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Abstract


In engineering flow systems such as hydraulic machinery and marine propulsion, interactions among cavitation bubbles can significantly influence collapse dynamics. This study investigates the collapse behavior of unequal-sized dual cavitation bubbles in a free field, focusing on jet formation modes, morphological evolution, and the characteristics of the Bjerknes force and Kelvin impulse. Particular emphasis is placed on the effect of the bubble radius ratio on the collapse dynamics. The results indicate that: (1) as the radius ratio decreases, the counter-directed jets formed during the collapse of dual cavitation bubbles gradually disappear; (2) with a decreasing radius ratio, the amplitude of the bubble wall velocity first decreases and then increases; and (3) both the Bjerknes force and the Kelvin impulse decrease as the radius ratio decreases.
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1. Introduction


Cavitation bubble generation and collapse are widely encountered in hydraulic machinery [1,2], marine propulsion [3], and ultrasonic cleaning [4]. The high-speed jets produced during the collapse stage are regarded as one of the primary causes of cavitation erosion, material damage, and noise generation [5]. In practical engineering flows, cavitation bubbles with various sizes often appear in the form of clusters. For polydisperse multi-bubble systems, the spatiotemporal distributions of jet direction, jet intensity, and impact loading become considerably more complex, and the associated dynamics exhibit distinct characteristics compared with single-bubble cases [6,7,8,9,10]. Therefore, systematically elucidating bubble-bubble interaction mechanisms is essential for deepening the understanding of complex cavitation phenomena and for providing a theoretical basis for engineering prediction and control.



During cavitation bubble collapse, high-speed liquid jets arise primarily from asymmetries in the surrounding flow environment. The classical work of Benjamin et al. [11] and Mitchell et al. [12] demonstrated that when a bubble collapses in the vicinity of a rigid boundary, geometric and pressure-field asymmetries induce liquid entrainment and lead to the development of a jet directed toward the boundary. Subsequently, various jetting behaviors have been observed under different physical configurations. For instance, Ma et al. [13] and Zhang et al. [14] investigated the flow velocity field associated with cavitation bubble collapse near complex convex boundaries. Li et al. [15] showed that bubbles collapsing beneath a free surface can generate jets oriented away from the interface, and that multiple jet-induced impact patterns may emerge during interactions with submerged particles. Han et al. [16] further demonstrated that, for bubbles collapsing near a water–oil interface, the initial jet is directed toward the water phase, while the ability of the jet to penetrate the interface is governed by the density contrast between the two fluids. From a theoretical standpoint, Blake et al. [17,18,19,20,21] established a Kelvin impulse framework grounded in potential-flow theory, revealing that the direction of bubble migration and jet formation is determined by the sign of the Kelvin impulse, whereas its magnitude governs collapse morphology and jet intensity. Building upon this framework, Supponen et al. [22,23] systematically investigated jet dynamics under various sources of asymmetry, including gravity, nearby boundaries, and external disturbances. By introducing an anisotropy parameter ζ to nondimensionalize the Kelvin impulse, they quantified the relationships among jet strength, penetration capability, and the degree of collapse asymmetry. Their results indicated that, for small ζ, the jet remains relatively weak and confined within the bubble, whereas increasing ζ leads to progressive jet intensification and eventual penetration through the bubble interface. In addition, numerical investigations have also contributed significantly to the understanding of cavitation bubble dynamics. For example, Lauer et al. [24] performed detailed numerical simulations to analyze bubble collapse and jet formation under complex flow conditions.



In an unbounded flow, the interaction between two bubbles introduces additional pressure and velocity fields, resulting in collapse behaviors that differ fundamentally from those of an isolated bubble and giving rise to more intricate collapse dynamics. Numerous studies have examined free-field dual-bubble collapse, including theoretical analyses of interacting bubbles by Fujikawa et al. [25] and Harkin et al. [26], as well as experimental and numerical investigations [27,28,29,30,31,32,33,34,35], demonstrating that the dynamics are jointly influenced by bubble spacing, size ratio, and phase difference. Quinto et al. [27] observed that two simultaneously generated, equal-sized columnar bubbles can undergo alternating repulsive and attractive migration within a single oscillation cycle, accompanied by an extended oscillation period. Based on variations in size ratio and phase difference, Chew et al. [28] and Fong et al. [29] summarized several characteristic jetting modes during collapse, including jetting toward, jetting away, coalescence, and the catapult effect. In particular, the catapult effect can draw the later-born bubble into the toroidal structure of the earlier bubble, leading to pronounced stretching and the formation of an extremely slender, high-speed jet. Under specific conditions, the jet velocity of the later-born bubble may exceed 180 m/s, indicating a strong jet enhancement effect [29]. On this basis, Liang et al. [30] further classified the catapult effect into failed catapult and piercing jet regimes, where the piercing jet is characterized by the generation of a thin jet inside the later-born bubble that perforates the bubble wall and propagates stably in water at velocities of approximately 79 m/s. Feng et al. [31] reported that dual bubbles are more likely to form jetting toward under small phase differences, whereas larger phase differences tend to induce jetting away. He et al. [32] identified two typical modes when bubbles interact at extremely small separation distances: (i) merging followed by splitting after collapse, and (ii) merging during growth, followed by an irregularly elongated shape without splitting. Han et al. [33] indicated that the splitting process is usually closely related to the formation of annular jets and annular high-pressure regions. Beyond jetting behaviors, dual-bubble collapse can also significantly alter shock-wave emission. Luo et al. [34] showed that, for cases with identical phase but different sizes, shock-wave emission is mainly dominated by the larger bubble and appears as a continuous wave train; whereas under different-phase generation conditions, the later-born bubble may emit multiple consecutive shock waves within a short time interval, and superposition effects can occur during outward propagation.



Although existing studies have explored free-field dual-bubble collapse dynamics from the perspectives of spacing and phase difference, systematic investigations on how size disparity affects collapse evolution characteristics and jetting modes for synchronously generated unequal-sized dual-bubble systems remain limited. Therefore, this study focuses on the collapse dynamics of synchronously generated unequal-sized dual cavitation bubbles in a free field. By introducing a dimensionless radius ratio, the effects of size disparity on collapse evolution characteristics and jetting modes are systematically investigated. Combined with experimental observations and theoretical analysis, the Bjerknes force and Kelvin impulse are employed to quantitatively characterize the jetting features of synchronously generated unequal-sized dual cavitation bubbles.




2. Theoretical Model


2.1. Boundary Treatment and Parameter Definitions


In this study, the liquid phase is modeled as an incompressible, inviscid ideal fluid. Initially, the liquid is quiescent and uniformly distributed throughout the domain. The schematic of the physical model and the corresponding boundary treatment is shown in Figure 1. Bubble 1 and Bubble 2 are generated simultaneously, and their maximum radii during the expansion stage are denoted as Rmax1 and Rmax2, respectively. The dimensionless distance between the centroids of the two bubbles is defined as L. To enforce the boundary conditions at the bubble surfaces, an image system is introduced within each bubble, consisting of corresponding image bubbles (represented by red dashed lines) and linear sources (represented by blue dashed lines) [36]. The spatial locations, strengths, and associated velocity potentials of the real bubbles, image bubbles, and linear sources in the dual-bubble configuration are determined following the formulation proposed by Feng et al. [31].



In the dual-bubble configuration, the additional acceleration potential experienced by each bubble arises from the combined contributions of boundary-induced effects and the oscillatory influence generated by the neighboring bubble. Accordingly, the additional acceleration potentials of Bubble 1 and Bubble 2 can be expressed as follows [31,37]:


   φ 1 ′  =  φ   LS 1    +  φ   IB 1    +  φ   B 2    = −     m   LS 1      4 π       ∫ 0   R 2 2  / L      d s     r −   0 ,   L − s          +     m   IB 1      4 π      1    r −  r   IB 1         −     m   B 2      4 π      1    r −  r  02         



(1)






   φ 2 ′  =  φ   LS 2    +  φ   IB 2    +  φ   B 1    = −     m   LS 2      4 π       ∫ 0   R 1 2  / L      d s     r −   0 ,   s          +     m   IB 2      4 π      1    r −  r   IB 2         −     m   B 1      4 π      1   r      



(2)







Here,    φ   LS 1    +  φ   IB 1      and    φ   LS 2    +  φ   IB 2      denote the velocity potentials induced by the boundary conditions of Bubble 1 and Bubble 2, respectively, whereas    φ   B 2      and    φ   B 1      represent the velocity potentials generated by the oscillations of Bubble 2 and Bubble 1, respectively [26]. The instantaneous radii of Bubble 1 and Bubble 2 are denoted by R1 and R2. The strengths of the point sources are defined as    m  B i   = 4 π  R i 2    R ˙  i     ,      i = 1 , 2    , where     R ˙  i    represents the time derivative of the bubble radius.




2.2. Derivation of the Bjerknes Force and Kelvin Impulse


To clarify the scope and advancement of the present model, the following aspects are highlighted.



The present modeling framework extends classical studies of interacting bubbles, such as that of Mitchell, which primarily focused on symmetric or equal-sized bubble configurations [12]. In contrast, the current model incorporates size disparity between bubbles and explicitly accounts for mutual interaction effects through the coupled potential field, enabling the analysis of asymmetric collapse dynamics.



Furthermore, the introduction of the Bjerknes force and Kelvin impulse provides a quantitative framework to characterize jet direction, bubble migration, and collapse asymmetry, which were not systematically addressed in earlier symmetric models.



Based on potential flow theory, the Bjerknes force acting on a bubble in a non-uniform flow field is determined by the spatial gradient of the externally induced velocity potential [37]. According to Lagally’s theorem, the Bjerknes forces acting on Bubble 1 and Bubble 2 can be expressed as:


   F 1  = − 4 π ρ  R 1 2    R ˙  1  ∇    φ   LS 1    +  φ   IB 1    +  φ   B 2        |  r = O     



(3)






   F 2  = − 4 π ρ  R 2 2    R ˙  2  ∇    φ   LS 2    +  φ   IB 2    +  φ   B 1        |  r =  r  02       



(4)







By integrating the Bjerknes force terms in Equations (3) and (4) over time, the Kelvin impulse expressions for Bubble 1 and Bubble 2 can be obtained as:


   I 1  = − 4 π ρ    ∫ 0 t    R 1 2    R ˙  1  ∇    φ   LS 1    +  φ   IB 1    +  φ   B 2        |  r = O       d t  



(5)






   I 2  = − 4 π ρ    ∫ 0 t    R 2 2    R ˙  2  ∇    φ   LS 2    +  φ   IB 2    +  φ   B 1        |  r =  r  02         d t  



(6)







Here, t denotes an arbitrary time within the first oscillation period of Bubble 1.



When the integration time interval covers the entire first oscillation period of Bubble 1, i.e., t = tc1, the global Kelvin impulse can be obtained as [37]:


    I ^  1  = − 4 π ρ    ∫ 0   t   c 1        R 1 2    R ˙  1     φ   LS 1    +  φ   IB 1    +  φ   B 2        |  r = O       d t  



(7)






    I ^  2  = − 4 π ρ    ∫   t 0     t   c 1        R 2 2    R ˙  2  ∇    φ   LS 2    +  φ   IB 2    +  φ   B 1        |  r =  r  02         d t  



(8)







In the subsequent analysis, the positive and negative signs of the Bjerknes force and the Kelvin impulse correspond to upward and downward directions, respectively.



To establish a closed Kelvin impulse model for the dual-bubble system, the radial motion equations of the two bubbles accounting for mutual interactions are introduced as [38]:


      1 −      R ˙  1   c      R 1    R ¨  1  +     3 2     1 −      R ˙  1    3 c        R ˙  1 2       =   1 +      R ˙  1   c         p   ext 1    −  p 0   ρ   +     R 1    ρ c       d    p   ext 1    −  p 0      d t    −   1 L     d  d t       R 2 2    R ˙  2       



(9)






      1 −      R ˙  2   c      R 2    R ¨  2  +     3 2     1 −      R ˙  2    3 c        R ˙  2 2       =   1 +      R ˙  2   c         p   ext 2    −  p 0   ρ   +     R 2    ρ c       d    p   ext 2    −  p 0      d t    −   1 L     d  d t       R 1 2    R ˙  1       



(10)







The external pressure terms acting on Bubble 1 and Bubble 2 are given by:


   p   ext 1    =    p 0  +    2 σ    R  01                R  01      R 1         3 κ   −    2 σ    R 1     −    4 μ    R 1       R ˙  1   



(11)






   p   ext 2    =    p 0  +    2 σ    R  02                R  02      R 2         3 κ   −    2 σ    R 2     −    4 μ    R 2       R ˙  2   



(12)







Here, R01 and R02 are the initial radii of Bubble 1 and Bubble 2, respectively. c = 1478.2 m/s is the speed of sound in the liquid. ρ = 1000 kg/m3 is the liquid density. p0 = 101,325 Pa is the ambient static pressure. σ = 0.0725 N/m is the surface tension coefficient. μ = 0.001 Pa·s is the dynamic viscosity of the liquid. κ = 1.4 is the polytropic exponent.



The present formulation is related to classical models for interacting bubbles, such as that proposed by Harkin, which are typically developed under incompressible potential-flow assumptions [26]. In the current study, while the boundary treatment is based on an incompressible potential-flow framework, compressibility effects are incorporated into the radial dynamics through the Rayleigh-Plesset-type equations. This approach enables a more accurate description of bubble oscillation and collapse behavior. The validity of the present formulation is supported by the comparison between theoretical predictions and experimental measurements, as shown in Figure 2, where good agreement is observed.





3. High-Speed Imaging Experimental System for Dual Cavitation Bubbles


To examine the evolution process and jetting behavior of cavitation bubbles during dual-bubble interactions, a laser-induced cavitation bubble experimental platform incorporating high-speed imaging techniques was constructed, as illustrated in Figure 3. The experimental setup utilizes two mutually independent Nd:YAG lasers. By means of beam expansion and focusing optical assemblies, the laser beams are individually focused into a water tank, enabling the generation of cavitation bubbles with different maximum radii. To ensure stable and uniform imaging conditions throughout the bubble evolution process, an infrared continuous light source combined with ground glass is employed to provide homogeneous background illumination. A high-speed camera is used to capture the complete growth, collapse, and interaction processes of the cavitation bubbles in a continuous manner. An optical bandpass filter is installed in front of the camera lens to suppress scattered laser radiation and protect the camera sensor. A digital delay generator is applied to realize the simultaneous generation of the dual cavitation bubbles, as well as the precise synchronization between laser triggering and high-speed image acquisition. The high-speed images obtained from the experiments are subsequently utilized for quantitative analysis of bubble radius evolution, centroid displacement, jet direction, and other relevant dynamic characteristics.



The specifications and key parameters of the principal components constituting the experimental system are summarized in Table 1.



To facilitate the subsequent comparative analysis and discussion of the experimental results, several key dimensionless parameters are introduced to characterize the dual-bubble interaction process. The dimensionless radii of Bubble 1 and Bubble 2 are defined as    R 1 *  =    R 1   /   R  max 1       and    R 2 *  =    R 2   /   R  max 1      . The dimensionless centroid distance between the two bubbles is defined as    L *  =  L /   R  max 1      . The dimensionless radius ratio of the dual bubbles is defined as   γ =    R  max 2    /   R  max 1      . Based on the Rayleigh collapse time scale, the dimensionless time is defined as    t *  =  t /      0.915  R  max 1   ρ  /  Δ p        , where the characteristic pressure difference ∆p is used to represent the driving strength of bubble oscillation.




4. Typical Collapse Dynamics of Dual Cavitation Bubbles


Mitchell demonstrated that symmetric interactions of equal-sized bubbles can induce wall-like flow asymmetry, leading to jet formation toward the interaction region [12]. Numerical simulations by Lauer et al. further showed that the bubble collapse under asymmetric flow conditions can lead to significant variations in jet formation and collapse morphology [24]. In contrast, Figure 4, Figure 5 and Figure 6 present high-speed imaging sequences of the synchronous collapse of unequal-sized dual cavitation bubbles at different radius ratios (γ = 0.94, 0.76 and 0.66), showing that the collapse dynamics deviate significantly from this symmetric behavior. With decreasing γ, the asymmetry of the bubble evolution and the jet characteristics change significantly.



For γ = 0.94 (Figure 4), the two bubbles exhibit relatively symmetric collapse behavior. During the mid-collapse stage, the retraction of the upper wall of Bubble 1 and the lower wall of Bubble 2 proceeds at a relatively low rate, leading to an axially elongated bubble morphology (Figure 4(2)). As the collapse approaches its final stage, the lower wall of Bubble 1 and the upper wall of Bubble 2 accelerate inward, forming pronounced concave structures (Figure 4(3),(4)). Near the collapse-rebound transition, oppositely directed high-speed liquid jets are generated by the dual bubbles (Figure 4(5)). Subsequently, the resulting bubble clouds migrate toward each other and ultimately collide (Figure 4(6)).



For γ = 0.76 (Figure 5), the collapse asymmetry becomes more evident. Bubble 2 undergoes earlier downward concave deformation and produces a high-speed jet at an earlier stage. Bubble 1 subsequently forms an upward-directed jet. Unlike the γ = 0.94 case, no collision between the two bubble clouds is observed.



For γ = 0.66 (Figure 6), the asymmetry is further enhanced. Bubble 1 does not develop a distinct upward jet. Instead, the main cavity breaks up during the late-collapse stage and splits into two separated bubble clouds. This behavior cannot be fully captured by classical theoretical models of interacting bubbles, such as that of Fujikawa, which are primarily based on potential-flow formulations and can reasonably predict the overall collapse dynamics of interacting bubbles [25]. However, such models have limitations in describing the highly nonlinear rebound process and the associated breakup of bubble clouds under strong asymmetry conditions.



Figure 7 displays the flow velocity distributions around dual cavitation bubbles at different γ values at    t *    = 0.80. The velocity fields are calculated using the theoretical model implemented in MATLAB 2022. As shown in Figure 7a, the surrounding velocity field exhibits a pronounced vertical asymmetry. For Bubble 1, the flow velocity in the vicinity of the lower bubble wall is markedly higher than that near the upper wall, indicating a stronger inward collapse on the lower side. This asymmetry is mainly caused by the interaction between the two bubbles, which modifies the local pressure gradient in the inter-bubble region [32]. By contrast, for Bubble 2, the velocity magnitude near the lower wall is smaller than that near the upper wall, with a substantial velocity difference developing between the two sides. Additionally, a distinct low-velocity region forms in the gap between the two bubbles due to the mutual interference of the induced velocity fields. As shown in Figure 7b, owing to the smaller size of Bubble 2, its collapse occurs relatively earlier, and at    t *    = 0.80 it is already close to the late collapse stage. The local fluid velocity near the bubble wall is relatively high, reaching approximately 23 m/s. As shown in Figure 7c, Bubble 2 has already entered the rebound stage at    t *    = 0.80 due to its smaller size, which leads to the disappearance of the low-velocity region between the two bubbles.




5. Morphological Evolution Characteristics of Dual Cavitation Bubbles


Figure 8 illustrates the temporal evolution of the bubble roundness (C) of dual cavitation bubbles under different γ. C is used to quantify the deviation of the bubble shape from a circular profile and is defined as   C =   4 π A  /   P 2      [39], where A is the bubble area and P is the perimeter of the bubble contour. The bubble contours were extracted from the high-speed images using ImageJ 1.53, and the corresponding roundness values were calculated from the detected bubble boundaries. The uncertainty of the extracted boundary is approximately ±1 pixel, corresponding to an estimated roundness error of about ±0.005. In Figure 8a, C of Bubble 1 remains nearly constant during the growth stage and then decreases rapidly in the middle-to-late collapse stages. As γ decreases, the decline in C becomes more pronounced. Figure 8b shows that C of Bubble 2 decreases rapidly during both the growth stage and the middle-to-late collapse stages, with the reduction becoming more significant as γ decreases. This indicates that Bubble 2 enters the collapse stage earlier, and the induced interaction accelerates the onset of asymmetric collapse of Bubble 1.



Figure 9 shows the angular distribution of the bubble wall velocity (V) of Bubble 1 for different γ at L* = 2.96. The velocity distributions are calculated using the theoretical model implemented in MATLAB 2022. The results indicate that, for all values of γ, V exhibits a pronounced non-uniform angular distribution. Specifically, within the angular range close to the line connecting the two bubble centroids (0°–45° and 315°–360°), the velocity is relatively low, whereas a nearly uniform high-velocity region is formed in the angular range away from this direction (45°–315°). As γ decreases, the maximum value of V first decreases and then increases, while the overall shape of the velocity-angle curves remains nearly unchanged. This behavior indicates that the interaction between the two bubbles mainly modifies the magnitude of the collapse velocity but does not significantly alter the angular distribution pattern of the velocity field.



Figure 10 shows the evolution of the centroid displacement (S) of unequal-sized dual cavitation bubbles as a function of    t *   . The centroid positions were extracted from high-speed images using ImageJ 1.53, and the displacement was calculated based on the tracked bubble centroids. The uncertainty in determining the centroid position is approximately ±1 pixel, corresponding to a displacement error of about ±0.036 mm. During the growth stage, the two bubbles move away from each other, indicating a repulsive interaction between them. In this stage, S decreases with decreasing γ, exhibiting a non-monotonic variation with    t *   . During the collapse stage, the dual bubbles attract each other, and S decreases with decreasing γ, showing an approximately proportional relationship with    t *   .



Figure 11 compares the experimental total centroid displacement (ΔS) and the theoretical Kelvin impulse intensity (I) of dual cavitation bubbles as functions of γ. Here, ΔS is defined as the difference between the vertical coordinate of the bubble centroid at the final frame of collapse and that at the instant of maximum bubble radius. The experimental centroid positions were extracted from high-speed images using the same procedure as in Figure 8, with a measurement uncertainty of approximately ±1 pixel (≈ ±0.036 mm). The centroid displacement of the two bubbles increases in magnitude with increasing γ, indicating that the migration of the bubbles becomes progressively stronger as γ. increases. The theoretical Kelvin impulse intensity exhibits a consistent variation trend with the experimental results, suggesting that the Kelvin impulse provides a physical explanation for the experimentally observed centroid migration.




6. Analysis of the Bjerknes Force and Kelvin Impulse


In this section, the Bjerknes force and Kelvin impulse of dual cavitation bubbles are analyzed. The results shown in Figure 11, Figure 12, Figure 13 and Figure 14 are calculated using the theoretical model implemented in MATLAB 2022.



Figure 12 compares the Bjerknes force (F) for dual cavitation bubbles with different radius ratios γ as    t *    varies. As γ decreases, the growth–collapse cycle shortens, and the peak magnitudes of F in both stages progressively decline. In addition, the force peaks associated with the collapse stage are consistently lower than those during the growth stage, and this disparity becomes more pronounced with decreasing γ. This trend is mainly attributed to the weakened pressure coupling between the two bubbles as γ decreases due to the earlier collapse of the smaller bubble.



Figure 13 also illustrates the evolution of the Bjerknes force (F) and its individual components with respect to    t *    for different γ. The force components induced by boundary effects of the bubbles are denoted as F1-LS1+IB1 and F2-LS2+IB2, while the components induced by bubble oscillation effects are represented by F1-B2 and F2-B1. Taking Bubble 1 as an example, as    t *    increases, the force F1 in subfigures (a–c) exhibits a trend of first increasing and then decreasing, followed by a second increase and decrease, resulting in an overall “M-shaped” temporal evolution. Throughout the entire process, the force component induced by bubble oscillation remains dominant, whereas the component induced by boundary effects remains comparatively weak. This indicates that the Bjerknes force is mainly governed by the pressure interaction generated by bubble oscillations rather than by boundary-induced contributions.



Figure 14 shows the variation in the Kelvin impulse (I) of dual cavitation bubbles with the dimensionless time    t *    for different radius ratios γ, where the sign of I indicates the direction. As shown in the figure, I is proportional to γ, and the growth rate of I during both the growth stage and the late collapse stage increases with increasing γ. For γ = 0.90, I exhibits a trend of initially increasing with    t *   , followed by a quasi-steady stage, and then increasing again. For γ = 0.80 and 0.70, I decreases with increasing    t *    during the middle stage of growth and collapse, and then increases rapidly in the terminal collapse stage. This behavior indicates that the Kelvin impulse is strongly influenced by the asymmetric pressure distribution generated during bubble interaction, and the effect becomes weaker as the radius ratio decreases.



Figure 15 further presents the evolution of the Kelvin impulse (I) and its individual components as functions of    t *   . Subfigures (a–c) correspond to different values of γ, with    L *    fixed at 1.99. The impulse components induced by the boundary effects of Bubble 1 (Bubble 2) are denoted as ILS1+IB1 (ILS2+IB2), while those induced by the oscillation effects of Bubble 2 (Bubble 1) are denoted as IB2 (IB1). As shown in the figure, ILS1+IB1 and ILS2+IB2 remain negligible, whereas IB2 and IB1 are significantly larger. Therefore, the Kelvin impulse induced by bubble oscillation effects consistently dominates the overall impulse.




7. Conclusions


Previous studies on interacting cavitation bubbles have primarily focused on symmetric configurations, such as those reported by Mitchell [12], or have relied on theoretical models capable of describing the overall collapse process, such as those developed by Fujikawa [25] and Harkin [26]. However, these approaches are limited in capturing asymmetric collapse behavior, particularly the variations in jet direction and bubble-cloud breakup under strong size disparity. In this study, a combined theoretical–experimental framework was developed to investigate the synchronous collapse of unequal-sized dual cavitation bubbles. By incorporating size disparity and mutual interaction effects, the model enables a detailed analysis of asymmetric bubble evolution. In addition, compressibility effects were introduced into the Rayleigh–Plesset-type equations to improve prediction accuracy, and the model was validated against experimental observations.



Compared with existing studies, the present results extend symmetric interaction models to asymmetric conditions and reveal significant deviations in collapse morphology and jet behavior as the radius ratio decreases. The main conclusions are summarized as follows:




	(1)

	
The jetting behavior of dual cavitation bubbles exhibits a clear transition with increasing radius ratio. As the radius ratio increases, the jet direction of Bubble 1 gradually shifts from being oriented toward Bubble 2 to a non-jetting state.




	(2)

	
The radius ratio has a pronounced influence on the collapse-stage morphological evolution of the dual bubbles. With decreasing radius ratio, the centroid displacement decreases, while the bubble-wall velocity amplitude shows a non-monotonic trend, decreasing initially and then increasing.




	(3)

	
The contributions of the Bjerknes force and Kelvin impulse associated with bubble oscillations consistently dominate the overall dynamics. As the radius ratio decreases, both the Bjerknes force and the Kelvin impulse exhibit a gradual reduction.
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Figure 1. Schematic illustration of the physical model and boundary treatment adopted for the dual-bubble system. The dashed black line indicates the center-to-center distance L between the two bubble centroids. 
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Figure 2. Temporal evolution of the radii of Bubble 1 and Bubble 2 (γ = 0.94, L* = 2.96). 
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Figure 3. Schematic illustration of the laser-induced dual cavitation bubble experimental setup integrated with high-speed imaging. 
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Figure 4. High-speed imaging sequence of synchronous collapse of unequal-sized dual cavitation bubbles (γ = 0.94, L* = 2.96). 
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Figure 5. High-speed imaging sequence of synchronous collapse of unequal-sized dual cavitation bubbles (γ = 0.76, L* = 2.96). 
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Figure 6. High-speed imaging sequence of synchronous collapse of unequal-sized dual cavitation bubbles (γ = 0.66, L* = 2.96). 
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Figure 7. Flow velocity distributions of synchronous unequal-sized dual cavitation bubbles (   t *    = 0.80, L* = 2.96). 
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Figure 8. Evolution of the bubble roundness (C) of dual cavitation bubbles as a function of the dimensionless time (   t *    = 0.80, L* = 2.96): (a) Bubble 1; (b) Bubble 2. 
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Figure 9. Variation of the bubble 1 wall velocity (V) with the angular position (θ) (   t *    = 0.80, L* = 2.96). 
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Figure 10. Evolution of the centroid displacement (S) of dual cavitation bubbles as a function of the dimensionless time (   t *   ) (L* = 2.96): (a) Bubble 1; (b) Bubble 2. 
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Figure 11. Comparison between the experimental total centroid displacement (ΔS) and the theoretical Kelvin impulse intensity (I) of dual cavitation bubbles as functions of the radius ratio γ (t* = 0.80, L* = 2.96). 
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Figure 12. Comparison of the Bjerknes force (F) as a function of the dimensionless time (   t *   ) for different radius ratios (γ) (L* = 1.99). 
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Figure 13. Evolution of the Bjerknes force (F) and its components as a function of the dimensionless time (   t *   ) for different radius ratios (γ) (L* =1.99): (a) γ = 0.94; (b) γ = 0.76; (c) γ = 0.66. 






Figure 13. Evolution of the Bjerknes force (F) and its components as a function of the dimensionless time (   t *   ) for different radius ratios (γ) (L* =1.99): (a) γ = 0.94; (b) γ = 0.76; (c) γ = 0.66.
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Figure 14. Variation in the Kelvin impulse (I) of dual cavitation bubbles with the dimensionless time (   t *   ) for different values of γ (L* = 1.99). 
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Figure 15. Evolution of the Kelvin impulse (I) and its components with the dimensionless time (   t *   ) for different values of γ (L* = 1.99): (a) γ = 0.94; (b) γ = 0.76; (c) γ = 0.66. 
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Table 1. Main components and key parameters of the high-speed imaging system.
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	Experimental Equipment
	Model and Manufacturer
	Key Parameters





	High-speed camera
	iXCameras i-SPEED 510, Beijing Juncheng Technology Co., Ltd., Beijing, China
	Frame rate: 100,000 fps



	Nd:YAG Laser
	Penny-100A-SC, Anshan ZY Laser Technology Co., Ltd., Anshan, China
	Laser energy: 0–50 mJ

Laser wavelength: 532 nm



	Delay generator
	Stanford Research DG535, Xi’an Antai Test Technology Co., Ltd., Xi’an, China
	Resolution: 5 ps



	Beam expander
	Daheng Optics GCO-2503, Daheng New Epoch Technology Co., Ltd., Beijing, China
	Expansion ratio: 5–10×



	Focusing lens
	Daheng Optics GCO-150112, Daheng New Epoch Technology Co., Ltd., Beijing, China
	Focal length: 50 mm



	Light source
	Shanghai Jinqiao Jingyi High-Tech Co., Ltd., Shanghai, China
	Maximum power: 100 W

Wavelength: 850 nm



	Optical bandpass filter
	BP850±30nm, AZURE Photonics Co., Ltd., Fujian, China
	Center wavelength: 850 ± 30 nm
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