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Abstract

Quantum error correction is a prerequisite for quantum computing; however, the perfor-
mance critically depends on the accuracy of the decoding algorithm. To address these
challenges, we propose a hybrid decoding architecture, BP + UF + BP. The protocol initiates
with a truncated global BP stage to extract probabilistic gradients without requiring full
convergence. This soft information guides a reliability-based Union-Find (UF) algorithm to
prioritize high-likelihood error mechanisms. Finally, a local subgraph BP refinement maxi-
mizes correction accuracy. Numerical simulations on rotated surface codes under circuit-
level depolarizing noise demonstrate a fault-tolerance threshold of approximately 0.72%.
This significantly outperforms standard Minimum Weight Perfect Matching (MWPM) and
Union-Find (UF) baselines. Notably, our method significantly reduces the logical error rate
compared to the conventional decoders. With its empirically near-linear scaling under fixed
iteration, the proposed architecture presents a scalable solution for real-time fault-tolerant
quantum computing.

Keywords: quantum error correction; surface code; fault tolerance; belief propagation;
Union-Find

1. Introduction

As conventional computing technologies gradually reach their performance limits,
quantum computing has become a focal point for handling large-scale data and other
problems, achieving exponential improvements in computation time compared to con-
ventional computing techniques. These unique advantages of quantum computers are
rooted in the fundamental core principles of quantum mechanical theory, which embraces
essential inherent properties such as quantum superposition, quantum entanglement,
and quantum interference [1-3]. The principle of quantum superposition allows qubits to
reside in a superposition of several distinct states simultaneously, significantly enhancing
computational capability and speed; quantum entanglement allows for highly parallel
computation between qubits, further improving information processing efficiency [4—0].
Recent advancements have demonstrated the profound potential of these properties in
data-intensive domains [7,8]. However, qubits are highly susceptible to changes under
the influence of noise and environmental interference, making quantum error correction
(QEC) an essential technical step toward implementing reliable quantum algorithms [9,10].
Quantum error correction is founded on the key concept of introducing redundancy to form
a stabilizer-based error correction code framework. In quantum error correction coding,
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redundancy is implemented via encoding physical qubits onto logical qubits to improve
the robustness of quantum information in quantum systems [11].

Among topological quantum error correction schemes, the Surface Code is one of the
most widely studied and utilized options for quantum error correction tasks, distinguished
by its high thresholds, local measurement attributes, and effective error mitigation capac-
ity [11,12]. One of the crucial processing components in quantum error correction codes is
the decoder, which extracts error syndromes obtained from stabilizer measurements and
then analyzes the locations where data bits have errors [13-15]. An algorithm that can
quickly and accurately infer error locations based on error syndromes is a key component in
building decoders [16,17]. In the span of recent research endeavors, the continuous evolu-
tion of quantum computing systems has driven iterative upgrades to surface code decoding
techniques. Several decoders stand out for their remarkable performance gains: these
include the Minimum Weight Perfect Matching (MWPM) algorithm, Belief Propagation
(BP) algorithm, Union-Find (UF) algorithm, BP + OSD, and advanced decoders developed
on the foundation of neural network innovations [18,19]. Ref. [20] introduces MBP, which
incorporates memory effects into BP for surface codes, achieving a threshold significantly
higher than standard BP. In ref. [21], as a classical iterative decoding approach, BP was
employed to optimize the key input error model associated with conventional surface code
decoder schemes (including MWPM and UF). To enhance performance, some decoders
invoke post-processing algorithms to resolve decoding issues when the primary algorithm
fails. Ref. [22] proposes a synergistic decoding scheme that combines the BP algorithm
with the ordered statistics algorithm, achieving a performance boost of several orders of
magnitude. Ref. [23] employs the localized statistics decoding algorithm and adopts matrix
inversion approaches to address the decoding obstacles existing in the post-processing
stage. However, a key limitation of these high-precision decoders is their computational
cost; for instance, BP-OSD and standard MWPM often exhibit cubic worst-case complexity
O(n3). In contrast, the Union-Find (UF) decoder is designed for speed, with a worst-case
complexity of O(n) [23-25]. Therefore, the UF decoder can be combined with other high-
precision but higher-complexity decoders in a hybrid decoding scheme to improve overall
decoding performance.

In this study, we designed a decoder based on the fusion of BP and UF, which we
call BP + UF + BP. First, the initial round of the BP algorithm is applied to the rotated
surface code. The soft information output from BP is mapped to the input of UF for use in
the syndrome verification phase of the UF [26,27]. The second round of the BP algorithm
operates on the spanning forest during the syndrome verification phase of the UF decoder,
inferring potentially erroneous qubits from the edge probabilities of computed nodes and
correcting them. This decoding strategy combines the characteristics of BP and UF. It
effectively handles errors in qubits. Specifically, it reduces the logical error rate when
decoding rotated surface codes. This leads to improved decoding accuracy.

2. Background
2.1. Rotated Surface Code

Stabilizer codes are a pivotal class of quantum error correction codes defined by an
Abelian group S = (S, ..., Sp) of mutually commuting, Hermitian Pauli operators [28].
The code space C consists of quantum states invariant under S:

C=A{ly) [Sily) =+1]y), Vi=1,2,...,m} ©)

Measuring the stabilizer operators yields a syndrome vector. Outcomes of +1 indicate that
the system resides within the code space, while —1 signals errors requiring correction [12].
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Surface codes topologically encode information across a two-dimensional lattice [28-31].
Data qubits occupy lattice vertices, while ancilla qubits measure stabilizer parity, utilizing
global topological properties to suppress local physical errors [32-35]. Our study focuses on
the rotated surface code architecture (Figure 1), composed of X-type and Z-type stabilizers

defined as

XUZHU}‘XI Zm:HU']"Z (2)

icv jem

where ¢ and (sz are Pauli operators acting on data qubits. As shown in Figure 1, X-
stabilizers (red) detect Z errors, while Z-stabilizers (blue) detect X errors [36-39]. Physical
errors are modeled as Pauli operators that disrupt the system via anticommutation. Specifi-
cally, a Pauli-X error flips adjacent Z-stabilizer outcomes to —1. Due to the lattice topology,
individual errors can form continuous chains where stabilizers along the path flip twice,
leaving only the stabilizers at the chain’s boundaries flipped. These isolated defects define
the decoding problem, identifying the most probable error chains that pair these defects to
neutralize the logical noise.
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Figure 1. Topology of a rotated surface code with d = 5. Data qubits (purple circles) are positioned at
lattice vertices. Stabilizer measurement units are represented by squares. X-stabilizers (red squares)
denote X-type stabilizers (composed of products of X-operators), which measure the X-parity of
adjacent data qubits and detect Z errors; Z-stabilizers (blue squares) denote Z-type stabilizers
(composed of products of Z-operators), which measure the Z-parity of adjacent data qubits and
detect X errors.

2.2. Graph Construction

In the context of circuit-level noise, a single round of stabilizer measurement is inher-
ently unreliable due to measurement and idle errors [40-42]. To address this, the decoding
problem is formulated in terms of detectors rather than raw stabilizer outcomes. A detector
represents a temporal parity mismatch, defined as the difference between consecutive
measurements of the same stabilizer. Consequently, each detector acts as a unique space-
time coordinate within the decoding volume [43-46]. Let D denote the set of all such
measurement events. The decoder’s input is the syndrome vector s = {s;}4ecp, where
sq € {0,1}. Here, s; = 1 signifies that the detector d has been triggered.
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To rigorously bridge the Belief Propagation and Union-Find decoders based on this
syndrome, we distinguish between two graph representations: the Tanner Graph and the
Soft Decoding Graph used for topological clustering [47,48]. We first define the Tanner
graph, denoted as Granner = (D U F, E). Here, the vertex set is exactly the set of detectors D
defined above. F represents the set of elementary fault mechanisms, such as Pauli errors on
data qubits, measurement flips, or correlated circuit faults. In this bipartite graph, an edge
connects a detector d € D to a fault f € F if the fault triggers that detector. The BP decoder
operates directly on this structure to compute the marginal posterior probability, denoted
as qr = Pr(f = 1[s), for each fault mechanism. Crucially, this representation preserves
hyperedges where a single fault triggers more than two detectors, thereby avoiding the
information loss typical of standard matching graphs.

In contrast, the Union-Find algorithm requires a graph-like structure. To accommodate
the surface code topology, we construct two separate soft decoding graphs Gy = (D U
{vB}, Esoft)- The vertex set includes the same detectors D plus a virtual boundary node v
to handle open boundary conditions. The edge set E, consists of graph-like error events,
where each edge connects either two detectors or one detector to the boundary [49,50].

To project the high-fidelity information from BP onto Gy.s, we employ a specific
mapping strategy. For each edge e in the soft decoding graph, we define a subset F(e) C F.
This subset contains all fault mechanisms from the Tanner graph that decompose into edge
e. The effective error probability f, for edge e corresponds to the likelihood that an odd
number of these constituent faults have occurred. Assuming the posteriors approximated
by BP are independent, this is derived using the Piling-up Lemma:

pe=3(1- IT (1-29) ®)

feF(e)

The quantitie g7 in Equation (3) denotes the approximate marginal posterior belief
produced by the first-stage sum-product BP on the Tanner graph under the assumed circuit-
level depolarizing noise model, rather than a parameter introduced through post-hoc
calibration. Equation (3) then provides a fixed, model-based transformation, under the
stated independence approximation, from these BP beliefs to effective edge probabilities
pe for the subsequent topological clustering and local refinement stages. Although this
independence approximation is not exact under circuit-level noise, it provides a consistent
relative weighting of candidate edges for downstream processing. The same mapping
is applied uniformly across all reported code distances and physical error rates. Finally,
the edge weight for the Union-Find decoder is set as w, = — In(f,). This ensures that the
topological cluster growth is guided by the accurate probabilistic landscape extracted from
the full circuit model [51].

3. Decoding the Rotated Surface Code

In this section, we propose a hybrid decoding architecture, referred to as the
BP + UF + BP decoder, which integrates the granular probabilistic inference of Belief Prop-
agation (BP) with the topological robustness of the Union-Find (UF) decoder. As discussed
in Section 2, circuit-level noise introduces complex spacetime correlations and hyperedge
structures into the Tanner graph. These features pose significant hurdles for conventional
decoders. Traditional decoders such as MWPM or Union-Find (UF) typically rely on a
matching graph that decomposes these hyperedges, leading to unavoidable information
loss. Conversely, while Belief Propagation (BP) can effectively model such intricate correla-
tions, it suffers from intractable convergence issues on loopy graphs. To address these dual
limitations, our BP + UF + BP decoding pipeline is divided into three sequential stages:
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(1) overall probabilistic inference via Belief Propagation, (2) clustering and subgraph ex-
traction, and (3) local refinement via subgraph Belief Propagation. Below, we describe the
mathematical formulation and implementation details of each stage.

3.1. Belief Propagation

Belief Propagation (BP), alternatively termed the sum-product algorithm, is an iterative
message-passing approach engineered to enable highly efficient inferential computations
over graphical model structures, including factor graphs [52]. For quantum error correction
scenarios, BP is used to approximate the maximum a posteriori (MAP) estimation of the
error vector e. This estimation is based on the observed syndrome s. The algorithm
operates on the Tanner graph Grapner = (Vo U V¢, E) constructed in Section 2.2. In this
graph, variable nodes represent physical error mechanisms. Check nodes represent the
stabilizer constraints. The fundamental principle of BP involves the exchange of beliefs
between neighboring nodes along the edges of the graph. These beliefs are probabilistic
messages. A message sent from a variable node to a check node reflects the local probability
that the qubit is erroneous [53]. This probability is based on information received from
other parity checks. Conversely, a message from a check node to a variable node expresses
the likelihood of an error on that qubit. This likelihood ensures that the parity constraint
is satisfied given the states of other connected qubits. BP is proven to converge to exact
marginal probabilities on cycle-free graphs. However, the Tanner graphs for surface codes
contain numerous short cycles. They also exhibit high degeneracy. Degeneracy means that
multiple distinct error patterns result in the same syndrome. Consequently, standard BP
acts as a heuristic approximation when applied to quantum codes. Specifically, rather than
providing a true global MAP solution, the first-stage sum-product BP outputs approximate
marginal posterior probabilities to serve as soft information for the subsequent decoding
stages. Short loops introduce correlations that violate the independence assumption of the
message updates. This violation can lead to convergence failures, oscillations, or the split
belief phenomenon. In a split belief state, the decoder is indecisive between two or more
logically equivalent error chains.

As illustrated in Figure 2, this causes the marginal probabilities to stagnate around
0.5 (maximum entropy). Despite these challenges, BP effectively captures high-order
correlations and soft information regarding circuit-level noise. Hard-decision decoders like
MWPM often discard this information. Therefore, BP is an ideal precursor for extracting
reliability information to guide subsequent decoding stages.

3.2. Overall Probabilistic Inference via Belief Propagation

To effectively mitigate the complex correlations introduced by circuit-level noise, we
first execute the Belief Propagation algorithm on the Tanner graph constructed in Section 2.2.
In contrast to conventional matching-based decoders that rely solely on binary syndrome
information, BP exploits the prior probability distribution provided by the physical noise
model [52]. Through iterative message passing, it infers the marginal posterior probability
for each fault mechanism. This soft information constitutes the critical foundation for the
subsequent topological clustering stage, and the input to the decoder includes the parity
check matrix H, the observed detector syndrome vector s, and the vector of prior error
probabilities p determined by the physical noise model [54]. To enhance numerical stability
and simplify computations, probability information is transformed into the Log-Likelihood
Ratio (LLR) domain. For each variable node f € F representing an independent elementary
fault mechanism, its initial LLR is defined as the natural logarithm of the ratio between the
probability of the fault not occurring and the probability of it occurring.
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Figure 2. Convergence behavior of marginal error probabilities during BP iterations. The curves
illustrate that beliefs for qubits involved in degenerate error patterns tend to converge to 0.5. This
stagnation indicates the decoder’s inability to distinguish between logically equivalent error classes

LY =1n il (4)
Pf

Here, py is the physical probability of the fault mechanism. A larger magnitude of LJ(IO)

solely through message passing.

indicates a lower degree of confidence that an error has occurred at this node. The Belief
Propagation algorithm updates beliefs by iteratively exchanging information between
variable nodes and check nodes [43]. Let MJ((Z ; denote the message sent from variable node
f to check node d during the t-th iteration. In the initial iteration, messages are initialized
to the prior values. In subsequent iterations, adhering to the extrinsic information principle,
the message sent from variable node f to check node d is composed of its initial LLR
summed with the messages received from all neighboring check nodes, excluding 4 [21]:

t 0 t—1
ISR s g
d'eN(f)\{d}

where N (f) represents the set of check nodes neighboring variable node f. Conversely,
check node d is responsible for enforcing parity check constraints. The feedback message
M‘gtl fsent to variable node f is computed using the hyperbolic tangent rule:

*)
fl—d

M (—1)% -2tanh ! [] tanh (6)

d—f =
FreN(@\{f}

Here, s; € {0, 1} represents the observed value of detector d. The factor (—1)% is crucial
for injecting syndrome information into the decoding process. When a detector is triggered,
this term flips the sign of the message. This mechanism reduces the confidence that
the associated variable nodes are in the no-error state and drives the belief toward the
error state.
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While Belief Propagation is exact on acyclic graphs, standard algorithms face severe
convergence challenges on surface code Tanner graphs. These graphs contain numerous
short loops and degenerate errors. Short loops cause information to echo infinitely within
the cycle and violate the independence assumption of probability estimation. Furthermore,
highly symmetric degenerate errors often lead to periodic oscillations of beliefs between
multiple equivalent solutions. These are known as trapping sets and they prevent con-
vergence to a deterministic hard decision. To address these issues, we do not aim for the
complete convergence of the algorithm. Instead, we adopt an early stopping strategy. We
constrain the algorithm to a fixed small number of iterations Tgjopa1. Although the algorithm
may not have fully converged at this stage, the output posterior LLRs are sufficient to
break the symmetry of the initial distribution. This establishes a probabilistic gradient that
reflects the topological structure of the errors. At the end of the iterations, the posterior
LLR for each variable node is computed as follows:

L}POSt) O Z M;El;bal) 7)

deN(f)

(post) values. This

Nodes located on the actual error chain typically exhibit smaller L
probabilistic gradient provides a high-fidelity reliability metric for the subsequent weighted
topological clustering stage. It enables the clustering process to prioritize covering the most
probable error regions and effectively circumvents the high logical error rates associated

with direct Belief Propagation hard decisions.

3.3. Clustering and Subgraph Extraction

In this section, we project the information from the Tanner graph onto the Soft Decod-
ing Graph [55]. We denote this graph as G4.. The edges in this graph represent graph-like
error events. However, a single edge e in the Soft Decoding Graph often corresponds to a
collection of multiple circuit-level fault mechanisms. We define e as the set of all faults in
the Tanner graph that map to edge e [56].

We need to calculate the aggregate probability that edge e is in an error state. This
occurs if an odd number of the constituent faults in e have triggered. We use the posterior
probabilities g obtained from the first Belief Propagation stage. By applying the mapping
strategy established in Section 2.2, the effective edge probability f, is derived using the
Piling-up Lemma as defined in Equation (3). This formula provides a method to compress
the soft information. We then convert this probability into a scalar weight w, for the
Union-Find decoder. We use a negative logarithmic mapping to ensure that higher error
probabilities correspond to lower edge weights:

we = —In(fe + €) (8)

where € is a small constant to avoid numerical singularities. This weighting scheme ensures
that the clustering algorithm preferentially grows along edges that are most likely to
be erroneous.

At this stage, we employ a modified weighted Union-Find algorithm to identify the
topological structure of errors. An example of cluster growth is illustrated in Figure 3. In-
stead of standard Union-Find decoders that strictly require a cycle-free forest structure, our
method introduces an augmentation strategy. This strategy retains not only the minimum
spanning forest as the major structure but also the additional high-probability augmenta-
tion edges that form local cycles. This design preserves competing error paths, allowing
the subsequent local Belief Propagation stage to resolve problems through probabilistic
inference rather than arbitrary topological breaking.
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Figure 3. The clustering growth process is guided based on the soft information output from the first
Belief Propagation.

We operate on the Soft Decoding Graph Gg,. We initialize a cluster C for every
detector node d with a non-trivial syndrome (s; = 1). The virtual boundary node vp is
treated as a pre-existing valid cluster. For each cluster C, we maintain its syndrome parity
P(C) and boundary connectivity status B(C). The clustering process handles edges in
ascending order of their weights w,, which corresponds to the descending order of error
probability. Let Ej,,. denote the set of major edges that merge disjoint clusters, and let
Eaug denote the set of augmentation edges that connect vertices within the same cluster.
For each edge e = (1, v), let C, and C, represent the clusters that contain vertices u and v,
respectively. We first execute the merge step. When C,, # C,, the edge e is classified as a
major edge (e € Epack)-

We then merge the two clusters, updating the parity as P(Cpew) = P(Cy) & P(Cy) and
the boundary status as B(Cyew) = B(Cy) V B(Cy). Subsequently, we perform the augmen-
tation step. When C,, = C,, the edge forms a cycle. Instead of discarding it immediately,
we check its effective error probability f.. Given that T € (0,1) is a tunable threshold,
we retain this edge as an augmentation edge (e € Eaug) if po > 1. Here, T is a heuristic
threshold (hyperparameter) that controls the sparsity of the UF-augmented local refine-
ment subgraph and therefore governs a complexity—accuracy trade-off. Setting T closer to 1
yields a sparser, more tree-like subgraph (reducing the computational overhead of local
BP but potentially discarding valid candidate paths), whereas setting T closer to 0 retains
more redundant edges (increasing the local search space and refinement cost). In addition,
the choice of T affects support selection for local refinement but does not alter the definition
of the first-stage BP posterior beliefs or the topological validity criterion of the Union-Find
clustering. Accordingly, T acts as a structural parameter for support selection rather than a
probabilistic calibration parameter. This heuristic strategy incorporates high-probability
error mechanisms into the subgraph, even if they are topologically redundant, thereby
preserving potentially relevant local correlations for the subsequent BP refinement. This
heuristic strategy will incorporate high-probability error mechanisms into the subgraph,
even if they are topologically redundant, and provide a more sufficient search space for
local refinement. The process terminates when all active clusters meet the validity criteria,
which is defined as follows:

®(C)=1 «= (P(C)=0)V (B(C)=1) )
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The final candidate edge set is given by Ecang = Epack U Eaug- Algorithm 1 summarizes
the entire procedure presented above.

Algorithm 1: Clustering growth with soft information
Input: Soft Graph G, Syndrome s, Weights {w, }, Probabilities { .}, Threshold
T.
Output: Candidate edge set Eapq.
1 Initialize: ;

2 For each detector d with s; = 1: Create cluster C, set P(C) =1, B(C) = 0. ;
3 For boundary node vp: Create cluster C, set P(C) =0, B(C) = 1. ;
4 Nipyalq < count of clusters where (P(C) = 1A B(C) =0).;
5 Q < Sort all edges in E,of by w, ascending;

6 Epack < O, Eaug — Q;

7 while Ni,yaiq > 0 and Q is not empty do

8 e = (u,v) + Q.pop();

9 ry < Find(u), r, < Find(v);

10 if r, # r, then

1 Valid, < (P(r,) =0)V (B(ry) =1);

12 Valid, < (P(ry) =0)V (B(ry) = 1);

13 if not Valid, then Nj,yaiid ¢ Ninvalid —

14 if not Valid, then Niyaid ¢ Ninvalid — 1;

15 Epack < Epack U {e};

16 Tnew < Union(ry, 15);

17 P(rnew) < P(ry) ® P(ry);

18 B(rnew) < B(ry) V B(ry);

19 Validnew < (P(tnew) = 0) V (B(*new) = 1);

20 if not Validpew then Nipvatid < Ninvalid + 1

21 else

22 if P, > T then

23 L Eaug < Eaug U {e};

24 return E ;g < Epack U Eaug;

3.4. Local Refinement via Subgraph Belief Propagation

The final stage performs inference on the subgraph identified by the augmented Union-
Find step. The major edge set ensures topological connectivity; the augmentation edge set
captures ambiguities in errors by introducing local loops. The Subgraph Belief Propagation
algorithm resolves these ambiguities to identify the most probable error pattern.

We first map the edges from the soft decoding graph back to their corresponding fault
mechanisms. The candidate fault set is defined as Fu, = Uecr,,,, F (€)- Next, we collect
all detectors adjacent to these faults: Dy, = Use 7, N(f). We then build the Tanner graph
Gb = (Dsub U Feub, Esup), where the edge set Eqy, = {(d, f) € E :d € Dgyp, f € Fub}
connects detectors to their associated faults. Then, we reinitialize the Belief Propagation
algorithm on this restricted graph. We reset the prior probability py for each fault f € Fyyp,
to its initial value from the physical noise model. We apply numerical clipping to the
prior probabilities to ensure numerical stability. We clamp p¢ within the interval [J,1 — ¢].
Here J is a small constant such as 10~*. This prevents the Log-Likelihood Ratios from
diverging to infinity. The initial LLR is computed as follows Equation (4). We initialize
all messages between variable nodes and check nodes to zero. We then execute the sum-
product algorithm on the restricted subgraph [57]. From a probabilistic perspective, since

https:/ /doi.org/10.3390/app16052586
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this second-stage BP operates on a restricted subgraph determined by the UF clustering, it
should be interpreted as approximate conditional posterior inference on a UF-restricted
support, i.e., a local posterior refinement within a reduced feasible region, rather than an
exact MAP solver. The message update rules follow the standard equations defined in
Section 3.1. However, we introduce a damping factor 7 € [0, 1] to suppress oscillations
caused by the local short loops. Let mpew be the computed message value for the current
iteration. Let m.)q be the message value from the previous iteration.

Mypdate = 1] * Mnew + (1—1n)-mgq (10)

This damping mechanism improves the convergence rate on the augmented subgraph.
We run the algorithm for a fixed number of iterations Tj,c,. This number is typically

proportional to the diameter of the clusters.

After the iterations complete, we compute the local posterior LLR LJ(CPOSt)

node. We derive the local posterior probability q}local).

for each fault

(local) _ 1

! + exp (L}pOSt)> )

We perform a hard decision to estimate the error vector é. We assign é; = 1 if the posterior

probability qj(flocal) exceeds 0.5. Otherwise, we assign &y = 0. This operation is equivalent
to minimizing the linear cost defined by the posterior LLRs. Finally, we perform a global

consistency check. We verify if the estimated error explains the syndrome s.

H-é=s (12)

In most cases, the Subgraph BP converges to a valid solution. However, residual loops
or numerical errors may strictly prevent convergence. In such rare events, we trigger a
fallback mechanism. We discard the augmentation edges and execute a restricted Peeling
Decoder on the spanning forest defined by Ey,.x. This guarantees that the decoder always
returns a valid correction.

Algorithm 2 outlines the complete execution flow of the proposed decoder, which is
designed to progressively optimize the error estimation through three distinct stages.

Algorithm 2: BP + UF + BP Hybrid Decoder
Input: Syndrome s, Matrix H, Priors p, Soft Graph Gggg.

Output: Estimated error é.
1 (¢,q) < Global_BP(H, s, p, Tgigbal);
if H - ¢ = s then return ¢;
Compute edge probabilities f from g using Equation (3);

=W N

Compute weights w: w, <= —In(p, + €) for all e € Egyg;

(¢}

Ecand < Augmented_Union_Find (G, S, w);

[=)}

Construct subgraph Hg, from edges E . ng;
(élocall —) A SUbgraph—BP(Hsubr 5, Ps Tlocal);
return é),.,;

@ 3
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4. Experiment Results
4.1. Simulation Setup

We performed experiments using Monte Carlo sampling on rotated surface-code
patches with code distances 5, 7, 9, and 11. The simulations were performed using Stim,
employing a conventional circuit-level depolarizing noise model. We used Stim as the
circuit-level stabilizer simulator because it efficiently generated detection-event (syndrome)
samples under the circuit-level depolarizing noise model considered in this work. Impor-
tantly, Stim was used only for data generation: all evaluated decoders were implemented
independently of Stim and processed the exact same shared datasets under an identical
noise model and circuit schedule, ensuring an internally consistent and fair comparison
across decoders. We additionally performed a limited cross-check on selected code dis-
tances (d € {5,7}) using an independent Clifford-circuit simulator and found logical error
rates consistent with the Stim-based results within statistical uncertainty. To accurately
reflect spatiotemporal error spreading, we executed cycles of noisy syndrome extraction,
concluding with one round of ideal measurement [58]. The noise strength was defined by a
physical error parameter, distributed across operations as follows:

e  Single-Qubit Operations: Every single-qubit gate underwent a depolarizing channel
where Pauli errors X, Y, Z occurred with equal probability p/3.

¢ Two-Qubit Operations: Entangling gates were succeeded by a two-qubit depolarizing
channel. An error was selected uniformly from the 15 non-identity Pauli combinations,
each assigned a probability of p/15.

*  SPAM: Both state preparation and measurement steps were subject to bit-flip errors
with rate p.

¢ Idle Qubits: Qubits typically idled during operations on others; this was modeled by
a depolarizing channel with probability p/3.

To evaluate performance, we compared our method against three baseline decoders:
Union-Find (UF), MWPM, and Belief Propagation with Ordered Statistics Decoding
(BP + OSD-0). It is important to state explicitly that the MWPM baseline evaluated in this
work corresponded to a standard pairwise matching decoder without explicit correlated-
noise modeling. Under circuit-level noise, a single physical fault may induce correlated
detection events involving more than two detectors due to fault propagation through
entangling gates. Standard MWPM operates on a pairwise matching graph and therefore
represents such events through a pairwise graph approximation, which may not fully pre-
serve the original correlation structure. All decoders processed the same set of syndrome
data to ensure a fair comparison. Unlike conventional BP + OSD architectures that re-
quire extensive iterations for convergence, our approach utilized a lightweight Union-Find
post-processor. This structural advantage allowed us to relax the convergence criteria.
We limited the initial global BP stage to a fixed schedule of Tgiobal = 30 iterations. This
depth was sufficient to extract high-fidelity soft information without becoming trapped
in short cycles. Edge weights for the subsequent UF stage were derived via Equation (8).
Finally, the local subgraph BP stage was limited to Ty = 15 iterations. This configuration
effectively balanced high decoding accuracy with low runtime complexity.

4.2. Threshold Analysis

The error correction threshold is a pivotal metric for assessing quantum error-
correcting code efficacy, referring to the critical physical error probability level at which the
coding scheme can reliably suppress error propagation under defined physical error condi-
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tions. The correlation between the logical error probability p;, physical error probability p,
and code distance d is often described by the following formula:

p\ T
plpd) ~ (L) 13
Pth
Consequently, the logical error rate p;, shows an exponential decrease with the code
distance d. This signifies effective error suppression. In contrast, once p exceeds py,,
the error correction capability collapses.

Figure 4 illustrates the relationship between the logical error rate py, and the physical
error rate p, where the code distances were setas d € {5,7,9,11}. As shown in the figure,
the proposed BP + UF + BP decoder achieved a fault-tolerance threshold equivalent to
approximately 0.72%. Under ideal conditions, if the physical error probability fell beneath
this threshold value, elevating the code distance yielded a measurable reduction in the
logical error rate [13]. For comparison, under the same simulation conditions of the circuit-
level depolarizing noise, the threshold of the standard MWPM decoder was generally
around 0.6%. These results demonstrate that the proposed hybrid decoding architecture can
effectively improve decoder performance, thus yielding a higher fault-tolerance threshold.

107 5
1 |—=—d=5
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Figure 4. The figure displays the variation in the logical error rate of the decoder for the rotated
surface code at different code distances.

To assess whether the reported fault-tolerance threshold of approximately 0.72% could
be influenced by hyperparameter choices, we evaluated five independent parameter con-
figurations by varying the number of global BP iterations Tgopa1, the number of local BP
iterations Tj,c,, and the augmentation threshold 7, while keeping all other experimental
conditions identical to those described in Section 4.1. For each configuration, the threshold
P Was extracted using the same finite-size scaling procedure (Equation (13)) via least-
squares regression, and the statistical uncertainty was estimated by bootstrap resampling of

https://doi.org/10.3390/app16052586


https://doi.org/10.3390/app16052586

Appl. Sci. 2026, 16, 2586

13 of 18

the Monte Carlo trials. The results are summarized in Table 1. Across all five configurations,
the estimated threshold remained within the range [0.70%, 0.74%)|, with overlapping un-
certainty intervals, and differed from the baseline value by at most 0.02 percentage points.
These observations support the interpretation that the reported ~0.72% threshold is robust
to moderate variations in the iteration budgets and the augmentation threshold across the
tested configurations. The baseline configuration was retained as a fixed operating point
for consistency (and to balance decoding cost and performance), rather than being selected
through post-hoc maximization of py,.

Table 1. Hyperparameter sensitivity analysis of the BP + UF + BP decoder. The threshold py,
was estimated under five independent parameter configurations. The baseline configuration used
throughout this study is highlighted in gray.

Configuration Tg1obal Tiocal T Pth (%)
Baseline (this work) 30 15 0.5 0.72 +0.02
Group A 20 10 0.5 0.70 £0.02
Group B 40 20 0.5 0.72+0.02
Group C 30 15 0.25 0.71+£0.02
Group D 30 15 0.75 0.70 £0.02

We performed a comparative analysis of logical error rates against the baseline de-
coders. Figure 5 presents the results. To further assess efficacy, we benchmarked our
decoder against three baselines: Union-Find (UF), standard MWPM, and BP + OSD-0.
The comprehensive logical error rate comparison for code distances d € {5,7,9,11} is pre-
sented in Figure 5. Our decoder consistently outperformed both UF and MWPM across all
distances. This advantage widened significantly at lower physical error rates. For example,
atd =11 and p = 2 x 103, our method yielded a significant reduction in logical error
propagation, exhibiting considerably better performance than both the UF and MWPM
schemes. This gain stemmed from the effective utilization of soft information, which helps
resolve hyperedge-like error mechanisms that limit matching-based methods. Further-
more, the proposed architecture achieved logical error rates on par with, or slightly better
than, the computationally intensive BP + OSD decoder. This demonstrates that reliability-
guided clustering, when refined by a localized secondary BP, yields correction capabilities
equivalent to global matrix inversion.

4.3. Decoding Runtime

To evaluate the scalability and time potential of the decoder, we measured the average
decoding time per shot as a function of the code distance d. For each code distance
d € {5,7,9,11}, we constructed a rotated surface code circuit with T = d rounds of
syndrome extraction. A fixed physical error rate of p = 1073 was used to generate a
consistent set of detector syndromes via Stim. To ensure a rigorous comparison, we strictly
measured the decode time only, excluding the overhead of syndrome generation and
graph initialization. To establish a comprehensive performance benchmark, we evaluated
four distinct decoders under identical conditions. As a baseline for topological decoding
efficiency, we implemented the standard Union-Find (UF) decoder using an unweighted
growth strategy. For a rigorous comparison, we employed the MWPM decoder. To represent
high-precision probabilistic decoding, we included the BP + OSD-0 decoder, configuring
the BP stage with a maximum of 100 iterations to ensure convergence.
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Figure 5. Simulated syndrome rounds with the number equal to the distance of each code. (a) Per-
formance comparison of the Union-Find decoder (black), MWPM decoder (red), BP + OSD decoder
(blue), and the decoder proposed in this work (green) under standard circuit-level depolarizing noise
(d = 5). (b—d) Performance comparisons respectively for code distances of 7, 9, and 11.

As shown in Figure 6, the runtime of our BP

+ UF + BP decoder (in blue curve)

exhibited a polynomial scaling slope nearly parallel to that of the UF and MWPM decoders.
This confirms that our algorithm ensured that the secondary BP stage added only a constant-
factor overhead rather than increasing the complexity class.

Our proposed architecture adopted the Union-Find (UF) decoder for topological
clustering. This decoder has extremely low computational overhead and empirically

near-linear scaling under a fixed iteration schedule.

This structural advantage allowed

us to significantly reduce the computational load of the probabilistic inference module.
In contrast, the BP + OSD decoder (green curve) showed a steep increase in runtime,
reflecting the cubic complexity O(n®) of the matrix inversion step. Atd = 11, while
BP + OSD required nearly 100 ms per shot, our method completed decoding in less than
1 ms. Runtime experiments verified that the proposed method effectively bridges the
performance gap between the speed advantage of topological decoders and the accuracy

advantage of ordered-statistics decoding methods.
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Figure 6. Average decoding time per sample versus code distance. The proposed BP + UF + BP
decoder (in blue) exhibited an empirically near-linear scaling under a fixed iteration schedule that
was comparable to that of the Union-Find decoder (in purple) and the Minimum Weight Perfect
Matching (MWPM) decoder (in orange). In contrast, the runtime of the BP + OSD decoder (in green)
increased sharply as the code distance grew. Compared with the BP + OSD decoder, our method
achieved a higher threshold as well as a faster decoding speed.

5. Conclusions

In this work, we proposed a hybrid decoding architecture, BP + UF + BP. By using
probabilistic soft information from a global Belief Propagation stage to guide the topo-
logical growth of Union-Find (UF) clusters and then refining these clusters with a local
secondary BP, this method effectively balances high error correction accuracy and low com-
putational latency in fault-tolerant quantum computing. Numerical simulations on rotated
surface codes with distances d =5, 7, 9, and 11 show that this architecture achieves a fault-
tolerance threshold of approximately 0.72%, outperforming traditional matching-based
decoders. Despite these promising results, several limitations need further investigation.
First, although the algorithm complexity is low, processing and storing high-precision soft
information incurs higher memory and bandwidth overheads than hard-decision decoders
such as standard Union-Find. Second, for surface codes with very large distances, trapping
sets and cycles remain unavoidable challenges for the truncated iteration strategy. In the
next step, future research will focus on improving the performance of both the probabilistic
and topological components of the decoder. For the probabilistic part, we plan to inte-
grate advanced BP variants, such as neural belief propagation or decoders with memory
effects, to extract higher-confidence priors with fewer iterations. For the topological part,
optimizing clustering algorithms will enable fully parallel cluster growth.
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