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Abstract

In many board games, AlphaZero has demonstrated superhuman abilities. Dots-and-
Boxes is a classic board game with simple rules but requiring skills to win. This paper
proposes Dotsformer, which extracts chain-loop structures from the game board. These
structures connect distant boxes, providing long-range relational information as input to
the Transformer. We employ multiple convolutional kernels to generate Q, K, and V, and
incorporate information about the box structure itself into the attention scores. We also
incorporate auxiliary training tasks, including an initiative task and a classification task.
These tasks determine whether to retain or relinquish the initiative in the current situation,
and classify actions into forbidden, conceding, safe, and scoring moves. They provide
additional supervisory signals and accelerate learning. The experimental results show
that Dotsformer outperforms AlphaZero in both rollback speed and playing strength: it
achieved a winning rate of 87.6% and an ELO rating lead of 340 points against the baseline.
Additionally, ablation studies verify the effectiveness of each key module.

Keywords: reinforcement learning; transformer; neural network; chain-loop encoding

1. Introduction

For millennia, board games have stood as one of the most popular and elegant intel-
lectual pursuits unique to humans. This is owing to their simple and transparent rules.
Their challenge lies in whether a player can rely on strategic and computational foresight
to identify superior strategies. These strategies are ones capable of anticipating multiple

moves ahead. All of this must be done within the combinatorial explosion of state and
W) Check for updates

strategy space. Since the term “artificial intelligence” was coined in 1956, board games
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capabilities. Methodologically, deep reinforcement learning has become the state-of-the-art
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approach for the study of board games.
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self-play, including chess [7], Go [2], Shogi [3], and even Mahjong [8]. Their advantages are
numerous. They do not require human expert knowledge, and they effectively utilize the
self-supervised policy improvement of MCTS [9]. In addition, they leverage the powerful
approximation of deep neural networks that serve simultaneously as value and policy
functions. They can also learn sophisticated decision-making without explicit access to
game rules [4].

Despite these advances, the neural network architectures used in most contemporary
deep reinforcement learning methods remain relatively primitive. Leading model vari-
ants remain largely bound to residual convolutional neural networks (residual CNNs). In
contrast, the Transformer [10] architecture, which was introduced as early as 2017, has
revolutionized temporal and spatial modeling paradigms. It has demonstrated remarkable
versatility across multiple fields, including natural language processing [11-13], computer
vision [14-16], and multi-modal learning [17-19]. More recently, LLMs (e.g., GPT-3 [20],
GPT-4 [21], DeepSeek [22], PaLM [23], LLaMA [24]) have made notable progress in reason-
ing efficiency and multi-modal capabilities, opening up new possibilities for multi-task and
generative applications. Board game play inherently possesses both linguistic and visual
characteristics. The progression of a game forms a temporal sequence analogous to natural
language. Meanwhile, a board state constitutes spatial data akin to an image.

Numerous research studies of Al for board games have attempted to apply Transform-
ers to policy learning and board state evaluation. Established CNN-based architectures,
such as ResNet [25], GoogLeNet [26], and DenseNet [27], have been widely used in this
field. However, applying Transformers here faces a distinct challenge: finding a representa-
tion scheme that balances spatial and temporal characteristics. One common approach is to
feed raw sequences of board state into residual CNNs with fixed temporal windows. Yet,
residual CNNss alone are inefficient at capturing temporal and spatial dependencies. Alter-
natively, replacing residual CNNs with the Transformer architecture raises the question of
how Transformers can process 2-dimensional board data and understand the rules of the
game. There is no obvious, generally applicable method.

In Dots-and-Boxes [28], a move affects not only the current box’s score but also the
potential formation of chains and loops. Opening such structures prematurely allows
the opponent to score consecutively. Therefore, capturing the chain-loop structure on the
board is crucial. While traditional residual CNNs struggle to capture such long-range
dependencies, Transformers are inherently well-suited for this task. However, applying
existing approaches to the dynamic chain-like structures of Dots-and-Boxes reveals limita-
tions. Many methods fail to explicitly capture the underlying chain topology in their board
representations. At the architectural level, it remains difficult to preserve local details while
effectively integrating global information. In addition, conventional policy—value heads are
not well-suited to model initiative, which plays an important role in describing advantage
transitions during gameplay.

To address these issues, we propose Dotsformer, a hybrid architecture that integrates
Transformers with residual CNNs. This design enables the model to simultaneously extract
chain-loop features, attend to local regions of the board, and capture connections between
distant boxes. The key contributions of this paper are as follows:

¢  ChainLoop6: We propose the ChainLoop structure-aware representation. It explicitly
encodes chain and loop structures on the board. This overcomes the limitations of
traditional coordinate encoding, which struggles to capture topological relationships.

*  MS-Trans: We design the MS-Trans architecture. It incorporates topological structural
bias into the Transformer attention mechanism, enhancing the model’s ability to
capture long-range structural dependencies.
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* Auxiliary Tasks Learning: We introduce auxiliary tasks. By leveraging multi-task
learning, it improves feature representation and boosts training efficiency. Specifically,
the model predicts whether the next move is a capture, sacrifice, or neutral action,
while classifying all potential moves on the board as forbidden, conceding, safe,
or scoring.

¢  Dotsformer: We systematically integrate Transformer, auxiliary tasks, self-play re-
inforcement learning, and Monte Carlo tree search into a unified framework. This
establishes a complete training and evaluation pipeline for Dots and Boxes. Compre-
hensive experiments validate the effectiveness of our approach.

The remainder of this paper is organized as follows. In Section 2, we review the
related work. In Section 3, we introduce the basic rules of Dots-and-Boxes. In Section 4, we
present the main methodology adopted in this paper. In Section 5, we conduct extensive
experiments to demonstrate the effectiveness and superiority of Dotsformer.

2. Related Work
2.1. Search Algorithms

Nascent theoretical foundations were established by von Neumann (1928) with the
Minimax Theorem [29], which provided the mathematical basis for two-player zero-sum
games. Claude Shannon (1950) was among the first to apply Minimax [30] search to chess.
He proposed depth-limited game trees combined with heuristic evaluation functions. How-
ever, the exponential growth of the game tree rendered exhaustive search computationally
intractable, motivating the need for algorithmic optimizations.

Zobrist (1970) [31] introduced transposition tables, which reduce redundant computa-
tions by caching previously encountered board states. Knuth and Moore (1975) [32] later
provided a rigorous mathematical analysis of the Alpha-Beta pruning algorithm. This work
showed that pruning irrelevant branches can increase the effective search depth. Despite
these major improvements in search efficiency, the decision quality still depended heavily
on handcrafted heuristics.

Subsequently, Iterative Deepening Search (Korf, 1985) [33] combined the advantages
of depth-first and breadth-first search to efficiently exploit principal variations. This line
of classical search techniques culminated in 1997, when IBM’s Deep Blue defeated the
world chess champion, Kasparov. The architecture and strategies of Deep Blue were later
analyzed in detail by Campbell et al. [34]. To address games with high branching factors
(e.g., Go), Monte Carlo Tree Search (MCTS) became the dominant approach. Specifically,
the UCT algorithm [35] (Kocsis & Szepesvdri, 2006) achieved a balance between exploration
and exploitation through statistical sampling.

2.2. Network Architectures

Early computer board game systems relied primarily on hand-crafted features and
heuristic search algorithms. AlphaGo [1] introduced convolutional neural networks
(CNNis) together with supervised learning to effectively guide MCTS. Subsequently, Al-
phaZero [3] incorporated ResNet [25] and discarded human prior knowledge, achieving
generic superhuman performance across multiple board games through pure self-play
reinforcement learning.

In recent years, following the success of the Transformer architecture in reinforcement
learning [36], researchers have begun exploring its application in board game decision-
making tasks. The application of Transformers in board games can be broadly categorized
into two directions. One treats game playing as a generative task, where decisions are
produced through sequence modeling. The other leverages the attention mechanism as a
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replacement for conventional convolutional neural networks, aiming to improve playing
strength by capturing global dependencies more effectively.

In the sequence modeling paradigm, researchers moved away from explicit search
procedures and instead modeled game play as an autoregressive sequence prediction
problem. Game records were reformulated as token sequences, and subsequent moves
were generated by predicting the next token using language models. This paradigm was
explored by Ciolino et al. [37], who fine-tuned GPT-2 on Go game records to predict
moves as next-token tasks. Subsequent work extended this approach: Othello-GPT [38]
demonstrated that transformers learn interpretable board-state representations, while
ChessGPT [39] incorporated natural language data to generate move explanations alongside
predictions. Despite these advantages, sequence modeling approaches remained limited
by their reliance on imitation learning and the absence of explicit search. As a result, they
often struggled with long-term strategic reasoning and generalization beyond the training
distribution.

From the perspective of network architecture, Transformers were explored as either a
substitute for or a complement to convolutional backbones. In this direction, Sagri et al. [40]
explored Vision Transformer backbones within a KataGo-style framework. Other work
focused on architectural adaptations: Chessformer [41] introduced structure-aware posi-
tional encoding, while ResTNet [42] combined residual and Transformer blocks in a hybrid
design. Overall, Transformer-based models improve global dependency modeling, while
hybrid designs aim to balance global context with local inductive biases.

Beyond attention-based approaches, graph neural networks (GNNs) were also ex-
plored for board games. Keller et al. [43] showed that GNNSs were effective at modeling
long-range dependencies in Hex, but also showed reduced proficiency in discerning local
patterns. Rigaux and Kashima [44] proposed a graph-based representation for chess, re-
porting improved playing strength. These results suggested that GNNs provide a flexible
way to encode relational structures, but may struggle to efficiently capture local patterns
and face computational constraints.

To provide a systematic overview of existing approaches and highlight the novelty of
our work, we summarize prior studies in Table 1 across six key dimensions: state encoding,
architecture, search role, supervision type, output, and game.

Table 1. Comparison of our proposed approach with existing methods.

Model State Encoding Architecture Search  Supervision Output Game
AlphaGo [1] Grid CNN MCTS SL + RL PH, VH Go
AlphaGo Zero [2] Grid ResNet MCTS RL PH, VH Go
AlphaZero [3] Grid ResNet MCTS RL PH, VH Chess, Go, Shogi
Go Transformer [37] Sequence Causal Trans. None SL LM Head Go
Othello-GPT [38] Sequence Causal Trans. None SL LM Head Othello
ChessGPT [39] Sequence Causal Trans. None SL LM Head Chess
EfficientFormer [40] Grid Vision Trans. MCTS SL PH, VH Go
Chessformer [41] Sequence Transformer None SL Multi PHs/VHs * Chess
Tjong [8] Grid TIT None SL + RL Hierarchical PH, VH Mahjong
ResTNet [42] Grid ResNet + Trans. MCTS RL/SL PH, VH Go, Hex
GraphDON [43] Graph GNN None RL Q-values Hex
GraphAra [43] Graph GNN MCTS SL + RL PH, VH Hex
AlphaGateau [44] Graph GNN MCTS RL PH, VH Chess
Dotsformer (Ours)  Grid + ChainLoop MS-Trans MCTS RL PH, VH, Init., Class. Dots-and-Boxes

Note: PH: Policy Head, VH: Value Head, LM Head: Language Modeling Head. * Chessformer uses multiple auxiliary
PHs and VHs. RL/SL: RL (9 x 9 Go, 19 x 19 Hex), SL (19 x 19 Go). Init.: Initiative Head, Class.: Classification Head.
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3. Rules of Dots-and-Boxes and Notations
3.1. Rules of Dots-and-Boxes

Players take turns drawing horizontal or vertical edges between adjacent dots. Each
edge can be drawn only once. Completing a 1 x 1 box grants one point and an immediate
extra turn, which often leads to consecutive scoring. A single move can impact the initiative
(defined as the ability to retain or relinquish control over turn continuation by deciding
whether to claim available boxes) across the entire board. As the game proceeds, complex
chain and loop structures emerge, making the control of initiative the primary strategic
element rather than just box counting. The game concludes once all edges are drawn, with
the highest score winning.

The following example illustrates these chain and loop structures and demonstrates
the edge counts returned by the Chain-Loop Detection, as shown in Figure 1.

. 5 4
Chain ° . ° '3 ° e 6 o e 3 e °
7 2
3 . 3 3 o ° 3 8 . o o

3 2
° ° ° ° o 4 o o 1 o
Loop 5 6

Returns the number of edges, which is 6.

Figure 1. The figure shows the chain and loop structures and edge counts returned by the Chain-
Loop Detection. Numbers indicate the number of returned edges, and the numbering order is random.
Gray lines represent existing edges on the board, and red lines represent newly placed edges.

Since completing a box grants an extra move, initiative plays a central role in Dots-
and-Boxes. Players must carefully consider the relationship between immediate scoring
opportunities and initiative. In particular, careless local scoring can result in a loss of
initiative around chain and loop structures during critical stages of the game. Figure 2
provides a schematic illustration of initiative.

° ° ° . [ ] L] ] L ]
Chaln / L L] L] L] L] LOOp / L ] L] L] L ]
L ] L] L] L ] L 2 L] L] L ]
. L] L] L] L] . ° ° .
¢ e  ee Relinquish the initiative, i.e., o . . . Relinquish the initiative, i.e.,
capture all current boxes. capture all current boxes.
¢ * ® * ® . L] L] . L2 L] L] L] L ] L ] L] L ]
\ . . . . . \ . . . )
L] L] L] L] . ° . ° °
Retain the initiative, i.e., Retain the initiative, i.e.,
sacrifice certain current boxes. sacrifice certain current boxes.

Figure 2. A figure of the initiative in chain and loop structures, illustrating the difference between
relinquishing and retaining the initiative. Black arrows indicate the next possible cases; gray lines
represent existing edges on the board; red lines represent newly placed edges.
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3.2. Notations

To ensure consistent notation throughout the paper, we compile the main symbols in
Table 2.

Table 2. Summary of key notations.

Notation Description

X Input tensor

N Board length: 5

C Number of channels of the input tensor

D Input channels, set to 128

Xjj The feature vector at coordinate (i, j)

ef-‘]- The vector at coordinate (7, j) in channel k, for dots or edges

m (Red boxes count — Blue boxes count) x 0.25

cl! i The vector at coordinate (i, j) in channel I, for chain-loop representation

eq;‘j States of the four edges (right, up, left, down) in a box

Sij 5-dimensional one-hot vector representing the number of occupied edges in a box
dfj 5-dimensional one-hot vector for occupied edges of all adjacent neighbor boxes
F, Feature embedding function

tij Vector input to the neural network

L Sequence length after mapping the original 5 x 5 board to 11 x 11, L = 121

B Batch size

h Number of attention heads, set to 4

dj, Feature dimension of a single attention head

I 3-dimensional one-hot vector to indicate the current initiative

cls 4-way categorical vector to classify the move

4. Methodology
4.1. EdgeQuad and ChainLoop: Feature Representations for Dots-and-Boxes

Both local geometric and global topological features play a critical role in Dots-and-
Boxes. Capturing individual boxes affects immediate scoring, while identifying chains and
loops largely determines the final outcome of the game. Since the board representation is
directly used as input to the neural network, we design five board feature representations
to examine how different forms of input influence learning. These representations can be di-
vided into two categories. The EdgeQuad series consists of three geometric representations
that emphasize the spatial relationships between edges and boxes. They encode the raw
board state by describing the distribution of edges within each box, as well as the number
of edges surrounding a box. The ChainLoop series, in contrast, focuses on long-range
structures by introducing additional channels that encode chain and loop membership for
each edge.

Across all configurations, we represent the input to the N x N board (where N = 5) as
a spatial tensor X € R(N+1)x@2N+1)xC Eyery model shares a core foundational structure
for the first four channels (c € {0,1,2,3}), defined as follows:

¢ Channel 0: Dot and box-center locations are indicated by setting the corresponding
coordinates to 1, with all other positions set to 0.

¢ Channel 1: All horizontal and vertical edge locations are set to 1 to specify the valid
action space.

¢ Channel 2: Edges currently occupied by a player are assigned a value of 1, while
unoccupied edges remain 0.

*  Channel 3: A scalar map encoding the current score differential.

X € RON+1)x(2N+1)xC.

1)
tij = Fu(xi]'), F,: RE — RD,
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From this shared foundation, we evaluate three architectural variations:
Baseline: (C =4,a = 0)
The baseline model relies exclusively on the four fundamental channels.
xij = (e?] el e, m) €RC, ef e {0, 1}, ke {0, 1,2}, meR. @)

ChainLoop64: (C =64,a=1)

Given that a standard 5 x 5 board contains 60 edges, we set C = 64 to allow sufficient
capacity for representing multiple chains and loops. Channels 4 through 63 each encode a
single detected chain or loop, with constituent edges marked as 1 and all others 0.

X = (e?] el &, m d, ., d?f‘) €RC,die{0,1},1e{4,5 ..., 63 (9

ChainLoopé6: (C =6,a =2)

Assigning a separate channel to each of up to 60 independent structures is computa-
tionally inefficient. We therefore reduce the channel depth to C = 6 (as shown in Figure 3)
by summarizing the chain and loop data:

¢  Channel 4: Edges with a returned count of 1 from the Chain-Loop Detection, and
with at least one adjacent box containing three occupied edges, are set to 1. These
edges correspond to short chains that can be resolved immediately without giving the
opponent control of the board.

*  Channel 5: For returned edges with a length greater than 2, we set their values to the
length itself. Chains or loops longer than 2 can affect the initiative in the game, and
longer chains or loops correspond to a higher value.

Xjj = (e?]-, e}j, eizj, m, d?j, d;r}) € RE, dfj eR, 1€ {4,5}. 4)
Chain-Loop Detection:
The algorithm searches for unvisited edges and recursively checks neighboring boxes.

If a box has exactly two occupied edges, the search continues. Finally, all discovered edges

are combined to form chains or loops.

Detailed descriptions of EdgeQuad4, EdgeQuad9, and EdgeQuad44 are given in

Appendix A.

4.2. MS-Trans: Game Reasoning with Multi-Scale Attention and Topological Bias

Standard Transformer architectures, while powerful for sequence modeling, inherently
lack the 2D spatial awareness needed to capture relationships central to board games. We
propose MS-Trans to address this limitation (as shown in Figure 4). Unlike a straightforward
adaptation of Vision Transformers (ViT), MS-Trans encodes the geometric rule that “the
four edges of a box are strongly correlated” as a learnable bias. By generating queries (Q),
keys (K), and values (V) through multi-scale convolutions and incorporating topological
bias directly into the attention mechanism, MS-Trans captures the structural patterns of
the board.

https:/ /doi.org/10.3390/app16073395
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Basic Geometry and Rules (Channels 0-1)

Channel 0

(geometry of the board)

o
012345678910

Channels

Current Game State (Channels 2-3)
Chan 3
he ¢ ap)
RED: | BLUE: 2

Channel 1
(valid ci

012345678910

o
012345678910

Chains and Loops (Channels 4-5)
Channel 4 Channel 5

(safe short chains and loops) (dangerous long chains and loops)

012345678910

012345678910

Figure 3. Visualization of the six-channel feature representation for a 5 x 5 Dots-and-Boxes game state.

Channels 0 to 3 depict fundamental board information, and Channel 3 shows the Blue player’s terri-

torial advantage, which occupies approximately two-thirds of the board. Channels 4 and 5 present

the output of the Chain-Loop Detection. Channel 4 extracts chain-loop structures with a length of 1,

while Channel 5 encodes chain-loop structures with a length greater than 2. The highlighted regions

in Channel 5 correspond to four distinct structures, with edge counts of 3, 3, 5, and 8 returned by the

Chain-Loop Detection. Figure 1 provides an explanatory visualization of the edge counts displayed

in Channel 5. In Channel 3, red indicates that the red side’s territory accounts for 1/3 of the total

territory, and blue indicates that the blue side’s territory accounts for 2/3 of the total territory. In

Channels 4 and 5, colors are used solely for differentiation and have no special meaning.

Outputs: X € RBXLxP

yAS IRBXLXD
{ Feed-forward }
[ LayerNorm }
1y 7 € RBXLXD

[ LayerNorm J

Ze RBXLXD

[ Input Embedding }

I

Original Inputs:
X € REXDX(N+1)x(2N+1)

(a) MS-Trans architecture

Relative Position Bias (Bye])
PRSEEs

e — o
— l Bre € RBXhXLxL

B,q = B[Ax; + 2N + 1, Ay + 2N + 1]

Topological Position Bias (Btopo)

o
Btopo = Wstrong * I[M = 2] + wyyeq) - I[M = 1]

Modified Attention Formulation

7, € RBXLXD
Brel ( Reshape ]
( MatMul )

|

Bt @ ]RBxthxL
opo

Reshape

N

i

2d

vl

X € RBXLXD — 5 7 ¢ RBXDX(@N+DX(2N+1)

(b) Multi-scale Convolutional Embedding for QKV

E Y

Figure 4. (a) The overall architecture of MS-Trans. (b) Multi-scale convolution applied to Q, K, and

V for feature extraction, followed by channel-wise concatenation. (c¢) During attention computa-

tion, relative position and topological biases are incorporated into the attention scores to enhance

spatial awareness.
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4.2.1. Multi-Scale Convolutional Embedding for QKV

In standard Transformer architectures, the Q, K, and V matrices are derived directly
from sequence features through linear transformations. For an input sequence X € R*D,
Q, K, and V are computed as follows:

Q = XWg, K= XWg, V = XWy, ()

where W, Wk, Wy € RDxdy,

Standard Transformers lack the 2D spatial awareness that board game modeling re-
quires, and we found that linear encoders struggle with structures like chains or loops. We
therefore replace the linear projections for Q, K, and V with 2D convolutions at multiple
kernel sizes to extract both local and global features. These multi-scale features are concate-
nated and projected back to the original embedding dimension via a linear transformation.

Y(? = Convad(Wi?),
Y(a%) = Concat (YI(QQ)),

Y§ = Convad(W(),
Y(K) = Concat (YI(DK)),

cat
Y{) = Convad(W")),
Y(a‘i) = Concat (YIEV)).

C

4.2.2. Relative Position and Topological Bias in Attention Mechanism

We adopt the 2D relative position bias used in Swin Transformer. This mechanism
encodes the relative coordinate offsets between any two points by querying a learnable
parameter table B. We integrate this as a relative position bias, denoted as B,., which
explicitly captures local neighborhood information.

Brel = B[Ax;; +2N +1, Ay;j +2N +1]. 7)

However, standard relative position bias fails to capture the unique geometric con-
straints of Dots-and-Boxes. To address this, we supplement the architecture with a special-
ized topological bias. We utilize a predefined adjacency mask, Miopo € RE*L, to categorize
connection strengths. Specifically, we define masks for strong connections (Mstrong Where
Miopo = 2) and weak connections (My,eak Where Miopo = 1). These logical priors are
modulated by learnable scalar weights, Wstrong and Wyyeak, yielding:

Btopo = Wstrong * H[Mtopo = 2] + Wyyeak - H[Mtopo =1]. (8)
By incorporating both relative position and topological biases into the attention scores,
we obtain:
. QKT
Attention(Q, K, V) = Softmax W + Brel + Btopo | V. 9)

These learnable biases allow the model to decouple different features. Certain attention
heads can specialize in relative positional information, while others focus on the structural
information of the board itself.

4.2.3. ResidualBlock-TransformerBlock Hybrid Architecture

Dots-and-Boxes gameplay relies on both short-term tactics and long-term structural
planning. ResidualBlocks excel at extracting local patterns but struggle with global depen-

https:/ /doi.org/10.3390/app16073395
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dencies, while TransformerBlocks capture long-range information effectively but may lack
precision in local feature refinement.

To balance these requirements, we evaluate four distinct architectures, Baseline, TT,
RT, and TR, composed of different arrangements of residual and Transformer blocks.
Additionally, we introduce a dimension conversion module to bridge the dimensional
mismatch between these two block types.

Definition 1. We define the evaluated architectures as follows:

* Baseline:
Serves as the performance standard, consisting of a pure stack of 6 ResidualBlocks.

e TT: To isolate the effect of removing convolutional locality, this model replaces the 6
ResidualBlocks of the baseline entirely with 6 TransformerBlocks.

¢  RT: This hybrid architecture sequences two ResidualBlocks followed by one Trans-
formerBlock, repeating this unit. This design prioritizes the refinement of local features
before integrating them into a global context.

* TR: This hybrid architecture inverts the sequence of the RT architecture, placing a
TransformerBlock before two ResidualBlocks. This configuration attempts to capture
global context early in the network, which then informs the local feature processing.

4.3. Auxiliary Training Tasks

In board games, a model must not only learn policies and value functions but also
understand the spatial structure of the board and the rules governing legal moves. Training
a policy network directly often suffers from data sparsity, slow convergence, and difficulty
in internalizing game rules. Auxiliary training tasks can provide additional supervisory
signals during early training, such as initiative prediction or move classification. This en-
ables the model to rapidly acquire basic game mechanics, thereby improving the efficiency
of subsequent policy learning. The neural network architecture for the auxiliary training
tasks is shown in Figure 5.

The Initiative Head The Classification Head
— = u;i
w - w — —
- S © 5]
g — = &, 8= ¥ - < =
R g g o v 23 7 1 1 27
< Z = O < Z B
(54 [} 5 o NS NS o on 7
N = 1 ) N R} O — o
ez S =) - T S [STRR N = - |
o £ 8 g =3 3 g = = = =
Sz T a*E T8 ET > Sz "8l % —£4
=] = S e —_— —
=2 Z = o & s 2 ~ M m g &S
SN 0 2 ) S <« — — S A o
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Figure 5. Network Architecture for Initiative and Classification Prediction.

4.3.1. Initiative Prediction

In Dots-and-Boxes, the decision to retain or relinquish the initiative can decisively
affect the result of a game. Strategic questions arise, such as “Should I capture all available
boxes, thereby relinquishing the initiative for immediate points?” or “Should I sacrifice
certain boxes, thereby retaining the initiative to constrain the opponent?” Therefore, pre-
dicting “whether the initiative should be retained or relinquished” is a critically important
auxiliary task. The process is illustrated in Figure 2.
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Definition 2. We categorize single-step decision behaviors into three classes and formalize them as
the vector set v € {vg, vs, Uy }:

¢ Capture:

If an immediate box completion (and thus immediate scoring while relinquishing the
initiative) is available, we denote this situation as v, = (1, 0, 0).

*  Sacrifice: If an immediate box completion is available but the player deliberately
refrains from taking it, we denote this situation as vs = (0, 1, 0). This might occur, for
example, to lure the opponent or to better control the board state.

*  Neutral: If no immediate box completion is available and the player can only draw an
ordinary edge without scoring, we denote this situation as v, = (0, 0, 1).

4.3.2. Classification Prediction

We designed a classification task that categorizes different types of moves, encouraging
the neural network to quickly learn the rules of the game. We formulate this as a four-
way classification problem that encourages the network to distinguish among forbidden,
conceding, safe, and scoring moves. The process is shown in Figure 6.
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Figure 6. A visual example of Classification Prediction in Dots-and-Boxes. It shows the feature de-
composition for the action classification prediction task. For a specific board state, the model classifies
all potential actions into four classes and maps them to four independent channels for representation.

Definition 3. We partition the action space into four mutually exclusive categories. For an action
e at a given state, the category is determined as follows:

e  Forbidden Moves: An action is considered invalid if it selects a dot or a box center or
an edge Ve € Eoccupied, Where Eoceupied Tepresents the set of already occupied edges.

¢  Conceding Moves: An action that creates at least one adjacent box with three occupied
edges, thereby allowing the opponent to score on the next turn, i.e.,

Ve & Eoccupied AND  3b € N(e), k(b) =2,

where N(e) is the set of boxes adjacent to edge e, and k(b) is the number of current
occupied edges for the box b.
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e Safe Moves: An action after which none of the adjacent boxes is placed into an
opponent-scoring state, i.e.,

Ve # Eoceupicd AND Wb € N(e), k(b) < 2.

*  Scoring Moves: An action that completes a box and therefore yields an immediate
score, i.e.,
Ve & Eqccupied  AND  3b € Ne), k(b) = 3.

4.4. Neural Network Architecture

The neural network architecture employed in this work is primarily composed of a
combination of Transformer modules and residual CNNs. This design balances global
strategic modeling with local feature extraction, as shown in Figure 7. The _Fusion_Layer
is a custom fusion layer that performs a weighted fusion of multi-channel features via a
learnable weight matrix. It converts the input C x (2N + 1) x (2N + 1) feature maps into
alx (2N +1) x (2N + 1) output. This effectively integrates spatial information from all
channels, providing a refined feature representation for policy and value prediction.
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Figure 7. Schematic diagram of the overall Dotsformer network architecture. (a) Input: The transfor-
mation in the input channel. (b) Network: The overall network architecture. (c) TransformerBlock:
Detailed architecture of the Transformer block. (d) ResidualBlock: Structure of the Residual block used
for feature extraction. (e) Policy Head: Architecture of the policy head. (f) Value Head: Architecture
of the value head.

5. Experiments

5.1. Experimental Setup
5.1.1. DATASET

As shown in Figure 8, during the training phase, self-play is employed to generate
training data. At each decision step, MCTS is used to compute the optimal move probability
distribution 77 for the current board state, along with the final game outcome Q, the initiative
I, and the classification label cls. The classification vector cls is represented in a simplified
form in Figure 8, with a visual explanation shown in Figure 5.

The replay buffer stores data generated from self-play, including (board, 7, Q, I, cls),
and only keeps samples from recent iterations. During training, data are randomly sampled
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from the buffer, which helps reduce temporal correlation between samples. In addition, a
decay weight Ygecay is introduced according to the iteration when the data were generated,
so that more recent samples receive higher importance. This encourages the model to focus
on the latest policy distribution. As a result, the overall data efficiency is improved, and
the training process becomes more stable.
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Figure 8. The framework of data generation and model training in Dotsformer.

5.1.2. Baseline

The baseline used in our experiments is not a direct reproduction of the AlphaZero [3]
Go version. Instead, it is an AlphaZero architecture adapted and optimized for the Dots-
and-Boxes task. Given that the board size in our setting is 5 x 5, which is much smaller
than the 19 x 19 Go board, directly adopting a 20-layer residual network would lead to
an unnecessarily large number of parameters. Therefore, we employ a 6-layer residual
network as the backbone of the baseline, whose parameter size (1.42 M) is comparable to
that of Dotsformer (1.94 M). The detailed configurations in architecture are summarized in
Table 3. To ensure a fair comparison and eliminate the influence of non-essential factors, the
baseline and Dotsformer share the same policy/value head design, MCTS search budget
(800 simulations per move), and the same amount of self-play training data (4500 games).
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Other hyperparameters, such as Cpuct (1.0), learning rate (0.001), and batch size (1024), are
also kept identical. The full configuration details are provided in Appendix Table AT.

Table 3. Comparison of Baseline and Dotsformer configurations.

Feature Baseline (AlphaZero) Dotsformer (Proposed)
Backbone 6 residual blocks MS-Trans (6-layer Hybrid TR-structure)
Parameters 1.42M 1.94M
Policy Head 2x Res + Fusion + BN + Softmax Same
Value Head Res+ Fusion + BN + Linear + BN + Tanh Same
Search Budget 800 simulations/move Same
Training Budget 4500 self-play games Same

5.2. EdgeQuad and ChainLoop: Evaluating Feature Representation in Self-Play Games
5.2.1. Impact of Feature Representation on Model Efficiency

Table 4 compares the computational efficiency of the baseline, EdgeQuad, and Chain-
Loop architectures across different board representations. We evaluated FLOPs (GFLOPs),
Parameters (M), and Average Latency (ms). Average Latency refers to the average time
required for a single forward pass of the neural network. In practice, EdgeQuad incurs
higher average latency than the baseline, indicating that the introduced feature organi-
zation does not improve inference efficiency in an end-to-end setting. In contrast, the
metrics of ChainLoop are very close to those of the baseline, indicating that ChainLoop
introduces little additional computational overhead. The reported latency is the mean
across four random seeds, with the within-seed standard deviation range defined as the
minimum and maximum standard deviations among the four seeds. The seeds used are 42,
100, 200, and 300.

Table 4. Effects of Different Board Representation Configurations on the Efficiency of Baseline,
EdgeQuad, and ChainLoop Models.

Model FLOPs (G) Params (M) Latency (ms)
Baseline 0.172 1.42 1.67 [0.14, 0.23]
EdgeQuad4 0.035 1.42 2.89[0.26, 0.54]
EdgeQuad9 0.035 1.42 2.84[0.18, 0.34]
EdgeQuad44 0.036 1.47 2.86 [0.31, 0.43]
ChainLoop64 0.181 1.50 1.67[0.16, 0.22]
ChainLoop6 0.172 1.42 1.66 [0.14, 0.22]

5.2.2. ELO Score: Feature Representation Evaluation

Each model was trained over approximately 4500 self-play games. Each iteration
consisted of 30 games, yielding approximately 150 iterations and a total of roughly
270,000 game states. During training, all models used 800 MCTS simulations per move;
during evaluation, this was reduced to 400. During training, we recorded the number
of iterations required to roll back the MCTS starting step while meeting the predefined
performance criteria. The results are summarized in Table 5. During evaluation, models
competed against each other in Dots-and-Boxes. Each game had 60 moves in total, and a
pruning strategy was used to guide the first 15 moves.

The baseline, EdgeQuad4, EdgeQuad9, EdgeQuad44, ChainLoop64, and ChainLoop6
models all began with MCTS initialized at step Sgtart. When the rollback condition was
satisfied and the interval since the previous rollback exceeded At, the starting step was
rolled back by AS. This process was repeated iteratively. For each step, the reported
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iteration count indicates the number of training iterations required to roll back the MCTS
starting step from this step to the next earlier step, rather than to reach this step.

The experimental results show that, despite their lower FLOPs, the EdgeQuad models
exhibit the weakest rollback capability overall. As more board representation information is
introduced, its rollback capability improves gradually from 4 to 9 and then to 44 channels.
Even so, the starting point can only be rolled back to step 29 and remains fixed at this
step thereafter. In contrast, the ChainLoop models demonstrate more stable and stronger
rollback behavior. The starting point could be rolled back to as far as step 24, with perfor-
mance consistently surpassing that of the baseline. ChainLoop6 demonstrates the strongest
performance, achieving higher rollback depth. For the same rollback target step, it typically
requires fewer training iterations.

Table 5. Training Iterations Required for Stepwise Rollback of the MCTS Starting Step in Feature
Representation Model.

Step
Model
32nd 31st 30th 29th 28th 27th 26th 25th 24th
Baseline 49 59 69 79 90 100 stop stop stop

EdgeQuad4 12 stop stop stop stop stop stop stop stop
EdgeQuad9 77 106 stop stop stop stop stop stop stop

EdgeQuad44 74 93 126 stop stop stop stop stop stop
ChainLoop64 23 33 46 56 66 76 106 stop stop
ChainLoop6 21 32 42 53 64 74 109 119 stop

Note: “Stop” indicates that the rollback process terminates at this step and cannot proceed further.

We evaluated six board representation schemes for Dots-and-Boxes under controlled
experimental conditions. Each model played 500 games against every other model, for a
total of 7500 games.

Tables 6 and 7 present the final scores. ChainLoop6 achieves the highest performance,
with an average win rate of 83.00%. Against the baseline, it reaches a win rate of 61.20%.
Compared with the EdgeQuad variants, the ChainLoop models achieve higher ELO scores.
This suggests that ChainLoop representations offer advantages in boundary control, antici-
pating chain reactions, and evaluating the global game state.

Table 6. ELO Score in Feature Representation Model.

Model ELO Win Rate 95% Confidence Interval

Baseline 1746 73.28% [71.55%, 75.01%]
ChainLoop6 1855 83.00% [81.53%, 84.47%]
ChainLoop64 1784 75.96% [74.29%, 77.63%]
EdgeQuad44 1259 28.56% [26.79%, 30.33%]
EdgeQuad9 1207 23.44% [21.78%, 25.10%]
EdgeQuad4 1148 15.76% [14.33%, 17.19%]

Table 7. Detailed Win Rate in Feature Representation Model.

Model Baseline ChainLoop6 ChainLoop64 EdgeQuad44 EdgeQuad9 EdgeQuad4

Baseline NA 38.80% 46.40% 89.60% 95.60% 96.00%
ChainLoop6 61.20% NA 63.40% 94.40% 97.20% 98.80%
ChainLoop64 53.60% 36.60% NA 95.20% 96.20% 98.20%
EdgeQuad44 10.40% 5.60% 4.80% NA 57.40% 64.60%
EdgeQuad9 4.40% 2.80% 3.80% 42.60% NA 63.60%
EdgeQuad4 4.00% 1.20% 1.80% 35.40% 36.40% NA

Note: “NA” indicates that the entry is not applicable, as a method is not compared with itself.
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5.3. Effects of Individual Components in the MS-Trans Architecture
5.3.1. A Comparative Analysis of Hybrid Residual-Transformer Architectures

Table 8 shows how many training iterations each model needed to roll back the
MCTS starting step using the rollback strategy described above, while meeting the target
performance criteria.

Rollback in the baseline model is limited in depth. Its starting point can be rolled
back only to step 26, requiring 100 iterations, and the rollback process stops at this step.
In comparison, the TR model achieves the deepest rollback, stably reaching step 24 after
107 iterations. The RT model also reaches step 24, but requires 129 iterations. Moreover,
the number of iterations needed at each stage is consistently higher than for TR, reflecting
lower efficiency. The TT model is the weakest, rolling back only to step 28. In summary, the
TR model performs best, achieving the fastest rollback. In comparison, the baseline and
TT models perform poorly with limited rollback capability (baseline, RT, TR, and TT are
defined in Definition 1).

Table 8. Training Iterations Required for Stepwise Rollback of the MCTS Starting Step in
ResidualBlock-TransformerBlock Hybrid Architecture Model.

Step
Model
32nd 31st 30th 29th 28th 27th 26th 25th 24th
Baseline 49 59 69 79 90 100 stop stop stop
RT 16 26 37 47 57 89 106 129 stop
TR 17 27 37 50 63 84 97 107 stop
1T 41 55 65 82 stop stop stop stop stop

Each model played 500 games against every other model, for a total of 3000 games.
The ELO ratings for each model are shown in Figure 9.

The experimental results show that the TR model achieves the highest performance,
with an ELO of 1656. Compared with the TT and the baseline model, the TR and RT models
combine residual CNNs and Transformers to extract local and global features.
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Figure 9. Final ELO Score Evolution of the ResidualBlock-TransformerBlock Hybrid Architec-
ture. Colored shadows represent variance bands, and colored lines represent the corresponding
mean values.

https:/ /doi.org/10.3390/app16073395


https://doi.org/10.3390/app16073395

Appl. Sci. 2026, 16, 3395

17 of 30

5.3.2. Evaluation of Multi-Scale QKV Convolution with Topological Bias

This training uses the same rollback strategy described above, applied to architectures
that combine the TR model with the ChainLoop6 feature representation. Table 9 reports the
number of training iterations required for each model to roll back the MCTS starting step
in these architectures.

The results show that the MultiScale4-Topo model exhibits the strongest rollback
capability, stably reaching step 22. The MultiScale2-Topo model ranks second in roll-
back performance, performing better than Linear-NoTopo but below MultiScale4-Topo.
Linear-NoTopo is built on the TR architecture combined with the ChainLoop6 feature repre-
sentation. It can roll back to step 23. In comparison, the ChainLoop6 model alone can only
reach step 24, and the TR model alone is also limited to step 24. These results indicate that
integrating the TR model with the ChainLoop6 representation improves rollback capability.

Working together, these two components enable more accurate evaluation of earlier
game states and support deeper rollback during training.

Table 9. Training Iterations Required for Stepwise Rollback of the MCTS Starting Step in MultiScale-
Topo Model.

Step
32nd 31st 30th 29th 28th 27th 26th 25th 24th 23rd 22nd

Linear-NoTopo 10 20 30 44 54 81 97 107 129 stop stop
MultiScale2-Topo 10 20 30 41 51 61 74 106 116 stop stop
MultiScale4-Topo 11 21 31 41 51 62 73 95 121 139 stop

Model

The results in Table 10 indicate that performance improves as the convolutional scale
increases. Among the models, MultiScale4-Topo achieves a higher win rate and ELO rating
compared to MultiScale2-Topo and Linear-NoTopo. This demonstrates the effectiveness of
the multi-scale QKV convolution structure combined with the topological bias. However,
due to its larger number of parameters, MultiScale4-Topo trains more slowly; therefore, the
smaller MultiScale2-Topo is used in the ablation studies.

Table 10. Performance Evaluation of MultiScale4-Topo, MultiScale2-Topo, and Linear-NoTopo: ELO
Rating and Win Rate.

Model ELO Win Rate 95% Confidence Interval
MultiScale4-Topo 1618 71.67% 68.0-75.3%
MultiScale2-Topo 1562 63.33% 59.3-67.3%

Linear-NoTopo 1420 45% 40.8-49.2%

To investigate the decision-making logic of the model, we visualized the attention
maps of the Transformer model on representative Dots-and-Boxes game states, as shown in
Figure 10. In the first game state, the model distributes its attention across many candidate
edges. After two subsequent moves, one box has three edges occupied, and the model
focuses strongly on the remaining fourth edge, indicating that it can identify immediate
scoring opportunities.

In the next two states, the attention maps show that the model looks not only at edges
that can score right away but also at moves that temporarily give up a box to keep the
initiative. This suggests it plans ahead, weighing longer-term benefits beyond immediate
points. A detailed analysis is given in Appendix D.
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Figure 10. Attention Heatmap Visualization in Representative Game States. Red lines represent the
degree of attention for each edge.

5.4. Additional Evaluation Metrics and Analysis
5.4.1. Analysis of Different Loss Functions Curve

As shown in Figure 11, MCTS initially starts from move 32, near the endgame, where
policy learning is relatively straightforward. This results in low initial policy loss. As the
search starting point moves to earlier game stages, policy prediction becomes more difficult,
causing a slight increase in policy loss. Meanwhile, the value loss and initiative loss drop
noticeably, and the regularization loss stays roughly the same.

At the same time, the classification loss converges from 0.2 to near 0. The initial value
and scale of this loss are relatively small because the contribution of channel 1 is excluded
during computation, allowing the model to focus on classification errors in regions relevant
to decision-making. This design ensures rapid convergence while effectively reducing
interference from background noise.

Notably, loss functions reduce rapidly during the early stage since our training is from
the endgame, which is easy to learn.
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Figure 11. Training curves of different loss functions.

5.4.2. Comparison of Dotsformer and AlphaZero in Terms of NS / N9l and Step/ N;?etgl

For moves closer to the end of the game, the network can more clearly distinguish
winning from losing states, so the MCTS metrics Nyoet / Nyos' and Ngoit / Nl gradually
rise during training and reach the thresholds Tyoot and Tstep. For moves farther from the
end, distinguishing outcomes is more difficult. These metrics seldom reach the thresholds

even as training continues.
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Figure 12 shows that Dotsformer achieves higher NI / Nfot! and Niep / N;?etgl than
AlphaZero on the majority of steps, while requiring fewer iterations to reach comparable
performance. It also reaches the Tyoot and Tstep thresholds more easily, allowing more fre-
quent rollback. As iterations increase, Dotsformer continues to roll back, while AlphaZero

gradually fails to meet the rollback condition and stops.
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Figure 12. Dynamic Adjustment of Search Steps in Dotsformer and AlphaZero. This figure illustrates
the distributions of the ratios N7 / N!9' and N / N!9* for both the Dotsformer and AlphaZero

root 700 step step
models from step 22 to step 32. The box plots represent the median, upper, and lower quartiles, while

the overlaid scatter points demonstrate the raw sampling distribution.

This indicates that Dotsformer evaluates midgame positions more accurately, enabling
it to better discriminate strong moves and improve search efficiency. As a result, the model
guides the expansion of the search tree more effectively during the midgame, avoiding
unnecessary exploration.

5.5. Ablation Studies

Using the same rollback strategy as described earlier, Table 11 reports the number of
iterations required for each model to advance the MCTS starting step while maintaining
the target performance.

The baseline shows the weakest rollback ability. Starting from step 32, it could roll back
only to step 26 after 100 iterations and stopped thereafter. Models without specific compo-
nents show moderate performance: No-MS-Trans, No-ChainLoop6, and No-Auxiliary roll
back to steps 24, 23, and 23, respectively. The full model demonstrates the strongest rollback
capability, achieving the deepest rollback to step 21 among all models. It also requires
fewer iterations to reach each rollback step compared with the other models, indicating the
highest training efficiency and the strongest ability to optimize strategies.

https:/ /doi.org/10.3390/app16073395


https://doi.org/10.3390/app16073395

Appl. Sci. 2026, 16, 3395

20 of 30

Table 11. Training Iterations Required for Stepwise Rollback of the MCTS Starting Step in
Ablation Studies.

Ste

Model P
32nd 31st 30th 29th 28th 27th 26th 25th 24th 23rd 22nd 21st
Baseline 49 59 69 79 90 100 stop stop stop stop stop stop
No-MS-Trans 24 34 44 54 64 74 89 125 stop stop stop stop
No-ChainLoop6 14 25 35 45 55 87 98 117 141 stop stop stop
No-Auxiliary 10 20 30 40 50 68 80 104 114 stop stop stop
Full 10 20 30 40 50 60 70 85 109 126 152 stop

To evaluate the effectiveness of individual components, we conducted extensive
ablation studies. Each model played 1000 games against every other model, resulting in
a total of 10,000 matches. The ELO scores and the average win rates of all models are
reported in Table 12. The ELO score distributions are illustrated in Figure 13, while the
detailed pairwise win rate results are shown in Figure 14.
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Figure 13. Final ELO score evolution in Ablation Studies.

Table 12. Performance Evaluation of Ablation Studies: ELO Rating and Win Rate.

Model ELO Win Rate 95% Confidence Interval
Full 1659 72.85% [71.47%, 74.23%]
No-Auxiliary 1629 68.65% [67.21%, 70.09%]
No-MS-Trans 1477 47.17% [45.63%, 48.71%]
No-ChainLoop6 1416 36.05% [34.56%, 37.54%]
Baseline 1319 25.25% [23.90%, 26.60%]

The experimental results demonstrate that the Full model achieves the best overall
performance, with an ELO score of 1659 and an average win rate of 72.85%. In particu-
lar, its win rate against the baseline reaches 87.6%. After removing certain optimization
components, model performance declines to varying extents. Figure 14 presents a com-
parison of win rates for different models against the baseline. Specifically, the win rates
of No-ChainLoop6, No-MS-Trans, No-Auxiliary, and Full against the baseline are 60.4%,
69.5%, 81.5%, and 87.6%, respectively. It indicates that removing any single module leads
to a consistent degradation in performance, indicating that each component contributes
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positively to the overall model effectiveness. Among all variants, the Full model achieves
the highest win rate and demonstrates the best performance.
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Figure 14. Win Rate Comparison in Ablation Studies, where the dotted line represents the
50% win rate.

We conducted four independent runs, each with 10 repetitions, using the same random
seeds as in Table 4. According to Table 13, compared with the baseline, the Full architecture
introduces approximately 36% more parameters and computational cost. However, the
average inference latency increases from 1.73 ms to 3.97 ms. Notably, after removing
the ChainLoop6 module, the model’s FLOPs and latency remain nearly unchanged com-
pared with the Full model, indicating that this module did not introduce an additional
computational burden. This observation is consistent with the results reported in Table 4.

Table 13. Computational cost analysis of different model configurations.

Model FLOPs (G) Params (M) Latency (ms)

Full 0.235 1.94 3.97[0.34, 0.50]
No-Auxiliary 0.224 1.85 3.73[0.26, 0.39]
No-MS-Trans 0.183 1.52 2.03[0.09, 0.14]
No-ChainLoop6 0.235 1.94 3.98 [0.25, 0.52]
Baseline 0.172 1.42 1.73[0.14, 0.23]

To validate the stability of our model’s performance and reduce the influence of ran-
domness, we conducted independent evaluation experiments under four distinct random
seeds (42, 100, 200, and 300). Each setting included 1000 games between Dotsformer and Al-
phaZero. Figure 15 shows the relative ELO progression of Dotsformer against the baseline
over training iterations.
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Figure 15. Relative ELO progression of Dotsformer against AlphaZero across four random seeds.

In the early stage, the relative ELO temporarily decreases. This is because both models
are untrained at the beginning, making the game outcomes largely random. As training
proceeds, the relative ELO steadily increases. The curves from different random seeds
are closely aligned, indicating good training stability. To further validate the results, we
conducted a statistical significance test on the final relative ELO scores across the four seeds.
An independent t-test shows that Dotsformer achieves a statistical improvement over the
baseline (p < 0.001).

5.6. Discussion

ChainLoop and Ms-Trans are the core designs of our method. ChainLoop explicitly
encodes chain and loop structures, while Ms-Trans incorporates topological bias into the
attention mechanism. Together, they enhance the model’s ability to capture long-range
structural dependencies. Beyond these, we systematically integrate Transformer, auxiliary
tasks, self-play reinforcement learning, and MCTS into a unified training and evaluation
pipeline. This integration is co-designed for Dots and Boxes, allowing each module to work
in synergy for effective policy learning.

Our ablation experiments demonstrate that Dotsformer achieves its strongest per-
formance when all modules are included, confirming the positive contribution of each
component. Although No-MS-Trans exhibits slightly weaker rollback capability than No-
ChainLoop6, it nevertheless achieves a win rate of 60.9% in their head-to-head matches.
This suggests that rollback capability is related to overall win rate, but the relationship is
not strictly linear. While rollback capability alone does not determine the outcome of a
game, it remains a meaningful component of the model’s strategic performance.

Also, ChainLoop6 and Transformer complement each other. The ChainLoop encoding
introduces domain-specific structural priors by explicitly representing chains and loops in
the input. It better aligns with the attention mechanism by highlighting structurally im-
portant regions, which facilitates modeling long-range dependencies. However, attention
weights do not equate to causal explanations. The current analysis remains largely qualita-
tive and lacks quantitative evaluation metrics. Future work will explore more systematic
methods for interpretability analysis.

For the computational cost of the proposed architecture, the results from the No-MS-
Trans variant (with a latency of 2.03 ms) suggest that the additional overhead mainly comes
from the introduction of the Transformer component. This is attributed to the self-attention
mechanism, which incurs higher memory access costs, lower parallel efficiency, and more
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complex operator scheduling. Although integrating the Transformer increases the overall
latency of the proposed architecture, this trade-off is justified by the improvement in win
rate, indicating a favorable balance between computational efficiency and performance.

6. Conclusions

We address AlphaZero’s limitations in Dots-and-Boxes by proposing Dotsformer,
a hybrid architecture that merges Transformer and Residual blocks. The model detects
chain-loop structures, which are long-range patterns that serve as input to the Transformer.
We further introduce MS-Trans, a Transformer module that combines multi-scale QKV
convolution with topological bias. This addresses the limitation that residual CNNs pri-
marily capture local patterns. We introduce auxiliary training tasks to provide additional
supervisory signals.

Experimental results show that Dotsformer outperforms AlphaZero, with higher
rollback speed and depth, and a win rate of 87.6%. Ablation experiments further show that
removing any module leads to a lower win rate against the baseline compared with the
Full model.

In summary, we show the benefits of extracting chain-loop structures, which serve as
useful input for the Transformer. Experiments also confirm the effectiveness of combining
Transformers with residual CNNs. The proposed method can also be generalized to
other combinatorial games with discrete state spaces, turn-based interactions, and delayed
rewards. While Dotsformer improves performance, the method still has several limitations,
including the high computational cost of self-play training, its reliance on substantial
computing resources, and the need for further study on scalability to larger board sizes.
In future work, we plan to extend the model to other combinatorial games and explore
different reward design strategies. We hope that this study can provide theoretical insights
and design references for future research on board game artificial intelligence networks.
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Appendix A. Concepts and Definitions of the EdgeQuad Representations

For a Dots-and-Boxes board consisting of an N x N grid, the input is represented
as a tensor of shape (N, N, C), where N = 5. Each box has four edges corresponding
to four channels. The state of each edge is either 0 (unoccupied) or 1 (occupied). Across
all EdgeQuad configurations, the input is structured as a spatial tensor X € RN*NxC,
Every model defines the foundational state of the four edges of a given box—right (r),
up (u), left (1), and down (d)—where each edge state eqi-‘]- is binary: 0 for unoccupied and

1 for occupied.
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) (A1)
tij = Fﬂ(x,'j), F,:R* — RP.

From this shared grid foundation, we evaluate three EdgeQuad variations, which
differ in their channel depth (C) and contextual encoding:

EdgeQuad4: (C =4,a =23)

This model uses only the four fundamental edge channels. Each box is represented by
the binary states of its right, up, left, and down edges.

Xjj = (eqf-j, eqij, equ, eq%) € RC, eqi-‘]- {01}, ke{r, u, 1, d}. (A2)

EdgeQuad9: (C=9,a =4)

This variant appends five additional channels to the base four edges. The five channels
represent the number of occupied edges in the box, where the degree € [0, 5] indicates the
number of occupied edges. For a box with degree d, the value at channel 4 +4 +11is 1,
while the other four channels are 0.

Xij = (eqlfj, eql?}-, equ, eq?j, gij) € R, gij € {0, 1. (A3)

EdgeQuad44: (C =44,a =5)

For a Dots-and-Boxes board consisting of an N x N grid, each box has four edges,
each described by an 11-dimensional vector. A total of 44 channels represent the four edges
of a box, with the channel order determined by the encoding. Edge types are defined by
the edge state and the number of occupied edges in adjacent boxes. An outer layer of boxes
is added to describe the board boundary, with the boundary edges of the added boxes set
to 1.

*  Dimension 1: The edge state (0 for unoccupied, 1 for occupied).

*  Dimensions 2-6: The one-hot encoding of the number of occupied edges in the left or
up adjacent box.

¢  Dimensions 7-11: The one-hot encoding of the number of occupied edges in the right
or down adjacent box.

Xjj = (eq{/-, diLj, df»}, eq};-, dll-]j-, dﬁ-’, eqf]-, ey eq?j, ) € RS, d}]/. e {0, 1}5, vV e{L, R, U, D}. (A4)

The visual representations of EdgeQuad4, EdgeQuad9, and EdgeQuad44 are shown

in Figure A1.
o 2 2 r ! t "1 1
| ) |
e o T I3 | 2 2
! . I | I
6 Y S S S '

(a) Channel coding (b) 1-box (c) 3-box (d) 1-2 boxes (e) 2-3 boxes
EdgeQuad4 (0,1,0,0) (1,1,0,1) NA NA
EdgeQuad9 (0, 1,0,0,0,1,0,0,0) (1, 1,0,1,0,0,0, 1,0) NA NA
EdgeQuad44 NA NA 0,0,1,0,0,0, 0,0,1,0,0)  (1,0,0,1,0,0, 0,0,0,1,0)

Figure A1l. Schematic of EdgeQuad Feature Channels for Board State Encoding. (a) Encoding scheme;
(b) one occupied edge in a box; (c) similar to (b); (d) left box: one occupied edge, right box: two
occupied edges; (e) similar to (d). Colors are for differentiation only. “NA” indicates not applicable.

https:/ /doi.org/10.3390/app16073395


https://doi.org/10.3390/app16073395

Appl. Sci. 2026, 16, 3395

25 of 30

Appendix B. Details of Training
Appendix B.1. Neural Network Training Process

We generate game data through self-play. The Dotsformer network produces the
policy, value, initiative, and classification outputs at the same time. These outputs are
combined with MCTS for decision-making and policy improvement. The model is then
iteratively trained until it converges. Since the network produces four outputs, the predicted
policy distribution 7, the predicted value 9, the predicted initiative [, and the predicted
classification cl/\s, we use five loss functions for training. To balance contributions from old
and new data, an experience decay factor qecay is introduced, assigning lower weights to
earlier samples in time.

LSelf-Play =Lz +AyLy + /\regLreg + AILI + )‘clchlsr
1 B A
B Z wy - | = ) mp(a)log y(a) |,
= a=1

1 .
L, = B 2 wy - (8; —v;)°,

Lreg = Zueuuz, (A5
1 B
E Z . [ Oétb 1 — Itb) log (Itb)}’

b=1
1 B A -
Lgs = E Z [Z é(clsb,a, clsbﬂ)].

In this formula, B denotes the batch size and A represents the size of the action space.
The index b refers to a sample in the batch. 71,(a) denotes the target policy distribution
of the b-th sample, while 71, (a) denotes the predicted policy distribution. v, represents
the target state value and 9, denotes the predicted state value. u indexes all trainable
parameters of the model. p;, denotes the predicted probability that sample b belongs to
its ground-truth class t;, and &y, is the class-balancing coefficient used to alleviate class
imbalance. The term (1 — py,)? encourages the training process to focus more on hard
samples. /(-, -) denotes the weighted cross-entropy loss computed over valid actions only.
wy = ,Ydecaynum_iterfiter_num[b}‘ ( A6)
The sample weight w;, is computed according to Equation (A6). Here, num_iter
represents the current training iteration, and iter_num/[b] denotes the iteration at which the
sample was generated.

Table Al. Hyperparameter settings used during training.

Category Parameter Value Description
Nsim 800 Number of MCTS simulations per move
MCTS search T 04 Temperature parameter of the policy distribution
Cpuct 1.0 Exploration constant used in PUCT
P p
Step threshold at which incremental training
Tstart 32 begi
Rollback strategy e&mns .
Astep 1 Step interval for sample generation
Ajter 10 Iteration interval for sample generation
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Table Al. Cont.

Category Parameter Value Description

Nihresh 100 Threshold on node visit counts

Qthresh 0.8 Threshold on the average node value
Experience replay D 6 Minimum number of states stored in the replay

'min 5 x 10 buff
uffer

Gmin 5 Minimum number of games per iteration

Ydecay 0.9 An experience decay factor

Ir 1073 Initial learning rate
Optimizer A 10-° L2 regularization coefficient

Ldecay 80 Iteration threshold for halving the learning rate
Training Epochs 5 Number of training epochs per iteration

Batch size 1024 Training batch size

Ax 1.0 Weight of the policy loss

Ao V11 Weight of the value loss
Loss weights Areg 104 Weight of the regularization term

AL V11 Weight of the initiative loss

Adls 10.0 Weight of the classification loss

The weighting coefficients A, Ay, Areg, A1, and A5 correspond to the five loss terms,
respectively. Their values and other training parameters are listed in Appendix Table Al.

Appendix B.2. Experimental Environment

Our experiments were conducted on a workstation equipped with an AMD Ryzen 9
9900X (12-core, 24-thread) CPU, an NVIDIA GeForce RTX 4080 SUPER (16 GB GPU mem-
ory), and 64 GB system memory. The training process was carried out in a Windows 11
(Version 22H2) environment with CUDA acceleration enabled and coded in PyTorch (Ver-
sion 2.6.0, PyTorch Foundation, San Francisco, CA, USA) for model implementation and
optimization.

Appendix B.3. Dynamic Adjustment of Search Steps

To gradually increase the model’s decision depth during training, we adopt a dynamic
adjustment strategy for search steps, inspired by backward training. The baseline used later
in this work also follows an AlphaZero implementation trained with backward training.
This strategy monitors the accuracy of the model Q value predictions at the root node
and at selected search steps, and then adjusts the starting threshold of search steps during
self-play accordingly, as summarized in Table A2.

When the iteration gap satisfies t — tprey > At and the starting search step Sstart > 0,
the dynamic search step adjustment mechanism is activated. This mechanism decides
whether to enter a deeper search earlier by evaluating the accuracy of the Q value prediction.
Specifically, if the prediction accuracy at the root node NS/ N0ta! exceeds the threshold
Troot, and the prediction accuracy at the search step nodes N5/ N;?etgl exceeds the threshold
Tstep, the current model is considered to meet the requirements for further progression.
In this case, if Sgtart > AS, the starting step is reduced by AS, that is Sstart <— Sstart — AS,
and the process is recorded as meeting the Q constraint and moving one step forward.
Otherwise, the starting step remains unchanged.
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Table A2. Parameter definitions for adjusting the starting depth of search during the search process.

Symbol  Value Description

Counters and statistics

Nrtgéatl - Total number of Q value predictions at the root node

NS - Number of correct Q value predictions at the root node

Nstfggl - Total number of Q value predictions at search step nodes

Ngiep - Number of correct Q value predictions at search step nodes
Thresholds and hyperparameters

€root 0.7 Threshold for updating NS5 based on the root node Q value

Troot 0.7 Accuracy threshold at the root node required to allow rollback
Estep 0.7 Threshold for updating Nsct%g based on the search step node Q value
Tstep 0.7 Accuracy threshold at search step nodes required to allow rollback
Lstep 4 Length of the step interval used for selecting search step nodes
Sstart 32 Initial search step

AS 1 Adjustment step size

At 10 Minimum iteration interval

t - Current iteration index

tprev - The previous update of iteration

Appendix C. Win Rate Statistics Under Opening Randomization

To evaluate the stability of the model’s strategy in non-standard opening positions,
we designed a comparative experiment. We randomize the first 10, 15, or 20 opening
moves, and do not test beyond 20 moves because excessive randomness could push
the game toward a near-deterministic outcome, making it difficult to assess the model’s
actual capabilities.

Table A3. Comparison of win rates between Dotsformer and the baseline under different opening
randomization settings.

Random Opening Steps Guided Random (with Pruning) Pure Random (No Strategy)

10 Step 85.6% [83.4%, 87.8%] 81.7% [79.3%, 84.1%]
15 Step 87.6% [85.6%, 89.6%] 84.7% [82.5%, 86.9%]
20 Step 86.8% [84.7%, 88.9%] 81.4% [79.0%, 83.8%]

In the experiment, we set up two methods of opening generation: one introduced a
certain pruning strategy within the first 10, 15, and 20 moves, and the other used completely
random moves within the same move counts without any rules. For each setting, the model
played 1000 games against the baseline, and we recorded the win rates. The results are
summarized in Table A3 of the paper. The results show that the model achieves an average
win rate above 80% under all settings. This suggests that even under highly irregular
openings, the model remains robust and can rely on its mid- to late-game decision-making.
In addition, the pruning-based openings generally lead to higher win rates than fully
random ones, indicating that simple heuristics can help avoid unfavorable early positions.

Appendix D. Attention Map Analysis and Additional
Interpretability Results

To improve interpretability, we included visualizations of two representative attention
heads in Figure A2, where attention maps show clear alignment with chain and loop
structures. Since chain and loop structures are more prominent in the endgame, we select
two late-stage board states for illustration.

The first attention head focuses on a small number of key edges on the board.
These edges usually correspond to critical decision points in the current position. The
second attention head shows a more distributed pattern. It attends not only to nearby
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edges, but also to edges that are spatially distant yet structurally related. In particular, it
assigns relatively high weights to edges that belong to chains and loops. This behavior
suggests that the model is able to capture long-range structural dependencies.

I=

State s

Attention Head

zzzzzzzzzzzz
‘‘‘‘‘‘‘‘

aaaaaaaaaaaa

Low

Figure A2. Visualization of two representative attention heads in endgame states.

Appendix E. Search Algorithm

In board games, classical search algorithms such as MiniMax and its optimized variant,
alpha-beta pruning, are commonly used for move generation. MiniMax identifies the
optimal move by assuming that the player acts to maximize their advantage while the
opponent acts to minimize it, recursively evaluating all possible positions in the game
tree. However, the computational cost of MiniMax grows rapidly in complex games. The
exponential growth of the search space limits the effectiveness of standard minimax. Alpha-
Beta pruning addresses this by discarding irrelevant branches, which can improve the time
complexity to O(Vb4) under optimal ordering. This optimization is essential for deeper
searches, allowing for better decision-making within practical time limits. Still, when the
branching factor is high or the board states are complex, these methods face exponential
growth in computation and struggle to make efficient decisions within a limited time.

We employ MCTS to select the optimal action. By performing extensive simulations,
the algorithm evaluates potential outcomes through four main stages:

1.  Selection: Starting from the root, recursively select the child node with the highest
value according to the UCT formula until reaching a leaf node. The UCT formula is:

UCT = Q(s, a) + Cpuct X P(s, a) x m. (A7)

where, Q(s, a) is the average reward of node a, N(s, a) is the visit count of node g,
N(s, b) is the total visit count of the root node, and Cpuct is a constant that balances
exploration and exploitation.

2. Expansion: If the leaf node is not fully expanded, generate one or more child nodes to
explore new possible board states.

3.  Simulation: From the newly generated node, perform multiple random games until
the end of the game to sample potential outcomes of that position.
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4.  Backpropagation: Propagate the simulation results up the search path, updating the
visit counts N and cumulative rewards Q of all ancestor nodes.

By iterating this process, MCTS ultimately selects the root action with the highest visit
count as the optimal strategy.
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