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Abstract

Multimodal multi-objective optimization problems often exhibit one-to-many mappings,
where multiple distinct variable vectors correspond to the same objective vector. This
characteristic makes Pareto set (PS) estimation difficult, as conventional inverse modeling
approaches assume a one-to-one correspondence. This study proposes a cluster-wise PS
estimation framework in the variable space. Known solutions are partitioned into locally
monotonic clusters using oscillation detection with an amplitude threshold, and indepen-
dent response surface models are constructed for each cluster. By estimating PS solutions
from multiple cluster-specific models for a given direction vector, the method preserves
multimodal structures that conventional approaches fail to capture. Numerical experiments
on the multimodal benchmark problems MMF1–8 and LIRCMOP1–2 demonstrate that
the proposed method achieves equal or better HV and IGD values than the conventional
method, while improving decision-space approximation as measured by IGDX in most test
cases and suppressing the generation of dominated solutions.

Keywords: multi-objective optimization; multimodal problem; Pareto set estimation;
clustering; response surface modeling

1. Introduction
Multi-objective optimization problems (MOPs) involve the simultaneous optimization

of multiple conflicting objectives [1,2]. Instead of a single optimal solution, a set of trade-off
solutions emerges in the variable space, referred to as the Pareto set (PS), whose image in
the objective space forms the Pareto front (PF). In many practical applications, objective
evaluations are computationally expensive, and thus, the PS must be approximated by a
limited number of solutions.

To compensate for limited solutions, Pareto set estimation (PSE) has been studied as a
post-optimization technique [3,4]. Rather than performing an additional search, PSE recon-
structs the structure of the PS from already evaluated solutions. Existing approaches build
response surface models that map direction vectors in the objective space to corresponding
variable vectors [3]. This strategy implicitly assumes a one-to-one correspondence between
objective and variable vectors.

A fundamental difficulty arises when this assumption does not hold. In multimodal
multi-objective optimization problems (MMOPs), multiple distinct variable vectors may
correspond to the same or nearly identical objective vector [5,6]. Such one-to-many map-
pings invalidate conventional inverse modeling and cause multiple decision-space modes
to be merged into a single estimate. This difficulty becomes more severe when only a
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limited number of evaluated solutions are available, because sparse samples make the
local structure of each mode harder to preserve, increasing the risk that distinct branches
are approximated as a single continuous mapping. Although multimodality has been
extensively studied in evolutionary optimization [7,8], its impact on Pareto set estimation
has received limited attention.

This study proposes a cluster-wise PSE framework to address this limitation on
MMOPs. The known solutions are partitioned in the variable space into locally monotonic
clusters by detecting oscillatory transitions that indicate potential mode changes. Inde-
pendent response surface models are constructed for each cluster. For a given direction
vector, multiple cluster-specific models are queried, allowing the reconstruction of distinct
decision-space modes associated with the same objective vector. This structured decom-
position enables PS estimation that preserves multimodal characteristics while remaining
compatible with model-based PSE.

The proposed multimodal PSE framework is evaluated on representative multi-
modal benchmark problems, including the unconstrained MMF1–8 [5] and the constrained
LIRCMOP1–2 [6]. The numerical experiments quantitatively assess PF approximation qual-
ity using HV [9] and IGD [10–12] and discuss the distribution of the obtained solutions in
the objective space. Also, PS approximation quality is evaluated using IGDX [13], together
with an analysis of the solution distribution in the variable space.

This paper is an extended version of the conference paper [14] for this invited Special
Issue. The main differences from [14] are summarized as follows:

• In the clustering method based on oscillation detection, the previous paper [14]
determined oscillation solely by counting local maxima and minima. In this paper,
we introduce an amplitude threshold in the variable space. This extension suppresses
over-segmentation caused by minor fluctuations and improves clustering stability.

• In [14], the clustering procedure could generate clusters containing only a single so-
lution, which prevents the construction of a response surface model. In this paper,
we introduce a reassignment mechanism that avoids single-solution clusters by merg-
ing them with the nearest valid cluster, thereby ensuring model constructability and
improving robustness.

• In [14], the obtained solution sets were evaluated only by the objective-space metric
HV [13]. In this paper, we additionally employ IGD [10–12] in the objective space and
IGDX [13] in the variable space, enabling a more comprehensive quantitative evaluation.

• In [14], the clustering parameters were fixed. In this paper, we conduct a detailed
sensitivity analysis of these parameters.

• In [14], the distribution of the obtained solutions was discussed only for selected
problems. In this paper, we provide a comprehensive analysis for all test problems.

2. Multi-objective Optimization
Let X = ∏D

j=1[x
min
j , xmax

j ] ⊂ RD denote the variable space, which is considered
continuous in this study. An optimization problem is defined as follows:{

Minimize fi(x), (i = 1, 2, . . . , M),
subject to gl(x) ≤ 0, (l = 1, 2, . . . , K),

(1)

where x = (x1, x2, . . . , xD) ∈ X is the variable vector, and fi and gl denote the objective
and constraint functions, respectively. When M ≥ 2, the problem is referred to as a
multi-objective optimization problem (MOP), which is the focus of this study. If K = 0,
the problem is unconstrained; if K ≥ 1, it is a constrained problem. The constraint violation
of a solution x is defined as ϕ(x) = ∑K

l=1 max{0, gl(x)}. Solution x is feasible if ϕ(x) = 0,
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and infeasible otherwise. The variable space X is therefore divided into the feasible set
F = {x ∈ X | ϕ(x) = 0} and the infeasible set F = {x ∈ X | ϕ(x) > 0}. In unconstrained
problems, all solutions are feasible, i.e., X = F.

For two feasible solutions x, y ∈ F, x Pareto dominates y, denoted by x ≺ y, if

∀i ∈ {1, . . . , M} : fi(x) ≤ fi(y) ∧ ∃j ∈ {1, . . . , M} : f j(x) < f j(y). (2)

The Pareto-optimal set is defined as

PS = {x ∈ F | ∄y ∈ F : y ≺ x}, (3)

and the Pareto front is defined as

PF = { f (x) | x ∈ PS}. (4)

In evolutionary multi-objective optimization [1,2], the primary goal is to approximate
the PF by a finite set of non-dominated solutions in the objective space. However, since the
PF of an M-objective problem generally forms an (M− 1)-dimensional manifold, accurately
approximating it with a finite number of solutions is inherently difficult. This difficulty
becomes more pronounced when the evaluation cost of solutions is high. Moreover,
in multimodal multi-objective optimization problems (MMOPs), multiple distinct solutions
in the variable space may correspond to the same or nearly identical point in the objective
space. In such cases, approximating only the PF in the objective space is insufficient. Instead,
approximating the PS in the variable space becomes equally important, because multiple
distinct solutions may correspond to the same objective-space point.

3. Related Work
3.1. Pareto Front and Pareto Set Estimation

In MOPs, techniques for approximating the PF and PS structures from a limited set
of solutions are essential for enhancing decision-making support. These approaches can
be broadly classified into PF estimation in the objective space and PS estimation in the
variable space.

3.1.1. Pareto Front Estimation in Objective Space

PF estimation (PFE) aims to approximate the geometry of the PF in the objective space.
The PAINT method [4,15] is an approach that performs linear interpolation between known
non-dominated solutions using a set of simplices. A subsequent extension has enabled
high-precision interpolation even for discontinuous PFs [16,17], while Bézier simplex fitting
has been introduced to describe PF manifolds with a limited number of solutions [18].
Various attempts have also been made to incorporate geometric shape models. One mech-
anism for controlling the granularity of PF approximations is the adaptive regulation of
the ϵ-dominance concept [19]. Other studies have suggested approximating the PF using a
family of curves [20] or utilizing a generalized simplex model to unify the estimation of PFs
with diverse curvatures [21]. For PFs with irregular or complex structures, localized mod-
eling approaches through population grouping have demonstrated effectiveness [13,22].
Furthermore, a Kriging-based PFE method has been proposed, where the PF is estimated
by using a unit hyperplane in the objective space [23]. Moreover, the directional PF concept
has been proposed to visualize trade-off structures even in regions where the PF does not
explicitly exist [24]. While these PFE methods enhance the resolution of objective space
information, they do not explicitly address the inverse mapping to the corresponding
design variables in the variable space.
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3.1.2. Pareto Set Estimation in Variable Space

PS estimation (PSE) aims to reconstruct the mapping from the objective space to the
corresponding solutions in the variable space. The theoretical foundation of this field lies
in the Design and Analysis of Computer Experiments (DACE) model [25,26]. By treating
deterministic simulation outputs as realizations of a stochastic process via Kriging, a frame-
work for simultaneous value prediction and uncertainty quantification at unexplored points
was established [25,27]. This Kriging-based approach has been integrated into the Super-
vised Multi-objective Optimization Algorithm (SMOA) to efficiently estimate the PS in
the variable space [3]. Recently, research on inverse modeling has accelerated, aiming to
learn the direct inverse mapping from objective to variable space. One notable method, IM-
MOEA/D, decomposes multivariate inverse functions into a group of univariate models,
enabling direct sampling of promising solutions from ideal distributions in the objective
space [28]. Additionally, combining support vector regression (SVR) with incremental
learning and fuzzy clustering has been proposed to improve model adaptability while
maintaining low computational overhead [29].

However, even with these methods, a structured PSE framework capable of simultane-
ously reconstructing multiple modes in multimodal problems—where the PS is divided
into several discrete regions—has yet to be fully established [30].

3.2. Multimodal Multi-Objective Optimization

Solving MMOPs requires maintaining diversity in the variable space alongside con-
vergence in the objective space [7,8]. Many methods utilizing clustering or space par-
titioning have been developed to address this multimodality. A prominent example is
MMOEA/DC [31], which employs dual clustering in both the variable and objective spaces
to maintain local Pareto sets within each cluster. The clustering-based Special Crowding
Distance (SCD) was introduced in [32] to achieve a balanced population distribution across
both spaces. Furthermore, spectral clustering has been applied in MMOCOA-SC [33],
successfully separating non-convex PSs by exploiting the graph structure of the data. More
recently, a multi-task learning framework [34] has been suggested, which utilizes auxiliary
tasks to enhance diversity in the variable space. These trends indicate that structural analy-
sis and space partitioning have become standard paradigms for handling MMOPs [5,35].

3.3. Absence of Multimodal Pareto Set Estimation and Positioning of This Work

PSE methods capable of estimating the structure of multimodal PSs from a limited
set of solutions have not been established so far. Existing PSE and inverse modeling ap-
proaches [3,28] either assume a single continuous PS manifold or focus on approximating
one-to-one relationships, making it difficult to dynamically identify and simultaneously
approximate the one-to-many mappings inherent in MMOPs. Research incorporating mani-
fold learning [13,36] also faces limitations, as a single manifold model cannot automatically
detect the boundaries of a PS that is fragmented into numerous pieces.

To fill this technical gap, this paper proposes a space-partitioning PSE method using
hierarchical clustering integrated with oscillation detection. The core innovation of the
method lies in its ability to detect the precursors of one-to-many mappings as oscillations
in variables during the model construction phase. By dynamically partitioning the variable
space based on these detections, the method assigns independent local models to each mode,
thereby enabling the comprehensive and structured estimation of multimodal Pareto sets.
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4. Conventional Pareto Set Estimation
4.1. Overview

This work builds upon the conventional PSE method proposed in [3]. PSE estimates the
PS from a limited number of known solutions. PSE consists of two processes: the learning
process shown in Figure 1a and the estimation process shown in Figure 1b. The left side of
the figure represents the decision space, and the right side represents the objective space.
Each blue point (xi, f i) (i ∈ {1, 2, . . . , N}) consists of a variable vector xi and an objective
vector f i, and they represent corresponding pairs across the decision and objective spaces.
Figure 1 shows an example with N = 9. The direction vector ei pointing to each objective
vector f i is illustrated as an arrow. A summary of the notation and abbreviations used
throughout this paper is provided in Table A1 and Table A2, respectively.

x1

x
2

Known variable vector 

Kriging

model

Pareto set

Input︓Direction vector

f1

f 2

Known objective vector 

Input︓Variable value

(a)

x1

x
2

Known variable vector 

Estimated variable vector 

Kriging

model

Pareto set

Input︓Direction vector

f1

f 2

Known objective vector 

Estimated objective vector 

Input︓Variable value

(b)

Figure 1. Conventional Pareto set estimation [3]. (a) Learning process. (b) Estimation process

In the learning process shown in Figure 1a, a response surface, referred to as
the x-model, is constructed using Kriging [25], based on the set of known solu-
tions P = {(x1, f 1), (x2, f 2), . . . , (xN , f N)}. The input is the set of direction vectors
E = {e1, e2, . . . , eN}, and the output is the set of variable vectors X = {x1, x2, . . . , xN}.

In the estimation process shown in Figure 1b, a large number of direction vectors
Ê = {ê1, ê2, . . . }, illustrated as red arrows, are input to the x-model, and the estimated
variable vectors {x̂1, x̂2, . . . } are obtained.

While the objective function f maps a position xi in the decision space to its corre-
sponding position f (xi) in the objective space, PSE approximates the inverse mapping of f ,
associating a direction vector ê in the objective space with a position x̂ in the decision space.

4.2. Method

The pseudocode is shown in Algorithm 1. The input is the set of known solutions
P = {(x1, f 1), (x2, f 2), . . . , (xN , f N)}. From the known solution set P , line 1 extracts the
set of objective vectors F , and line 2 extracts the set of variable vectors X .
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Algorithm 1 Conventional Pareto Set Estimation [3]

Require: Known solution set P = {(x1, f 1), (x2, f 2), . . . , (xN , f N)}, a large direction vector set Ê =
{ê1, ê2, . . . }

Ensure: Population P ′
(a) Learning Process

1: F = { f 1, f 2, . . . , f N} ← Extract objective vectors (P)
2: X = {x1, x2, . . . , xN} ← Extract variable vectors (P)
3: E ← ∅ ▷ Direction vectors of known solutions
4: for i← 1, 2, . . . , N do
5: ei ← f i/∥ f i∥1 ▷ Direction vector of known f i

6: E ← E ∪ ei

7: end for
8: x-model← Train PS model (E ,X )

(b) Estimation Process
9: Q ← ∅ ▷ Solutions generated by PS estimation

10: for each ê ∈ Ê do
11: x̂← x-model (ê)
12: f̂ ← f (x̂)
13: Q ← Q∪ (x̂, f̂ )
14: end for
15: return P ′ ←Extract non-dominated (P ∪Q)

Lines 4–6 calculate the direction vector ei corresponding to each objective vector f i of
the known solutions and add them to the set of direction vectors E . Line 8 constructs the
Kriging response surface model, referred to as the x-model, with the set of direction vectors
E as input and the set of variable vectors X as output. This corresponds to the learning
process shown in Figure 1a, where the variable vectors x (blue circles) in the decision space
are learned from the direction vectors (blue arrows) in the objective space.

Line 9 initializes the solution set Q to store the estimated solutions. Lines 10–14
generate solutions x̂ by iterating over each direction vector ê in the uniformly distributed
direction vector set Ê . In line 11, each direction vector ê is provided to the x-model to obtain
the corresponding estimated variable vector x̂. In line 12, the estimated variable vector
x̂ is evaluated by the objective function f to obtain the objective vector f̂ . Line 13 adds
the resulting solution pair (x̂, f̂ ) to the solution set Q. This corresponds to the estimation
process shown in Figure 1b.

Finally, line 15 extracts the non-dominated set P ′ from the union of the known solution
set P and the estimated solution set Q, and outputs it.

4.3. Limitation

The conventional PSE method encounters a fundamental difficulty when applied to
MMOPs. In MMOPs, a single point on the PF in the objective space may correspond to
multiple distinct points in the variable space. Equivalently, for a given direction vector ê
in the objective space, several valid variable vectors may exist. An illustrative example is
shown in Figure 2a. In this example, the single green curve in the objective space on the
right represents the PF, while it corresponds to two separate green lines in the variable
space on the left. However, for each direction vector ê, the conventional PSE method
predicts only a single variable vector x̂, even when multiple corresponding solutions exist
in the variable space. As a consequence, multiple modes of the PS are implicitly merged
into a single estimation model. When such a model is used to generate new solutions, it
may produce variable vectors in regions that deviate from the PS. As illustrated by the
yellow region in Figure 2a, the estimated solutions shown in red can appear in areas that are
distant from both green PS lines in the variable space. Consequently, their corresponding
objective values deteriorate, leading to inferior solutions.
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Figure 2. Pareto set estimation of a multimodal problem. (a) Conventional Pareto set estimation [3].
(b) Proposed Pareto set estimation.

To address this issue, as illustrated in Figure 2b, the spatially separated clusters of
blue known solutions in the variable space should be partitioned into distinct groups,
and independent prediction models should be constructed for each cluster. New solutions
shown in red should then be generated separately within each model.

5. Proposed Multimodal Pareto Set Estimation
5.1. Overview

In this paper, we propose a clustering-based PSE method for MMOPs. The concept is
illustrated in Figure 2b. In the proposed method, the set of known solutions P is divided
into clusters in the variable space. In the example shown in Figure 2b, the known solution
set P is partitioned into two clusters: C1 = {x1, x3, x5, x7, x9} and C2 = {x2, x4, x6, x8}.

This decomposition is introduced because conventional inverse modeling implicitly
assumes a one-to-one correspondence between direction vectors and variable vectors.
When multiple decision vectors correspond to similar objective vectors, a single global
response surface tends to merge distinct local structures and loses multimodal information.
By dividing known solutions into locally monotonic clusters, each response surface model
can approximate a simpler local mapping, which makes it possible to preserve multiple
decision-space modes.

Next, a response surface model is constructed for each cluster. In Figure 2b, the xC1-
model and the xC2-model are built. Then, a large set of uniformly distributed direction
vectors Ê is provided to both response surface models, and the estimated PS (shown in
red) is obtained from each model. By inputting each direction vector ê ∈ Ê into different
response surface models, multiple PS modes can be reconstructed, enabling accurate PS
estimation even in MMOPs.
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5.2. Hierarchical Clustering with Oscillation Detection

We focus on hierarchical clustering [37]. Conventional hierarchical clustering starts
with each data point as an independent cluster and repeatedly merges the two closest clus-
ters. In contrast, the proposed hierarchical clustering incorporates an oscillation detection
step during the merging process.

The methodological outline is as follows. For each variable dimension j, hierar-
chical clustering is applied independently to the ordered samples in the (e1, xj) space.
To determine whether two candidate clusters Ca and Cb can be merged, the merged
variable value sequence is examined for oscillatory behavior. Let v = (v1, v2, . . . , v|v|)
denote the sequence of local extrema extracted from the merged variable value sequence
with a sliding window of width w, which suppresses the detection of gradual peri-
odic variations as oscillations. The number of significant adjacent extrema is defined
as peaksum = |{k ∈ {1, 2, . . . , |v| − 1} | |vk − vk+1| ≥ ampj}|, where ampj is the amplitude
threshold for variable j, introduced to prevent clusters from being separated by small
fluctuations. An oscillation is detected when peaksum ≥ p, where p specifies the mini-
mum number of significant extrema required to regard the merged sequence as oscillatory,
and only cluster pairs that do not satisfy this condition are merged, thereby preserving
locally monotonic cluster structure.

The methodological details are given below. The pseudocode of the proposed hierar-
chical clustering with oscillation detection is shown in Algorithm 2. Line 1 prepares the
set of cluster vectors Z . For each known solution xi ∈ X (i = 1, 2, . . . , N), a cluster vector
zi = (zi

1, zi
2, . . . , zi

d) is defined. Here, zi
j ∈ {1, 2, . . . , k} represents the cluster number when

focusing on dimension j of the variable space.

Algorithm 2 Clustering
Require: Direction vectors of known solutions E , variable vectors of known solutions X
Ensure: Cluster labels l = (l1, l2, . . . , lN) ∈ {1, 2, . . . , k}N

1: Z = {z1, z2, . . . , zN} ← {0, 0, . . . , 0} ▷ Cluster vector set
2: for j← 1, 2, . . . , D do
3: ampj ← γamp · (xmax

j − xmin
j )

4: lj ← OSCILLATION-AWARE LINKAGE(E ,X , j, w, p, ampj) ▷ Algorithm 3
5: for i← 1, 2, . . . , N do
6: zi

j ← lj,i

7: end for
8: end for
9: l ← Exact-match clustering of known solutions using Z

10: return l

In lines 2–8, clustering is repeated D times, once for each dimension j ∈ {1, 2, . . . , D}.
Line 3 defines an amplitude threshold as ampj = γamp(xmax

j − xmin
j ), which represents

the maximum amplitude allowed within a single cluster. γamp is an amplitude threshold
coefficient and ranges from 0 to 1.

For each variable dimension j, the dataset used for clustering is defined as
EX = {(e1

1, x1
j ), (e

2
1, x2

j ), . . . , (eN
1 , xN

j )}, where ei
1 denotes the first component of the di-

rection vector ei. Unlike [14], which determined oscillation solely based on the count
of local extrema, this paper introduces the amplitude-based criterion to suppress over-
segmentation caused by minor fluctuations. Line 4 performs clustering for dimension j
with oscillation detection, as described in Algorithm 3.

In Algorithm 3, line 1 starts with N data points as independent clusters. Line 2
constructs the dataset EX by pairing the first elements of the direction vectors with the
corresponding values in the j-th variable dimension, as defined above. Line 3 calculates
the distance matrix D of EX . In this paper, the distance between the two closest data points
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in different clusters is used. Lines 4–16 repeat the merging process until only one cluster
remains, or until no further clusters can be merged due to oscillation-based divergence.

Algorithm 3 Oscillation-Aware Linkage

Require: 1-th direction vector of known solutions E1 = {e1
1, e2

1, . . . , eN
1 }, j-th dimension variable value

of known solutions Xj = {x1
j , x2

j , . . . , xN
j }, window size w, peak-count threshold p, j-th amplitude

threshold ampj

Ensure: Cluster labels l ∈ {1, . . . , k}N

1: C ← {{1}, . . . , {N}} ▷ index per cluster
2: EX ← {(e1

1, x1
j ), (e

2
1, x2

j ), . . . , (eN
1 , xN

j )}
3: Compute pairwise distances D ∈ R|C|×|C| of EX with Dii ← ∞
4: while more than one cluster remains do
5: a, b← arg mina,b∈{1,2,...,|C|} Dab
6: EX Ca , EX Cb ← data points in Ca, Cb
7: if ¬IS OSCILLATING(EX Ca , EX Cb , w, p, ampj) then ▷ Algorithm 4
8: Ca ← Ca ∪ Cb, remove Cb from C
9: D ← Update distances from Ca

10: else
11: Dab,Dba ← ∞
12: end if
13: if all Dab = ∞ then
14: break
15: end if
16: end while
17: l = (l1, l2, . . . , lN)← 0 ▷ Cluster index vector
18: for each Ck ∈ C do
19: for each i ∈ Ck do
20: li ← k
21: end for
22: end for
23: return l

Algorithm 4 Is Oscillating

Require: Data EX Ca = {(ea
1, xa

j ) | a ∈ Ca} and EX Cb = {(eb
1, xb

j ) | b ∈ Cb}, window size w, peak-count
threshold p, j-th amplitude threshold ampj

Ensure: Boolean flag indicating vibration
1: EX Cab ← Sort paired elements in EX Ca ∪ EX Cb in ascending order of e1
2: y = (y1, y2, . . . , y|Ca |+|Cb |)← Extract variable values from sorted EX Cab

3: for i← 1 to |Ca|+ |Cb| − w + 1 do
4: v = (v1, v2, . . . , v|v|)← Extract local maxima and minima in sequence yi, yi+1, . . . , yi+w−1
5: peaksum ← |{k ∈ {1, 2, . . . , |v| − 1} | |vk − vk+1| ≥ ampj}|
6: if peaksum ≥ p then
7: return true
8: end if
9: end for

10: return false

Lines 5 and 6 extract the two closest clusters from the distance matrix D. Based on
single linkage, let Ca and Cb denote the closest cluster pair selected as a merging candidate.
The samples belonging to these clusters are represented as EX Ca and EX Cb .

Line 7 applies oscillation detection: only if the combined data points exhibit monotonic
changes are the clusters merged at line 8, and the distance matrix D is updated at line 9.
The pseudocode for oscillation detection is shown in Algorithm 4.

In Algorithm 4, line 1 sorts the paired elements in the combined data of the closest
clusters, EX Ca ∪ EX Cb , in ascending order of e1 and stores them as EX Cab . Although each
element in EX Cab is a pair such as (e1, xj), line 2 extracts only the variable values from
EX Cab as y = (y1, y2, . . . , y|Ca |+|Cb |), where |Ca| and |Cb| denote the sizes of clusters Ca and
Cb, respectively. For oscillation detection, lines 3–9 employ a sliding window of width w
over the value sequence y. Line 4 extracts local maxima and minima in a subsequence
of w elements from y as v = (v1, v2, . . . , v|v|), where |v| denotes the number of extrema.
Line 5 counts the number of adjacent extrema for which the absolute difference between
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successive extrema is greater than or equal to ampj as peaksum. In lines 6–8, if peaksum ≥ p
in any window, the sequence is judged to be oscillatory and the cluster pair is not merged.

Returning to Algorithm 3, line 11 handles the case where the two clusters are divergent
by setting the corresponding distance in the matrix to ∞ so that they will not be merged
later. Lines 13–15 handle the case where all elements of the distance matrix become ∞,
indicating that no clusters can be merged and the clustering process terminates. Line 17
prepares the cluster number vector. Lines 18–22 assign the cluster number k to each element
xi

j of the known solutions xi and record it as li.
Returning to Algorithm 2, in lines 5–7, the cluster numbers lj,i (i = 1, 2, . . . , N) obtained

for dimension j are stored as zi
j in the cluster vector set Z . After repeating lines 2–8 for

all D dimensions, the cluster vector set Z is completed. Finally, line 9 groups the known
solutions xi (i = 1, 2, . . . , N) whose cluster vectors zi are identical and outputs the final
cluster vector l = (l1, l2, . . . , lN) ∈ {1, 2, . . . , k}N .

If a cluster contains only a single solution, a response surface model cannot be con-
structed. In [14], such single-solution clusters could be generated. In this paper, a reassign-
ment mechanism is introduced in which the solution is merged into the nearest neighboring
cluster, thereby ensuring model constructability and improving robustness. Because this
operation is applied only when a cluster contains a single solution and no response surface
can otherwise be constructed, it is treated as a minimal implementation-level adjustment
rather than a structural modification of the clustering result.

In the current formulation, oscillation-aware linkage uses only the first direction
component e1 as a scalar ordering coordinate, which is naturally suited to bi-objective
settings where local ordering is directly induced along a single direction axis. Extension
to higher-dimensional objective spaces requires defining multiple scalar orderings or an
alternative ordering mechanism derived from the full direction vector.

5.3. Multimodal PSE with Clustering and Oscillation Detection

The methodological outline is as follows. Based on the obtained clusters, a PS estima-
tion model is constructed independently for each cluster Ck. Let the cluster-wise model for
Ck be denoted by the xCk -model. Using the direction vectors ECk and variable vectors XCk

extracted from Ck, the model is defined as

xCk -model : e 7→ x, (5)

where e ∈ ECk is a direction vector in cluster Ck, and x ∈ XCk is the corresponding
variable vector.

For a given direction vector ê, the estimated variable vector obtained from cluster Ck

is written as

x̂ = xCk -model(ê). (6)

By applying this estimation independently to all clusters whose direction ranges involve ê,
multiple candidate variable vectors can be generated for the same objective-space direction.
This cluster-wise independence allows distinct variable vectors to be estimated for the same
objective-space direction when multiple local Pareto-set branches coexist.

The methodological details are given below. The pseudocode of the proposed multi-
modal PSE method is shown in Algorithm 5. Figure 3 presents a flowchart of the proposed
multimodal PSE method to facilitate understanding of the overall procedure. To improve
traceability, the corresponding line numbers in Algorithm 5 are also indicated in the
flowchart. The differences from the conventional PSE method in Algorithm 1 are marked in
red. At line 8, the known solution set is divided into clusters C = {C1, C2, . . . } in the vari-
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able space using hierarchical clustering with oscillation detection, described in Algorithm 2
of Section 5.2. In the example shown in Figure 2b, the set is divided into C = {C1, C2}.

Lines 1−7

Clustering known solution set

Loop over each cluster start

Line 8

Train PS model 

Loop over each target cluster start

Generate a solution with PS model

Loop over each direction start

Loop over each cluster end

Loop over each direction end

Loop over each target cluster end

Direction extraction

Lines 9−13

Lines 10−12

Line 14Direction prioritization

Lines 16−26

Lines 18−25

Lines 19−24

(a
) 

L
ea

rn
in

g
 P

ro
ce

ss
(b

) 
E
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at
io

n
 P

ro
ce

ss

Select target clusters Lines 17

Figure 3. Flowchart of the proposed multimodal Pareto set estimation.

Lines 9–13 build a PS estimation model, denoted as the xCk -model, for each cluster
Ck ∈ C. In the example, both the xC1 -model and the xC2 -model are constructed.

Line 14 assigns priorities to the direction vectors in the large set Ê for PS estimation.
Specifically, in Algorithm 6, line 1 first selects the edge direction vectors that have 1 as one
of their components from Ê , and stores them in Ê ′. For example, in Figure 2b, Ê ′ = {ê1 =

(0, 1), ê|Ê |=16 = (1, 0)}. Lines 2–5 repeatedly add to Ê ′ the direction vector ê that is farthest
from the already selected ones. In the example, Ê ′ becomes {ê1, ê|Ê |=16, ê8, ê12, . . . }. This
ensures that even if the entire set Ê is not fully explored, the selected direction vectors are
approximately uniformly distributed in the objective space.

Returning to Algorithm 5, lines 16–26 perform PS estimation by focusing on each
direction vector ê ∈ Ê ′ in order of priority. Line 17 selects the set of clusters C ′ that are
compatible with the direction vector ê. Specifically, clusters whose direction-vector ranges
include the first component ê1 of the target direction vector ê are selected, so that PS
estimation is performed only within clusters relevant to the given direction.

Lines 18–25 then compute the estimated variable vector x̂ from the response surface
xCk -model of each cluster Ck ∈ C ′ for the given direction vector ê. In other words, for a
single direction vector ê, |C ′| estimated variable vectors are generated.

At line 22, the algorithm terminates when |Ê | variable vectors have been generated.
This implies that not all direction vectors in Ê are necessarily explored. Therefore, at line 14,
the direction vectors are ordered so that they are approximately uniformly distributed in
the objective space.
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Algorithm 5 Proposed Multimodal Pareto Set Estimation

Require: Known solution set P = {(x1, f 1), (x2, f 2), . . . , (xN , f N)}, a large direction vector set Ê =
{ê1, ê2, . . . }

Ensure: Population P ′
(a) Learning Process

1: F = { f 1, f 2, . . . , f N} ← Extract objective vectors (P)
2: X = {x1, x2, . . . , xN} ← Extract variable vectors (P)
3: E ← ∅ ▷ Direction vectors of known solutions
4: for i← 1, 2, . . . , N do
5: ei ← f i/∥ f i∥1 ▷ Direction vector of known f i

6: E ← E ∪ ei

7: end for
8: C = {C1, C2, . . . } ← CLUSTERING (E ,X ) ▷ Algorithm 2
9: for each Ck ∈ C do

10: ECk ← Extract direction vectors (Ck)
11: XCk ← Extract variable vectors (Ck)
12: xCk -model← Train PS model (ECk ,XCk )
13: end for
14: Ê ′ ← PRIORITIZE DIRECTIONS (Ê ) ▷ Algorithm 6

(b) Estimation Process
15: Q ← ∅ ▷ Solutions generated by PS estimation
16: for each ê ∈ Ê ′ do
17: C ′ ← {Ck ∈ C | (ê1 ≥ mini∈Ck ei

1) ∧ (ê1 ≤ maxi∈Ck ei
1)} ▷ Target cluster selection

18: for each Ck ∈ C ′ do
19: x̂← xCk -model (ê)
20: f̂ ←Evaluation(x̂)
21: Q ← Q∪ (x̂, f̂ )
22: if |Q| ≥ |Ê | then
23: return P ′ ←Extract non-dominated (P ∪Q)
24: end if
25: end for
26: end for

Algorithm 6 Prioritize Directions

Require: A large direction vector set Ê = {ê1, ê2, . . . , ê|Ê |}
Ensure: Prioritized direction vector set Ê ′

1: Ê ′ ← Pick extreme vectors with an element of 1 from Ê
2: while |Ê ′| < |Ê | do
3: ê← Pick the farthest vector from Ê
4: Ê ′ ← Ê ′ ∪ ê
5: end while
6: return Ê ′

5.4. Expected Effect

In the conventional method, a single global PS estimation model is constructed as

x-model : e 7→ x, (7)

which implicitly assumes a one-to-one correspondence between direction vectors and
variable vectors. In contrast, the proposed method constructs multiple local models

xCk -model : e 7→ x (k = 1, 2, . . . , K), (8)

so that multiple distinct variable vectors can be associated with similar direction vectors
through different clusters. Because each cluster-wise model is trained on a locally con-
tinuous mapping, interpolation is performed within a single branch of the Pareto set,
whereas a global model tends to average multiple disconnected branches. As a result,
the proposed method can preserve multimodal structures that are otherwise smoothed out
in conventional single-model estimation.

By constructing a dedicated xCk -model for each cluster Ck, the variable space is repre-
sented by a set of local response surfaces rather than a single global model. For a given
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direction vector ê, each relevant cluster model is queried independently. This allows
multiple variable vectors to be associated with the same objective-space direction. As a
result, multimodal characteristics of the PS can be preserved, and the estimation accuracy
is expected to improve in problems where conventional PSE collapses distinct modes.

6. Experimental Setup
6.1. Method

The proposed multimodal PSE was compared with the conventional PSE [3]. The
Kriging model was configured using a quadratic polynomial regression model and an
exponential correlation function, where the correlation parameter was initialized at 1 with
lower and upper bounds of 0.1 and 1, respectively. The size of the direction vector set
was fixed to |Ê | = 1000. Unless otherwise specified, the window size, the peak-count
threshold, and the amplitude threshold coefficient for oscillation detection were set to
w = 10, p = 0.4w, and γamp = 0.1, respectively. The validity of this setting is examined in
Sections 7.4 and 7.5.

6.2. Problems

We used the unconstrained MMF1–8 problems [5] with M = 2 objectives and D = 2
variables, and the constrained LIRCMOP1–2 problems [6] with M = 2 objectives, K = 2
constraints, and D = 30 variables.

The known solution setsP were obtained using evolutionary algorithms. The common
genetic operators were configured as follows: simulated binary crossover with crossover
probability 1.0 and distribution index 20, polynomial mutation with mutation probability
1/D and distribution index 20, and differential evolution with crossover rate 1.0 and
scaling factor 0.5. For MMF1–8, HREA [38] was executed with a population size of 100
for 4000 generations. For HREA, the parent selection probability from the convergence
archive was set to p = 0.5, and the acceptable local PF gap parameter was set to ϵ = 0.3. For
LIRCMOP1, CAEAD [39] was used with 40 individuals for 9900 generations. For CAEAD,
the stage-switch threshold was set to 0.01. For LIRCMOP2, URCMO [40] was applied with
40 individuals for 6000 generations. For URCMO, the strategy adaptation control parameter
was set to α = 0.9, and the auxiliary population update probability was set to p = 0.1. The
sizes of the non-dominated solution sets were N = 78, 78, 69, 78, 72, 71, 84, 62, 40, and 40 for
MMF1–8 and LIRCMOP1–2, respectively.

In this study, benchmark problems are used to examine whether the proposed method
can preserve multimodal Pareto set structures under the above setting. The experimen-
tal setting is intended to provide a comparative assessment under identical sampling
conditions rather than to emulate a specific practical evaluation budget.

6.3. Metric

PF approximation performance in the objective space is evaluated using Hypervol-
ume (HV) [9] and Inverted Generational Distance (IGD) [10–12]. HV measures the M-
dimensional volume dominated by the solution set P with respect to a reference point r.
A larger HV indicates better convergence and diversity. All objective values are normalized
to [0, 1], and r = (1.1, 1.1) is used. IGD is defined as the average distance from each
reference point on the true PF to its nearest solution in P . A smaller IGD indicates better
PF approximation.

PS approximation performance in the variable space and Inverted Generational Dis-
tance in the decision space (IGDX) [13] are used. IGDX computes the average distance from
each reference point on the true PS to its nearest solution in P . A smaller IGDX indicates
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better PS approximation. In MMOPs, IGDX is particularly effective for assessing whether
separated PS components are uniformly approximated.

For IGD calculation, 10,000 reference points on the mathematically defined PF were
used for all benchmark problems. These points were generated by sampling one objective
at equal intervals and calculating the corresponding points on the PF. For IGDX calculation,
the reference set was constructed from all non-dominated variable vectors obtained during
the optimization process conducted in advance to generate the known solutions used in
the comparative numerical experiments.

7. Experimental Results and Discussion
7.1. Clusters of Solution Sets in the Variable Space

The distribution of the known solution set P in the variable space and the clustering
results obtained by the proposed multimodal PSE are shown in Figure 4. As in the left
panels of Figures 1 and 2, the axis of the direction-vector component e1 is added to the
variable space for visualization. For LIRCMOP1 and LIRCMOP2, only two dimensions out
of the D = 30 variables are plotted. The cluster sizes are summarized in Table 1.
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Figure 4. Known solutions P clustered by the proposed multimodal PSE in the variable space. Each
color represents a cluster identified in the decision space, where solutions belonging to the same
cluster are expected to share a similar local PS structure. The number of legend entries corresponds
to the number of clusters, and the cluster sizes are summarized in Table 1.

Table 1. Obtained cluster sizes.

Cluster Number MMF1 MMF2 MMF3 MMF4 MMF5 MMF6 MMF7 MMF8 LIRCMOP1 LIRCMOP2

1 43 36 37 25 25 26 57 7 40 22
2 35 42 32 19 21 17 27 12 - 3
3 - - - 20 12 12 - 9 - 6
4 - - - 14 14 6 - 9 - 3
5 - - - - - 10 - 6 - 6
6 - - - - - - - 6 - -
7 - - - - - - - 6 - -
8 - - - - - - - 7 - -

The results show that P is divided into two clusters for MMF1–3 and MMF7, and into
four clusters for MMF4 and MMF5. In contrast, only a single cluster is formed for LIR-
CMOP1, whereas five or more clusters are identified for several other problems such as
MMF6, MMF8, and LIRCMOP2.

In these problems, the proposed multimodal PSE successfully separates P according
to differences in its distribution in the variable space. In MMF1, shown in Figure 4a, the x2

values of the known solutions exhibit periodic behavior. However, since oscillation detec-
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tion is based on the number of peaks within a sliding window, smooth periodic variation is
not regarded as multimodality. As a result, the solutions are appropriately clustered.

For LIRCMOP1, shown in Figure 4i, only a single cluster is formed despite the high-
dimensional distribution complexity. LIRCMOP1 has D = 30 variables and a highly com-
plex distribution of known solutions. In the proposed multimodal PSE, clustering is first
performed independently for each dimension and then integrated into multidimensional
clusters. During this integration process, each solution was treated as an independent
singleton cluster, which ultimately resulted in all solutions being merged into a single
cluster. This indicates that LIRCMOP1 has distribution characteristics that make cluster
separation difficult for the proposed multimodal PSE.

On the other hand, problems such as Figure 4f,h,j are divided into five or more clusters.
Although the solution set is divided into multiple clusters due to distribution complexity,
the overall structural characteristics of the distribution are appropriately captured.

7.2. Solution Distribution in the Variable Space

We analyze the distribution of the known solution set P and the estimated solution
set Q in the variable space. The results of the conventional PSE are shown in Figure 5,
and those of the proposed multimodal PSE are shown in Figure 6. In the figures, blue points
represent feasible known solutions in P , whereas red and green points denote feasible
and infeasible solutions in the estimated solution set Q generated by PSE, respectively.
The green infeasible solutions appear only in LIRCMOPs, which include constraints.

As shown in Figure 5, the estimated solutions of the conventional PSE are often
distributed far from the regions densely populated by the known solutions. In contrast,
Figure 6 shows that the estimated solutions of the proposed multimodal PSE are concen-
trated around these regions.
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Figure 5. Known solutions and estimated ones by the conventional PSE [3] in the variable space.

For the constrained LIRCMOPs, infeasible solutions (green points) are observed in
both methods, whereas their occurrence is reduced by the proposed multimodal PSE
in LIRCMOP2. In LIRCMOP1, the conventional and proposed methods exhibit similar
behavior. In contrast, in LIRCMOP2, the proposed multimodal PSE more effectively
suppresses the generation of infeasible solutions.

However, because the proposed model estimates solutions mainly within clusters,
the number of clusters may exceed the true number of variable regions. In such cases,
a single variable region can be divided into multiple clusters. If boundary solutions
are not included in the initial samples, the estimated region within each cluster may
become narrower.
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Figure 6j illustrates this phenomenon. Although the true Pareto set consists of two
separated regions, the proposed multimodal PSE partitions the solutions into five clusters,
as shown in Figure 4j. While estimation within each cluster is accurate, no estimated solu-
tions appear between clusters. As a result, the intermediate regions are not reconstructed,
and gaps arise between clusters. This may lead to a loss of diversity in the variable space.
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Figure 6. Known solutions and estimated ones by the proposed multimodal PSE in the variable space.

The IGDX results for the solution sets P ′ obtained by the conventional and proposed
methods are shown in Table 2. The better value for each problem is highlighted in bold.

Table 2. Quantitative evaluation of the obtained solutions P ′ in the variable space based on IGDX
(smaller is better; best values are shown in bold).

Metric Method MMF1 MMF2 MMF3 MMF4 MMF5 MMF6 MMF7 MMF8 LIRCMOP1 LIRCMOP2

IGDX
Conventional PSE [3] 0.0703 0.0180 0.0219 0.0509 0.0992 0.1177 0.0402 0.1653 0.6356 0.2314

Proposed
Multimodal PSE 0.0525 0.0028 0.0082 0.0339 0.0975 0.1145 0.0347 0.1621 0.6356 0.4781

The proposed multimodal PSE achieves lower IGDX values than the conventional PSE
for all problems except LIRCMOP2.

For LIRCMOP2, as discussed above, the diversity loss caused by gaps between clusters
results in a higher IGDX value for the proposed method.

Such a case is intentionally retained in this study to provide a fair assessment of
the proposed method, including situations where cluster-wise decomposition does not
necessarily improve recovery performance. Introducing stabilization mechanisms such
as minimum cluster size constraints or adaptive merging is an important direction for
mitigating this limitation.

7.3. Solution Distribution in the Objective Space

We now examine the distribution of the known solution set P and the estimated
solution set Q in the objective space.

Figure 7 and Figure 8 present the solution sets obtained by the conventional method
and proposed method, respectively.

As shown in Figure 7, the conventional PSE generates a considerable number of domi-
nated solutions, whereas Figure 8 shows that the proposed multimodal PSE significantly
suppresses their generation.
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(a) MMF1 (b) MMF2 (c) MMF3 (d) MMF4 (e) MMF5

(f) MMF6 (g) MMF7 (h) MMF8 (i) LIRCMOP1 (j) LIRCMOP2

Figure 7. Known solutions and estimated ones by the conventional PSE [3] in the objective space.

(a) MMF1 (b) MMF2 (c) MMF3 (d) MMF4 (e) MMF5

(f) MMF6 (g) MMF7 (h) MMF8 (i) LIRCMOP1 (j) LIRCMOP2

Figure 8. Known solutions and estimated ones by the proposed multimodal PSE in the objective space.

For the constrained LIRCMOPs, infeasible solutions (green points) are observed in both
methods, while the proposed multimodal PSE more effectively suppresses their generation
in LIRCMOP2. In LIRCMOP1, both methods exhibit similar behavior.

As discussed in Figure 5, this is attributed to the fact that many estimated solutions
are located far from the regions densely populated by the known solutions in the variable
space. Consequently, these solutions are projected to inferior regions in the objective space.
In contrast, because the proposed method estimates solutions near the densely populated
regions of known solutions in the variable space (see Figure 6), the resulting objective-space
distribution remains closer to the Pareto front.

The HV and IGD results for the solution sets P ′ obtained by the conventional and
proposed methods are presented in Table 3. The better value for each problem is highlighted
in bold.

https://doi.org/10.3390/app16083655

https://doi.org/10.3390/app16083655


Appl. Sci. 2026, 16, 3655 18 of 25

Table 3. Quantitative evaluation of the obtained solutions P ′ in the objective space based on HV
(larger is better) and IGD (smaller is better); best values are shown in bold.

Metric Method MMF1 MMF2 MMF3 MMF4 MMF5 MMF6 MMF7 MMF8 LIRCMOP1 LIRCMOP2

HV Conventional PSE [3] 0.7191 0.7169 0.7184 0.4419 0.7180 0.7182 0.7215 0.3439 0.2269 0.3608
Proposed Multimodal PSE 0.7197 0.7222 0.7216 0.4469 0.7180 0.7182 0.7222 0.3484 0.2269 0.3624

IGD Conventional PSE [3] 0.0080 0.0156 0.0059 0.0071 0.0094 0.0061 0.0035 0.0111 0.0805 0.0112
Proposed Multimodal PSE 0.0038 0.0016 0.0020 0.0019 0.0061 0.0054 0.0020 0.0015 0.0805 0.0016

Across all problems, the proposed multimodal PSE achieves performance comparable
to or better than the conventional PSE, indicating improved PF approximation accuracy.

For LIRCMOP1, all metrics are identical for both methods. As shown in Figure 4i,
the proposed multimodal PSE failed to partition the known solutions into multiple clusters
and treated them as a single cluster. As a result, the behavior becomes equivalent to the
conventional PSE.

In contrast, for LIRCMOP2, the proposed method attains superior HV and IGD values.
While the MMFs are low-dimensional problems (D = 2), the LIRCMOPs are high-dimensional
(D = 30). The results for LIRCMOP2 suggest that even in high-dimensional settings, accurate
PF estimation can be achieved if the PS distribution is not excessively complex.

For MMF5 and MMF6, both methods obtain similar HV values, whereas the proposed
multimodal PSE achieves lower IGD values. This indicates that, although the overall
objective-space coverage is comparable, the proposed method produces solutions that are
more uniformly close to the PF.

7.4. Sensitivity Analysis of Window Size w and Peak-Count Threshold p

We analyze the sensitivity of the two main parameters of the proposed multimodal
PSE: the window size w and the peak-count threshold p.

The HV, IGD, and IGDX results for different w and p are shown in Table 4. The vari-
ation in the performance metrics is more sensitive to changes in p than to changes in w,
and all three metrics achieve their best values when p = 0.4w.

We next examine five representative parameter settings. The clustering results of the
known solution set P are shown in Figure 9, the distribution of the estimated solution setQ
in the variable space in Figure 10, and their distribution in the objective space in Figure 11.

For (c) w = 10, p = 0.4w, the known solutions are appropriately divided into four
clusters according to distribution similarity. As a result, the estimated solution set Q
complements P within each cluster, and the objective space exhibits a distribution with
few dominated solutions.

In other parameter settings, a smaller p generally leads to a larger number of clusters.
For (a) w = 5, p = 0.2w and (b) w = 10, p = 0.2w, the increased number of clusters slightly
reduces PS estimation accuracy in the variable space, but suppresses the generation of
dominated solutions in the objective space.

In contrast, for larger p, such as (d) w = 15, p = 0.6w and (f) w = 15, p = 1.0w,
the number of clusters decreases, but solutions farther from the known set P are more
frequently generated, leading to an increase in dominated solutions.

Overall, the peak-count threshold p has a stronger impact on performance than w.
Smaller p suppresses dominated solutions but may reduce PS estimation accuracy in the
variable space, whereas larger p tends to increase dominated solutions.
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Figure 9. Clustering results by varying window size w and peak-count threshold p.

Table 4. Quantitative evaluation by varying the window size w and the peak-count threshold p based
on HV (larger is better), IGD (smaller is better), and IGDX (smaller is better); best values are shown
in bold.

(a) HV in the objective space

Window size w
5 10 15 20

Peak-count
threshold p

0.2w 0.4464 0.4469 0.4469 0.4469
0.4w 0.4469 0.4469 0.4469 0.4469
0.6w 0.4419 0.4469 0.4420 0.4420
0.8w 0.4419 0.4419 0.4419 0.4419
1.0w 0.4419 0.4419 0.4419 0.4419

(b) IGD in the objective space

Window size w
5 10 15 20

Peak-count
threshold p

0.2w 0.0027 0.0020 0.0020 0.0019
0.4w 0.0019 0.0019 0.0019 0.0019
0.6w 0.0071 0.0019 0.0062 0.0062
0.8w 0.0071 0.0071 0.0071 0.0071
1.0w 0.0071 0.0071 0.0071 0.0071

(c) IGDX in the variable space

Window size w
5 10 15 20

Peak-count
threshold p

0.2w 0.0381 0.0371 0.0371 0.0339
0.4w 0.0339 0.0339 0.0339 0.0339
0.6w 0.5090 0.0339 0.0588 0.0588
0.8w 0.5090 0.5090 0.5090 0.5090
1.0w 0.5090 0.5090 0.5090 0.5090
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Figure 10. Solutions in the variable space by varying window size w and peak-count threshold p.
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(a) w = 5, p = 0.2w (b) w = 10, p = 0.2w (c) w = 10, p = 0.4w (d) w = 15, p = 0.6w (e) w = 15, p = 1.0w

Figure 11. Solutions in the objective space by varying window size w and peak-count threshold p.

7.5. Sensitivity Analysis of the Amplitude Threshold Coefficient γamp

We analyze the sensitivity of the amplitude threshold coefficient γamp. Specifically,
focusing on MMF4, we evaluated the proposed method with γamp = 0.0, 0.05, 0.1, 0.15, 0.2,
0.55, 0.85, and 1.0 and report the corresponding HV, IGD, and IGDX values in Table 5.

Table 5. HV (larger is better), IGD (smaller is better), and IGDX (smaller is better) by varying
amplitude threshold coefficient γamp; best values are shown in bold.

Amplitude Threshold Coefficient γamp
Metric 0 0.05 0.1 0.15 0.2 0.55 0.85 1

HV 0.4443 0.4469 0.4469 0.4469 0.4469 0.443 0.4419 0.4419
IGD 0.0034 0.0018 0.0019 0.0019 0.0019 0.0055 0.0071 0.0071

IGDX 0.0399 0.0348 0.0339 0.0339 0.0339 0.0425 0.0509 0.0509

Here, γamp = 0.0 means that even very small oscillations are regarded as oscilla-
tions, whereas γamp = 1.0 means that no oscillation is counted, resulting in all solutions
being assigned to a single cluster, which corresponds to behavior equivalent to the conven-
tional method.

The results show that HV is maximized when γamp = 0.05–0.2, IGD is minimized at
γamp = 0.05, and IGDX is minimized at γamp = 0.1–0.2. Based on these results, γamp = 0.1
was selected as an appropriate setting.

In addition, Figure 12 shows the clustering results in the decision space for different
γamp values, Figure 13 shows the distribution of generated solutions in the decision space,
and Figure 14 shows the distribution in the objective space.

When γamp is too large, the number of clusters decreases, and the generated solutions
(red points) tend to appear between known solution groups in the decision space, resulting
in inferior objective-space distributions. On the other hand, when γamp is too small, exces-
sive clustering occurs, reducing the number of known solutions within each cluster and
degrading the accuracy of the PS model, which again leads to inferior generated solutions.

These observations further support the choice of γamp = 0.1.
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Figure 12. Clustering results by varying amplitude threshold coefficient γamp.
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Figure 13. Solutions in the variable space by varying amplitude threshold coefficient γamp.

(a) γamp = 0 (b) γamp = 0.05 (c) γamp = 0.1 (d) γamp = 0.55 (e) γamp = 0.85

Figure 14. Solutions in the objective space by varying amplitude threshold coefficient γamp.

7.6. Computational Time

Since the proposed multimodal PSE method additionally performs clustering and
constructs PS models for each identified cluster before generating solutions, it is important
to evaluate the computational cost of these additional processes.

The execution time of the conventional PSE method and the proposed multimodal PSE
method was also measured for all benchmark problems. The experimental environment was
as follows: CPU: 13th Gen Intel(R) Core(TM) i9-13900KF, Memory: 128 GB, OS: Windows
11, and programming language: Matlab R2025b. Table 6 shows the average execution time
in seconds over 50 independent runs.

The proposed method required a longer execution time than the conventional method
for all benchmark problems. This is because it includes additional steps for clustering and
constructing PS models for each identified cluster.

However, the average execution time of the proposed method remained below one sec-
ond for all benchmark problems, indicating that the additional computational cost is limited.
Since the proposed method is intended for practical problems where solution evaluation is
computationally expensive, this additional overhead is considered sufficiently small.

Table 6. Average computational time of 50 runs in seconds; best values are shown in bold.

Metric Method MMF1 MMF2 MMF3 MMF4 MMF5 MMF6 MMF7 MMF8 LIRCMOP1 LIRCMOP2

Time (sec.) Conventional PSE [3] 0.0067 0.0052 0.0048 0.0057 0.0061 0.0049 0.0054 0.0045 0.0058 0.0059
Proposed Multimodal PSE 0.1245 0.0959 0.0740 0.0879 0.0886 0.0846 0.1488 0.0496 0.5315 0.6792

8. Conclusions
This paper addressed the limitation of conventional Pareto set estimation (PSE) meth-

ods in multimodal multi-objective optimization problems, where multiple distinct decision
vectors correspond to the same objective vector. Because conventional PSE implicitly as-
sumes a one-to-one mapping between objective directions and decision vectors, it tends to
collapse multiple decision-space modes into a single estimate. To overcome this issue, we
proposed a clustering-based PSE framework with oscillation-aware hierarchical clustering.
By introducing an amplitude threshold in oscillation detection and constructing cluster-
wise response surface models, the proposed method decomposes a multimodal Pareto
set into locally unimodal components. This enables multiple decision-space solutions to
be estimated for the same objective-space direction. Experimental results on MMF1–8
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and LIRCMOP1–2 demonstrated that the proposed method achieves equal or better per-
formance than the conventional method in terms of HV and IGD, while also improving
decision-space approximation as measured by IGDX in most cases. The results indicate that
the proposed approach effectively preserves multimodal structures and enhances PF ap-
proximation accuracy. The generated clusters play an important role in separating distinct
local structures in the variable space before inverse modeling. By approximating each clus-
ter independently, the proposed method avoids merging disconnected solution branches
and enables multimodal decision-space structures to be reconstructed more accurately. A
sensitivity analysis further showed that the peak-count threshold plays a dominant role in
performance and that appropriate parameter settings lead to stable and accurate estimation.

Although the proposed method may struggle when the distribution of solutions is
highly complex in high-dimensional spaces, the overall results suggest that cluster-wise
inverse modeling is a promising direction for multimodal Pareto set estimation. Future
work includes developing more robust clustering strategies for high-dimensional prob-
lems and extending the framework to more complex constrained scenarios. Also, it is
necessary to investigate how the performance of the proposed method changes when
the number of known solutions and search solutions varies, in order to evaluate its ro-
bustness under different sampling conditions. In addition, although γamp = 0.1 was
effective in the present experiments, its appropriate value may depend on the distribution
of known solution groups in the decision space and the number of solutions contained
in each cluster. Therefore, adaptive determination of γamp should also be investigated in
future work. Furthermore, visualization methods for higher-dimensional decision spaces,
such as PCA or UMAP, will be investigated to improve interpretability for more complex
multimodal problems.
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Appendix A. Notations and Abbreviations

Table A1. Main notations used in this paper.

Symbol Description

P Set of known solutions used for model construction
N Size of the known solution set P
Q Set of solutions generated by PS estimation
P ′ Final estimated population obtained from P ∪Q
C Set of clusters obtained by hierarchical clustering
Ck k-th cluster in the decision space
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Table A1. Cont.

Symbol Description

E Direction vectors calculated from known solutions
Ê Large set of uniformly generated direction vectors
Ê ′ Prioritized direction vectors used for estimation
xCk -model Response surface model trained for cluster Ck
li Cluster label assigned to solution i
w Window size for oscillation detection
p Peak-count threshold for oscillation detection
ampj Amplitude threshold for the j-th variable
γamp Coefficient determining ampj relative to variable range

Table A2. Main abbreviations used in this paper.

Abbreviation Full Term

MOP Multi-objective optimization problem
MMOP Multimodal multi-objective optimization problem
PS Pareto set
PF Pareto front
PSE Pareto set estimation
HV Hypervolume
IGD Inverted generational distance
IGDX Inverted generational distance in the decision space
PFE Pareto front estimation
DACE Design and analysis of computer experiments
SMOA Supervised multi-objective optimization algorithm
SVR Support vector regression
PCA Principal component analysis
UMAP Uniform manifold approximation and projection
CEC Congress on Evolutionary Computation
MMF Multimodal multi-objective test function
LIRCMOP Large infeasible region constrained multi-objective problem
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