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Abstract

Metal rubber (MR) exhibits excellent environmental adaptability and nonlinear damping 
characteristics, making it a promising material for multi-directional vibration isolation in 
aerospace and marine applications. However, the hysteresis behavior of MR-based isolators 
strongly depends on loading direction due to different structural layouts and load paths. 
This paper proposes a direction-specific modeling strategy for a composite MR-spring vibra-
tion isolator that shows pronounced hysteresis asymmetry under vertical loading and nearly 
symmetric hysteresis under lateral loading. An asymmetric model (including quadratic 
and cubic stiffness plus linear and quadratic velocity damping) is established for the vertical 
direction, and a symmetric model (cubic stiffness and power-law damping) for the lateral 
direction. Model parameters are identified from dynamic tests (2–4 Hz, amplitude ranges: 
vertical 0.6–1.0 mm, lateral 0.2–0.6 mm) using hysteresis loop decomposition and nonlinear 
least-squares fitting. The identified stiffness parameters are expressed as polynomial func-
tions of excitation amplitude, and damping parameters as bivariate quadratic functions 
of amplitude and frequency. Model validation demonstrates that the proposed models 
achieve goodness-of-fit (GFI) values above 0.97, with normalized root-mean-square errors 
(NRMSE) and relative dissipated-energy errors (𝜀ΔW ) below 5.3% and 3.4%, respectively, 
under the investigated interpolation and extrapolation conditions. Compared with the 
classical Bouc–Wen model, the proposed models exhibit higher overall predictive accuracy 
in reproducing the vertical and lateral hysteresis responses, highlighting the effectiveness of 
the direction-specific modeling approach. The model parameters are further interpreted in 
relation to the structural characteristics of the central spring, tubular MR, and annular MR. 
The direction-specific modeling approach provides a practical framework for characterizing 
the nonlinear hysteresis behavior of the investigated composite isolator.

Keywords: metal rubber; composite vibration isolator; nonlinear hysteresis; direction-specific 
modeling; parameter identification

1. Introduction
Metal rubber (MR) is a porous metallic material fabricated by winding and pressing 

metal wires. It offers wide-temperature stability, corrosion resistance and vacuum adaptabil-
ity, and has been successfully used in aerospace and marine vibration control [1–3]. Internal 
wire contacts provide load-carrying capacity via skeleton deformation and dissipate energy 
through dry friction and micro-slip, resulting in pronounced nonlinear hysteresis [4,5]. 
This hysteresis directly determines the stiffness, damping and energy dissipation capacity 
of MR isolators [6,7].
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Various hysteresis models have been developed for MR, including bi-linear models, 
trace methods, and the Bouc-Wen model [8–10]. Garcia et al. [11] characterized metal 
mesh isolators. Wang et al. [12] studied nonlinear static and dynamic properties of MR 
dampers. Wang et al. [13] compared stiffness characteristics of metal-rubber and rubber 
isolators. Ren et al. [14] investigated damping energy dissipation of cylindrical MR in 
non-forming direction. Xia et al. [15] proposed a hysteresis model for MR bridge bearings. 
Similar friction-induced hysteretic mechanisms have also been observed in other metallic 
vibration damping structures, such as shell-type friction dampers and open shell shock 
absorbers. These structures generate hysteretic responses through the combined effects of 
elastic deformation, contact interaction, and frictional sliding. Velychkovych et al. [16] inves-
tigated an adaptive shell-type elastic element for drilling shock absorbers and demonstrated 
that nonlinear stiffness evolution and hysteresis behavior were associated with contact 
transition and dry friction under increasing load amplitude. Moisyshyn and Slabyi [17] 
developed a vibroprotective device based on elastic deformation and frictional interaction, 
highlighting the effectiveness of shell structures for vibration attenuation. Furthermore, 
Dutkiewicz et al. [18] established a dry friction damper model involving an open shell 
structure, revealing the influence of contact interaction and friction mechanisms on energy 
dissipation. These studies indicate that friction-driven hysteresis is a common mecha-
nism in metallic damping systems. However, most existing studies on MR isolators and 
related friction-based damping structures mainly assume symmetric hysteresis behavior 
and focus on single loading directions. For MR-based isolators, the influence of structural 
configuration and load path on direction-specific hysteresis behavior remains insufficiently 
understood. Experimental studies have shown that the mechanical response of MR isolators 
is influenced by loading direction, pre-compression and contact evolution [14]. Applying a 
single symmetric model to all directions would lead to inaccurate force predictions. Unlike 
existing asymmetric or loading-mode-specific hysteresis models, this study develops a 
structure-informed, direction-specific modeling strategy for a composite MR-spring isolator. 
Separate models are established to describe the asymmetric vertical response and nearly 
symmetric lateral response, with stiffness and damping parameters expressed as functions 
of excitation amplitude and frequency within the investigated range. The contribution lies 
in adapting the model formulations and parameter identification to the specific structural 
configuration and loading characteristics of the isolator, rather than proposing a new general 
hysteresis theory.

This paper addresses a composite MR-spring isolator integrating a central spring, a 
lower tubular MR and an upper annular MR. The design and parameter matching were 
detailed in previous work [19,20]. Under vertical loading, the spring and tubular MR 
work in parallel, while the annular MR buffers the unloading path, causing pronounced 
asymmetric hysteresis. Under lateral loading, the spring and annular MR work in parallel 
with symmetric load paths, producing nearly symmetric hysteresis.

To address this gap, a direction-specific modeling strategy is proposed. Therefore, this 
study aims to address the limitations of existing hysteresis models for MR-based isolators 
by developing a direction-specific nonlinear hysteresis model considering both stiffness 
nonlinearity and damping characteristics. The proposed model is established based on 
the asymmetric hysteresis responses under vertical and lateral loading conditions, and 
its applicability is evaluated through interpolation and extrapolation validations. This 
study provides a more comprehensive understanding of the direction-specific hysteretic 
behavior of MR isolators and offers a modeling approach for predicting their nonlinear 
dynamic responses.
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The remainder of this paper is organized as follows. Section 2 describes dynamic tests 
and observed direction-specific hysteresis. Section 3 presents the asymmetric and sym-
metric models. Section 4 gives parameter identification results and physical interpretation. 
Section 5 validates the models and applies them to response prediction. Section 6 concludes 
the paper.

2. Dynamic Tests and Observed Hysteresis Characteristics
2.1. Test Setup and Procedure

The composite MR-spring vibration isolator (Figure 1) consists of a housing, a 
base plate, a cap, an upper annular MR, a lower tubular MR, and a central cylindrical 
spring [19,20], Both the annular and tubular metal rubber components were independently 
fabricated in our laboratory. The density matching scheme of the two MR components 
was determined through a series of preliminary experiments involving different density 
combinations. Based on the comparative results, the configuration adopted in this work 
was identified as the selected configuration. Subsequently, dynamic tests were conducted 
on this selected isolator configuration, and the hysteresis model developed in this study 
was established based on its experimentally measured dynamic responses.

 

Figure 1. 3D prototype drawing and 2D structural schematic diagram of the vibration isolator.

Dynamic tests were conducted under displacement control using an SDS200 electro-
hydraulic testing machine (maximum force ±200 kN, dynamic stroke ±50 mm, frequency 
0.1~40 Hz, Changchun Research Institute for Mechanical Science Co., Ltd., Changchun, 
China). Harmonic displacement excitation generated by the testing machine was applied 
to the MR isolator under different fixture configurations. The fixtures were used to achieve 
different loading directions of the MR isolator, including axial compression and lateral shear 
deformation. The excitation frequency range was 2~4 Hz. The excitation amplitudes were 
0.6~1.0 mm for vertical loading and 0.2~0.6 mm for lateral loading (this 0.6 mm value is the 
conservatively selected upper bound for parameter identification, rather than the physical 
radial deformation limit of the annular MR). The excitation frequencies (2~4 Hz) and 
displacement amplitudes were selected to systematically investigate the effects of excitation 
frequency and amplitude on the dynamic characteristics of the specific MR-spring composite 
isolator. By varying these two factors under controlled cyclic loading, their influences on 
the hysteresis response and the associated model parameters could be characterized. These 
ranges were selected for dynamic characterization rather than to represent the complete 
service conditions of the isolator. Accordingly, the identified parameter relationships 
are applicable within the investigated range, while their applicability to specific service 
conditions requires further validation.
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To illustrate the influence of excitation amplitude on the hysteresis response, three rep-
resentative amplitude levels with distinct gradients were selected (0.6, 0.8, and 1.0 mm for 
vertical loading; 0.2, 0.4, and 0.6 mm for lateral loading) These representative cases demon-
strate the evolution of hysteresis characteristics under increasing excitation amplitudes. The 
complete amplitude datasets were retained for parameter identification and amplitude-
dependent fitting in Section 4. The test system is shown in Figure 2, the red arrows indicate 
the loading directions under vertical and lateral loading conditions. The central spring 
was uncompressed initially under vertical loading, while its initial pre-compression was 
kept constant across all lateral loading conditions. Force-displacement data were recorded 
synchronously [21].

Figure 2. Dynamic Test System.

The dissipated energy per cycle ΔW represents the energy dissipated by the MR 
isolator during one complete force–displacement hysteresis loop. Here, one cycle refers to 
one complete sinusoidal loading period, including both loading and unloading processes. 
The dissipated energy was calculated from the enclosed area of the hysteresis loop through 
numerical integration:

Δ𝑊 = ∮ 𝐹d𝑥 = ∮ 𝐹d[𝑋0 cos(𝜔𝑡 + 𝜃)]

= −𝜔𝑋0∫𝑇
𝑜 𝐹 sin(𝜔𝑡 + 𝜃)d𝑡 = −

2π𝑋0
𝑁 ∑𝑁

𝑖=1 𝐹𝑖 sin(
2π𝑖
𝑁 + 𝜃)

(1)

where 𝜔 is load cycle, X0  is the displacement amplitude, 𝑁 = 𝑓𝑠/𝑓  represents the number of 
discrete sampling points within one excitation cycle (f s ): sampling frequency, (f ): excitation 
frequency), Fi  the restoring force at the i-th point, 𝜃 the initial phase of displacement [22].

The equivalent dynamic stiffness 𝑘 of the MR isolator under harmonic excitation was 
calculated as the ratio of the force to the displacement:

𝑘 =
𝐹max − 𝐹min

2𝑋0
(2)

where Fmax  and Fmin  denote the maximum and minimum forces during one loading cycle.
The maximum elastic potential energy U and loss factor 𝜂 are then given by:

𝑈 =
1
4(𝐹max − 𝐹min)𝑋0, 𝜂 =

Δ𝑊
2𝜋𝑈 (3)
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2.2. Direction-Specific Hysteresis Characteristics
Figure 3 compares representative hysteresis loops selected from different excitation am-

plitude levels under vertical and lateral loading at an excitation frequency 2 Hz, illustrating 
the evolution trend of hysteresis behavior with increasing amplitude. For each excitation 
condition, one independent test run was conducted using the same MR-spring composite 
isolator. After 20 conditioning cycles, the relative variation in hysteresis-loop area between 
consecutive cycles was monitored. A stabilized response was defined as a relative variation 
of less than 1% for five consecutive cycles. Once this criterion was satisfied, a stabilized 
hysteresis loop was selected for subsequent parameter identification and model validation. 
The horizontal axis represents the instantaneous displacement of the MR isolator during 
cyclic loading, while the vertical axis represents the corresponding restoring force gener-
ated by the MR isolator. The same definitions apply to the subsequent force–displacement 
hysteresis curves. The vertical loops (Figure 3a) are clearly asymmetric: the restoring force 
is not anti-symmetric with respect to zero displacement. This asymmetry arises because the 
annular MR, though not directly participating in vertical compression, hinders the recovery 
during unloading, causing different loading and unloading paths [23]. In contrast, the 
lateral loops (Figure 3b) are nearly symmetric, as the load paths are identical in positive and 
negative directions (the spring and annular MR work in parallel without directional bias).

Figure 3. Hysteresis loops under vertical and lateral conditions with different excitation amplitudes; 
(a) vertical loading condition, (b) lateral loading condition.

The influence of excitation amplitude is summarized in Figure 4 (fixed frequency 4 Hz). 
For both directions, increasing amplitude reduces the dynamic stiffness—a consequence of 
activated micro-slip and contact weakening within the MR wire networks. The dissipated 
energy per cycle increases with amplitude because larger deformation induces longer 
sliding distances at wire contacts. Interestingly, the loss factor exhibits opposite trends: 
it decreases with amplitude in the vertical direction but increases in the lateral direction. 
This difference may be attributed to the distinct structural configurations and load-transfer 
mechanisms in the two directions. Under vertical loading, the elastic energy storage of the 
spring–tubular MR system may increase more rapidly than the dissipated energy as the 
excitation amplitude increases, resulting in a decreasing loss factor. Under lateral loading, 
the interaction between the pre-compressed spring and annular MR may lead to a relatively 
greater increase in energy dissipation, contributing to the observed increase in the loss 
factor [24].

Figure 5 shows the effect of excitation frequency (2–4 Hz) at fixed amplitudes (vertical 
0.7 mm, lateral 0.5 mm). Over this narrow range, the dynamic stiffness decreases slightly 
with frequency—attributed to increased contact-weakening cycles per unit time [25]. The 
dissipated energy per cycle remains nearly constant, indicating that the friction-induced 
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dissipation per cycle is amplitude-governed rather than frequency-governed within this 
range. Consequently, the loss factor increases with frequency, driven by the reduction in 
maximum elastic energy (due to lower stiffness) while dissipation stays unchanged [26].

 

Figure 4. Variation in dynamic mechanical properties with excitation amplitude; (a) vertical loading 
condition, (b) lateral loading condition.

Figure 5. Variation law of dynamic mechanical performance parameters with excitation; (a) vertical 
loading condition, (b) lateral loading condition.

These observations confirm that the composite isolator exhibits direction-specific hys-
teresis and that the excitation amplitude and frequency affect the two directions differently. 
This database forms the basis for the direction-specific models developed in Sections 3 and 4.

3. Nonlinear Hysteresis Modeling
3.1. General Decomposition Principle

Under dynamic loading, the restoring force of the MR-spring composite isolator comes 
from both elastic energy storage and frictional energy dissipation. The total restoring force 
gn  can therefore be decomposed into a nonlinear elastic part Fk  and a nonlinear damping part 
Fc . The elastic part depends on displacement and represents energy storage. The damping 
part depends on velocity and represents dry friction dissipation from wire contacts [14].

𝑔𝑛(𝑦, .𝑦, 𝑡) = 𝐹𝑘(𝑦) + 𝐹𝑐( .𝑦) (4)

where y represents the deformation displacement of the MR-spring composite isolator, .𝑦
represents the corresponding deformation velocity, and t denotes time. This decomposition 
is illustrated in Figure 6. The elastic part Fk  is obtained as the backbone curve, the mean of 
the loading and unloading branches of a hysteresis loop. The damping part Fc  is then the 
difference between the total force and the elastic force.
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Figure 6. Schematic diagram of accurate decomposition of hysteresis loop; (a) Symmetric hysteresis 
loop, (b) Asymmetric hysteresis loop.

3.2. Symmetric Hysteresis Model for the Lateral Direction
Under lateral loading, the hysteresis loops are approximately center-symmetric 

(Figure 3b). The elastic restoring force must therefore be an odd function of displace-
ment. Only the first- and third-order stiffness terms are retained; higher-order terms are 
neglected to avoid over-fitting and parameter coupling [27,28]:

𝐹𝑘(𝑦) = 𝑘1(𝐴)𝑦 + 𝑘3(𝐴)𝑦3 (5)

Here A represents the peak amplitude of the sinusoidal displacement excitation ap-
plied to the MR isolator; k1  and k3  are the first- and third-order stiffness coefficients, both 
depending on excitation amplitude A.

The damping force originates from dry friction at the numerous wire-contact inter-
faces inside the metal rubber. These interfaces undergo micro-slip and contact separation, 
producing a nonlinear damping characteristic. A power-law form effectively describes such 
friction-dominated damping [29]:

𝐹𝑐( .𝑦) = 𝑐(𝐴, 𝑓 )| .𝑦|𝛼(𝐴,𝑓 )𝑠𝑔𝑛( .𝑦) (6)

The damping coefficient c and exponent 𝛼 depend on excitation amplitude A and 
frequency f . The coefficient c characterizes the magnitude of the damping force, while α
governs its nonlinear dependence on deformation velocity: 𝛼 = 1 corresponds to linear 
viscous damping, whereas 0 < 𝛼 < 1 represents a sub-linear velocity-dependent behavior 
associated with friction-dominated energy dissipation. Since the dimensional form of 
c depends on the value of 𝛼, the coefficient c should be interpreted together with the 
corresponding exponent 𝛼 [27].

Combining Equations (4)–(6) yields the symmetric dynamic model for the lateral 
direction:

𝑔𝑛 = 𝑘1(𝐴)𝑦 + 𝑘3(𝐴)𝑦3 + 𝑐(𝐴, 𝑓 )| .𝑦|𝛼(𝐴,𝑓 )𝑠𝑔𝑛( .𝑦) (7)

3.3. Asymmetric Hysteresis Model for the Vertical Direction
Vertical hysteresis loops are clearly asymmetric (Figure 3a). This asymmetry arises 

from different load paths in positive and negative displacement directions. In the negative 
direction (compression), the spring and the lower tubular metal rubber work in parallel. 
In the positive direction (unloading), the upper annular metal rubber hinders recovery, 
altering the force response [24]. Consequently, the elastic restoring force is not an odd 
function. A quadratic term must be introduced:

𝐹𝑘(𝑦) = 𝑘1(𝐴)𝑦 + 𝑘2(𝐴)𝑦2 + 𝑘3(𝐴)𝑦3 (8)
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where k2  is the quadratic stiffness coefficient that quantifies the asymmetry.
For the damping force, fitting trials on the separated damping data showed that a single 

linear term 𝑐1
.𝑦 cannot capture the nonlinear friction behavior. Adding a quadratic velocity 

term significantly improves fitting accuracy, by about 16 percent on average [30]. Thus:

𝐹𝑐( .𝑦) = 𝑐1(𝐴, 𝑓 ) .𝑦 + 𝑐2(𝐴, 𝑓 )| .𝑦| .𝑦 (9)

Here, c1  and c2  represent the linear and quadratic velocity-dependent damping coeffi-
cients of the vertical asymmetric model, respectively. The coefficient c1  characterizes the 
linear contribution of deformation velocity to the damping force, while c2  accounts for the 
additional nonlinear velocity-dependent contribution. The total asymmetric model for the 
vertical direction is

𝑔𝑛 = 𝑘1𝑦 + 𝑘2𝑦2 + 𝑘3𝑦3 + 𝑐1
.𝑦 + 𝑐2| .𝑦| .𝑦 (10)

3.4. Parameter Identification Method
Step 1—Backbone curve extraction and stiffness parameter identification.
For each measured hysteresis loop under steady-state sinusoidal excitation, the non-

linear elastic restoring force was determined by averaging the loading and unloading 
branches at corresponding displacement values. The resulting backbone curve was then 
fitted using a low-order polynomial by the least-squares method [31]. To maintain compu-
tational efficiency and reduce parameter coupling, polynomial terms up to the third order 
were considered.

For the lateral symmetric model, only the first- and third-order terms were retained, 
as expressed in Equation (5). The stiffness coefficients k1  and k3  were directly obtained 
as the coefficients of the linear and cubic displacement terms in the fitted polynomial, 
respectively. For the vertical asymmetric model, an additional quadratic term was intro-
duced, as expressed in Equation (8). Accordingly, the stiffness coefficients k1 , k2 , and k3 
were determined from the coefficients of the linear, quadratic, and cubic displacement 
terms, respectively.

Step 2—Damping force separation and parameter identification.
The nonlinear elastic restoring force was reconstructed using the identified stiffness 

coefficients and subtracted from the experimentally measured total restoring force to obtain 
the damping force component, as expressed in Equation (11).

𝐹𝑐 = 𝑔𝑛 − 𝐹𝑘 (11)

The damping parameters were subsequently identified using nonlinear least-squares 
fitting. For the lateral symmetric model, the power-law damping coefficient c and exponent 
α were identified according to Equation (6). For the vertical asymmetric model, the linear 
and quadratic velocity-dependent damping coefficients c1  and c2  were identified according 
to Equation (9). Since nonlinear least-squares optimization may be sensitive to the initial 
parameter values, multiple initial guesses were considered within physically reasonable 
parameter ranges. The identification procedure was repeated using different initial values, 
and the solution with the smallest fitting residual was selected as the final parameter set.

During parameter identification, displacement, velocity, and restoring force were 
expressed in mm, mm/s, and kN, respectively. Accordingly, the units of the vertical damping 
coefficients (c1 ) and (c2 ) are kN·s/mm and kN·s2 /mm2 , respectively, while the unit of the 
lateral power-law damping coefficient (c) is kN·(s/mm)^(α).

3.5. Classical Bouc–Wen Model for Comparison
To further evaluate the predictive capability of the proposed direction-dependent 

hysteresis models, the classical Bouc–Wen model was introduced as a benchmark. To 
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maintain consistency with the notation adopted in the preceding sections, the restoring 
force is expressed as

𝑔𝑛(𝑡) = 𝑘BW𝑦(𝑡) + 𝑐BW
.𝑦(𝑡) + ℎBW𝑧(𝑡) (12)

where (gn (t)) denotes the total restoring force, y(t) and .𝑦(𝑡) represent the displacement 
and velocity, respectively; kBW  is the linear stiffness coefficient, cBW  is the viscous damping 
coefficient, and hBW  determines the contribution of the hysteretic component. The internal 
hysteretic variable z(t) is governed by

.𝑧(𝑡) = 𝐴0
.𝑦(𝑡) − 𝛽BW| .𝑦(𝑡)||𝑧(𝑡)|𝑛−1𝑧(𝑡) − 𝛾BW

.𝑦(𝑡)|𝑧(𝑡)|𝑛 (13)

where A0  controls the initial evolution of the hysteretic variable, 𝛽BW  and 𝛾BW  govern the 
hysteresis-loop shape, and n controls the smoothness of the transition between loading 
and unloading.

In this study, A0  = 1 and n = 2 were fixed, while the five parameters kBW , cBW , hBW , 𝛽BW , 
and 𝛾BW  were identified from the experimental force–displacement hysteresis loops.

To ensure a fair comparison, the Bouc–Wen model and the proposed models were 
established using the same training datasets for each loading direction and evaluated under 
identical validation conditions. The identified Bouc–Wen parameters were subsequently 
represented as functions of excitation frequency and displacement amplitude, allowing 
predictions under interpolation and extrapolation conditions without further parameter 
optimization. The predictive performance of the two modeling approaches is compared in 
Section 5.

4. Parameter Identification Results and Physical Interpretation
The dynamic test data cover frequencies from 2 to 4 Hz and amplitudes as given in 

Section 2. All results below come solely from these experimental data. No simulated or 
extrapolated data are used except for the validation cases in Section 5.

4.1. Vertical Asymmetric Model
4.1.1. Stiffness Parameters k1 , k2  and k3 

Table 1 lists the identified stiffness coefficients at 2 Hz for five amplitude levels: 0.6, 
0.7, 0.8, 0.9 and 1.0 mm. The quadratic term k2  is negative for all cases. A negative k2  does 
not indicate negative structural stiffness. Instead, it reflects the asymmetry of the restoring 
force, meaning the force grows faster in the negative displacement direction than in the 
positive direction. This is consistent with the buffering effect of the annular metal rubber 
during unloading [24,29].

Table 1. Identified stiffness parameters for the vertical model at 2 Hz.

A (mm) k1  (kN/mm) k2  (kN/mm2 ) k3  (kN/mm3 )

0.6 0.2001 −0.0722 0.1202
0.7 0.1863 −0.0588 0.0821
0.8 0.1829 −0.0601 0.0722
0.9 0.1738 −0.0534 0.0532
1.0 0.1729 −0.0539 0.0462

All three stiffness coefficients vary with amplitude. For use in analytical response 
calculations, they are fitted by cubic polynomials of amplitude A in millimeters. The least-
squares fits give:

𝑘1(𝐴) = 0.412 − 0.632𝐴 + 0.569𝐴2 − 0.177𝐴3 (14)
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𝑘2(𝐴) = −0.492 + 1.477𝐴 − 1.679𝐴2 + 0.640𝐴3 (15)

𝑘3(𝐴) = 1.106 − 3.330𝐴 + 3.619𝐴2 − 1.350𝐴3 (16)

The coefficients of determination for these fits are all above 0.97.

4.1.2. Damping Parameters c1  and c2 
Tables 2 and 3 list the identified damping coefficients for all combinations of amplitude 

(0.6–1.0 mm) and frequency (2–4 Hz). Both c1  and c2  depend on amplitude and frequency.

Table 2. Damping coefficient c1  in kN·s/mm for the vertical model.

A (mm) 2 Hz 3 Hz 4 Hz

0.6 0.006438 0.004096 0.003095
0.7 0.005076 0.003615 0.002751
0.8 0.004661 0.003210 0.002569
0.9 0.004435 0.003118 0.002358
1.0 0.004507 0.003062 0.002198

Table 3. Damping coefficient c2  in kN·s2 /mm2  for the vertical model.

A (mm) 2 Hz 3 Hz 4 Hz

0.6 −0.000296 −0.000119 −0.000073
0.7 −0.000139 −0.000087 −0.000049
0.8 −0.000107 −0.000054 −0.000038
0.9 −0.000092 −0.000053 −0.000032
1.0 −0.000102 −0.000050 −0.000024

The negative values of c2  do not imply a physical negative damping. In the tested 
velocity range, the linear term 𝑐1

.y dominates the dissipation. The quadratic term 𝑐2| .y| .y
acts as an empirical correction to improve the representation of the nonlinear hysteresis 
response. The net energy dissipated over a cycle, computed as Δ𝑊 = ∮ 𝐹𝑐dy, remains 
positive for all cases (verified by direct integration). Compared with a simplified model 
using only c1  (i.e., setting c2  = 0), the inclusion of c2  improves the goodness-of-fit by an 
average of 15.7%, justifying its empirical necessity [30].

To capture the combined amplitude-frequency dependence, c1  and c2  are fitted by 
bivariate quadratic polynomials:

𝑐1(𝐴, 𝑓 ) = 0.023532 − 0.005057𝑓 − 0.023869𝐴 + 0.000455𝑓 2 + 0.010483𝐴2 + 0.001292𝐴𝑓 (17)

𝑐2(𝐴, 𝑓 ) = −0.001873+0.000401𝑓 +0.002577𝐴−0.000032𝑓 2 −0.001108𝐴2 −0.000181𝐴𝑓 (18)

The coefficients were obtained by least-squares minimization; the residuals are within 
the experimental scatter.

The instantaneous passivity of the vertical damping model was evaluated using the 
amplitude- and frequency-dependent coefficients obtained from Equations (17) and (18). 
According to Equation (9), the instantaneous dissipated power (Pd ) is expressed as

𝑃𝑑 = 𝐹𝑐
.𝑦 = (𝑐1 + 𝑐2| .𝑦|) .𝑦2 (19)

Since (c1  > 0) and (c2  < 0), nonnegative energy dissipation requires | .𝑦| ≤ 𝑐1
|𝑐2| . For 

sinusoidal displacement excitation, the maximum velocity is given by 𝑣max = 2𝜋𝑓 𝐴. This 
condition was quantitatively evaluated for all 15 parameter-identification conditions, with 
maximum excitation velocities ranging from 7.54–25.13 mm/s. The results show that the 
damping formulation satisfies the instantaneous passivity condition throughout the velocity 
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range of each investigated condition. Furthermore, the three vertical model validation cases, 
including interpolation, amplitude extrapolation, and frequency extrapolation, were also 
examined using their corresponding model parameters, and all three satisfied the passivity 
condition within their respective excitation velocity ranges. Nevertheless, the passivity of 
the proposed model under more extensive operating conditions requires further verification.

4.1.3. Physical Interpretation of Vertical Model Parameters
The linear stiffness k1  (0.1729–0.2001 kN/mm) is much larger than the isolated spring 

stiffness (0.04215 kN/mm measured in independent quasi-static tests), suggesting that the 
tubular MR contributes a significant linear stiffness component [19]. The variation in k1 
with amplitude is small, consistent with the nearly linear behavior of the spring and the 
relatively stable linear part of the tubular MR.

The quadratic stiffness k2  (negative) is a correction term that captures the asymmetry. 
This asymmetry is associated with the upper annular MR, which does not participate in the 
initial vertical compression but provides a buffering resistance during unloading, causing 
the restoring force to be smaller in the positive displacement direction [24,32].

The cubic stiffness k3  reflects the nonlinear compression behavior of the tubular MR. 
Its decrease with increasing amplitude may reflect the internal micro-slip and contact 
rearrangement within the MR wire network: at larger deformations, some contacts may 
transition from sticking to sliding, reducing the incremental stiffness [27,33].

The damping parameters c1  and c2  together describe the dry friction dissipation of 
the tubular MR. The decrease in c1  and the decreasing absolute value of c2  with amplitude 
indicate that while the total slip distance increases, the dissipation efficiency per unit slip 
distance declines, likely due to saturation of frictional contacts [31,34].

4.2. Lateral (Symmetric) Model
4.2.1. Stiffness Parameters k1 , k3 

Table 4 shows the identified stiffness coefficients at 2 Hz for lateral amplitudes of 
0.2–0.6 mm. Both k1  and k3  decrease with increasing amplitude, consistent with the trend 
observed for the dynamic average stiffness in Section 2.

Table 4. Identified stiffness parameters (lateral, f  = 2 Hz).

A (mm) k1  (kN/mm) k3  (kN/mm3 )

0.2 0.314 2.152
0.3 0.255 0.798
0.4 0.223 0.424
0.5 0.199 0.267
0.6 0.172 0.175

A cubic polynomial is used to fit k1 (A) (capturing the slight S-shape), and a power 
law is used for k3 (A) (monotonic decay) [32]:

𝑘1(𝐴) = 0.571 − 1.906𝐴 + 3.614𝐴2 − 2.577𝐴3 (20)

𝑘3(𝐴) = 0.048𝐴−2.361 (21)

4.2.2. Damping Parameters c, 𝛼
Tables 5 and 6 give the identified damping coefficient c and damping exponent 𝛼 for 

all amplitude-frequency combinations. The exponent 𝛼 is consistently below or near 1 
(range 0.641–1.016), indicating sub-linear velocity dependence, which is characteristic of 
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dry friction. Overall, c and 𝛼 tend to increase with excitation amplitude, reflecting more 
extensive sliding and higher dissipation efficiency at larger deformations [34,35].

Table 5. Damping coefficient c for lateral model.

A (mm) 2 Hz 3 Hz 4 Hz

0.2 0.654 1.593 0.807
0.3 1.436 1.892 1.178
0.4 2.472 2.427 1.893
0.5 2.681 2.308 2.013
0.6 2.619 3.463 2.187

Table 6. Damping exponent 𝛼 for lateral model.

A (mm) 2 Hz 3 Hz 4 Hz

0.2 0.641 0.815 0.686
0.3 0.781 0.849 0.750
0.4 0.899 0.909 0.853
0.5 0.932 0.908 0.875
0.6 0.944 1.016 0.904

The bivariate quadratic fits are:

𝑐(𝐴, 𝑓 ) = −1.837 + 0.733𝑓 + 8.706𝐴 − 0.026𝑓 2 − 3.107𝐴2 − 0.593𝐴𝑓 (22)

𝛼(𝐴, 𝑓 ) = 0.303 + 0.103𝑓 + 1.193𝐴 + 0.004𝑓 2 − 0.216𝐴2 − 0.155𝐴𝑓 (23)

4.2.3. Physical Interpretation of Lateral Model Parameters
The linear stiffness k1  may be associated with the lateral linear stiffness of the central 

spring, which was measured independently as 44.16 N/mm [19]. The identified values 
(172–314 N/mm) are larger because they include the parallel contribution of the annular 
MR. The decrease in k1  with amplitude is small, consistent with the spring’s linearity.

The cubic stiffness k3  captures the higher-order nonlinearity of the annular MR when 
loaded in its non-forming direction (radial compression). The rapid decrease in k3  with am-
plitude may indicate that at larger deformations, the annular MR’s wire network undergoes 
significant contact relaxation and sliding, reducing its incremental stiffness [33,36].

The damping coefficient c and exponent 𝛼 describe the dissipation intensity and ve-
locity sensitivity, respectively. Unlike the conventional viscous damping coefficient, the 
dimensional form of c in the power-law damping model varies with 𝛼. Therefore, c should 
not be considered independently, but should be interpreted together with the corresponding 
exponent 𝛼. The increase in both with amplitude may confirm that larger deformations 
activate more wire-contact sliding, enhancing the dry friction dissipation [31]. The near-
unity value of 𝛼 at the largest amplitude (0.6 mm, 3 Hz: 1.016) indicates that the damping 
response gradually approaches linear viscous behavior under this condition. This suggests 
that the velocity dependence of the dissipative force becomes closer to a linear relationship 
when the internal wire contacts experience more stable sliding [27].

4.3. Comparison Between Vertical and Lateral Models
The differences in model structure and parameter trends directly reflect the different 

structural configurations and load paths. The vertical model requires a quadratic stiffness 
term k2  to account for asymmetry, while the lateral model does not. The vertical damping is 
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represented by 𝑐1 + 𝑐2| .y|, whereas the lateral damping uses a power law c| .y|α. Both represen-
tations are empirical but are physically consistent with the respective friction mechanisms 
(tubular MR vs. annular MR) [24,31]. The parameter trends with excitation amplitude 
and frequency are generally consistent with the dynamic performance observations in 
Section 2, suggesting that the proposed models capture the principal characteristics of the 
direction-specific hysteresis responses.

5. Model Validation and Application
5.1. Interpolation and Extrapolation Validation

The model validation included interpolation and extrapolation cases defined relative 
to the parameter identification ranges. To ensure a fair and consistent comparison, the pro-
posed direction-specific nonlinear hysteresis model and the classical Bouc–Wen model were 
developed using the same training datasets and evaluated under identical validation condi-
tions for each loading direction. The model parameters were identified from experimental 
hysteresis responses and subsequently expressed as functions of excitation amplitude and 
frequency. For each validation condition, the parameters used to generate the predicted 
hysteresis loops were calculated from the corresponding regression functions rather than 
directly obtained by fitting the validation data. The interpolation cases were included in the 
regression dataset, whereas the extrapolation cases were excluded from regression fitting. 
Accordingly, the interpolation cases were used to assess the reconstruction accuracy within 
the identification ranges, while the extrapolation cases were used to evaluate the predictive 
capability of the models beyond these ranges [37].

5.1.1. Vertical Model Validation
For the vertical direction, three representative conditions were selected to com-

pare the hysteresis responses predicted by the proposed vertical model and the classical 
Bouc–Wen model:
1. Interpolation case, 3 Hz/0.8 mm (excitation frequency 3 Hz, amplitude 0.8 mm). 

This condition lies within the identification ranges (frequency 2–4 Hz, amplitude 
0.6–1.0 mm).

2. Extrapolation case 1 (lower amplitude), 2 Hz/0.4 mm. The amplitude (0.4 mm) is 
below the identification range (0.6–1.0 mm).

3. Extrapolation case 2 (higher frequency), 5 Hz/0.6 mm. The frequency (5 Hz) is above 
the identification range (2–4 Hz).
For the proposed vertical model, the parameters corresponding to each validation 

condition were calculated using the fitted polynomial functions presented in Section 4.1, as 
summarized in Table 7. For the classical Bouc–Wen model, the corresponding parameters 
were determined using the frequency- and amplitude-dependent regression functions 
established from the same training dataset.

Table 7. Model parameters for vertical validation conditions.

Condition k1  (kN/mm) k2  (kN/mm2 ) k3  (kN/mm3 ) c1  (kN·s/mm) c2  (kN·s2 /mm2 )

3 Hz/0.8 mm 0.180 −0.056 0.067 0.003228 −0.000053
2 Hz/0.4 mm 0.239 −0.128 0.267 0.007410 −0.000341
5 Hz/0.6 mm 0.200 −0.071 0.119 0.002948 −0.000072
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Figure 7 compares the experimentally measured hysteresis loops with those predicted 
by the proposed vertical nonlinear hysteresis model and the classical Bouc–Wen model under 
the three vertical validation conditions. In each subfigure, the black solid line (Measured 
curve) represents the experimental response, while the red dashed line (D-Fitted curve) 
and blue dash-dotted line (B-Fitted curve) represent the predictions of the proposed model 
and the classical Bouc–Wen model, respectively.

Figure 7. Comparison of experimentally measured hysteresis loops with predictions from the 
proposed vertical model and the classical Bouc–Wen model under different excitation conditions: 
(a) 3 Hz/0.8 mm (interpolation); (b) 2 Hz/0.4 mm (extrapolation lower amplitude); (c) 5 Hz/0.6 mm 
(extrapolation higher frequency).

To comprehensively evaluate the agreement between the experimental and predicted 
hysteresis curves, three quantitative indices, namely the goodness-of-fit index (GFI), normal-
ized root-mean-square error (NRMSE), and dissipated-energy error (𝜀Δ𝑊), are employed. 
The GFI is calculated as follows:

𝐺𝐹𝐼 = √1 − [∑(𝑦−𝑖 − 𝑌−𝑖)
2
/∑(𝑦−𝑖 − 𝑦)2] (24)

The NRMSE is introduced to quantify the overall deviation between the experimental 
and predicted force values, as expressed in Equation (25), where N denotes the number of 
sampling points, yi  are the experimental force values, Yi  are predicted values, and ȳ is the 
mean of the experimental data, respectively, and ymax  and ymin  denote the maximum and 
minimum experimental force values. A smaller NRMSE indicates better overall agreement.

𝑁𝑅𝑀𝑆𝐸 =
√ 1

𝑁

𝑁
∑
𝑖=1

(𝑦𝑖 − 𝑌𝑖)
2

𝑦max − 𝑦min
× 100% (25)

The relative dissipated-energy error (𝜀Δ𝑊) is defined by Equation (26), where Δ𝑊pred
and Δ𝑊exp denote the dissipated energies of the predicted and experimental hysteresis 
loops, respectively, calculated using Equation (1). A smaller relative dissipated-energy 
error indicates a more accurate prediction of the hysteretic energy dissipation.

𝜀Δ𝑊 =
|Δ𝑊pred − Δ𝑊exp|

Δ𝑊exp
× 100% (26)

Based on the three evaluation indices defined above, the GFI, NRMSE, and 𝜀Δ𝑊  were 
calculated for the three validation conditions, and the corresponding results are summarized 
in Table 8.
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Table 8. Quantitative comparison of the proposed vertical model and the classical Bouc–Wen model 
under three validation conditions.

Condition Model GFI NRMSE (%) 𝜺𝚫W (%)

3 Hz/0.8 mm Proposed 0.997 2.425 0.350
Bouc–Wen 0.958 9.644 9.078

2 Hz/0.4 mm Proposed 0.994 3.640 0.668
Bouc–Wen 0.984 6.034 0.226

5 Hz/0.6 mm Proposed 0.989 4.877 2.409
Bouc–Wen 0.924 12.843 13.269

The quantitative evaluation results for the three vertical validation conditions are 
summarized in Table 8. For the interpolation case (3 Hz/0.8 mm), the proposed vertical 
model achieves a GFI of 0.997, an NRMSE of 2.425%, and an 𝜀Δ𝑊  of 0.350%, outperforming 
the classical Bouc–Wen model (0.958, 9.644%, and 9.078%, respectively).

For the lower-amplitude extrapolation case (2 Hz/0.4 mm), the proposed model 
achieves a higher GFI (0.994 vs. 0.984) and a lower NRMSE (3.640% vs. 6.034%), al-
though the Bouc–Wen model exhibits a slightly lower 𝜀Δ𝑊  (0.226% vs. 0.668%). For the 
higher-frequency extrapolation case (5 Hz/0.6 mm), the proposed model maintains good 
predictive accuracy, with a GFI of 0.989, an NRMSE of 4.877%, and an 𝜀Δ𝑊  of 2.409%, 
compared with 0.924, 12.843%, and 13.269% for the Bouc–Wen model [33].

Overall, the proposed vertical model demonstrates superior accuracy in reproducing 
the experimental hysteresis loops. The relatively larger deviations of the classical Bouc–
Wen model may be partly attributed to its inherent tendency to produce centrosymmetric 
hysteresis loops under symmetric periodic excitation, which limits its ability to capture 
the asymmetric vertical response. These results support the effectiveness of the proposed 
model under both interpolation and extrapolation conditions [32].

5.1.2. Lateral Model Validation
For the lateral direction, three representative conditions were selected to compare the 

hysteresis responses predicted by the proposed lateral nonlinear hysteresis model and the 
classical Bouc–Wen model:
1. Interpolation case: 3 Hz/0.4 mm (frequency and amplitude both within the identifica-

tion ranges: 2–4 Hz, 0.2–0.6 mm).
2. Extrapolation case 1: 2 Hz/0.7 mm (amplitude above the upper limit of 0.6 mm, 

but frequency within range). This working condition slightly exceeds the parameter 
identification dataset but remains within the allowable radial deformation limit of 
the annular MR specimen; post-test inspection confirmed no structural damage or 
performance degradation after this test.

3. Extrapolation case 2: 5 Hz/0.6 mm (frequency above the 2–4 Hz range, amplitude at 
the upper limit).
For the proposed lateral nonlinear hysteresis model, the parameters corresponding to 

each validation condition were calculated using the fitted polynomial functions presented in 
Section 4.2, as summarized in Table 9. For the classical Bouc–Wen model, the corresponding 
parameters were determined using the frequency- and amplitude-dependent regression 
functions established from the same training dataset.
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Table 9. Model parameters for lateral validation conditions.

Condition k1  (kN/mm) k3  (kN/mm3 ) c 𝜶
3 Hz/0.4 mm 0.222 0.418 2.399 0.904
2 Hz/0.7 mm 0.124 0.112 3.265 1.037
5 Hz/0.6 mm 0.172 0.160 3.495 1.086

Figure 8 compares the experimentally measured hysteresis loops with those predicted 
by the proposed lateral nonlinear hysteresis model and the classical Bouc–Wen model under 
the three lateral validation conditions. The line styles and colors are consistent with those 
used in Figure 7.

Figure 8. Comparison of experimentally measured hysteresis loops with predictions from the pro-
posed lateral nonlinear hysteresis model and the classical Bouc–Wen model: (a) 3 Hz/0.4 mm 
(interpolation); (b) 2 Hz/0.7 mm (extrapolation higher amplitude); (c) 5 Hz/0.6 mm (extrapolation 
higher frequency).

The predictive performance of the two models was quantitatively evaluated using GFI, 
NRMSE, and 𝜀Δ𝑊  under the three lateral validation conditions, as summarized in Table 10.

Table 10. Quantitative comparison of the proposed lateral model and the classical Bouc–Wen model 
under three validation conditions.

Condition Model GFI NRMSE (%) 𝜺𝚫W (%)

3 Hz/0.4 mm Proposed 0.994 3.481 0.305
Bouc–Wen 0.992 4.306 3.217

2 Hz/0.7 mm Proposed 0.979 5.237 1.266
Bouc–Wen 0.970 8.237 2.211

5 Hz/0.6 mm Proposed 0.990 4.737 3.320
Bouc–Wen 0.951 10.591 3.935

For the interpolation case (3 Hz/0.4 mm), the proposed lateral model achieves a 
GFI of 0.994, an NRMSE of 3.481%, and an 𝜀Δ𝑊  of 0.305%, outperforming the classical 
Bouc–Wen model (0.992, 4.306%, and 3.217%, respectively). For the higher-amplitude 
extrapolation case (2 Hz/0.7 mm), the proposed model achieves a higher GFI (0.979 vs. 
0.970), a lower NRMSE (5.237% vs. 8.237%), and a smaller 𝜀Δ𝑊  (1.266% vs. 2.211%). For 
the higher-frequency extrapolation case (5 Hz/0.6 mm), the proposed model maintains 
good predictive accuracy, with a GFI of 0.990, an NRMSE of 4.737%, and an 𝜀Δ𝑊  of 3.320%, 
compared with 0.951, 10.591%, and 3.935% for the Bouc–Wen model [34,37].

For the 2 Hz/0.7 mm high-amplitude extrapolation case, the damping coefficient c 
and exponent 𝛼 are 3.265 and 1.037, respectively. As shown in Figure 8b, although some 
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local discrepancies remain in the loop width, curvature, and reversal regions, the model 
captures the overall hysteresis behavior. The GFI, NRMSE, and 𝜀Δ𝑊  are 0.979, 5.237%, 
and 1.266%, respectively. These quantitative results indicate that, despite the visible local 
differences between the predicted and measured curves, the model maintains good overall 
agreement in terms of hysteresis response and energy dissipation under this high-amplitude 
extrapolation condition [37].

Overall, the proposed lateral nonlinear hysteresis model consistently provides more 
accurate predictions of the experimental hysteresis responses across all three conditions. 
Although the lateral hysteresis loops exhibit approximately centrosymmetric characteristics 
that can be represented by the classical Bouc–Wen model, the proposed model achieves 
better agreement in both restoring-force response and energy dissipation. These results 
further support the effectiveness of the proposed direction-specific nonlinear hysteresis 
modeling approach under interpolation and extrapolation conditions.

6. Conclusions
1. A direction-specific modeling strategy is proposed for a composite MR-spring isolator 

that exhibits asymmetric hysteresis under vertical loading and symmetric hystere-
sis under lateral loading. This approach overcomes the limitation of using a single 
conventional model for multiple directions.

2. An asymmetric model (cubic stiffness with quadratic term, plus linear and quadratic 
velocity damping) is established for the vertical direction, and a symmetric model 
(cubic stiffness with power-law damping) for the lateral direction. Parameter identifi-
cation from dynamic tests (2–4 Hz, amplitudes 0.2–1.0 mm) is performed, and explicit 
empirical polynomial functions of amplitude (and frequency) are established for all 
stiffness and damping parameters within the investigated excitation range.

3. The model parameters can be plausibly associated with specific structural components 
and deformation mechanisms: the linear stiffness (k1 ) may reflect the contribution of 
the central spring and the approximately linear response of the MR components; the 
quadratic stiffness (k2 ) may be related to the asymmetry associated with the annular 
MR; and the cubic stiffness (k3 ) may reflect the nonlinear response of the tubular 
and annular MR components. The damping parameters may be associated with dry 
friction at wire contacts. The variation in these parameters with excitation conditions 
may reflect changes in microslip and contact interactions within the MR wire network. 
These interpretations are based on the structural configuration and observed hysteretic 
responses, and have not been independently confirmed by component-level tests.

4. Model validation demonstrates that the proposed direction-specific nonlinear hystere-
sis models achieve GFI values above 0.97, with NRMSE and relative dissipated-energy 
errors below 5.3% and 3.4%, respectively, under the investigated interpolation and 
extrapolation conditions. Compared with the classical Bouc–Wen model, the proposed 
models generally provide higher GFI values and lower NRMSE and relative dissipated-
energy errors, demonstrating improved accuracy in capturing the vertical and lateral 
hysteresis responses of the composite isolator.

5. The direction-specific mechanical characteristics provide practical guidance for the de-
sign of the composite MR-spring isolator. The stiffness and damping properties should 
be matched according to the expected loading directions and excitation amplitudes, 
considering the different contributions of the central spring, tubular MR, and annular 
MR. However, the proposed models were established within limited excitation ranges 
(2–4 Hz), and their applicability to broader operating conditions requires further 
validation. The physical interpretation of the negative quadratic damping coefficient 
c2  also requires further investigation. Future studies should focus on multi-directional 
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coupling effects and lateral force transmissibility to evaluate the practical vibration 
isolation performance of the isolator.
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