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Abstract

In real-coded genetic algorithms (RCGAs), search performance often deteriorates when the 
true global optimum lies outside the initial search range because crossover-based sampling 
remains concentrated around the initial population. We define this problem as outside-
range optimization and introduce the outside-range ratio, representing the proportion of 
dimensions whose true optimum lies outside the initial search range. We extend Adaptive 
Real-coded Ensemble Crossover/Just Generation Gap (AREX/JGG) by explicitly decoupling 
search-region expansion and search-distribution update. Specifically, enhanced Chaotic 
Search (e-CS) expands the search region through extrapolation, AREX updates the search 
distribution, and Combinational Mutation (CM) generates candidates with heavy-tailed 
perturbations. Experiments on 10 benchmark functions with 20–80 dimensions showed 
lower expected running time (ERT) than AREX/JGG under many outside-range conditions 
examined. For 40-dimensional Sphere, Cigar, and k-tablet, ERT was lower than HIRCGA 
across all tested outside-range ratios and distances. Furthermore, for parameter estimation 
of an ordinary differential equation (ODE) model of Escherichia coli glycolysis, the proposed 
method achieved a higher success rate than AREX/JGG in three of four initial-range settings. 
These results suggest that the proposed method can improve search efficiency under many 
tested outside-range conditions and enhance the robustness of search success to initial-
range settings.

Keywords: real-coded genetic algorithm; AREX/JGG; outside-range optimization; outside-
range ratio; continuous optimization; parameter estimation

1. Introduction
High-dimensional, continuous optimization is a fundamental problem in fields such as 

engineering, information science, and systems biology. In general, a continuous optimiza-
tion problem is formulated as min

x∈R𝑛
𝑓 (x), where x = (𝑥1, 𝑥2, … , 𝑥𝑛)T ∈ R𝑛 is an n-dimensional, 

real-valued vector and f (x) is the objective function. In practical problems, the nonlinearity, 
multimodality, and variable dependencies frequently exhibited by the objective function 
make gradient-based methods prone to premature convergence or stagnation. Evolutionary 
computation (EC), particularly use of real-coded genetic algorithms (RCGAs), has thus 
been widely used because of its capability to search globally.
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RCGAs are widely used for continuous optimization because of their flexibility and 
robustness in handling complex landscapes. In particular, the generation of offspring based 
on the distribution of selected parents by representative methods such as AREX/JGG [1], 
which combines Adaptive Real-coded Ensemble Crossover (AREX) with the Just Generation 
Gap (JGG) model, enables efficient exploration of the search space.

These methods generate an initial population based on an initial search range [L, U], 
for example, as

𝑥(𝑖)
𝑗 ∼ 𝒰(𝐿𝑗, 𝑈𝑗), (1)

where 𝑥(𝑖)
𝑗  denotes the j-th variable of the i-th individual, and Lj  and Uj  are the j-th com-

ponents of L and U, respectively. The initial search range is specified with the expectation 
that it contains the true optimum. However, in practice, such bounds are often based on 
uncertain prior knowledge and do not necessarily contain the true optimum.

Previous studies have proposed mutation operators and diversity-preservation mecha-
nisms [2–5]. However, these approaches do not explicitly address the mismatch between the 
assumed search range and the true global optimum. In particular, in AREX/JGG, offspring 
are generated around the centroid of the selected parents. As the spread of the parent 
population decreases during the search, candidates far from the parent population become 
less likely to be generated.

In this study, the initial search range is treated as an uncertain starting range specified 
from prior knowledge, rather than as a strict constraint defining solution feasibility. Explo-
ration outside this range is therefore permitted; problems in which physical or operational 
constraints prohibit exploration beyond these bounds are outside the scope of this study. We 
define optimization problems in which the true global optimum lies outside the initial search 
range as outside-range optimization. When the true optimum lies outside the initial range, 
the tendency of crossover-based sampling to remain near the initial region can substantially 
degrade search performance. To quantitatively describe the spatial relationship between the 
initial search range and the true global optimum, we introduce the outside-range ratio (rout ), 
representing the proportion of dimensions whose optimum lies outside the initial range, 
and the normalized outside-range distance (dout ), which normalizes the distance from the 
boundary of the initial range to the optimum (see Section 4.1 for formal definitions). These 
measures describe experimental conditions and are not used as algorithm inputs.

To improve search performance when the true optimum lies outside the initial search 
range, we propose an extension of AREX/JGG that explicitly separates the search process 
into two components: (i) search-region expansion and (ii) search-distribution update. 
Specifically, AREX is retained for updating the search distribution, while enhanced Chaotic 
Search (e-CS) expands the search region through extrapolation and Combinational Muta-
tion (CM) generates candidates with heavy-tailed perturbations.

The proposed framework preserves the search-distribution update performed by AREX 
while allowing the number of generations for which the candidate-generation mechanism 
for search-region expansion is applied and the number of candidates it generates to be 
specified separately.

The main contributions of this study are as follows:
1. We formulate outside-range optimization and introduce the outside-range ratio rout 

and normalized outside-range distance dout  as quantitative measures of aspects of the 
mismatch between the assumed search range and the true optimum.

2. We propose an extended AREX/JGG framework that explicitly decouples search-region 
expansion from search-distribution update, thereby enabling controlled exploration 
beyond the initial search range.

3. Through benchmark experiments and a parameter estimation problem based on an 
ordinary differential equation (ODE) model of the Escherichia coli glycolytic pathway, 
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we show that the proposed method improves robustness against uncertainty in the 
initial search range.
The remainder of this paper is organized as follows. Section 2 reviews related work. 

Section 3 describes the proposed method. Section 4 presents experimental results. Section 5 
discusses the results. Section 6 concludes the paper.

2. Related Work
2.1. RCGA Crossover Evolution

RCGAs [6] have been extensively studied as effective methods for continuous opti-
mization problems. Their performance largely depends on how the search distribution is 
constructed and updated during the search process [6–11].

Early crossover methods, such as BLX-α (Blend Crossover) [6], treat each variable 
independently, limiting their ability to exploit inter-variable dependencies. To address 
this limitation, UNDX (Unimodal Normal Distribution Crossover) [7] and SPX (Simplex 
Crossover) [8] generate offspring based on geometric relationships among multiple par-
ents. This strategy enables approximation of the distributions of promising solutions and 
incorporation of variable correlations.

UNDX-m [9] has subsequently been proposed to improve scale invariance and thereby 
enhance the robustness of the distribution shape. Furthermore, REX (Real-coded Ensemble 
Crossover) [10] has introduced a mechanism for generating offspring based on the centroid 
of the parent population and thereby explicitly defines the center of the search distribution. 
REXstar  [11] has further extended this idea by adaptively shifting the crossover center 
according to fitness values to enable adaptive control of the search center.

These developments indicate a transition in RCGA research from simple variable-wise 
sampling to adaptive control of both the shape and center of the search distribution. In 
particular, the combination of REXstar  with the JGG model (REXstar /JGG) has demonstrated 
practical performance in parameter optimization of metabolic models [12,13].

2.2. AREX/JGG
AREX [1] is a multi-parent crossover operator that incorporates the concept of step-size 

adaptation [14,15] into the crossover-center descent mechanism of REXstar  [11]. In AREX, 
offspring are generated using the centroid and covariance structure of the parent population:

C𝑖 = m + 𝛼
𝑁p

∑
𝑗=1

𝜀𝑖,𝑗(P𝑗 − ⟨P⟩), (2)

⟨P⟩ = 1
𝑁p

𝑁p

∑
𝑗=1

P𝑗, (3)

m =
𝑁p

∑
𝑗=1

𝑤𝑗P𝑗∶𝑁p
, (4)

𝑤𝑗 =
2(𝑁p+1−𝑗)

𝑁p(𝑁p+1)
,

𝑁p

∑
𝑗=1

𝑤𝑗 = 1. (5)

Individuals are ranked from best to worst according to their evaluation. Here, Ci  denotes 
the i-th offspring, ⟨P⟩ denotes the centroid of the Np  parents, and P𝑗∶𝑁p

 represents the j-th 
best individual among the Np  parents in terms of fitness. The coefficient wj  denotes the 
weight assigned to the j-th ranked parent. The vector m denotes the crossover center, which 
is a weighted average calculated by assigning larger weights to higher-ranked parents. The 
parameter 𝛼 represents the expansion rate, and 𝜀 denotes an i.i.d. random variable with 
mean 0 and variance 𝜎2 . The crossover center m in Equation (4) emphasizes high-fitness 
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parents and serves as a search center directed toward promising regions. Furthermore, the 
linear combination of deviation vectors in Equation (2) generates search directions that 
reflect the covariance structure of the parent population.

To adaptively adjust the exploration scale according to the search progress, AREX 
further introduces Adaptation of Expansion Rate (AER) [10], which controls the expansion 
rate 𝛼 of the offspring generation region:

𝛼(𝑔+1) = max(𝛼(𝑔)√(1 − 𝑐𝛼) + 𝑐𝛼
𝐿cdp

𝐿avg
, 1), (6)

where g denotes the generation number, and c𝛼  is the learning rate for updating the expan-
sion rate 𝛼. In the standard setting, the initial expansion rate is set to 𝛼(0)  = 1. The crossover 
descent path Lcdp  is defined as the squared Mahalanobis distance between the crossover 
center m and the centroid of the top 𝜇𝛼  selected offspring. In addition, the expected squared 
Mahalanobis distance under random selection is denoted by Lavg . These quantities are 
defined as follows [1]:

𝐿cdp = (𝛼(𝑔))2(𝑁p − 1)(∑𝑁p
𝑗=1⟨𝜀𝑗⟩

2

𝜇𝛼
− 1

𝑁p
(∑𝑁p

𝑗=1⟨𝜀𝑗⟩𝜇𝛼
)

2
), (7)

𝐿avg =
(𝛼(𝑔))2𝜎2(𝑁p−1)

2

𝜇𝛼
, (8)

⟨𝜀𝑗⟩𝜇𝛼
=

1
𝜇𝛼

𝜇𝛼

∑
𝑖=1

𝜀𝑖∶𝑁c, 𝑗, 𝑗 = 1, … , 𝑁p, (9)

where i:Nc  denotes the index of the i-th best offspring among the Nc  generated offspring. 
The coefficient 𝜀𝑖∶𝑁c,𝑗 is the random coefficient multiplying the deviation vector of the j-th 
parent in Equation (2) when generating that offspring.

AREX is typically combined with JGG, a generation replacement model [1,16–18]. 
In JGG, a set of parents is selected from the population, crossover is applied to generate 
offspring, and the individuals with high fitness values are selected to replace the parents 
and thereby update the population.

In this update mechanism, the search distribution is adaptively updated according 
to the variance structure of the parent population. As a consequence, the region in which 
offspring are concentrated also changes. Because of this property, when the optimum lies 
far outside the initial search range, many generations may be required before the center of 
the search distribution reaches a promising region.

2.3. Extended Methods for RCGAs
In RCGAs, crossover is generally designed to play the central role in updating the 

search distribution. However, extension methods that introduce diversity or perturbations 
from outside the search distribution have also been proposed to avoid search stagnation 
and to enhance global search capability. These include chaotic-map-based search methods 
and mutation-based operators [2–5].

For example, Song et al. [2] proposed a chaotic search framework that introduces 
diversity using deterministic sequences. Saraçoğlu and Kazankaya [3] have introduced an 
adaptive update mechanism to adjust the search direction based on the best individual. Mu-
tation strategies have been proposed to control the direction and amplitude of perturbations 
according to the generation [4,5]. These methods mainly enhance diversity and adaptability 
within the existing search distribution, but systematic formulations that explicitly treat and 
control the evolution of the search region itself remain limited.
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2.4. Structural Comparison with HIRCGA
The Hybrid Real-Coded Genetic Algorithm (HIRCGA) [2] integrates tent-map-based 

chaotic search (CS), combinational mutation (CM) using multiple mutation strategies, com-
binational crossover (CX), and an operation for reducing similarity among individuals. In 
contrast, the present study extends the AREX/JGG-based RCGA framework by introducing 
a mechanism for extrapolative search-region expansion. The following summarizes the 
main differences between the two methods.

First, the parent-selection, crossover, and generation-replacement procedures differ. 
HIRCGA adopts Steady-State Generation Strategy (SGS), in which elite individuals are 
preserved and crossover is applied to the entire population. In contrast, AREX/JGG applies 
multi-parent crossover AREX to parents selected from the population and replaces these 
parents with generated offspring. This allows AREX/JGG to generate and evaluate fewer 
candidates per generation than HIRCGA.

Second, the relationship between search-region expansion and search-distribution 
update differs. In HIRCGA, candidates outside the search range may be generated im-
plicitly through chaotic search, crossover, and mutation, but search-region expansion and 
search-distribution update are not controlled as independent mechanisms. In contrast, 
the proposed method performs search-region expansion using enhanced Chaotic Search 
(e-CS) separately from the search-distribution update by AREX. This enables exploration 
outside the initial search range through a separate candidate-generation mechanism without 
directly modifying the expansion rate of AREX.

Third, the mutation strategies differ. CM in HIRCGA includes Lévy mutation, Cauchy 
mutation, and differential mutation (DM). The proposed method adopts Lévy and Cauchy 
mutation from these strategies. These operators are shared with HIRCGA and are not 
themselves novel contributions of this study. DM was not adopted because its addition did 
not produce a clear, consistent improvement and degraded performance for some functions. 
The corresponding ablation results are presented in Section 4.3.

Thus, the structural novelty of the proposed method lies in decoupling search-region 
expansion from search-distribution update within AREX/JGG, rather than in the individual 
mutation operators used in HIRCGA.

2.5. Position of This Study
Existing studies of RCGAs can be broadly categorized based on two strategies. One 

focuses on adaptively updating the search distribution based on the statistical structure 
of the parent population, as exemplified by AREX/JGG. The other introduces diversity or 
perturbations through mechanisms such as mutation operators and chaotic search.

In RCGA search, two fundamentally different concepts have generally been treated in 
an integrated manner: the search region, which describes the spatial extent of candidate 
generation, and the search distribution, which determines how candidates are sampled. 
In conventional RCGAs, these two components are implicitly coupled because both are 
determined through crossover.

Unlike previous RCGA extensions, which have mainly focused on improving explo-
ration by modifying the search distribution or introducing perturbations, this study is 
distinguished by treating search-region expansion as a mechanism distinct from search-
distribution update. Specifically, the proposed framework preserves the crossover-based 
update of the search distribution, while introducing extrapolative expansion of the search 
region as a separate candidate-generation mechanism. This configuration allows the settings 
of candidate generation for search-region expansion to be adjusted without directly chang-
ing the expansion rate of AREX, providing a systematic framework for robust optimization 
under uncertainty in the initial search range.
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Although CMA-ES (Covariance Matrix Adaptation Evolution Strategy) has been widely 
recognized as a strong baseline for continuous optimization [15,19], the objective of this 
study is not to establish superiority over general-purpose optimizers but to evaluate the 
structural effect of explicitly introducing search-region expansion within the RCGA frame-
work. Therefore, the comparison in this study was restricted to RCGA-based methods. 
A broader comparison with general-purpose continuous optimizers, including CMA-ES, 
remains an important direction for future research.

3. Materials and Methods
3.1. Overview of the Proposed Method

In this section, we propose an extended method based on AREX/JGG to improve robust-
ness against uncertainty in the initial search range. The proposed framework explicitly sep-
arates search-region expansion and search-distribution update. Specifically, AREX updates 
the search distribution, enhanced Chaotic Search (e-CS) expands the search region through 
extrapolation, and Combinational Mutation (CM) adds perturbations based on heavy-tailed 
distributions to offspring generated by AREX. Figure 1 illustrates the overall framework. 
Here, this separation refers to introducing e-CS as a separate candidate-generation mecha-
nism without directly changing the expansion rate of the AREX search distribution, while 
retaining the search-distribution update performed by AREX. Since selected candidates 
generated by e-CS affect the subsequent parent population and search-distribution updates, 
this separation does not imply that the two mechanisms are independent throughout the 
search process.

Figure 1. Overview of the proposed method based on AREX/JGG, combining search-distribution 
update by AREX, search-region expansion by enhanced Chaotic Search (e-CS), and heavy-tailed 
mutation by Combinational Mutation (CM).

Let U( g )  denote the population at generation g. Let Np  be the number of parents, and 
let Nc  be the number of offspring generated by AREX. The offspring generated by AREX at 
generation g are denoted by C( g ) . In addition to C( g ) , the proposed method employs the 
following two auxiliary search mechanisms to generate additional offspring populations:
• enhanced Chaotic Search (e-CS), which generates an auxiliary offspring population by 

following the crossover center and extrapolating the search region.
• Combinational Mutation (CM), which generates an auxiliary offspring population 

through heavy-tailed perturbations.
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Survivor selection based on JGG is then applied to the extended offspring population 
𝐶(𝑔) ∪ 𝐶(𝑔)

e−CS ∪ 𝐶(𝑔)
CM. Assuming that the initial search range is uncertain and may not 

contain the true optimum, e-CS is applied during a predetermined early period of the 
search. Whether candidates generated from the expanded region are useful is determined 
by fitness-based selection in JGG. Expansion is not initiated in response to an explicit 
assessment of the need for extrapolation before or during the search.

3.2. Search-Region Expansion Using Enhanced Chaotic Search
In AREX, the crossover center m( g ) ∈ Rn  is updated at each generation based on the 

statistical structure of the parent population. In this study, we introduce enhanced Chaotic 
Search (e-CS), which generates candidates on the upper-bound side of the initial search 
range through extrapolation from this crossover center.

The width vector of the initial search range is defined as

W = U − L, (10)

where j denotes the dimension index, and Wj  = Uj − Lj . The lower bound 𝑅(𝑔)
𝑗,0  of the 

displacement from the crossover center in the j-th dimension is defined using the upper 
bound Uj  of the initial search range as follows:

𝑅(𝑔)
𝑗,0 = |𝑈𝑗 − 𝑚(𝑔)

𝑗 |, 𝑗 = 1, … , 𝑛. (11)

The upper bound 𝑅(𝑔)
𝑗,max of the displacement is defined as follows:

𝑅(𝑔)
𝑗,max = 𝑅(𝑔)

𝑗,0 + 𝜇(𝑔)𝑊𝑗, 𝑗 = 1, … , 𝑛, (12)

where 𝜇( g )  is the exploration weight coefficient that controls the interval between the 
displacement bounds. It decreases linearly with the generation index during the e-CS 
application period 0 ≤ g < Ge−CS :

𝜇(𝑔) = 1 − 𝑔
𝐺e−CS

, (13)

where Ge−CS  denotes the number of generations for which e-CS is applied. The interval 
between the displacement bounds in the j-th dimension is expressed as follows:

𝑅(𝑔)
𝑗,max − 𝑅(𝑔)

𝑗,0 = (1 − 𝑔
𝐺e−CS

)𝑊𝑗, 0 ≤ 𝑔 < 𝐺e−CS. (14)

Candidates are generated by adding positive-direction displacements to the crossover center. 
The candidate-generation range in the j-th dimension is given by:

𝑚(𝑔)
𝑗 + |𝑈𝑗 − 𝑚(𝑔)

𝑗 | ≤ 𝐶(𝑔,𝑖)
𝑗,e−CS ≤ 𝑚(𝑔)

𝑗 + |𝑈𝑗 − 𝑚(𝑔)
𝑗 | + 𝜇(𝑔)𝑊𝑗, 𝑗 = 1, … , 𝑛, (15)

where 𝐶(𝑔,𝑖)
𝑗,e−CS denotes the j-th component of the i-th offspring generated by e-CS at gen-

eration g. Because the lower bound in Equation (15) is always at least Uj , candidates are 
generated on the upper-bound side of the initial search range (Figure 2).

A tent-map sequence is generated for each offspring i = 1, …, Ne−CS , and its values 
𝑇(𝑔,𝑖)

1 , … , 𝑇(𝑔,𝑖)
𝑛  are used to determine the displacement in each dimension. The sequence is 

generated as

𝑇(𝑔,𝑖)
𝑗+1 =

{


2𝑇(𝑔,𝑖)
𝑗 0 ≤ 𝑇(𝑔,𝑖)

𝑗 ≤ 0.5
2(1 − 𝑇(𝑔,𝑖)

𝑗 ) 0.5 < 𝑇(𝑔,𝑖)
𝑗 ≤ 1,

(16)

where j = 0, …, n − 1 indexes the map iterations, and the initial value is sampled as 
𝑇(𝑔,𝑖)

0 ∼ 𝒰(0, 1). If 𝑇(𝑔,𝑖)
𝑗  equals any of 0, 0.25, 0.5, 0.75, or 1, the following stochastic 

correction is used in place of Equation (16) to avoid degeneration of the sequence:

𝑇(𝑔,𝑖)
𝑗+1 = 0.85𝑇(𝑔,𝑖)

𝑗 + 0.1𝑟, (17)
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where r∼𝒰(0,1) is a uniform random variable used for the correction. To rescale the values 
of the finite-length sequence to the interval [0, 1], the following normalization is performed 
for each offspring:

∼
𝑇

(𝑔,𝑖)
𝑗 =

𝑇(𝑔,𝑖)
𝑗 − min1≤𝑘≤𝑛𝑇(𝑔,𝑖)

𝑘

max1≤𝑘≤𝑛𝑇(𝑔,𝑖)
𝑘 − min1≤𝑘≤𝑛𝑇(𝑔,𝑖)

𝑘

. (18)

Using the normalized value, the displacement in the j-th dimension is determined as

𝑅(𝑔,𝑖)
𝑗 = 𝑅(𝑔)

𝑗,0 +
∼
𝑇

(𝑔,𝑖)
𝑗 (𝑅(𝑔)

𝑗,max − 𝑅(𝑔)
𝑗,0 ). (19)

The offspring is then generated by adding this displacement to the j-th component of the 
crossover center:

𝐶(𝑔,𝑖)
𝑗,e−CS = 𝑚(𝑔)

𝑗 + 𝑅(𝑔,𝑖)
𝑗 . (20)

Figure 2. Conceptual illustration of candidate generation beyond the upper bounds of the initial 
search range by e-CS. The crossover center m( g )  is shown within the initial search range. The shaded 
region indicates the candidate-generation range, and the arrow represents the displacement from the 
crossover center to a candidate.

3.3. Combinational Mutation
We introduced Combinational Mutation (CM) to assist local search and exploration 

through large perturbations. CM adopts two mutation operators proposed in HIRCGA [2]: 
Lévy Mutation (LM) and Cauchy Mutation (CaM). LM is applied to each offspring gener-
ated by AREX in even-numbered generations, and CaM in odd-numbered generations.

In LM, the j-th component of each offspring is mutated as

𝐶(𝑔,𝑖)
𝑗,LM = 𝐶(𝑔,𝑖)

𝑗 + 𝛼LM·𝑠(𝛽LM), (21)

where 𝛼LM  = 0.01 is a scaling coefficient, and s(𝛽LM )∼Lévy(𝛽LM ) is a random variable drawn 
independently for each dimension of each offspring from a Lévy distribution with stability 
parameter 𝛽LM  = 1.5 [2].

In CaM, mutation is performed as

𝐶(𝑔,𝑖)
𝑗,CaM = 𝐶(𝑔,𝑖)

𝑗 + 𝜉 ⋅ 𝐶(𝑔,𝑖)
𝑗 , (22)

where 𝜉  is drawn independently for each dimension of each offspring from a Cauchy 
distribution with location parameter 0 and scale parameter 1.

Candidates generated by CM undergo objective-function-based survivor selection 
together with those generated by AREX and e-CS.
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3.4. Proposed Algorithm
Algorithm 1 summarizes the proposed method. The implementation is publicly avail-

able on GitHub for reproducibility (https://github.com/tohsato-lab/RCGA.git) (accessed 
on 1 November 2026). Algorithm 1 uses a maximum generation count as a stopping crite-
rion. In the benchmark experiments in Section 4, a common maximum number of objective 
function evaluations was used across methods; the metabolic-model experiments used a 
maximum of 2000 objective function evaluations. The termination criterion is specified 
for each problem. The success criteria and stopping limits used in the experiments are 
described in Section 4.

Algorithm 1 Proposed Method (AREX/JGG + e-CS + CM)
Input:

n: number of parameters
L, U: lower and upper bounds of the initial search range
Nu : population size
Np : number of parents selected by JGG
Nc : number of offspring generated by AREX
f (x): objective function
Ne−CS : number of individuals generated by e-CS
NCM : number of individuals generated by CM
Ge−CS : number of generations for which e-CS is applied
GCM : number of generations for which CM is applied
𝛼LM , 𝛽LM : parameters for Lévy mutation
Gmax : maximum number of generations
Termination criterion

Output:
xbest : best solution found

1: g ← 0
2: U( g ) ← UniformRandom(L, U, Nu )
3: Evaluate f (x) for all x ∈ U( g ) 
4: Set xbest  as the best individual in U( g ) 
5: while g < Gmax  and the termination criterion is not met do
6:   P( g ) ← SelectParents(U( g ) , Np )
7:   C( g ) , m( g ) ← AREX(P( g ) , Nc )
8:    𝐶(𝑔)

e−CS ← ∅
9:   if g < Ge−CS  then

10:      𝐶(𝑔)
e−CS ← eCS(m(𝑔), L, U, 𝑁e−CS, 𝑔)

11:    end if
12:    𝐶(𝑔)

CM ← ∅
13:    if g < GCM  then
14:     if g mod 2 = 0 then
15:        𝐶(𝑔)

CM ← LM(𝐶(𝑔), 𝛼LM, 𝛽LM, 𝑁CM, 𝑔)
16:     else
17:       𝐶(𝑔)

CM ←CaM(C( g ) , NCM , g)
18:     end if
19:    end if
20:    𝐶(𝑔)

all ← 𝐶(𝑔) ∪ 𝐶(𝑔)
e−CS ∪ 𝐶(𝑔)

CM
21:   Evaluate f (x) for all unevaluated x ∈ 𝐶(𝑔)

all
22:   𝑈(𝑔+1) ← (𝑈(𝑔) r 𝑃(𝑔)) ∪ JGG(𝐶(𝑔)

all , 𝑁p )
23:   Update xbest  if a better solution is found
24:   g ← g + 1
25: end while
26: return xbest 
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3.5. Application Periods and Objective Function Evaluations per Generation
Preliminary experiments compared Ge−CS  = 5, 10, 20 for the number of generations 

for which e-CS is applied (Table A1). Based on these results, Ge−CS  = 10 was used in all 
experiments. This setting is based on preliminary experiments and is not guaranteed to be 
optimal for all optimization problems. The number of generations for which CM is applied 
was set to GCM  = 1000. In AREX/JGG, the number of objective function evaluations per 
generation is Nc . In the proposed method, e-CS and CM generate Ne−CS  = Nc  and NCM  = Nc  
additional individuals, respectively, during their application periods. Thus, the number of 
objective function evaluations at generation g is expressed as follows:

𝑁eval(𝑔) =
{


3𝑁c 0 ≤ 𝑔 < 𝐺e−CS
2𝑁c 𝐺e−CS ≤ 𝑔 < 𝐺CM
𝑁c 𝐺CM ≤ 𝑔.

(23)

4. Results
4.1. Experimental Setup for Outside-Range Benchmark Problems

The search performance of the proposed method was evaluated using standard bench-
mark functions. To clarify the effect of the proposed extension to AREX/JGG, we compared 
it with the baseline AREX/JGG and HIRCGA, an RCGA-based method that combines chaotic 
search and mutation-based exploration.

The standard benchmark functions listed in Table 1 were used as objective functions. 
These functions have been widely adopted for evaluating RCGAs such as BLX-α [6], REXs-
tar [11], and AREX [1]. Their diverse landscape characteristics (Figure 3) make them 
suitable for analyzing performance and convergence properties. Specifically, Cigar and 
k-tablet represent ill-conditioned problems, Rosenbrock-star and Rosenbrock-chain involve 
strong variable dependencies, and Bohachevsky, Schaffer, and Rastrigin exhibit multimodal-
ity. To evaluate the effect of variable dependencies introduced by orthogonal rotation, 
Rotated Rastrigin and Rotated Griewank were added with reference to the rotated functions 
used in the CEC 2014 benchmark [20]. To match the initial search-range settings used in 
this study, shifts and function-value biases were omitted. Instead, a fixed orthogonal matrix 
was applied to define the rotated function as f rot (x) = f (Mx). Here, M was obtained by QR 
decomposition of a matrix generated from standard normal random variables. A separate 
matrix was generated for each dimensionality (20, 40, and 80), and the same matrix was 
used for all methods and independent runs at each dimensionality. For these two rotated 
functions, the global optimum remains x∗  = 0, with f ∗  = 0.

Figure 3. Landscapes of representative benchmark functions in two dimensions: (a) k-tablet (ill-
scaling), (b) Rosenbrock-star (strong variable dependencies), and (c) Rastrigin (multimodality). For 
the two-dimensional k-tablet function, k = 1 was used to illustrate ill-scaling.
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Table 1. Definitions and initial search ranges of the benchmark functions used in the experiments.

Function
(Optimal Solution) Definition

Initial Search Range

Inside
(W)

Outside
dout  = 0.25, 0.5, 1.0

Sphere (0) 𝑓 = ∑𝑛
𝑖=1 𝑥2

𝑖
[−5, 5] ( 1) 
(W = 10)

[−12.5, −2.5]
[−15, −5]

[−20, −10]

Cigar (0) 𝑓 = 𝑥2
1 + ∑𝑛

𝑖=2(1000𝑥𝑖)
2 [−5, 5]

(W = 10)

[−12.5, −2.5]
[−15, −5]

[−20, −10]

k-tablet (0) 𝑓 = ∑𝑘
𝑖=1 𝑥2

𝑖 + ∑𝑛
𝑖=𝑘+1(100𝑥𝑖)

2 [−5, 5]
(W = 10)

[−12.5, −2.5]
[−15, −5]

[−20, −10]

Rosenbrock-star (1) 𝑓 = ∑𝑛
𝑖=2[100(𝑥2

𝑖 − 𝑥1)2 + (𝑥𝑖 − 1)2]
[−1, 3]

(W = 4)

[−4, 0]
[−5, −1]
[−7, −3]

Rosenbrock-chain (1) 𝑓 = ∑𝑛−1
𝑖=1 (100(𝑥2

𝑖 − 𝑥𝑖+1)2 + (𝑥𝑖 − 1)2)
[−1, 3]

(W = 4)

[−4, 0]
[−5, −1]
[−7, −3]

Bohachevsky (0) 𝑓 = ∑𝑛−1
𝑖=1 (𝑥2

𝑖 + 2𝑥2
𝑖+1 − 0.3cos(3πx𝑖) − 0.4cos(4πx𝑖+1) + 0.7) [−7, 7]

(W = 14)

[−17.5, −3.5]
[−21, −7]

[−28, −14]

Schaffer (0) 𝑓 = ∑𝑛−1
𝑖=1 (𝑥2

𝑖 + 𝑥2
𝑖+1)0.25(sin2(50(𝑥2

𝑖 + 𝑥2
𝑖+1)0.1) + 1.0)

[−45, 45]
(W = 90)

[−112.5, −22.5]
[−135, −45]
[−180, −90]

Rastrigin (0) 𝑓 = 10𝑛 + ∑𝑛
𝑖=1[𝑥2

𝑖 − 10 cos(2𝜋𝑥𝑖)] [−2, 2]
(W = 4)

[−5, −1]
[−6, −2]
[−8, −4]

Rotated Rastrigin (0) (2) 𝑓 = 10𝑛 + ∑𝑛
𝑖=1[𝑧2

𝑖 − 10 cos(2𝜋𝑧𝑖)] [−2, 2]
(W = 4)

[−5, −1]
[−6, −2]
[−8, −4]

Rotated Griewank (0) (2) 𝑓 = 1 + 1
4000 ∑𝑛

𝑖=1 𝑧2
𝑖 − ∏𝑛

𝑖=1 cos(𝑧𝑖/√𝑖)
[−600, 600]
(W = 1200)

[−1500, −300]
[−1800, −600]

[−2400, −1200]

(1) Reference [1]. For k-tablet, 𝑘 = ⌊ 𝑛
4 ⌋. (2) z = Mx, where M is a fixed orthogonal matrix (see 

Section 4.1 for details). Bold symbols denote vectors.

The definitions and dimensionalities (20, 40, and 80) of the eight benchmark functions 
excluding the rotated functions followed Akimoto et al. [1]. The same dimensionalities 
were used for the two additional rotated functions, allowing us to evaluate how search 
performance changes with increasing dimensionality across all 10 functions.

The outside-range ratio rout  is defined as the proportion of dimensions in which the 
true global optimum x∗  lies outside the initial search range:

𝑟out = 1
𝑛 ∑𝑛

𝑖=1 I(𝑥∗
𝑖 ∉ [𝐿𝑖, 𝑈𝑖]), (24)

where I(⋅) is the indicator function, which takes the value 1 if the condition is satisfied and 
0 otherwise. Thus, rout  = 0 indicates that the optimum lies within the initial search range in 
all dimensions, whereas rout  = 1 indicates that it lies outside the range in all dimensions.

The outside-range ratio represents the proportion of dimensions in which the optimum 
lies outside the initial search range, but does not describe its distance from that range. We 
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therefore define the Euclidean distance between the initial search region 𝐵 = ∏𝑛
𝑖=1[𝐿𝑖, 𝑈𝑖]

and the global optimum x∗  as follows:

𝐷E = dist(x∗, 𝐵) = √∑𝑛
𝑖=1 𝛿2

𝑖 , (25)

𝛿𝑖 =
{


𝐿𝑖 − 𝑥∗
𝑖 𝑥∗

𝑖 < 𝐿𝑖
0 𝐿𝑖 ≤ 𝑥∗

𝑖 ≤ 𝑈𝑖
𝑥∗

𝑖 − 𝑈𝑖 𝑈𝑖 < 𝑥∗
𝑖 .

(26)

For each benchmark function, a common initial-range width W is used across all 
dimensions. To account for differences in width among functions, the normalized outside-
range distance dout  is defined as

𝑑out = 𝐷𝐸

𝑊√𝑛out
, (27)

where nout  > 0 is the number of dimensions in which the optimum lies outside the initial 
search range.

To distinguish the effect of initial-range width from that of distance to the opti-
mum, the width W was fixed for each benchmark function while the position of the 
range was varied. For dimensions in which the optimum was inside the initial range, 
the range was set to [𝑥∗

𝑖 − 𝑊/2, 𝑥∗
𝑖 + 𝑊/2]. For outside-range dimensions, it was set to 

[𝑥∗
𝑖 − (𝑑out + 1)𝑊, 𝑥∗

𝑖 − 𝑑out𝑊]. The optimum therefore lies beyond the upper bound, at a 
distance dout W from that bound. Table 1 lists the initial search ranges for each function.

To evaluate the effect of the outside-range ratio, rout  was set to 0%, 50%, and 100% 
for the 20-, 40-, and 80-dimensional benchmark functions. Additional settings of 25% and 
75% were examined for the 40-dimensional comparison between the proposed method 
and AREX/JGG shown in Figure 4. For conditions containing outside-range dimensions, 
their normalized outside-range distance was fixed at dout  = 1. Outside-range dimensions 
were selected at random, and ranges containing the optimum were used for the remaining 
dimensions. For example, Sphere has W = 10; at rout  = 50% and dout  = 1.0, half of the 
dimensions used [−20,−10] and the remainder used [−5,5]. Next, to evaluate the effect of 
normalized outside-range distance, dimensionality was fixed at 40 and the outside-range 
ratio at rout  = 100%, while dout  = 0.25, 0.5, 1.0 were compared.

The proposed method and HIRCGA require more objective function evaluations per 
generation than AREX/JGG during generations in which additional search mechanisms 
are applied. Search efficiency was therefore compared using cumulative objective function 
evaluations, including evaluations of additional offspring, rather than generation counts. 
For the benchmark experiments, the termination criterion in Algorithm 1 was defined by 
the success condition and the objective function evaluation budget specified below. Ten 
independent runs were performed for each experimental condition for which a population 
size was selected, and expected running time (ERT) was used as the performance metric.

For each run, the cumulative number of objective function evaluations until the best-so-
far objective value f best  first satisfied |f best − f ∗ | < 10−7  was recorded, where f ∗  is the known 
optimal objective value. The maximum number of evaluations was set to Fmax  = 1000n for 
all methods in the benchmark experiments, where n is the problem dimensionality. A run 
that reached this limit without satisfying the success criterion was classified as unsuccessful. 
ERT was calculated as

ERT = ∑𝑁
𝑖=1 𝐹𝑖

𝑁succ
, 𝑁succ > 0, (28)

where N is the total number of runs, Nsucc  is the number of successful runs, and Fi  is the 
objective function evaluation count for run i. For successful runs, Fi  is the cumulative 
evaluation count until first attainment of the success criterion; for unsuccessful runs, it is the 
cumulative evaluation count actually consumed up to termination. These counts include 
evaluations of the initial population and additional candidates. Including evaluations spent 
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on unsuccessful runs, this metric estimates the expected number of evaluations needed 
to achieve success through independent repeated runs. When no run succeeded, a finite 
ERT could not be estimated and was reported as “—(0)”. The success count is reported 
alongside ERT for each condition evaluated. A dash without a success count denotes a 
condition in which the main experiment was not performed because no population size 
met the preliminary selection criterion.

Figure 4. Relationship between outside-range ratio and ERT for 40-dimensional benchmark functions, 
comparing the proposed method with AREX/JGG. The normalized outside-range distance was set to 
dout  = 1.0 for conditions containing outside-range dimensions.

Statistical comparisons were restricted to conditions in which both the proposed 
method and baseline AREX/JGG succeeded in all 10 runs. Under these conditions, the 
paired evaluation counts until first attainment of the success criterion were compared using 
a two-sided Wilcoxon signed-rank test with a significance level of 0.01. When all runs 
succeed, ERT equals the arithmetic mean of the first-attainment evaluation counts.

Table 2 lists the hyperparameter settings inherited from AREX/JGG and those specific 
to the proposed method. Population size was selected through preliminary experiments 
following the procedure in [1]. For both the proposed and comparative methods, the 
candidate sizes were Nu ∈ {5n, 10n, 15n, 20n, 25n}. For each benchmark function and 
experimental condition, the population size yielding the smallest average generation count 
among settings with at least nine successful runs out of 10 in the preliminary experiments 
was adopted (Table A2). When no candidate population size met this criterion, the main 
experiment was not performed for that method and condition.

All experiments were implemented in Python 3.11.4 using NumPy 1.23.5 and Mat-
plotlib 3.3.2. Experiments were conducted on a Windows 11 system equipped with an Intel 
Core i9-13900 CPU (5.60 GHz) and 64 GB of memory. Experiments were conducted on 
a Windows 11 (Microsoft Corporation, Redmond, WA, USA) system equipped with an 
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Intel Core i9-13900 CPU (Intel Corporation, Santa Clara, CA, USA; 5.60 GHz) and 64 GB 
of memory.

Table 2. Hyperparameter settings for the proposed method and AREX/JGG.

Recommended Parameters for AREX/JGG [1]

Number of parent individuals participating in crossover Np  = n + 1
Number of offspring generated by AREX Nc  = 4n
Random numbers used in AREX (REX) 𝜀∼N(0, 𝜎2 )
Variance of the random numbers in AREX (REX) 𝜎2  = 1/(Np − 1)
Initial expansion rate of AER 𝛼(0)  = 1
Learning rate of AER c𝛼  = 1/(5n)
Number of offspring used for AER 𝜇𝛼  = Np 

Parameters Specific to the Proposed Method

Number of individuals generated by e-CS Ne−CS  = Nc 
Number of generations for which e-CS is applied Ge−CS  = 10
Number of individuals generated by CM NCM  = Nc 
Number of generations for which CM is applied GCM  = 1000
Scaling coefficient of the Lévy distribution in CM 𝛼LM  = 0.01
Exponent of the Lévy distribution in CM 𝛽LM  = 1.5

4.2. Comparison Between the Proposed Method and Conventional Methods Under 
Outside-Range Conditions

Table 3 reports ERT and success counts for 40-dimensional benchmark functions at 
rout  = 0%, 50%, 100%. For conditions containing outside-range dimensions, dout  = 1.0 was 
used. Results for 20 and 80 dimensions are reported in Table A3. Table 4 reports the effect 
of varying normalized outside-range distance at 40 dimensions and rout  = 100%.

As shown in Table 3, both the proposed method and AREX/JGG succeeded in all 
10 runs at every outside-range ratio for Sphere, Cigar, k-tablet, Bohachevsky, and Rotated 
Griewank, with lower ERT for the proposed method. Both methods also succeeded in all 
runs for Schaffer and Rastrigin at rout  = 0%, 50% and for Rotated Rastrigin at rout  = 0%, 
again with lower ERT for the proposed method. In particular, for Schaffer at rout  = 0%, 50%, 
its ERT was 29.7% and 27.9% of that of AREX/JGG, respectively.

For Rosenbrock-star at rout  = 0%, both methods succeeded in all 10 runs, but ERT was 
higher for the proposed method (1943.8) than for AREX/JGG (1357.6). For Rosenbrock-
chain at rout  = 0%, both methods succeeded in all runs, with ERTs of 2092.4 and 4521.5 for 
the proposed method and AREX/JGG, respectively. Thus, even when all runs succeeded, 
the relative search efficiency of the two methods varied across functions.

Success counts also varied with the condition. The proposed method succeeded in nine 
runs for Rosenbrock-star at rout  = 50% and Rosenbrock-chain at rout  = 50%, 100%, and in 
all 10 runs otherwise. AREX/JGG succeeded in nine runs for Rosenbrock-star, Rosenbrock-
chain, Schaffer, and Rastrigin at rout  = 100%, and for Rotated Rastrigin at rout  = 50%, 100%. 
AREX/JGG succeeded in all 10 runs under the remaining conditions. Thus, the proposed 
method did not consistently achieve at least as many successful runs as AREX/JGG across 
all conditions.

Figure 4 compares the proposed method and AREX/JGG at outside-range ratios of 0%, 
25%, 50%, 75%, and 100% for the 40-dimensional benchmark functions. In Tables 3 and A3, 
AREX/JGG had higher ERT at rout  = 50% or 100% than at 0% for many functions. How-
ever, ERT did not consistently increase with the outside-range ratio. For example, for 20-
dimensional Schaffer, AREX/JGG had its lowest ERT at rout  = 50%. The proposed method 
also achieved lower ERT than AREX/JGG under many conditions in 20 and 80 dimensions, 
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although the relative performance of the two methods varied with the function, dimension-
ality, and outside-range ratio (Table A3).

In Table 4, for Sphere, Cigar, k-tablet, and Bohachevsky, both the proposed method 
and AREX/JGG succeeded in all 10 runs at every distance, with lower ERT for the proposed 
method. For Schaffer and Rastrigin, the proposed method had lower ERT at dout  = 0.25, 0.5, 
where both methods succeeded in all runs. For Schaffer, its ERT was 30.3% and 31.8% of 
that of AREX/JGG at these distances, respectively. For Rosenbrock-star at dout  = 0.25, both 
methods succeeded in all runs, but ERT was higher for the proposed method. For Rotated 
Griewank, both methods succeeded in all runs at every distance; the proposed method had 
higher ERT at dout  = 0.25, 0.5 and lower ERT at 1.0.

Table 3. ERT and number of successful trials at different outside-range ratios for the 40-dimensional 
benchmark functions. For conditions containing outside-range dimensions, dout  = 1.0 was used. 
Values are ERTs, with success counts out of 10 runs in parentheses. “—(0)” indicates that all 10 runs 
failed and a finite ERT could not be estimated; “—” without a success count indicates that the main 
experiment was not performed because no population size met the preliminary selection criterion. 
Boldface indicates the lowest ERT under each condition. Paired first-attainment evaluation counts 
were compared between the proposed method and AREX/JGG using the Wilcoxon signed-rank test 
only where both methods succeeded in all 10 runs (*: p < 0.01).

Function
Outside-Range

Ratio (%)
ERT (Success Count)

Ours AREX/JGG HIRCGA

Sphere
0 330.0 * (10) 609.0 (10) 3111.0 (10)

50 432.4 * (10) 632.0 (10) 3312.2 (10)
100 503.6 * (10) 750.6 (10) 3141.2 (10)

Cigar
0 612.0 * (10) 1000.0 (10) 5024.0 (10)

50 730.0 * (10) 1215.0 (10) 5351.5 (10)
100 712.0 * (10) 1246.2 (10) 5203.2 (10)

k-tablet
0 528.0 * (10) 974.0 (10) 3351.0 (10)

50 610.0 * (10) 1210.5 (10) 3427.6 (10)
100 582.8 * (10) 1188.2 (10) 3297.4 (10)

Rosenbrock-star
0 1943.8 (10) 1357.6 * (10) —

50 6404.4 (9) 1487.6 (10) —
100 2172.0 (10) 6090.4 (9) —

Rosenbrock-chain
0 2092.4 * (10) 4521.5 (10) —

50 6638.4 (9) 4861.2 (10) —
100 6641.4 (9) 9254.4 (9) —

Bohachevsky
0 518.6 * (10) 786.0 (10) 13,474.5 (9)

50 654.0 * (10) 991.0 (10) — (0)
100 560.4 * (10) 1064.4 (10) — (0)

Schaffer
0 1688.0 * (10) 5691.0 (10) — (0)

50 1684.0 * (10) 6033.0 (10) — (0)
100 1824.0 (10) 10,422.4 (9) — (0)

Rastrigin
0 2078.0 * (10) 3187.0 (10) — (0)

50 2642.0 * (10) 3566.0 (10) — (0)
100 2697.2 (10) 7860.4 (9) — (0)

Rotated Rastrigin
0 1925.6 * (10) 4777.4 (10) — (0)

50 2011.0 (10) 9365.4 (9) — (0)
100 1978.0 (10) 9287.4 (9) — (0)

Rotated Griewank
0 1803.0 * (10) 2257.1 (10) — (0)

50 2148.0 * (10) 3005.5 (10) — (0)
100 2061.3 * (10) 2263.0 (10) — (0)
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Table 4. ERT and number of successful trials at different normalized outside-range distances for the 
40-dimensional benchmark functions. The outside-range ratio was set to 100%. Values are ERTs, with 
success counts out of 10 runs in parentheses. “—(0)” indicates that all 10 runs failed and a finite ERT 
could not be estimated; “—” without a success count indicates that the main experiment was not 
performed because no population size met the preliminary selection criterion. Boldface indicates the 
lowest ERT under each condition. Paired first-attainment evaluation counts were compared between 
the proposed method and AREX/JGG using the Wilcoxon signed-rank test only where both methods 
succeeded in all 10 runs (*: p < 0.01).

Function
Normalized

Outside-Range
Distance

ERT (Success Count)

Ours AREX/JGG HIRCGA

Sphere
0.25 222.2 * (10) 682.4 (10) 3119.0 (10)
0.5 202.8 * (10) 676.4 (10) 3522.0 (10)
1.0 503.6 * (10) 750.6 (10) 3141.2 (10)

Cigar
0.25 638.4 * (10) 1121.6 (10) 5127.2 (10)
0.5 739.2 * (10) 1148.6 (10) 5156.8 (10)
1.0 712.0 * (10) 1246.2 (10) 5203.2 (10)

k-tablet
0.25 576.0 * (10) 1023.8 (10) 3371.5 (10)
0.5 585.2 * (10) 1053.2 (10) 3355.0 (10)
1.0 582.8 * (10) 1188.2 (10) 3297.4 (10)

Rosenbrock-star
0.25 1949.0 (10) 1491.0 * (10) —
0.5 6477.4 (9) 1631.0 (10) —
1.0 2172.0 (10) 6090.4 (9) —

Rosenbrock-chain
0.25 1878.0 * (10) 4660.0 (10) —
0.5 6470.4 (9) 4777.0 (10) —
1.0 6641.4 (9) 9254.4 (9) —

Bohachevsky
0.25 444.4 * (10) 921.6 (10) 16,072.2 (9)
0.5 405.6 * (10) 976.6 (10) — (0)
1.0 560.4 * (10) 1064.4 (10) — (0)

Schaffer
0.25 1735.2 * (10) 5725.2 (10) — (0)
0.5 1846.4 * (10) 5809.4 (10) — (0)
1.0 1824.0 (10) 10,422.4 (9) — (0)

Rastrigin
0.25 2605.6 * (10) 3143.0 (10) — (0)
0.5 3178.4 * (10) 3246.8 (10) — (0)
1.0 2697.2 (10) 7860.4 (9) — (0)

Rotated Rastrigin
0.25 2046.4 * (10) 4626.8 (10) — (0)
0.5 2284.0 (10) 8320.9 (9) — (0)
1.0 1978.0 (10) 9287.4 (9) — (0)

Rotated Griewank
0.25 2108.0 (10) 2010.0 * (10) — (0)
0.5 2238.6 (10) 2118.0 * (10) — (0)
1.0 2061.3 * (10) 2263.0 (10) — (0)

The relationship between normalized outside-range distance and ERT also differed 
among functions and methods. Among Sphere, Cigar, k-tablet, and Bohachevsky, for 
which both methods succeeded in all runs at every distance, the proposed method had its 
lowest ERT at dout  = 0.5 for Sphere and Bohachevsky, but its highest ERT at that distance 
for Cigar and k-tablet. For AREX/JGG, ERT increased with distance for Cigar, k-tablet, 
and Bohachevsky.

In comparisons with HIRCGA, both methods succeeded in all runs under every con-
dition for Sphere, Cigar, and k-tablet in Tables 3 and 4, with lower ERT for the proposed 
method throughout. For Bohachevsky, HIRCGA succeeded in nine runs at rout  = 0% in 
Table 3 and dout  = 0.25 in Table 4, but in no runs under the other conditions. For Schaffer, 
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Rastrigin, Rotated Rastrigin, and Rotated Griewank, HIRCGA achieved no successful runs 
in either table. For Rosenbrock-star and Rosenbrock-chain, no HIRCGA population size 
met the preliminary selection criterion, and the main experiments were not performed. In 
contrast, the proposed method succeeded in at least nine runs under every condition in 
both tables.

To examine the effect of expanding the search distribution on search performance, we 
conducted additional comparisons using AREX/JGG with initial expansion rates of 𝛼(0)  = 1, 
1.5, 3 for 40-dimensional Sphere, Rosenbrock-star, and Schaffer. The outside-range ratio was 
set to rout  = 0%, 100%, and the expansion rate was adaptively updated during the search 
in all settings, with its lower bound fixed at 1. Table A4 presents the results. For Sphere, 
setting 𝛼(0)  = 1.5 yielded lower ERT than the default setting of 𝛼(0)  = 1 at rout  = 0%, but 
higher ERT at rout  = 100%. For Rosenbrock-star, 𝛼(0)  = 1.5, 3 yielded higher ERT than the 
default setting at both outside-range ratios. The proposed method achieved lower ERT 
than AREX/JGG with 𝛼(0)  = 1.5, 3 under all tested conditions for these two functions. For 
Schaffer, both larger initial expansion rates yielded higher ERT than the default setting at 
both outside-range ratios, whereas the proposed method achieved lower ERT than all three 
AREX/JGG settings.

The next section examines the contribution of each component to search performance 
through an ablation analysis.

4.3. Ablation Analysis of the Proposed Method
To evaluate the contribution of each component, an ablation study compared four 

variants based on AREX/JGG: (1) the proposed method combining e-CS and CM, (2) e-CS 
only, (3) CM only, and (4) CM combined with DM. The experiments used 40-dimensional 
benchmark functions with rout  = 100% and dout  = 1.0. Table 5 reports ERT and success 
counts for each configuration.

In Table 5, the proposed method combining e-CS and CM achieved the lowest ERT 
among the four variants for five functions: k-tablet, Bohachevsky, Schaffer, Rastrigin, and 
Rotated Rastrigin. For Schaffer, e-CS alone required 5962.2 evaluations and CM alone 
required 2011.0, compared with 1824.0 for the proposed method. For Bohachevsky, Rastrigin, 
and Rotated Rastrigin, the differences between the proposed method and CM alone were 
small: 6.4, 5.0, and 21.0 evaluations, respectively.

In contrast, the CM-only configuration achieved the lowest ERT for Sphere, Cigar, 
and Rosenbrock-chain, the e-CS-only configuration for Rosenbrock-star, and the CM+DM 
configuration for Rotated Griewank. Thus, the proposed method combining e-CS and CM 
did not consistently achieve the lowest ERT.

Comparing the CM-only and CM+DM configurations, ERT decreased from 2108.3 
to 2052.8 for Rotated Griewank. For the remaining nine functions, however, adding DM 
increased ERT. Thus, under the tested conditions, adding DM did not consistently improve 
search efficiency.

Figure 5 shows convergence curves for Sphere, Rosenbrock-star, and Schaffer. For 
Sphere and Schaffer, the proposed method and CM-only variant reduced the error with 
fewer evaluations than AREX/JGG and the e-CS-only variant. For Rosenbrock-star, the pro-
posed method and CM-only variant rapidly reduced the error early in the search, whereas 
AREX/JGG and the e-CS-only variant achieved smaller errors later.

Figure A1 shows the generation-wise numbers of individuals generated by LM and 
CaM that were selected into the next generation. These counts differed among functions and 
search stages. However, selection counts alone do not identify objective-value improvements 
attributable to each operator or their contributions to local and global search.
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Figure 5. Convergence curves for 40-dimensional (A) Sphere, (B) Rosenbrock-star, and (C) Schaffer at 
an outside-range ratio of 100% and normalized outside-range distance of 1.0. The proposed method (e-
CS + CM), AREX/JGG, the e-CS-only variant, and the CM-only variant are compared. The horizontal 
axis shows cumulative objective function evaluations; the vertical axis shows the mean difference 
between the best-so-far objective value and the known optimum over 10 runs, on a logarithmic scale.

Table 5. Ablation analysis for 40-dimensional benchmark functions at rout  = 100% and dout  = 1.0. The 
proposed method (e-CS + CM), e-CS only, CM only, and CM+DM are compared. Ten independent 
runs were performed under each condition. Values are ERTs, with success counts out of 10 runs in 
parentheses. Boldface indicates the lowest ERT for each function.

Function Ours e-CS CM CM+DM

Sphere 503.6 (10) 759.6 (10) 444.0 (10) 492.0 (10)
Cigar 712.0 (10) 1229.2 (10) 699.6 (10) 779.0 (10)

k-tablet 582.8 (10) 1168.6 (10) 610.0 (10) 615.2 (10)
Rosenbrock-star 2172.0 (10) 1646.0 (10) 2189.5 (10) 6613.4 (9)

Rosenbrock-chain 6641.4 (9) 6658.0 (9) 6637.1 (9) 6741.4 (9)
Bohachevsky 560.4 (10) 1071.8 (10) 566.8 (10) 577.8 (10)

Schaffer 1824.0 (10) 5962.2 (10) 2011.0 (10) 2100.0 (10)
Rastrigin 2697.2 (10) 7761.4 (9) 2702.2 (10) 7155.4 (9)

Rotated Rastrigin 1978.0 (10) 8336.2 (9) 1999.0 (10) 6456.4 (9)
Rotated Griewank 2061.3 (10) 2221.6 (10) 2108.3 (10) 2052.8 (10)
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4.4. Application to an Escherichia coli Metabolic Model
Following the evaluation of benchmark functions with relatively low objective-

evaluation cost, this section considers a parameter-estimation problem involving numerical 
integration of ODEs. Specifically, the search performance of the proposed method was 
evaluated using an ODE model of Escherichia coli glycolysis [21].

The model comprises 18 metabolite concentrations, 30 enzymatic reactions, and 
119 model parameters and is expressed by the following ODE system:

𝑑c(𝑡; x)
dt = Sv(c(𝑡; x), x), c(0; x) = c0, (29)

where, t is time, c(t; x) ∈ R18  is the metabolite concentration vector, S ∈ R18×30  is the 
stoichiometric matrix, v ∈ R30  is the reaction-rate vector, x ∈ R119  is the model parameter 
vector, and c0  is the initial concentration vector. In Equations (29) and (30), x represents the 
full set of 119 model parameters. Only 15 components are treated as optimization variables, 
while the remaining 104 components are fixed at their reference values.

Of the 119 model parameters, 15 were optimized and the remaining 104 were fixed 
at their reference values. Initially, 30 maximum reaction-rate parameters, which directly 
determine the scales of the corresponding reaction fluxes, were considered for estimation. 
Preliminary experiments optimizing all 30 simultaneously did not obtain a solution satis-
fying the success criterion within the specified evaluation budget. The estimation targets 
were therefore progressively reduced through preliminary optimization attempts to con-
struct a 15-parameter problem. This selection was not based on quantitative sensitivity 
or identifiability analysis, and neither the exclusion criteria nor the exclusion order was 
specified in advance. The experiment is therefore treated as a case study of the reduced 
15-parameter problem constructed through this procedure.

Table A5 lists the optimized parameters and their reference values. State variables, 
reaction-rate equations, initial conditions, and other parameter values were taken from the 
model available in BioModels (BIOMD0000000051).

For each candidate parameter vector, the ODEs were integrated from the specified 
initial conditions using the fourth-order Runge–Kutta method with a time step of Δt = 0.01 
s over 0 ≤ t ≤ 40 s. Concentrations of the 18 metabolites at five time points (8, 16, 24, 
32, and 40 s) were extracted to obtain 90 model predictions. Values generated using the 
same procedure with the reference parameter vector x∗  served as pseudo-observations. 
The objective function was the root mean squared error (RMSE) between predicted and 
pseudo-observed concentrations:

RMSE(x) = √ 1
𝑁m𝑁t

𝑁m

∑
𝑖=1

𝑁t

∑
𝑗=1

[𝑐𝑖(𝑡𝑗; x) − 𝑐𝑖(𝑡𝑗; x∗)]
2
, (30)

where Nm  = 18 is the number of metabolites, Nt  = 5 is the number of observation times, 
and tj  = 8j s (j = 1, …, Nt ) is the j-th observation time. Here, ci (tj ; x) is the predicted 
concentration of metabolite i at time tj  for candidate parameter vector x, and ci (tj ; x∗ ) is the 
corresponding pseudo-observed concentration.

The number of optimized parameters was n = 15, and the population size was 
Nu  = 5n = 75; the remaining algorithm parameters were set as in Table 2. Because the 
reference parameter values span 0.001–7829, the lower bound of the initial range was fixed 
at 0 and the upper bound was set to 100, 1000, 5000, or 10,000 for all optimized parameters. 
Some reference parameter values lie outside the initial range in each of the three settings 
other than [0, 10,000].

For each setting, the proposed method and AREX/JGG were each executed in
10 independent runs. A run was considered successful when the best-so-far RMSE fell 
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below 10−7 . Performance was evaluated using success counts and ERT, calculated according 
to Equation (28) from first-attainment evaluation counts for successful runs and evaluation 
counts consumed by unsuccessful runs. The maximum number of objective function eval-
uations was Fmax  = 2000. Each run terminated upon success or upon reaching this limit. 
Evaluation counts actually consumed by unsuccessful runs were used to calculate ERT.

Table 6 reports success counts and ERT for each initial range. For [0, 5000], both 
methods succeeded in all runs, but the proposed method had higher ERT (1140.6) than 
AREX/JGG (898.2). For [0, 10,000], [0, 1000], and [0, 100], the proposed method achieved 
nine, 10, and eight successful runs, respectively, compared with zero, six, and zero for 
AREX/JGG. The proposed method therefore achieved more successful runs in three of the 
four settings examined.

Table 6. Comparison of methods across initial search ranges for the 15-parameter estimation problem 
in the Escherichia coli glycolysis model. Values are ERTs, with success counts out of 10 runs in 
parentheses. “—” indicates that no run succeeded and a finite ERT could not be estimated. Boldface 
indicates the lowest ERT under each condition. Paired first-attainment evaluation counts were com-
pared between the proposed method and AREX/JGG using the Wilcoxon signed-rank test only where 
both methods succeeded in all 10 runs (*: p < 0.01).

Initial Range
ERT (Success Count)

Ours AREX/JGG

[0, 10,000] 1308.2 (9) — (0)
[0, 5000] 1140.6 (10) 898.2 * (10)
[0, 1000] 1122.0 (10) 2562.3 (6)
[0, 100] 1134.0 (8) — (0)

Success-count improvements occurred both where some reference values lay outside 
the initial range and for [0, 10,000], which contains all reference values. However, chang-
ing the upper bound simultaneously changes the range width, the number of reference 
parameters outside the range, and their distances from its boundary. Differences in suc-
cess counts therefore cannot be attributed solely to the outside-range ratio or normalized 
outside-range distance.

Figure A2 shows simulations using the reference parameters and the pseudo-observations 
sampled from those simulations. Figure A3 illustrates examples of the search process. Each 
curve shows the relationship between cumulative objective function evaluations and best-
so-far RMSE in a single run. Quantitative comparisons between methods are based on the 
10 independent runs reported in Table 6.

5. Discussion
5.1. Effect of the Proposed Mechanisms in Benchmark Functions

The proposed method introduces search-region expansion as a candidate-generation 
mechanism separate from the search-distribution update by AREX. Specifically, e-CS gener-
ates candidates through extrapolation, while CM generates candidates with heavy-tailed 
perturbations. This retains the crossover mechanism of AREX while allowing the application 
generations and offspring counts of the additional mechanisms to be specified individually. 
This separation concerns the design of candidate-generation mechanisms and does not 
imply statistical independence during search. Individuals generated by all mechanisms 
undergo common survivor selection and influence the subsequent AREX search distribution 
through the next parent population.

In the benchmark experiments, the proposed method had lower ERT than AREX/JGG 
under many conditions. However, its ERT was higher for some Rosenbrock-star conditions 
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and for 80-dimensional Rosenbrock-chain. Additional candidate-generation mechanisms 
can therefore improve search efficiency for multiple problems, but their effects depend 
on the function and experimental conditions. These comparisons alone do not establish 
decoupling itself as the cause of the improvement.

The proposed method increases objective function evaluations during generations 
in which additional candidates are generated. Nevertheless, under many conditions in 
Tables 3 and 4 where both methods succeeded in all 10 runs, its ERT was lower than that of 
AREX/JGG even when additional offspring evaluations were included. Because ERT equals 
the mean first-attainment evaluation count under these conditions, this indicates improved 
search efficiency after accounting for the cost of additional evaluations. When unsuccessful 
runs are present, ERT reflects both evaluations needed to reach the target and the success 
rate, and should be interpreted alongside success counts.

ERT did not consistently increase with outside-range ratio or normalized outside-
range distance. The proposed method also had lower ERT than AREX/JGG under some 
conditions where the optimum was inside the initial range. Its improvements are therefore 
not restricted to outside-range conditions and cannot be explained solely by its ability to 
reach regions outside the initial range.

The outside-range ratio and normalized outside-range distance describe the geometric 
relationship between the initial range and the optimum; they do not alone determine search 
difficulty or performance differences. Although range width was fixed in these experiments, 
changing its position also changes the region containing the initial population. Differences 
between distance conditions may therefore reflect differences in local objective-function 
geometry as well as distance to the optimum.

Interactions between the search distribution constructed by AREX from the parent 
population and the additional candidate-generation mechanisms may explain why effects 
vary with function and dimensionality. Additional candidates increase opportunities to 
explore promising regions, but also incur evaluations of candidates that do not contribute 
to attaining the success criterion. They therefore do not necessarily reduce total evaluation 
counts. Their incorporation into the parent population through survivor selection may also 
affect subsequent search distributions. However, objective-value improvements attributable 
to each mechanism and covariance structures during search were not directly analyzed, so 
the absence of improvement cannot be attributed specifically to these interactions.

The proposed method also had lower ERT than AREX/JGG for some conditions of 
Rotated Rastrigin and Rotated Griewank, indicating that the presence or absence of variable 
dependencies alone does not explain performance differences. Identifying conditions in 
which the proposed mechanisms are useful requires examining the locations and selection 
of additional candidates and changes in the subsequent search distribution, alongside 
function characteristics and dimensionality.

In the ablation analysis, the combined e-CS and CM method achieved the lowest ERT 
for five of the 10 functions in Table 5. For Schaffer, the combined variant reached the success 
criterion with fewer evaluations than either e-CS or CM alone. For Rastrigin and Rotated 
Rastrigin, however, differences between the combined variant and CM alone were small. 
CM alone performed best for Sphere, Cigar, and Rosenbrock-chain, whereas e-CS alone 
performed best for Rosenbrock-star. These results indicate that combining the mechanisms 
can be useful for multiple problems, but do not show that both are necessary for every 
problem or that their combination provides a universal synergistic effect.

Figure 5 also shows that the relative errors of variants can change with search stage. 
For Rosenbrock-star, the proposed method and CM-only variant reduced the error rapidly 
early in the search, whereas AREX/JGG and the e-CS-only variant achieved smaller 
errors later. Early error reduction alone therefore does not establish search efficiency 
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through attainment of the success criterion. Likewise, differences in the selection counts of 
LM- and CaM-generated individuals in Figure A1 show that their use depends on func-
tion and search stage, but selection counts alone cannot quantify their contributions to
performance improvements.

Adding DM did not consistently reduce evaluation counts. Compared with CM alone, 
ERT decreased for Rotated Griewank but increased for functions including Sphere, Cigar, 
and Schaffer. Adding a search mechanism therefore does not necessarily improve search effi-
ciency under the settings used here. The causes of these changes cannot be isolated because 
the evaluation costs of additional candidates and their effects on the search distribution 
through survivor selection were not examined separately.

In the additional AREX/JGG comparison, increasing the initial expansion rate did 
not consistently improve search efficiency (Table A4). Under the conditions examined, 
simply adopting a wider search-distribution setting does not necessarily improve efficiency. 
However, this comparison alone does not isolate the effect of decoupling search-region 
expansion from search-distribution update.

5.2. Parameter Estimation for the Escherichia coli Glycolysis Model
For the 15-parameter estimation problem, the proposed method achieved more suc-

cessful runs than AREX/JGG in three of four initial-range settings. In particular, for [0, 100] 
and [0, 10,000], AREX/JGG achieved no successful runs, whereas the proposed method 
succeeded in eight and nine out of 10 runs, respectively. For [0, 5000], where both methods 
succeeded in all runs, the proposed method had higher ERT. Thus, although the proposed 
method improved success counts in this case study, it did not reduce evaluation counts for 
every initial range.

Because success counts also improved for [0, 10,000], which contains all reference 
values, the effect cannot be explained solely by reaching reference values outside the initial 
range. Changing the upper bound simultaneously changes the range width, the number of 
reference parameters outside the range, and their distances from its boundary. These results 
therefore describe performance for individual initial-range settings rather than separately 
evaluating the effects of outside-range ratio and normalized outside-range distance.

The success criterion is based on errors between model-predicted and pseudo-observed 
concentrations. Satisfying it indicates that parameters reproducing the observed concen-
trations were obtained, but does not imply unique recovery of the reference parameters. 
Furthermore, the 15 estimation targets were selected from preliminary optimization results 
rather than quantitative sensitivity or identifiability analysis. Therefore, the possibility that 
the choice of parameter subset influenced the comparison between methods cannot be ex-
cluded. These findings are therefore limited to the estimation problem constructed through 
that procedure and the initial ranges examined. General conclusions about metabolic-model 
parameter estimation require tests with other estimation targets and observation conditions.

5.3. Limitations and Future Work
Several limitations remain in this study.
First, the ranges of outside-range ratios and normalized distances evaluated were 

limited. Experiments varying the outside-range ratio used a normalized distance of 1.0 
in outside-range dimensions; experiments varying distance compared three distances at 
40 dimensions and an outside-range ratio of 100%. Combinations of ratio, distance, and 
dimensionality were therefore not evaluated exhaustively. Although two rotated functions 
were added, the function set remains limited, and comparisons are restricted to RCGA-based 
methods. Broader problem settings and comparative methods are needed to establish the 
scope of applicability.
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Second, in the benchmark experiments the optimum lay beyond the upper bound of the 
initial range in outside-range dimensions. Cases where the optimum lies below the lower 
bound or where outside-range directions differ among dimensions were not examined. 
Generalization to these conditions requires further evaluation.

Third, the proposed method does not explicitly determine the need for extrapolation 
during search, and the application periods and settings of e-CS and CM are fixed. The 
e-CS application period is a practical setting based on preliminary experiments and is not 
guaranteed to be optimal for all problems. Since individual mechanisms performed better 
for some functions in the ablation analysis, future work should adjust application periods 
and offspring counts using indicators such as stagnation, candidate selection counts, and 
contributions to objective-value improvements.

Fourth, the numerical experiments in this study evaluated the performance of the pro-
posed method and the contributions of its components under the conditions examined; they 
did not isolate the effect of decoupling search-region expansion from search-distribution 
updating itself. The comparison with AREX/JGG using different initial expansion rates 
also does not vary only the presence or absence of decoupling, so performance differences 
cannot be attributed solely to decoupling. Furthermore, we have not conducted a theoreti-
cal analysis of the convergence of the proposed method or the conditions under which a 
decoupled configuration outperforms other configurations.

Fifth, objective function evaluation counts were used as the primary computational-cost 
metric, but this metric excludes costs such as candidate generation and survivor selection. 
For the metabolic model, numerical behavior depending on candidate parameters may 
also affect runtime. Practical computational efficiency should be assessed under consis-
tent implementations by distinguishing time spent on objective evaluations from other
processing costs.

Sixth, the metabolic-model experiment used pseudo-observations generated from the 
model; performance with observation noise or discrepancies between the model and real 
data was not examined. Such conditions must be tested to assess applicability to real data.

6. Conclusions
In this study, we addressed optimization problems in which the true global optimum 

may lie outside the initially specified search range. To handle this outside-range opti-
mization setting, we extended AREX/JGG by introducing search-region expansion as a 
candidate-generation mechanism separate from search-distribution update. The proposed 
method combines enhanced Chaotic Search (e-CS) for extrapolative candidate genera-
tion, AREX for search-distribution update, and Combinational Mutation (CM) for heavy-
tailed perturbations.

Experiments on 10 benchmark functions evaluated search performance while varying 
the outside-range ratio and normalized outside-range distance. The proposed method had 
lower ERT than AREX/JGG under many conditions examined. However, improvement 
was not obtained for some Rosenbrock-star conditions or for 80-dimensional Rosenbrock-
chain; relative performance depended on function, dimensionality, and initial-range setting. 
ERT also did not consistently increase with outside-range ratio or normalized outside-
range distance.

The ablation analysis identified functions for which combining e-CS and CM achieved 
lower ERT than either mechanism alone, as well as functions for which an individual 
mechanism performed better. Combining additional search mechanisms can therefore be 
useful for multiple problems, but is not superior for every problem.

For the 15-parameter estimation problem in the Escherichia coli glycolysis model, 
the proposed method achieved more successful runs than AREX/JGG in three of four 
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initial-range settings. However, the estimation targets were selected through preliminary 
optimization attempts, and generalizing these results requires evaluation using other pa-
rameter subsets and observation conditions.

Overall, the proposed AREX/JGG extension improved search efficiency under many 
outside-range conditions examined in this study and increased success counts across mul-
tiple initial-range settings in the metabolic-model case study. Future work will identify 
conditions in which each search mechanism is effective and clarify their interactions, while 
investigating adaptive control based on search progress.
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Appendix A 

Table A1. Comparison of search performance for Ge−CS  = 5, 10, 20 in 40 dimensions at an outside-range 
ratio of 100%. Values are ERTs, with success counts out of 10 runs in parentheses. Boldface indicates 
the lowest ERT for each function.

Function 5 10 20

Sphere 499.6 (10) 503.6 (10) 512.1 (10)
Cigar 720.5 (10) 712.0 (10) 734.6 (10)

k-tablet 599.4 (10) 582.8 (10) 612.5 (10)
Rosenbrock-star 2131.4 (10) 2172.0 (10) 2250.3 (10)

Rosenbrock-chain 6645.6 (9) 6641.4 (9) 6671.4 (9)
Bohachevsky 553.1 (10) 560.4 (10) 620.9 (10)

Schaffer 1848.8 (10) 1824.0 (10) 1849.2 (10)
Rastrigin 2704.8 (10) 2697.2 (10) 2807.0 (10)

Rotated Rastrigin 2001.6 (10) 1978.0 (10) 2031.3 (10)
Rotated Griewank 2080.4 (10) 2061.3 (10) 2144.1 (10)

Table A2. Population sizes used for 20-, 40-, and 80-dimensional benchmark functions under outside-
range ratios of 0%, 50%, and 100%. For each condition, the population size yielding the smallest 
average number of generations among settings with at least nine successful runs out of 10 in the 
preliminary experiments was selected. If different population sizes were selected across outside-range 
ratios, they are reported separated by slashes. “—” indicates that no candidate population size met 
this criterion and the main experiment was not performed.

Function Dimension Ours AREX/JGG HIRCGA

Sphere
20 5 × n 5 × n 5 × n
40 5 × n 10 × n 5 × n
80 5 × n 10 × n 5 × n

Cigar
20 5 × n 5 × n 5 × n
40 5 × n 10 × n 5 × n
80 5 × n 10 × n 5 × n

k-tablet
20 5 × n 5 × n 5 × n
40 5 × n 10 × n 5 × n
80 5 × n 10 × n 5 × n

Rosenbrock-star
20 10 × n 10 × n 10 × n/—/—
40 10 × n 10 × n —
80 10 × n 10 × n —

Rosenbrock-chain
20 5 × n 5 × n —
40 10 × n 5 × n —
80 10 × n 10 × n —

Bohachevsky
20 5 × n 5 × n 5 × n
40 5 × n 10 × n 5 × n
80 5 × n 10 × n 5 × n

Schaffer
20 5 × n 15 × n 5 × n
40 5 × n 20 × n 5 × n
80 5 × n 25 × n —/—/5 × n

Rastrigin
20 5 × n 20 × n 10 × n
40 5 × n 20 × n 5 × n/10 × n/10 × n
80 10 × n 20 × n —

Rotated Rastrigin
20 5 × n 10 × n 10 × n
40 5 × n 20 × n 10 × n
80 5 × n 20 × n —

Rotated Griewank
20 5 × n 10 × n 5 × n
40 5 × n 20 × n 10 × n
80 5 × n 20 × n —
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Table A3. Comparison of the proposed method, AREX/JGG, and HIRCGA for 20- and 80-dimensional 
benchmark functions at outside-range ratios of 0%, 50%, and 100%. Values are ERTs, with success 
counts out of 10 runs in parentheses. “—(0)” indicates that all 10 runs failed and a finite ERT could 
not be estimated; “—” without a success count indicates that the main experiment was not performed 
because no population size met the preliminary selection criterion. Boldface indicates the lowest 
ERT under each condition. Paired first-attainment evaluation counts were compared between the 
proposed method and AREX/JGG using the Wilcoxon signed-rank test only where both methods 
succeeded in all 10 runs (*: p < 0.01).

20 Dimensions rout 
ERT (Success Count)

Proposed Method AREX/JGG HIRCGA

Sphere
0 326.5 * (10) 339.8 (10) 1022.2 (10)

50 354.2 * (10) 362.7 (10) 1146.8 (10)
100 254.8 * (10) 376.2 (10) 1113.2 (10)

Cigar
0 514.7 * (10) 610.2 (10) 2541.1 (10)

50 543.0 * (10) 915.4 (10) 2644.8 (10)
100 604.1 * (10) 966.9 (10) 2573.0 (10)

k-tablet
0 490.9 * (10) 539.2 (10) 1724.0 (10)

50 552.0 * (10) 617.2 (10) 1824.2 (10)
100 568.2 * (10) 599.8 (10) 1750.2 (10)

Rosenbrock-star
0 882.7 (10) 867.2 * (10) 17,556.7 (10)

50 1050.3 (10) 932.8 * (10) —
100 1022.7 * (10) 1119.2 (10) —

Rosenbrock-chain
0 1561.9 (10) 1520.2 * (10) —

50 1589.2 * (10) 2009.6 (10) —
100 1515.5 * (10) 2011.6 (10) —

Bohachevsky
0 326.1 * (10) 512.1 (10) 1589.0 (10)

50 348.5 * (10) 592.5 (10) 1718.7 (10)
100 342.8 * (10) 609.3 (10) 1651.6 (10)

Schaffer
0 1224.8 * (10) 2750.5 (10) 7200.2 (10)

50 1345.4 * (10) 2578.7 (10) 7332.2 (10)
100 1428.9 * (10) 2956.2 (10) 7308.0 (10)

Rastrigin
0 1048.3 * (10) 2079.2 (10) 8664.8 (10)

50 1192.8 * (10) 2160.0 (10) 12,024.2 (10)
100 1304.2 * (10) 2469.0 (10) 12,060.4 (10)

Rotated Rastrigin
0 1218.8 * (10) 1984.3 (10) 9009.4 (10)

50 1379.2 * (10) 2142.7 (10) 12,184.5 (10)
100 1317.9 * (10) 2479.2 (10) 12,104.4 (10)

Rotated Griewank
0 908.2 * (10) 1372.7 (10) 10,101.7 (10)

50 950.8 * (10) 1563.5 (10) 11,064.9 (10)
100 922.0 * (10) 1479.2 (10) 11,001.3 (10)

80 Dimensions rout 
ERT (Success Count)

Proposed Method AREX/JGG HIRCGA

Sphere
0 547.0 * (10) 1906.2 (10) 1022.2 (10)

50 588.4 * (10) 2906.7 (10) 1099.8 (10)
100 584.3 * (10) 3212.3 (10) 1298.3 (10)

Cigar
0 764.1 * (10) 3454.2 (10) 1548.9 (10)

50 778.7 * (10) 3999.4 (10) 1577.1 (10)
100 740.2 * (10) 4920.3 (10) 1548.5 (10)

https://doi.org/10.3390/app162110953

https://doi.org/10.3390/app162110953


Appl. Sci. 2026, 16, 10953 27 of 30

Table A3. Cont.

k-tablet
0 719.0 * (10) 3624.7 (10) 1296.3 (10)

50 774.4 * (10) 3711.0 (10) 1321.0 (10)
100 742.1 * (10) 3985.0 (10) 1296.8 (10)

Rosenbrock-star
0 2942.6 (10) 2242.2 * (10) —

50 11,897.7 (9) 2997.3 (10) —
100 2998.6 (10) 11,877.9 (9) —

Rosenbrock-chain
0 27,862.0 (10) 13,397.8 * (10) —

50 29,691.3 (9) 28,525.8 (9) —
100 29,537.2 (10) 26,839.9 (9) —

Bohachevsky
0 551.6 * (10) 1418.6 (10) 2152.8 (10)

50 573.3 * (10) 2219.7 (10) 2321.2 (10)
100 638.2 * (10) 2378.9 (10) 2528.7 (10)

Schaffer
0 2081.7 * (10) 7463.0 (10) —

50 2104.0 (10) 9128.4 (9) —
100 2140.7 (10) 9146.8 (9) 22,701.1 (8)

Rastrigin
0 5865.4 (10) 5042.2 * (10) —

50 5890.2 (10) 15,508.2 (9) —
100 5641.2 (10) 15,580.3 (9) —

Rotated Rastrigin
0 5996.5 (10) 5015.3 * (10) —

50 6004.5 (10) 15,777.9 (9) —
100 5971.2 (10) 15,716.8 (9) —

Rotated Griewank
0 1754.0 * (10) 3604.3 (10) —

50 1895.7 * (10) 3991.0 (10) —
100 1787.2 * (10) 3962.3 (10) —

Table A4. Comparison of the proposed method with AREX/JGG using different initial expansion 
rates 𝛼(0)  for 40-dimensional Sphere, Rosenbrock-star, and Schaffer. Outside-range ratios of 0% and 
100% were used. Adaptive updating was retained for every initial-rate setting, with the lower bound 
fixed at 1. The standard setting is 𝛼(0)  = 1.0. Values are ERTs, with success counts out of 10 runs in 
parentheses. “—” indicates that no run succeeded and a finite ERT could not be estimated. Boldface 
indicates the lowest ERT under each condition.

Function rout Ours
AREX/JGG

𝜶(0)  = 1.0 𝜶(0)  = 1.5 𝜶(0)  = 3.0

Sphere 0 330.0 (10) 609.0 (10) 573.4 (10) 2453.0 (10)
100 503.6 (10) 750.6 (10) 968.4 (10) 2893.4 (10)

Rosenbrock-
star

0 1943.8 (10) 1357.6 (10) 1653.8 (10) 3972.8 (10)
100 2172.0 (10) 6090.4 (9) 7071.2 (9) 8020.8 (9)

Schaffer
0 1688.0 (10) 5691.0 (10) 6091.2 (10) 7088.1 (10)

100 1824.0 (10) 10,422.4 (9) 10,549.0 (9) 11,468.4 (9)

Table A5. The 15 optimized parameters and their reference values in the Escherichia coli glycolysis 
model used for the parameter-estimation experiments.

Parameter Value

𝑟max
PTS 7829.78

𝑟max
PGI 650.988

𝑟max
G6PDH 1.38
𝑟max

PFK 1840.525
𝑟max

TA 10.872
𝑟max

TKA 9.47
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Table A5. Cont.

Parameter Value

𝑟max
ALDO 17.415

𝑟max
GAPDH 921.594
𝑟max

TIS 68.675
𝑟max

TRPSYNTH 0.001
𝑟max

PGK 3021.774
𝑟max

ENO 330.448
𝑟max

PK 0.061
𝑟max

PEPCxylase 0.107
𝑟max

PDH 6.06

Figure A1. Generation-wise numbers of individuals generated by Lévy mutation (LM) and Cauchy 
mutation (CaM) that were selected into the next generation. The left column (blue) corresponds 
to LM, and the right column (red) to CaM. Results are shown for 40-dimensional (A) k-tablet, 
(B) Rosenbrock-star, (C) Rosenbrock-chain, and (D) Schaffer.
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Figure A2. Simulations of the Escherichia coli glycolysis model using reference parameters pub-
lished in BioModels. Dots indicate the pseudo-observations used for parameter estimation. Vari-
able names used in Figure A2: cpep, phosphoenolpyruvate; cglcex, extracellular glucose; cg6p, 
glucose-6-phosphate; cpyr, pyruvate; cf6p, fructose-6-phosphate; cg1p, glucose-1-phosphate; cpg, 
6-phosphogluconate; cfdp, fructose-1,6-bisphosphate; csed7p, sedoheptulose-7-phosphate; cgap, 
glyceraldehyde-3-phosphate; ce4p, erythrose-4-phosphate; cxyl5p, xylulose-5-phosphate; crib5p, 
ribose-5-phosphate; cdhap, dihydroxyacetone phosphate; cpgp, 1,3-bisphosphoglycerate; cpg3,
3-phosphoglycerate; cpg2, 2-phosphoglycerate; cribu5p, ribulose-5-phosphate.

Figure A3. Example convergence curves for the reduced 15-parameter estimation problem in the 
E. coli glycolysis model with an initial range of [0, 5000]. The proposed method, AREX/JGG, the 
e-CS-only variant, and the CM-only variant are compared. Each curve shows best-so-far RMSE against 
cumulative objective function evaluations in a single run. The horizontal axis is cumulative objective 
function evaluations and the vertical axis is the lowest RMSE obtained up to that point.
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