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Abstract

To minimize the construction cost of track beam and enhance the dynamic performance of
the magnetic suspension system, a simplified coupled vibration model of the electromagnet-
track beam-vehicle body was established. Initially, by defining a Lyapunov function to
represent the quadratic performance index of the maglev system under parameter per-
turbation, the controller design problem for the closed-loop system was transformed
into an existence problem of linear matrix inequality (LMI) solutions. Consequently, a
state-feedback cost-preserving robust controller for a flexible track beam was designed.
Subsequently, the impact of the suspension controller on the dynamic characteristics of
the flexible track beam, both with and without considering parameter perturbation, was
compared and analyzed. Furthermore, the robustness, high-frequency suppression, and
low-frequency following characteristics of the LMI-based controller were evaluated. Fi-
nally, the influence of two distinct state feedback controllers on the dynamic characteristics
of the flexible track beam across different frequency bands was analyzed. Correlation
analysis revealed that accounting for parameter perturbation can improve the suspension
and dynamic characteristics of the suspension controller. When the system experiences
parameter perturbation, the LMI-based suspension controller can achieve stable suspen-
sion on the flexible track beam while demonstrating strong robustness, high-frequency
suppression, and low-frequency following capabilities. On the flexible beam, controllers
with different state feedback exhibit varying dynamic characteristics in different vibration
frequency segments of the track beam. Specifically, reducing the feedback state variables in
the low-frequency band and increasing them in the high-frequency band can appropriately
improve the system’s dynamic characteristics.

Keywords: magnetic suspension system; coupling vibration; flexible track beam; parameter
perturbation; state-feedback cost-preserving robust controller
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1. Introduction

The maglev train, characterized by high speed, low noise, and energy efficiency, has
emerged as a pivotal mode of modern transit [1-6]. While commercial operations using
Electromagnetic Suspension (EMS) technology have expanded globally—including lines in
South Korea and various Chinese cities—the inherent instability of EMS systems remains
a critical challenge. EMS relies on active control to maintain a narrow suspension gap
(typically 8-10 mm) against the nonlinear inverse relationship between electromagnetic
force and gap distance. This complex interaction creates a multidisciplinary, coupled
system comprising the vehicle, suspension control, and elastic track beam. Consequently,
coupling vibrations between the vehicle and the track are frequently observed, posing
significant risks to operational safety and system stability [2,7].

Extensive research has been devoted to understanding and mitigating these coupling
vibrations, primarily falling into three categories: dynamic system modeling, suspension
frame optimization, and controller design.

Regarding dynamic characteristics and modeling, scholars have established that the
flexibility of the track beam significantly influences system stability. Early studies utilized
Bernoulli-Euler beam models to analyze vehicle-track interactions at varying speeds and
explore the dynamic characteristics of the maglev vehicle-track beam coupling system [8,9].
Subsequent research incorporated flexible support structures and three-dimensional cou-
pling models, confirming that track irregularities and structural flexibility are primary
excitations for self-excited vibrations [10-13]. Crucially, Li et al. identified the suspension
control system itself as the primary energy source for these self-excited vibrations, while
others analyzed stability boundaries using Hopf bifurcation theory [14-22]. Although these
studies provide a comprehensive theoretical foundation for understanding vibration mech-
anisms, they largely focus on describing the phenomenon rather than offering cost-effective
mitigation strategies for engineering applications.

To address vibration issues, some researchers have proposed optimizing the mechani-
cal running mechanism. Innovations such as new suspension frames and mid-mounted
single-suspension designs with air springs have demonstrated improved ride comfort and
dynamic performance in simulations and experiments [23,24]. However, while effective,
modifying the mechanical structure often entails significant redesign costs and may not be
feasible for existing infrastructure.

Consequently, the majority of recent efforts have focused on suspension controller de-
sign to suppress vibrations without altering hardware. Approaches include optimizing PID
parameters, introducing virtual tuned mass dampers (VIMD), and employing advanced
strategies like adaptive sliding mode control and neural network-based algorithms [25-32].
These methods have successfully enhanced disturbance rejection and stability under ideal
conditions. In practice, however, maglev systems face inevitable parameter perturbations
due to environmental changes, component aging, magnetic saturation, and varying passen-
ger loads. While some studies have attempted to address robustness using Linear Quadratic
(LQ) optimal control or variable boundary layer sliding mode control [33-35], these meth-
ods often fail due to insufficient adaptability to complex nonlinearities. Furthermore, deep
learning and neural network approaches, while promising, often require extensive training
data and lack the interpretability required for safety-critical certification [36,37]. Although
the above-mentioned literature has achieved satisfactory control results, there is a lack
of research quantifying how advanced state-feedback strategies can allow for the use of
lower-stiffness flexible track beams while suppressing coupling vibrations. Furthermore,
the optimal selection of state feedback variables based on specific vibration frequency
ranges remains unexplored.
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A fundamental economic constraint further complicates this issue. Current engineer-
ing practices often mitigate coupling vibrations by increasing the mass and stiffness of the
track beam. However, track beam construction accounts for a substantial proportion of
total maglev line costs [38]. Therefore, relying on heavier infrastructure to ensure stability
is economically inefficient. There is an urgent need for control strategies that can guarantee
stable levitation on lighter, more flexible track beams, even in the presence of significant
parameter perturbations.

While recent work has begun to incorporate track vibration states into feedback
loops [39-42], a significant gap remains: existing multi-state feedback controllers generally
assume precise system models and fail to simultaneously address the dual challenges of
track flexibility and parametric uncertainty. Specifically, prior designs do not adequately
account for how parameter perturbations degrade the stability margins of controllers
tuned for flexible beams, leading to potential resonance or instability when real-world
deviations occur.

To bridge this gap, this paper proposes a robust suspension control strategy based on
Linear Matrix Inequality (LMI) formulation. Unlike conventional methods that prioritize
nominal performance, our approach explicitly integrates parameter perturbation bounds
directly into the controller synthesis phase while simultaneously accounting for the flexible
vibration states of both the track beam, the electromagnet and the vehicle body. By defining
a Lyapunov function to represent the system’s quadratic performance index, we transform
the robust controller design problem into a convex optimization problem solvable via LMI
techniques. This method offers two distinct advantages:

1.  Guaranteed Robustness: It mathematically ensures closed-loop stability and perfor-
mance constraints even when system parameters deviate from their nominal values.

2. Flexibility Compatibility: It enables the active suppression of coupling vibra-
tions on lightweight, flexible track beams, thereby reducing the reliance on costly,
heavy infrastructure.

This study demonstrates that the proposed LMI-based controller not only maintains
stable suspension under parameter perturbations but also optimizes the energy flow be-
tween the vehicle and the flexible track, offering a viable pathway to reduce maglev system
construction costs without compromising safety or ride comfort.

The structure of this paper is as follows:

e  Step 1 formulates the dynamic model and derives the state-space equations for the
maglev system.

e  Step 2 details the design methodology for the proposed robust controller, specifically
addressing parametric perturbations through Linear Matrix Inequality (LMI) techniques.

e  Step 3 defines two distinct control strategies for comparative analysis, building upon
the framework in [42]:

- Controller 1: A conventional state feedback controller that actively regulates only
the suspension electromagnet.

- Controller 2: An advanced multi-variable state feedback controller that simulta-
neously manages the vibration states of the electromagnet, the elastic track beam,
and the car body.

e  Step 4 evaluates the impact of these controllers on system stability. By analyzing the
maximum eigenvalues of the closed-loop system under varying track beam stiffness,
we compare the stability margins of Controller 1 and Controller 2. Furthermore,
using the elastic track beam as a case study, this section assesses the performance
of Controller 2 under both nominal conditions and in the presence of parametric
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perturbations, with a specific focus on the energy work done by the suspension system
on the track.

e Step 5 provides a comprehensive robustness analysis of the LMI-based controller,
verifying its ability to maintain stable levitation despite significant system parame-
ter variations.

e  Step 6 presents a theoretical analysis of energy flow characteristics across the different
state feedback methods applied to the flexible beam, linking control strategies to
dynamic performance.

e  Step 7 summarizes the key findings and concludes the study:.

e  Step 8 summary of research shortcomings and outlook.

2. Vertical Coupled Vibration Model
2.1. Equivalent Model of Coupling Vibration Vehicle-Guideway

By employing the decoupling method, the maglev system can be simplified into a
single magnet control problem. Ensuring the stability of an individual magnet is crucial for
maintaining the stable operation of the maglev train. Consequently, a coupled vibration
model of the single magnetic-elastic track beam-car body is developed (as illustrated in
Figure 1).

ns
k, %} C2 —¢x3
A s A —¢

X=X X2
Y

k1/2§+ 2 + §j§q

-~ —

Figure 1. Maglev vehicle vehicle-guideway model.

In this model, m; denotes the equivalent mass of the track beam, while my and mj3
represent the masses of the suspension electromagnet and the body, respectively. k; and ¢;
signify the equivalent stiffness and damping coefficient of the support beam, respectively.
ky and ¢, correspond to the stiffness and damping coefficient of the secondary suspension
system. x1, xp, and x3 indicate the displacements of the support beam, the electromagnet,
and the vehicle body relative to their nominal positions, respectively.

When the suspension electromagnet is energized, the instantaneous suspending force
F;; generated by the electromagnet can be derived using Maxwell’s Equations:

Fy = BﬂAm 1
H

The electromagnetic strength B, is defined as follows:
ni
B,, = X )

2c
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By substituting Equation (2) into Equation (1), the electromagnetic force Equation for
a suspended electromagnet can be expressed as follows:

2
Fu(ic) = ””fm( ) ©)

c

The magnetic flux linkage ¢ of the electromagnet coil can be derived from magnetic
circuit analysis:
HAun?
= = — 4
g =np=Er @

The inductance L of the electromagnet is therefore a function of the air gap c:

Apn?
L(C):%:Vzng

)

The voltage Um across the coil terminals is given by Faraday’s law and Kirchhoff’s
voltage law:

d d )
Uy = iR+ d—lf iR+ — T [L(c)i] (6)

Expanding the derivative using the chain rule, and noting that L is a function of ¢
which varies with time:

di .dLdc
U, = iR+ dtL( )+ ?E
Since ’éﬁ = ”g";”z = L ), it can be obtained as follows:
C

di ( ) dc
= iR+ —-L(c) —i—2 = 7
Un = iR+ 7 L(c) —i=—— )
The Taylor expansion of Equation (7) is performed at the rated operating point

(iOICO/uO):

Leti=1ip+ Ai,c=cg + Ac, Uy, = Uy + AU. At the equilibrium point, Z; =0and dc =0,

so Uy = igR. Expanding each term:
iR ~ igR + RAi, L(c) ~ L(c) + % Ac = Lo — Ac where Ly = “‘3? . Therefore,

L(c) % ~ Ly d(‘ﬁi) , neglecting the second- order term —EAC (dAtl) For the last term, —Mzzi,
the coefficient at the operating point is — %—810. Keeping the first-order term gives — % %.
Substituting and subtracting the steady-state equation Uy = ipR:
. : iy .
AU = AiR + LoAi — LOC—OAC (8)
0
To simplify the control equations, we define force sensitivity parameters Ps; and P;
based on Equation (3):
. . p. — 9Fu _ Am 210 __ un Am
Current Stiffness: P; = 5} 0 A T ig
— aFm _ un’Aw
Gap Stiffness Factor: P; = 52 0= 2g o
Ps i
A 9)
Pi Co

Based on Equations (8) and (9), the electrical Equation of the suspension system at the
equilibrium position can be expressed as follows [40]:

; R AU
Al = ——Ai A —— 1
1 Lo + + I (10)
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After expanding and applying Taylor’s theorem to Equation (3) at the equilibrium
position, we obtain the dynamic equation describing the fluctuation of the suspended
electromagnetic levitation force around this stable point as follows [40]:

AF = PiAi — PAc (11)

In Equations (1) to (11), U,, represents the voltage actually applied across the sus-
pended electromagnet coil, ¢ denotes the magnetic flux through the pole area of the
suspended electromagnet, L, is the instantaneous inductance of the electromagnet, c is the
actual suspension gap, and U is the voltage across the electromagnet coil at the equilibrium
position. Ps and P; represent the air gap coefficient and current coefficient, respectively, at
the equilibrium position of the suspended electromagnet. y is the vacuum permeability,
is the number of coil turns, i is the instantaneous current flowing through the suspended
electromagnet, iy is the current at the equilibrium position, Ai is the change in current rela-
tive to the equilibrium position, ¢ is the suspension gap at the equilibrium position, Ay, is
the pole area of the suspended electromagnet, and Ac is the change in air gap relative to the
equilibrium position. Note: All the formula derivations above are based on the following
assumptions: The system undergoes only small vibrations in the vicinity of the equilibrium
position. Consequently, higher-order terms are neglected; The ferromagnetic core material
operates within its unsaturated region, the permeability y is therefore considered constant,
and hysteresis effects are absent; The magnetic field within the air gap is assumed to be
uniform, with flux lines perpendicular to the pole faces. Leakage flux is disregarded.

Considering the model illustrated in Figure 1 as the research object, the dynamic equa-
tions for the track beam, suspended electromagnet, and car body at the rated suspension
position can be derived based on Newton’s second law. These equations are presented as
Equation (12), Equation (13) and Equation (14), respectively.

mljél = AF — k1x1 — C15Cl (12)
myxy = —AF + (x3 — x2)ko + (x3 — x2)c2 (13)
maxs = —(x3 — x2)ko — (X3 — x2)c2 (14)

Combining Equations (11) and (12) results in:

. P .. P k .
x| = m—lAz — m—slAc — m—llxl — n%xl (15)

Combining Equation (11) and Equation (13) results in:

. P. bk . :
Xy = —Ac— 4A1+72(X3*X2)+72(X3*X2) (16)
nyp nyp my my

By differentiating both sides of Equation (16), we derive the following result:

¥p= one— DLl 2 (i) 2 (i k) a7

U] 1y ) 1My
By integrating Equation (1) through Equation (17), and considering
X1, X1, X2, X2, X2, X3, x3 as the state variable, that is, in Equation (18), X is [x1x1x2X2X2x3X3].
At the same time, levitation gap and electromagnet acceleration will be used as outputs,
that is, in Equation (18), Y is [xo — x1, %o]T. The state-space representation of the coupled
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vibration model for the car body-suspended electromagnet-elastic track beam system can
be derived as follows:

(18)

X = AX + Bu
Y =CX

In Equation (18), Matrix B, Matrix C and Matrix A are, respectively, as follows:

B:[o 000 - o O}T

1’I12L

C_—1010000
0 000100

[0 1 0 0 0 0 0 |
_k _c _k _co _m k Iy

nq mq mq mq mq mq mq

0 0 0 1 0 0 0

A= 0 0 0 0 1 0 0
—,ﬁfz 0 n T, -Ts T, Ts

0 0 0 0 0 0 1

k k

| 0 0 W w0 —a

The parameters T; to T5 in matrix A are as follows:

(RPS — sz) (11127713) + k2C2m2L

T =
m3mszL

_ 3myL — (Rep + ko L)mams

T

m%mgL

T3 _ WIQR + C2L

mzL
szfﬂzm::, — szzmzL
Ty = >
mymsL
T (Rea + koL)moymz — c3myL
5 pr—

2
mymsL

2.2. Robust Controller Design Based on LMI

The maglev system (18) is unable to maintain stable suspension in an open-loop
configuration. Consequently, closed-loop control of the system is essential. In practical
applications, parameter variations are inevitable. To enhance the robustness of the magnetic
levitation system, it is crucial to account for parameter uncertainties during the initial
stages of controller design. Fortunately, this challenge can be addressed by transforming
the problem into a constrained linear matrix inequality optimization issue. The magnetic
levitation system is subsequently modeled as a linear uncertain system and characterized
by its state-space representation [43].

x(t) = (A+ AA)x(t) + (B + AB)u(t)
y(t) = Cx(t) (19)
x(0) = x

In this system, x denotes the initial state of the system. The matrix functions AA and
AB are employed to characterize the uncertainties within the system model, which are
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norm-bounded uncertainty matrices of appropriate dimensions. These matrix functions
may be formally described as follows:

[AA AB] = HE(t)[E1 E2) (20)

In this context, the matrices H, E1, and E, are defined as real constant matrices with
appropriate dimensions and satisfy the inequality F(t)F(t) < I, where I denotes the iden-
tity matrix of the corresponding dimension. For system (20), we introduce a quadratic
performance index, which can be formally expressed as follows:

J= [ T (OQx() +uT (O Ruu(r)at (21)
0

In this system, Q denotes the prescribed semidefinite symmetric matrix that encapsu-
lates the weights of the state variables as defined in Equation (18). R, represents the weight
matrix associated with the input and is specified as a symmetric positive definite matrix.
The symbol u(t) signifies the control input. Based on these parameters, the definitions are
formalized as follows:

Definition 1 ([44]). For the uncertain system (19) and performance index (21), if there is a control
law u(t) and a positive number J*, they can make the closed-loop system asymptotically stable for all
allowable uncertainties. Meanwhile, the performance index of closed loop system satisfies | < J¥,
then [* is called a performance upper bound of the uncertainty system (19) and u(t) is a guaranteed
performance control law for the uncertain system (19).

Definition 2 ([44]). For the uncertain system (19), if there is a linear state feedback control
law u(t) = Kx(t), scalar and symmetric positive definite matrix P, they can meet the Lyapunov
function V(x(t),t) = xT Px, and the Lyapunov function meets the following inequality (22) for all the
(x(t),t) € R" x R, t> 0and any initial condition x(t) = ¢(t). Then the control law u(t) = Kx(t) is
the robust quadratic stabilization cost control law.

V(x(t),t) < —e|x(t)|? (22)

In literature [45,46], a robust controller is designed for an automotive suspension
system where cross terms are present in the quadratic performance index. Since the
quadratic performance index of the maglev system does not include cross terms, this
chapter will develop a robust controller by integrating Definitions 1 and 2 and employing
the proof methods from references [43,44], etc., to appropriately transform the controller
solution method presented in references [45,46]. For detailed proof ideas, please refer to
paper [45,46], etc.

Theorem 1. For the uncertain system (19) and the quadratic performance index (21), if there are
positive definite matrix X, Z € R"*", matrix Y € R™*" and scalar 1 > 0, they satisfy the following
inequality matrix (23) to all the allowable uncertainties F(t). Then the control law u(t) = Kx(t) is a
guaranteed cost control law, V(x(0),0) is a guaranteed cost and the feedback control gain matrix is
K=yx 1

https:/ /doi.org/10.3390/app16052587
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min _ Trace(M)

n,Y,X,M,Z
S (EIX+EY) X YT
N xR 0 0
.t. 0
s:t(3) x % -Q 1 o < (23)
x ok 0 —R1
| =M xT(0)
<0
@ vy —x

Here, S = XAT + BY + (AX + BY)" + Z + yHHT,KX=Y,P~1 =X, Z=P~1eP~L, and
M is a real matrix with an appropriate dimension. 1 is optimized simultaneously with the controller
gain matrix K and the Lyapunov matrix P by the LMI solver to minimize the prescribed performance
index while satisfying the robust stability constraints.

By applying Theorem 1, the state feedback gain matrix K for the magnetic suspension
system is derived through the linear matrix inequality (LMI) approach.
Controller 1: The expression for u; is presented in Equation (24):

u =KXy (24)
Controller 2: The expression for ul is presented in Equation (25):
up = KpXp (25)

Kj denotes the feedback gain matrix associated with Controller 1, while K, denotes
the feedback gain matrix associated with Controller 2. Similarly, X; and X, represent
the feedback state matrices for controllers 1 and 2, respectively. The values are set as
X1 =[x, xp, %] and Xp = [x1,x1, %2, X2, X2, x3,%3]. Note: The reason why both Controller
1 and Controller 2 select the vibration acceleration of the levitation electromagnet as the
feedback state variable is: The inclusion of acceleration as a state feedback variable is
physically motivated by the need to suppress coupling vibrations in the flexible track beam.
Unlike position or velocity, acceleration is directly proportional to the inertial forces driving
the structural resonance. Feeding back acceleration provides the controller with direct
observability of the high-frequency flexible modes, enabling the synthesis of active damping
that compensates for the track beam’s low inherent damping ratio. This is essential for
stabilizing the system on low-stiffness beams where traditional position-velocity feedback
fails to prevent resonance divergence.

3. Dynamic Simulation Analysis

Building on Reference [42], this paper optimizes the matrix Q. Specifically, Q is set to
[0.13, 0.14, 0.16, 0.04, 0.14, 0.20, 0.20] for Controller 1 and [0.16, 0.04, 0.14] for Controller 2,
while R,, remains [0.05] for both.

The related parameters of the coupling maglev system are shown in Table 1 below.
Unless otherwise specified in the paper, the mid-span position of the track beam shall be
selected as the static suspension point.

Substituting the system parameters from Table 1 into the system matrix A, eigenstruc-
ture analysis of the open-loop matrix explicitly reveals a positive real eigenvalue 23. This
confirms that the system is inherently unstable without control, thereby necessitating the
adoption of a closed-loop control strategy.
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Table 1. System parameters.

Symbol Quantity Value
my Track beam mass 2400 kg
1My Electromagnet mass 375 kg
ms Vehicle body mass 500 kg
Ap Electromagnetic pole area 0.021 m?
R Resistance 10
1 Track beam damping 500 N/(m/s)
n Coil turns 365

3.1. Characteristic Analysis of the Closed Loop System

We assume that the maglev system operates under nominal conditions, implying no
parameter perturbations. The maximum dynamic response characteristics of the real part
of the characteristic root of the closed-loop system matrix, as the rigidity of the track beam
varies from 500 kN /m to 100,000 kN /m, when utilizing Controller 1 and Controller 2, are
illustrated in Figure 1 below.

As illustrated in Figure 2, when the rigidity of the track beam increases from 500 kN/m
to 100,000 kN /m (the range (500-100,000 kN /m) was selected to cover extreme scenarios:
from very flexible elevated guideways (low end) to stiff concrete tracks (high end)), the
maximum real part of the characteristic root of the closed-loop system matrix remains
negative with Controller 1. In contrast, for Controller 2, this value is only negative when
the rigidity exceeds at least 5000 kN/m. This indicates that stable suspension of the
maglev system cannot be achieved by Controller 2 when the track beam rigidity is below
5000 kN/m, whereas Controller 1 ensures stable suspension under the low track beam
stiffness. Further analysis reveals that when the track stiffness is sufficiently high (e.g.,
60,000 kN/m), both state feedback controllers yield nearly identical maximum real parts of
the characteristic roots of the closed-loop system matrix. It can thus be inferred that elastic
deformation of the track beam is a significant factor influencing the coupling vibration
between the track beam and the maglev system. When the rigidity of the track beam is
sufficiently high, the vibration of the track beam becomes almost negligible. Consequently,
engineering practice suppresses vehicle-track coupling vibration by increasing track beam
damping and stiffness.

3.2. Analysis of the Impact of Parameter Perturbations on the Suspension Characteristics of
the System

In this section, we investigate the dynamic response characteristics of the maglev sys-
tem under closed-loop control using Controller 1 when parameter perturbations occur on
an elastic track beam with low stiffness, employing the LMI solution method. The rigidity
of the track beam is set to 2000 kN /m, and a 20% perturbation in the suspension electro-
magnet’s inductance is assumed (The effect of parameter perturbation on the dynamic
characteristics of the maglev system can be equated to the perturbation of parameters such
as suspension inductance). If the nominal value of the suspension inductance is denoted as
L, it can be observed that when there is a certain degree of perturbation in the suspension
inductance, the actual parameter becomes [47]:

1

—_
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Figure 2. Dynamic characteristic of the maximum characteristic root.

In Equation (26), r,,¢ represents the upper bound of the perturbation range for the
inductance parameter. Here, § is a random variable with a dynamic range of [-1, +1].
Regarding Equation (19), the following AA and AB can be observed:

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0
AA=|0 0 0 0 0 0 0

. RPs1ngd 0 R(Psfk2)<rng5 . Reprngd . Rerngd  Rkprngd  Regrygd

myL myL myL L myL myL
0 0 0 0 0 0 0
L 0 0 0 0 0 0 0 i

aB=[0 0 0 0 -"m g O}T

When the random number generator (r;,¢) is set to 1 and the value of 4 is 0.2, we can
derive from Equation (20) that:

T
H:[O 0 0 0 02/(ml) 0 o]

E, = [ ~RP, 0 R(Ps—k) —Rcy —myR Rk» Re ] (27)
Ey = [-P]]

In accordance with Theorem 1, the pertinent parameters are introduced and solved
utilizing the mincx command of the LMI toolbox. The feedback gain matrix K;; and
Kjy for Controller 1 can be derived under conditions of both 20% perturbation and
non-perturbation of the suspension inductance in the maglev system, as presented in
Equation (28) and Equation (29), respectively. Note: The LMI optimization successfully
achieved a feasible solution meeting the required tolerances (1 x 10~ relative, 1 x 10°
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absolute); Convergence was exceptional, with the objective minimized to 6.19 x 10~%, far
below the tolerance; The feasibility margin remained substantial, as indicated 14.06% and
0.001%,respectively, constraint saturation within a large feasibility radius (R = 1.00 x 109);
The solvers employed were both from LMI-Lab, which serves as the built-in solver; the
former required 98 iterations, while the latter required 43.

Ky = [710143 —418 25024 1091 28 —548 756} (28)

Kip = [—4896 —200 11809 511 13 —245 —25} (29)

Under the control of suspension Controller 1, assuming that the suspended electro-
magnet deviates from the equilibrium position by 2 mm, the suspension gap, vertical
displacement of track beam, vertical vibration acceleration of track beam, vertical displace-
ment of suspended electromagnet and vertical vibration acceleration of car body are shown
in Figure 3, Figure 4, Figure 5, Figure 6 and Figure 7, respectively.

—— Ignore parametric perturbation
----- Consider parametric perturbation

Levitation gap/mm

Time/s

Figure 3. Dynamic response characteristics of levitation gap with Controller 1.

1.0 1

—— Ignore parametric perturbation
----- Consider parametric perturbation

Midspan disp. of track beam/mm

-1.0 T T

Time/s

Figure 4. Dynamic response characteristics of track beam displacement with Controller 1.
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—— Ignore parametric perturbation
----- Consider parametric perturbation

o
1

Midspan acce. of track beam/(m/sz)

|
N

o
N
N
w
B
(8]

Time/s

Figure 5. Dynamic response characteristics of track beam acceleration.

—— Ignore parametric perturbation
44 L Consider parametric perturbation

Center disp. of electromagnet/mm

Time/s

Figure 6. Dynamic response characteristics of electromagnet displacement with Controller 1.

1.0 -

—— Ignore parametric perturbation
----- Consider parametric perturbation

o
3
1

Center acce. of car body/(m/sz)

Time/s

Figure 7. Dynamic response characteristics of car body acceleration.
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Based on the analysis from Figures 3-7, when parameter perturbations are present
in the maglev system, the maximum fluctuation of the vehicle body’s vertical vibration
acceleration is approximately 0.7 m/s?, Root mean square acceleration is 0.09 m/s? (Based
on the criteria defined in ISO 2631-1, the ride quality is classified as not uncomfortable)and
the maximum displacement fluctuation of the track beam is approximately 0.75 mm under
the control of a suspension controller designed without considering parameter perturbation.
In contrast, when using a suspension controller that accounts for parameter perturbation,
the maximum fluctuation of the vehicle body’s vertical vibration acceleration is reduced to
approximately 0.3 m/s?, Root mean square acceleration is 0.07 m/s? (Based on the criteria
defined in ISO 2631-1, the ride quality is classified as not uncomfortable)and the maximum
track beam displacement fluctuation is reduced to approximately 0.3 mm. These results
indicate that controllers accounting for parameter perturbations significantly outperform
those that do not. For instance, the maximum mid-span displacement of the track beam is
reduced by 0.45 mm.

Building on the research methodology of References [46,47], specifically from the
perspective of the work done by the levitation system on the track beam, this paper
employs Controller 1 to investigate the effects of feedback control strategies—considering
versus ignoring parameter perturbations—on the coupled vehicle-guideway vibration
response characteristics. According to measurements from the Tangshan maglev line, the
vibration characteristics of the track beam can be represented by a sine or cosine function of
a specific frequency [47]. Since power reflects the rate of energy transfer and is expressed
as the product of force and velocity, we propose using the track beam'’s velocity as input
and the suspension force acting on the track beam as output to investigate the impact
of varying vibration frequencies. The transfer function can be formulated as follows:
Hry(s) = F(s)/V(s). Base on [47], at a given time, with a vibration frequency w, an
amplitude of 0.1 m/s, and employing a sinusoidal function without phase difference
to simulate the vibration characteristics of the track beam, i.e., v(t) = 0.1sin(wt), the
electromagnetic force between the track beam and the suspension system can be described
by Equation (30):

F(t) = 0.1|Hpy (jw)| sin[wt + ZHpy (jw)] (30)

Further analysis reveals that the power exerted by the electromagnetic suspension force
on the elastic track beam over a specified time interval is expressed in Equation (31) below:

P(w) = 1 [ F(§)V(§)dy = 0005Re[ Hry o) (1)

By substituting the relevant parameters into Equations (30) and (31), when Controller
1is utilized, the average power exerted by the suspension system on the track beam, consid-
ering both relevant and ignored parametric perturbations under parametric uncertainties,
is illustrated in Figure 8 below.

Based on the analysis presented in Figure 8, when the system is subjected to parameter
perturbation, disregarding the perturbation in the controller design will result in the
track beam transmitting increased vibration energy to the suspension system across most
frequency bands. This, in turn, will exacerbate the overall system vibration. Therefore,
Figure 8 also elucidates the rationale behind the improved dynamic characteristics of the
system when the impact of parameter perturbation is accounted for in the controller design.
Based on a more detailed analysis of Figures 1 and 7, it is evident that the system can
achieve stable suspension on the flexible track beam by employing a feedback controller
that considers the vibration states of the track beam, the suspended electromagnet, and the
car body. This stability is achieved because the suspension system effectively absorbs the
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vibration energy generated by the track beam across its entire frequency spectrum, thereby
ensuring the system remains stably suspended.

20

| |
B .........
3
8 —20
5
& 40 N
§ —— Consider parameter perturbatio
g —60 L - - Ignore parameter perturbation
2
<

—80}

5 10 50 100 500
Vibration frequency;’rad's‘1

—

Figure 8. Average Output Power: Analysis with and without Parametric Perturbations.

3.3. Analysis of the Robustness and Track Beam Following Characteristic of Controller 1

In this section, we analyze the robustness of the LMI-based suspension controller
under perturbed system parameter. Assuming that the maglev system has reached a stable
state, two working conditions are considered. Condition 1: A sinusoidal excitation with an
amplitude of 10 mm and a vibration frequency of 5 rad/s is applied vertically to the car
body. Condition 2: The suspended electromagnet experiences a pulse excitation with an
amplitude of 3 mm and a duration of approximately 0.1 s at 2 s and 6 s, respectively. With
the track beam stiffness set at 2000 kN/m, the relevant parameters from Table 1 are utilized.
When the inductance of the suspension electromagnet is perturbed by 20%, Controller
1 is employed to perform closed-loop control on the maglev system. Figures 9 and 10
illustrate the dynamic response characteristics of the suspension gap under these two
excitation conditions.

Excitation
----------- Levitation gap

10

Displacement/mm

—104

Time/s

Figure 9. Characteristics of sinusoidal excitation response in suspension gap.

https:/ /doi.org/10.3390/app16052587


https://doi.org/10.3390/app16052587

Appl. Sci. 2026, 16, 2587 16 of 24

Displacement/mm

Time/s

Figure 10. Characteristics of pulse excitation response in suspension gap.

As illustrated in Figure 9, when the vehicle body is subjected to a certain level of exter-
nal excitation, the dynamic response characteristics of the suspension gap remain virtually
unchanged. Figure 10 clearly demonstrates that, upon exposure to a specific degree of
pulse excitation, the maglev system can rapidly achieve stable levitation without experi-
encing significant vehicle-guideway coupling vibration. This indicates that the suspension
Controller 1, designed using the LMI solution method, exhibits significant robustness.

To investigate the high-frequency suppression and low-frequency following charac-
teristics of Controller 1 on an elastic track beam, a sinusoidal function with a specified
frequency and zero phase difference is applied to the track beam to simulate irregularity
excitation. The amplitude of this sinusoidal function is set at 1 mm, with a vibration fre-
quency of 10 rad /s for low-frequency excitation and 120 rad /s for high-frequency excitation.
Assuming the track beam stiffness is 2000 kN /m and incorporating the relevant parameters
from Table 1, Controller 1 can be utilized to perform closed-loop control on the maglev
system. The low-frequency following and high-frequency suppression characteristics of
the suspension system are illustrated in Figure 11 and Figure 12, respectively.

1 6- —— Suspended electromagnet
e Track beam + excitation

1.24
0.8
0444 i

0.0 1

Displacement/mm

—04 MOMOUN M

—-0.84

-1.2

Time/s

Figure 11. Low-frequency following characteristics of the suspension controller.
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2.0

—— Suspended electromagnet
Track beam + excitation

1.5

Displacement/mm

Time/s

Figure 12. High-frequency suppression characteristics of the suspension controller.

It is evident from the analysis presented in Figure 11 that when the track beam is
subjected to low-frequency excitation at a specific frequency and Controller 1 is employed
for closed-loop control of the maglev system, the suspended electromagnet demonstrates
superior tracking performance in response to the displacement changes and irregularity
excitations of the track beam. This indicates that suspension Controller 1 can maintain
favorable low-frequency following characteristics even on an elastic track beam with low
stiffness, when the system is subject to parameter perturbation.

As illustrated in Figure 12, when the track beam is subjected to high-frequency exci-
tation at a specific frequency and Controller 1 is employed for closed-loop control of the
maglev system, the suspended electromagnet exhibits minimal sensitivity to the displace-
ment changes of the track beam and the irregular excitation. Despite the maximum peak
value of dynamic displacement change in the track beam and the suspended electromag-
net being approximately 1 mm, the maximum peak value of the dynamic displacement
change in the suspended electromagnet alone is about only 0.05 mm. This indicates that
the suspended electromagnet almost perfectly tracks the absolute reference plane of the
track beam. In conclusion, when the system is subject to parameter perturbation, it can be
inferred that Controller 1 demonstrates effective high-frequency suppression characteristics
on the low-stiffness elastic track beam.

3.4. Optimization of Feedback Parameters for Suspension Controller

An increased number of feedback parameters allows for more precise configuration
of the pole positions in the closed-loop system, thereby optimizing dynamic response
characteristics such as overshoot and settling time. For instance, in high-dimensional
systems, multiple parameters can be adjusted to assign poles to more complex yet desirable
regions, simultaneously enhancing the system’s interference suppression and robustness.
However, this approach may introduce challenges such as elevated computational and
implementation complexity, as well as an increased risk of overfitting. Consequently, this
section will investigate strategies for employing appropriate state parameter feedback to
achieve stable suspension of the system on a flexible track beam. The feedback parameters
of Controller 1 are adopted for Controller 3, with the exception of the vibration velocities of
the track beam and the vehicle body, which can be expressed as Kj3 based on Equation (28).

K3 = [—10143 25024 1091 28 —548] (32)
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Under the control of Controller 1 and Controller 3, the suspension system exerts force
on the track beam, as illustrated in Figure 13 below.

20

o

Average output power/W

Controller 1
-60F @ - Controller 3
—-80F
1 5 10 50 100 500

Vibration frequencyirad-s‘1

Figure 13. Average output power-different feedback state variables.

Analysis of Figure 13 clearly reveals that Controller 3 exhibits superior vibration energy
absorption capabilities in the low-frequency range. Conversely, Controller 1 demonstrates
higher efficiency in absorbing vibration energy in the high-frequency range. Based on
these observations, we conducted a quantitative analysis of the suspension gap, track beam
vibration displacement, and suspended electromagnet vibration displacement at vibration
frequencies of approximately 10 rad /s and 30 rad /s, respectively. The results are illustrated
in Figures 14-19 (assuming a 2 mm deviation of the suspended electromagnet from its
equilibrium position).

Based on the analysis presented in Figures 14-16, Controller 3 effectively achieves
stable levitation of the suspension system on the flexible beam. Specifically, the maximum
suspension gap is limited to 0.5 mm, and the maximum mid-span displacement of the
track beam is approximately 0.6 mm. Further investigation reveals that, generally speaking,
when the vibration frequency of the track beam is 10 rad /s, Controller 3 exhibits superior
dynamic performance compared to Controller 1.

Controller 1

----- Controller 3

Levitation gap/mm

|
N

Time/s

Figure 14. Dynamic response characteristics of levitation gap with Controller 1 and 3.

https:/ /doi.org/10.3390/app16052587


https://doi.org/10.3390/app16052587

Appl. Sci. 2026, 16, 2587 19 of 24

Controller 1
054 w ﬁ ----- Controller 3

0.0 1
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Midspan disp. of track beam/mm

Time/s

Figure 15. Dynamic response characteristics of track beam displacement with Controller 1 and 3.
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Figure 16. Dynamic response characteristics of electromagnet displacement with Controller 1 and 3.
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Figure 17. Dynamic response characteristics of levitation gap with Controller 1 and 3.
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Figure 18. Dynamic response characteristics of track beam displacement with Controller 1 and 3.
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Figure 19. Dynamic response characteristics of electromagnet displacement with Controller 1 and 3.

Further analysis from Figure 14 (Levitation Gap) reveals that both controllers exhibit
a similar initial peak deviation. However, the oscillations for Controller 3 decay much
more rapidly than those for Controller 1. By approximately t = 6 s, the response of Con-
troller 3 has almost completely settled, while Controller 1 continues to show noticeable,
albeit small, oscillations.

Further analysis from Figure 15 reveals that (Track Beam Displacement) the amplitude
of oscillation for Controller 3 decreases significantly faster than for Controller 1. Att=4s,
the oscillations for Controller 3 are already very small, whereas Controller 1’s response
maintains a significantly higher amplitude. This indicates that Controller 3 damps the
vibrations of the flexible track beam much more effectively in this scenario.

To sum up, Controller 3 demonstrates a significantly shorter settling time than Con-
troller 1. It brings both the levitation gap and the track beam displacement to a steady state
much faster.

Based on the analysis presented in Figures 17-19, Controller 1 effectively achieves
stable levitation of the suspension system on the flexible beam. Specifically, the maximum
suspension gap is limited to 0.2 mm, and the maximum mid-span displacement of the
track beam is approximately 0.4 mm. Further investigation reveals that, generally speaking,
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when the vibration frequency of the track beam is 30 rad /s, Controller 1 exhibits superior
dynamic performance compared to Controller 3.

Further analysis from Figure 16 (Levitation Gap) reveals that both controllers exhibit a
similar initial peak deviation. However, the oscillations for Controller 1 decay significantly
faster than those for Controller 3. By t ~ 1.7 s, the response of Controller 1 has almost
completely settled. In contrast, Controller 3’s response continues to oscillate with noticeable
amplitude until after t = 4 s. To sum up, Controller 1 has a much shorter settling time for
the levitation gap compared to Controller 3.

Further analysis from Figure 17 reveals that (Track Beam Displacement) both con-
trollers start with a similar peak displacement (~0.3 mm), their damping characteristics are
vastly different. The vibrations induced in the flexible track beam are damped out extremely
quickly by Controller 1. Its oscillations are nearly gone by t = 2.5 s. Controller 3, however,
allows the track beam to vibrate for a much longer duration. Significant oscillations persist
beyond t = 6 s. Therefore, Controller 1 demonstrates superior damping performance and a
significantly shorter settling time for the track beam displacement compared to Controller 3.

4. Conclusions

This paper proposed a robust state-feedback control strategy for maglev vehicle-track
coupling systems, addressing the critical challenges posed by parameter perturbations
and flexible track dynamics. By synthesizing the controller via Linear Matrix Inequalities
(LMI), we established a rigorous framework that guarantees closed-loop stability while
optimizing vibration suppression. The main conclusions are summarized as follows:

1.  In the presence of parametric perturbation within the suspension system, Controller
1, which is based on Linear Matrix Inequalities (LMI), can achieve stable system
suspension on a flexible beam. Furthermore, the system demonstrated resilience
against £20% variations in electromagnetic inductance. Simultaneously, the system
exhibits excellent robustness along with superior high-frequency suppression and
low-frequency tracking characteristics. At high-frequency excitations (120 rad/s),
the controller successfully decoupled the electromagnet from track vibrations; while
track beam displacement reached 1.0 mm, the resulting electromagnet fluctuation was
limited to merely 0.05 mm.

2. If the system experiences parameter perturbation, taking into account its impact
on the suspension system, the controller designed with this consideration exhibits
superior dynamic characteristics compared to one designed without acknowledging
such influence. Such as, peak car body acceleration was reduced from approximately
0.7 m/s? to 0.3 m/s? and peak car body displacement was reduced from approximately
0.75 mm to 0.3 mm

3. To enhance the dynamic characteristics of the system on the flexible track beam,
various state feedback variables can be selectively applied based on distinct vibration
frequency ranges. Such as when the vibration frequency of the track beam is 30 rad /s,
Controller 1 exhibits superior dynamic characteristics compared to Controller 3; when
the vibration frequency of the track beam is 10 rad /s, Controller 3 exhibits superior
dynamic performance compared to Controller 1.

5. Limitations and Future Work

It should be noted that this study models the track beam as a linear elastic structure,
excluding strong geometric nonlinearities (e.g., large deformation stiffening) and complex
stochastic track imperfections that could shift resonance frequencies in real-world scenarios.
Furthermore, several limitations warrant acknowledgment: (1) stability analysis relies
solely on eigenvalue real parts, omitting damping ratios and modal insights; (2) the lack of
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Monte Carlo simulations and sensitivity analysis limits statistical validation; (3) actuator
saturation constraints were ignored, potentially affecting practical applicability; (4) the
relationship between parameter sensitivity and robustness was not discussed; (5) the
characteristics of Controller 3 are not theoretically justified through modal or frequency
response analysis.

Future work will incorporate nonlinear beam theories and stochastic track models to
validate performance under extreme conditions, followed by hardware-in-the-loop and
experimental verification. Additionally, we plan to develop multi-vehicle simulations to
investigate long-term cumulative effects, while expanding robustness analyses to include
mass fluctuations, damping errors, and time delays. Finally, we will quantify robustness
margins and benchmark the proposed strategy against PID and sliding mode controllers.
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