single-track scanning (P = 100 W, v = 1000 mm/s)
at successive time steps: (a) t = 0.0002 s; (b) t = 0.0004 s; (c) t = 0.0006 s; (d) t = 0.0008 s; (e) t = 0.0010 s;
(f) t=0.0012s.

4.4. FEM Comparison Across Five Process Conditions

Because the two frameworks share identical governing equations, thermophysical
representations, calibrated Goldak parameters, and boundary conditions, the VPINN-FEM
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comparison certifies algorithmic fidelity—that the variational surrogate solves the shared
mathematical problem with accuracy competitive with implicit FEM—rather than constitut-
ing independent physical validation, which is separately established by the experimental
isotherm comparisons of Section 4.2.

Across the velocity sweep (V01-V03, fixed P = 100 W) and the power sweep (V03-V05,
fixed v = 1500 mm/s), the VPINN correctly captures the progressive contraction of the
near-source thermal envelope with increasing scan speed (Figure 13) and the monotonic
isosurface expansion with increasing laser power (Figure 14), without condition-specific
re-tuning of ¢. In both sweeps, elevated relative errors are confined to the immediate melt-
pool vicinity and trailing wake, while far-field regions remain below a few percent—spatial
error topology fully consistent with the residual localization reported in Section 4.1 and
attributable to the irreducible coupled stiffness of the moving source and phase-change
nonlinearity rather than to boundary enforcement or inter-window accumulation.

T VPINN Relative Error vs. FEM Error(%)
2600 ®) i 5
2400 CE_— :
2200 4

~2000 ~3.5
-1 800 © @ B 3
-1400 1 2’
-1200
= 1 000 B 1 .5
800 i — (‘)’—_~\ 1
600 0.5
300 0
Figure 13. 3D VPINN temperature field predictions and pointwise relative errors against FEM at a
constant scanning speed of v = 1500 mm/s: (a,b) P =100 W; (c,d) P = 120 W; (e,f) P = 140 W.
T(K) VPINN Relative Error vs. FEM Error(%)
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Figure 14. 3D VPINN temperature field predictions and pointwise relative errors against FEM at a
constant laser power of P = 100 W: (a,b) v = 1000 mm/s; (c,d) v = 1250 mm/s; (e,f) v = 1500 mm/s.

Nodal parity analysis across all five conditions, shown in Figure 15, yields total relative
L, errors on the order of a few percent, with no systematic inter-condition trend in error
magnitude or distribution across either the velocity or power sweep. Deviations from
the parity diagonal increase exclusively at the highest temperatures, consistent with the
elevated sensitivity of the solution near the heat-source core and the C;;(T) phase-transition
peaks, and no sub-liquidus bias is detectable across the parametric matrix, confirming
accurate representation of the conduction-dominated far field throughout.
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Figure 15. Nodal temperature parity analysis between VPINN predictions and FEM references across
different power and speed combinations: (a) 100 W, 1000 mm/s; (b) 100 W, 1250 mm/s; (c) 100 W,
1500 mm/s; (d) 120 W, 1500 mm/s; (e) 140 W, 1500 mm/s.

4.5. Hyperparameter Sensitivity and Computational Efficiency

Figure 16a evaluates the sequential time-marching hyperparameters: window width
At and sliding stride 7. Configurations lacking temporal overlap 6t > AT fail to propa-
gate latent heat enthalpy history, causing divergence or unacceptably high terminal losses.
Conversely, AT = 0.30 s exhausts GPU memory due to excessive spatiotemporal quadra-
ture points. Reliable convergence uniquely requires a 50% overlap (0t = 0.05s). The
configuration (At = 0.10 s, 67 = 0.05 s) converges in ~70,000 epochs (Loss < 1.37 x 1073),
whereas At = 0.20 s requires 2.3 times more iterations without meaningful accuracy gains.
Thus, (At = 0.10 s, T = 0.05 s) was adopted to optimally balance melt-pool transient
resolution, stable enthalpy transfer, and computational cost.

Figure 16b examines the Gaussian smoothing parameter ¢ for the effective heat capac-
ity C;(T) (Equation (10)). Decreasing o narrows the phase-change temperature band and
amplifies the enthalpy peak, intensifying the localized stiffness of the residual integrand
(Equation (13)). Below o ~ 15, this ill-conditioned loss landscape causes both VPINN and
PINN to diverge. Above this threshold, VPINN convergence iterations decrease progres-
sively as ¢ increases (from ~200,000 at o = 15 to <100,000 at ¢ = 30), yielding relative L,
errors between 4.85% and 6.30%. PINNs demand a higher ¢ threshold and consistently
require more iterations than VPINNs at matched o, highlighting the gradient-smoothing
advantage of variational weak-form integration over pointwise strong-form evaluation.
However, excessively large o introduces systematic modeling errors by unphysically smear-
ing the latent heat contribution into the sub-solidus conduction regime.
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Figure 16. Hyperparameter sensitivity analysis: (a) Training outcome matrix evaluating combinations
of window width At and sliding stride J7. (b) Effect of the Gaussian smoothing parameter ¢ on
convergence iterations for VPINN and PINN, with relative L, errors annotated for converged cases.

All wall-clock times were recorded on a single NVIDIA RTX 4090 GPU (Intel Xeon
Silver 4314, 2.40 GHz, 270 GB RAM) and averaged over three runs. Because (P, v) enter
the solution network as explicit input coordinates, a single training run—totaling 15,323 s
across all temporal windows and all five process conditions—resolves the complete para-
metric space, amortizing the offline investment over every subsequent query. Per-case FEM
wall-clock time on the same platform ranges from 3000 to 4000 s; surrogate inference for a
full scan-trajectory field reconstruction requires 4-5 s per condition, yielding a per-query
speedup of two to three orders of magnitude. The amortized cost per evaluated condition
therefore decreases monotonically with the number of queries, crossing below the FEM
baseline at 5 conditions, as quantified in Figure 17. For the five-condition parametric matrix
examined here, the trained surrogate delivers the complete set of thermal field predictions
at a fraction of the cumulative FEM cost, establishing the framework as computationally
competitive for high-throughput parametric exploration and real-time digital twin inte-
gration [43] where the trained model is repeatedly queried at new (P, v) operating points
without retraining.
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Figure 17. Computational efficiency analysis illustrating the amortized per-case evaluation cost of
VPINN compared to the FEM baseline.
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5. Conclusions

In this study, a VPINN framework was developed for three-dimensional transient melt
pool thermal modeling in a GH3536 single-track LPBF process. The framework successfully in-
tegrates a continuously differentiable Goldak double-ellipsoid moving heat source, temperature-
dependent thermophysical property surrogates, and an effective heat-capacity treatment of
latent heat within a weak-form residual-minimization scheme. The principal findings and the
necessary modeling simplifications of this research are summarized as follows:

High-Fidelity Geometric Prediction via Inverse Calibration: Using sparse experi-
mental melt pool profiles for supervision, the framework successfully inferred an effective
absorptivity parameter. Across a five-condition parametric matrix spanning laser power,
the predicted melt pool width, depth, and aspect ratio agreed closely with cross-sectional
optical micrograph measurements, maintaining accuracy across two held-out conditions
(V02 and V03) that received no geometric supervision during training, though both lie
within or near the boundary of the calibrated parameter range. By operating within a pure
continuum thermal conduction framework, the model achieves profound computational
efficiency. In this context, the calibrated effective absorptivity acts as a phenomenological
lump parameter, elegantly compensating for unmodeled fluid dynamics while maintaining
geometric predictive accuracy.

Nodal Temperature Accuracy vs. FEM: The VPINN surrogate demonstrated strong
algorithmic fidelity in resolving steep moving-source thermal gradients. Nodal temperature
parity analysis revealed total relative L, errors ranging from 3.23% to 6.75% across the varied
power and speed conditions when compared directly against the implicit FEM benchmarks.

Significant Computational Acceleration: Surrogate inference reduced the per-
condition query time to merely 4-5 s, delivering a speedup of two to three orders of
magnitude relative to the 3000-4000 s required per FEM evaluation. Although the model
requires an initial offline training investment of 15,323 s, the amortized computational
cost breaks even with the FEM baseline after evaluating approximately five conditions.
Given this current spatial and temporal scope, the model is highly optimized for isolated
single-track analysis, which unavoidably excludes the inter-track and interlayer thermal
accumulation effects required for larger-scale simulations.

Future work should build upon this efficient mathematical framework by prioritiz-
ing the integration of thermally coupled fluid dynamics to smoothly extend the model’s
mechanistic validity into keyhole-mode operation. Furthermore, expanding the methodol-
ogy to encompass multi-track and multi-layer thermal accumulation regimes, alongside
the simultaneous identification of multiple heat source geometry parameters using richer
experimental supervision, will further enhance the model’s capacity to independently
constrain complex melt pool morphologies across a broader process window.
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