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Abstract

This study develops a thermoviscoplastic model that incorporates an effective through-
thickness microstructural length into the Hill48 yield criterion for shaped-charge liners. The 
model is implemented in the axisymmetric Hot Optimal Transportation Meshfree (HOTM) 
framework and verified through directional-yield and material-coordinate transformation 
tests. An isotropic bulk reference is adopted to isolate the thickness-dependent directional 
correction in comparisons with conventional J2 plasticity. Comparison with a published 
experiment supports the predicted global jet-formation response, while independent valida-
tion of the microstructural mechanism remains necessary. For the representative numerical 
case, the proposed model predicts higher jet-tip velocity, greater jet length, and modified 
deformation localization. A Walsh-type plastic-instability criterion is used to bracket the 
critical liner thickness for three charge calibers. The nominal critical thickness increases 
with caliber, whereas its normalized value decreases, indicating a departure from propor-
tional scaling within the investigated range. These results demonstrate the sensitivity of 
the predicted jet response to the assumed thickness-dependent constitutive description. 
The findings remain limited to the adopted phenomenological parameters and investigated 
configurations and do not establish a general scaling law. The framework provides a basis 
for subsequent material calibration and experimental validation.

Keywords: shaped-charge liner; plastic anisotropy; thermoviscoplastic constitutive model; 
Hill48 yield criterion; jet formation; scale effect

1. Introduction
Shaped-charge jet formation is a highly transient process in which a detonation wave 

drives a metallic liner to collapse toward the charge axis, producing a high-velocity jet and 
a relatively slow-moving slug [1–3]. These classical studies established the fundamental 
hydrodynamic description of liner collapse and jet–slug formation and provided the basis 
for subsequent analytical, experimental, and numerical investigations. During collapse, 
the liner experiences extremely high strain rates, large plastic deformation, rapid heating, 
material rotation, and complex stress-state evolution, making its constitutive response an 
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important factor governing collapse kinematics, material partitioning, jet velocity distri-
bution, and final morphology [4,5]. Recent studies have further shown that detonation 
loading, liner geometry, material behavior, and the numerical treatment of large deforma-
tion can significantly affect jet formation and stretching [6–8]. Jet performance therefore 
depends not only on tip velocity, but also on the continuity and stability of the stretching 
jet, which may be degraded by nonuniform collapse, necking, and lateral disturbances [9]. 
These issues are particularly relevant to large-caliber shaped charges, for which geometric 
enlargement changes the absolute liner thickness, deformation distance, inertia, and charac-
teristic loading time, potentially leading to departures from ideal geometric similitude [10]. 
Moreover, material-scale effects associated with the liner microstructure do not necessarily 
scale proportionally with the charge geometry. Reliable simulation of large-caliber shaped-
charge jets therefore requires an accurate description of both the extreme thermomechanical 
response and the scale-dependent material behavior of the liner.

At the material level, such scale-dependent behavior is closely associated with the 
polycrystalline microstructure of the liner. Grain size, morphology, crystallographic texture, 
and grain-boundary characteristics are strongly influenced by the manufacturing process 
and can affect deformation compatibility, localization, and failure under intense dynamic 
loading. Jiang et al. showed that variations in the microstructure and grain size of copper 
shaped-charge liners can influence jet stretching and penetration through changes in flow 
stress, strain-rate sensitivity, and surface roughening [11]. Different manufacturing routes 
have likewise been reported to affect jet coherence and stretching through their influence 
on liner microstructure [12,13]. More generally, studies of metallic foils and thin sheets 
have revealed pronounced thickness-dependent variations in flow stress, plastic anisotropy, 
yield behavior, and strain localization when the material thickness approaches the underly-
ing microstructural scale [14–17]. These observations suggest that the through-thickness 
response of shaped-charge liners may exhibit significant microstructure-related anisotropy, 
which should be considered in constitutive descriptions of liner collapse and jet formation.

Because such anisotropy is difficult to characterize directly under explosive loading, 
numerical simulation provides a practical means of examining its influence on liner col-
lapse and jet formation. In modern hydrocodes, the volumetric response is generally 
described by an equation of state, while the deviatoric response is represented by a dynamic 
strength model. The Johnson–Cook model is widely used for its simple treatment of strain 
hardening, strain-rate strengthening, and thermal softening [5,6,18], while other models, 
including Steinberg–Cochran–Guinan, Zerilli–Armstrong, mechanical-threshold-stress, and 
Preston–Tonks–Wallace, have also been developed for high-rate and high-temperature de-
formation [19–22]. However, most shaped-charge simulations still employ an isotropic von 
Mises yield surface, and microstructural effects are commonly introduced only through 
scalar strength or failure parameters [11,23]. Although anisotropic criteria such as Hill48 
can describe directional yielding [24], and manufacturing-induced anisotropy has been 
considered for specific liners [25], studies of spin-formed copper liners have shown that 
the anisotropic response depends strongly on local crystallographic texture and forming 
history [26,27]. Such texture-induced anisotropy may exhibit non-orthotropic features, 
including normal–shear coupling, so the corresponding parameters are specific to the man-
ufacturing state rather than universal material constants. Nevertheless, most continuum 
formulations treat these directional parameters as fixed properties without explicitly linking 
them to liner thickness or an underlying microstructural length scale. Under geometric scal-
ing, the liner thickness changes, whereas the underlying material characteristic scale does 
not necessarily vary proportionally; thus, geometric similarity does not necessarily imply 
constitutive similarity [10,28]. A constitutive framework explicitly linking liner thickness, 
microstructural length scale, and directional plastic response is therefore needed.
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To address this limitation, the present study develops a microstructural-length-scale-
dependent anisotropic thermoviscoplastic model for shaped-charge liner collapse and jet 
formation. An effective through-thickness microstructural characteristic length, ℓ𝑡, is intro-
duced to phenomenologically represent the combined influence of grain size, morphology, 
texture, and grain-boundary constraints, and the relative material scale is characterized by 
Λ𝑡 = 𝑡0/ℓ𝑡. The key distinction from conventional Hill48 formulations is that the through-
thickness plastic resistance depends explicitly on the normalized thickness Λ𝑡, thereby 
incorporating the finite-thickness microstructural effect directly into the yield surface. The 
anisotropic formulation is combined with strain hardening, strain-rate strengthening, and 
thermal softening, while the high-pressure volumetric response is described separately by 
an equation of state. Building upon the previously developed HOTM framework and its 
axisymmetric extension [29–31], the model is implemented in the local material coordinate 
system of the liner and verified through directional-yield and coordinate-transformation 
tests. It is then applied to large-caliber shaped charges to compare the predicted jet-forming 
response with that of the conventional isotropic J2 model and to investigate the effects of 
liner thickness and charge caliber on jet stability and critical liner thickness.

2. Microstructural-Length-Scale-Dependent Anisotropic 
Thermoviscoplastic Model
2.1. Axisymmetric Kinematics and Local Material Coordinates

The shaped-charge configurations considered in this study are rotationally symmetric 
with respect to the charge axis in terms of the explosive geometry, liner geometry, ini-
tiation condition, and prescribed material properties. The dominant liner-collapse and 
jet-formation processes can therefore be represented in the meridional 𝑟-𝑧 plane under the 
assumption of axisymmetry, substantially reducing the computational cost while retaining 
the principal deformation mechanisms.

Under axisymmetric kinematics, all field variables are independent of the circumferen-
tial coordinate 𝜃, and the circumferential velocity vanishes as

𝜕( ⋅ )
𝜕𝜃 = 0, 𝑢𝜃 = 0. (1)

It should be emphasized that this spatial reduction does not imply a two-dimensional 
material response. Circumferential deformation, hoop stress, and the associated directional 
plastic resistance remain nonzero and are retained in the constitutive formulation.

To describe the anisotropic plastic response of the liner, an orthonormal local material 
basis {𝒂1, 𝒂2, 𝒂3} is defined at each material point, as illustrated in Figure 1. Here, 𝒂1 denotes 
the meridional tangent direction of the liner, 𝒂2 is the circumferential direction, and 𝒂3
denotes the through-thickness direction normal to the liner surface. Let {𝒆𝑟, 𝒆𝜃, 𝒆𝑧} denote 
the cylindrical basis and 𝛼 the angle between 𝒂1 and the radial direction. The local material 
basis is then expressed as

𝒂1 = cos 𝛼 𝒆𝑟 + sin 𝛼 𝒆𝑧, (2)
𝒂2 = 𝒆𝜃, (3)
𝒂3 = − sin 𝛼 𝒆𝑟 + cos 𝛼 𝒆𝑧. (4)

Accordingly, the transformation matrix from the local material basis to the cylindrical basis is

𝑸c =
[



cos 𝛼 0 − sin 𝛼
0 1 0

sin 𝛼 0 cos 𝛼

]


, (5)

where the columns of 𝑸c correspond to 𝒂1, 𝒂2, and 𝒂3, respectively.
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Figure 1. Cylindrical and local material coordinate systems of the shaped-charge liner. Here, 𝒂1, 𝒂2, 
and 𝒂3 represent the meridional, circumferential, and through-thickness directions, respectively.

A second-order tensor can then be transformed between the cylindrical and local 
material coordinates as

𝝈𝑚 = 𝑸𝑇
c 𝝈𝑸c, 𝝈 = 𝑸c𝝈𝑚𝑸𝑇

c , (6)

where the superscript 𝑚 denotes quantities expressed in the local material coordinate 
system. The same transformation is applied to other second-order tensors required by the 
constitutive model.

The local material basis is initialized from the undeformed liner geometry and subse-
quently updated with the material motion during liner collapse. The anisotropic constitutive 
equations are always evaluated in this local coordinate system. Details of the orientation 
update and its implementation within the axisymmetric HOTM framework are given in 
Section 3.

2.2. Local State Variables and Elastic Response
Let (𝑅, 𝑍) and (𝑟, 𝑧) denote the material coordinates in the reference and current 

configurations, respectively, with the corresponding material points denoted by 𝑿(𝑅, 𝑍)
and 𝒙(𝑟, 𝑧). Under axisymmetric deformation, the deformation gradient is written as

𝑭 = ∇̂0𝝋 =

[



𝜕𝑟
𝜕𝑅 0

𝜕𝑟
𝜕𝑍

0
𝑟
𝑅 0

𝜕𝑧
𝜕𝑅 0

𝜕𝑧
𝜕𝑍

]



, (7)

where 𝝋 denotes the deformation mapping and ∇̂0 is the gradient operator with respect 
to the reference configuration. The local thermomechanical state is characterized by the 
deformation gradient 𝑭, the internal variables 𝒁, the temperature 𝑇, and the thermal driving 
variable, which is defined as

𝑮 = −
1
𝑇 ∇̂𝑇. (8)

Following the multiplicative decomposition proposed by Lee [32], the deformation 
gradient is decomposed into elastic and plastic parts as

𝑭 = 𝑭𝑒𝑭𝑝, (9)
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where 𝑭𝑒 and 𝑭𝑝 denote the elastic and plastic deformation gradients, respectively. The 
Helmholtz free energy is decomposed into volumetric elastic, deviatoric elastic, plastic-
storage, and thermal contributions as

𝐴 = 𝑊𝑒,vol(𝐽, 𝑇) + 𝑊𝑒,dev(𝑭𝑭𝑝−1, 𝑇) + 𝑊𝑝(𝑭𝑝, 𝑇) + 𝑊ℎ(𝑇), (10)

where 𝐽 = det 𝑭. The thermal contribution is taken as

𝑊ℎ(𝑇) = 𝐶(𝑇)(𝑇 − 𝑇0 − 𝑇 log
𝑇
𝑇0

), (11)

where 𝐶(𝑇) is the temperature-dependent specific heat capacity per unit reference volume 
and 𝑇0 is the reference temperature.

The high-pressure volumetric response is described by the Mie–Grüneisen equation of 
state [33–37] as

𝑝 =

{


(𝛾0 + 𝑏𝜇)𝐸 +
𝜌0𝐶2

0𝜇[1 + (1 − 𝛾0
2 )𝜇 − 𝑏

2 𝜇2]

[1 − (𝑆1 − 1)𝜇 − 𝑆2
𝜇2

𝜇+1 − 𝑆3
𝜇3

(𝜇+1)2 ]
2 , 𝜇 > 0,

𝜌0𝐶2
0𝜇 + 𝛾0𝐸, 𝜇 ≤ 0,

(12)

where the compression measure is defined as

𝜇 =
𝜌
𝜌0

− 1. (13)

Here, 𝑝 is the pressure, 𝜌0 and 𝜌 are the reference and current densities, 𝐶0 is the reference 
bulk sound speed, and 𝐸 is the internal energy per unit reference volume. The coefficients 
𝑆1, 𝑆2, and 𝑆3 describe the shock-velocity–particle-velocity relation, whereas 𝛾0 and 𝑏 are 
the Grüneisen parameters.

The deviatoric elastic response is expressed as

𝑊𝑒,dev = 𝐺(𝑇)‖𝝐𝑒,dev‖2, (14)

where the temperature-dependent shear modulus is given by

𝐺(𝑇) =
𝐺𝑡

1 + exp[𝑎(𝑇 − 𝑇𝑐)] , (15)

with 𝐺𝑡, 𝑎, and 𝑇𝑐 determined from material data. The deviatoric elastic logarithmic strain 
is defined as

𝝐𝑒,dev =
1
2 log(𝐽−2/3𝑭𝑒𝑇𝑭𝑒). (16)

2.3. Anisotropic Hill48 Yield Criterion
To describe the directional plastic response of the liner, the Hill48 anisotropic yield 

criterion [24] is adopted. The constitutive evaluation is performed in the local material 
coordinate system defined in Section 2.1, where directions 1, 2, and 3 correspond to the 
meridional, circumferential, and through-thickness directions, respectively. In this coordi-
nate system, the Hill48 quadratic form is written as

Φ = 𝐹H(𝜎𝑚
22 − 𝜎𝑚

33)
2 + 𝐺H(𝜎𝑚

33 − 𝜎𝑚
11)

2 + 𝐻H(𝜎𝑚
11 − 𝜎𝑚

22)
2

+ 2𝐿H(𝜎𝑚
23)

2 + 2𝑀H(𝜎𝑚
31)

2 + 2𝑁H(𝜎𝑚
12)

2, (17)

where 𝐹H, 𝐺H, 𝐻H, 𝐿H, 𝑀H, and 𝑁H are the dimensionless Hill48 coefficients. The corre-
sponding equivalent stress is defined as

𝜎̄H = √Φ. (18)
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The yield function is then expressed as

𝑓 = 𝜎̄H − 𝜎𝑦( ¯𝜀𝑝, .¯𝜀𝑝, 𝑇) ≤ 0, (19)

where 𝜎𝑦 denotes the current thermoviscoplastic flow stress. The material response is 
elastic for 𝑓 < 0, whereas plastic yielding occurs when 𝑓 = 0. Since the Hill48 criterion 
depends only on stress differences and shear components, it is independent of hydrostatic 
pressure. The pressure response can therefore be described separately by the equation of 
state introduced in Section 2.2.

Under the present axisymmetric condition, the circumferential shear components 
vanish as

𝜎𝑚
12 = 𝜎𝑚

23 = 0, (20)

and the Hill equivalent stress reduces to

𝜎̄ 2
H = 𝐹H(𝜎𝑚

22 − 𝜎𝑚
33)

2 + 𝐺H(𝜎𝑚
33 − 𝜎𝑚

11)
2 + 𝐻H(𝜎𝑚

11 − 𝜎𝑚
22)

2 + 2𝑀H(𝜎𝑚
31)

2. (21)

Thus, only 𝐹H, 𝐺H, 𝐻H, and 𝑀H contribute to the axisymmetric constitutive response.
These coefficients are determined from the reference directional normal yield strengths 

𝜎𝑦
1 , 𝜎𝑦

2 , and 𝜎𝑦
3 , together with the reference shear yield strength 𝜏𝑦

31. Substitution of the 
corresponding uniaxial and pure-shear stress states into the Hill48 criterion gives

𝐹H =
1
2

[

(


𝜎ref

𝜎𝑦
2

)


2

+ (


𝜎ref

𝜎𝑦
3

)


2

− (


𝜎ref

𝜎𝑦
1

)


2
]

, (22)

𝐺H =
1
2

[

(


𝜎ref

𝜎𝑦
3

)


2

+ (


𝜎ref

𝜎𝑦
1

)


2

− (


𝜎ref

𝜎𝑦
2

)


2
]

, (23)

𝐻H =
1
2

[

(


𝜎ref

𝜎𝑦
1

)


2

+ (


𝜎ref

𝜎𝑦
2

)


2

− (


𝜎ref

𝜎𝑦
3

)


2
]

, (24)

and

𝑀H =
1
2

(


𝜎ref

𝜏𝑦
31

)


2

. (25)

Here, 𝜎ref is a fixed reference stress used to normalize the directional yield strengths and 
define the shape of the anisotropic yield surface. It is distinct from the evolving thermovis-
coplastic flow stress 𝜎𝑦 in Equation (19). The dependence of the directional yield strengths, 
and hence the Hill48 coefficients, on the through-thickness microstructural length scale is 
introduced in Section 2.6.

2.4. Thermoviscoplastic Flow Stress Model
The Hill48 criterion introduced in the preceding subsection defines the anisotropic 

shape of the yield surface, whereas its evolution during plastic deformation is governed 
by the current thermoviscoplastic flow stress 𝜎𝑦. To account for the extreme deformation 
conditions encountered during liner collapse and jet formation, the thermoviscoplastic flow 
stress incorporating strain hardening, strain-rate strengthening, and thermal softening is 
expressed as

𝜎𝑦 =

{


𝜎0
(


1 +
¯𝜀𝑝

¯𝜀𝑝
0

)


1/𝑛
[


1 + (


.¯𝜀𝑝

.¯𝜀𝑝
0

)


1/𝑚
]

(1 −

𝑇 − 𝑇0
𝑇𝑚 − 𝑇0

)
𝑙

, 𝑇 < 𝑇𝑚,

0, 𝑇 ≥ 𝑇𝑚.
(26)

Here, 𝜎0 is the initial yield stress at the reference state, ¯𝜀𝑝 and .¯𝜀𝑝 are the accumulated 
equivalent plastic strain and equivalent plastic strain rate, respectively, and ¯𝜀𝑝

0  and .¯𝜀𝑝
0  are the 
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corresponding reference values. The parameters 𝑛, 𝑚, and 𝑙 control the strain-hardening, 
strain-rate, and thermal-softening responses, respectively, while 𝑇0 and 𝑇𝑚 denote the 
reference and melting temperatures.

The accumulated equivalent plastic strain is defined as

¯𝜀𝑝 = ∫
𝑡

0
.¯𝜀𝑝 d𝑡. (27)

Combined with the Hill48 equivalent stress defined in Section 2.3, plastic yielding 
occurs when

𝜎̄H = 𝜎𝑦. (28)

Accordingly, the Hill48 coefficients control the directional shape of the yield surface, whereas 
𝜎𝑦 governs its evolution with plastic strain, strain rate, and temperature.

The plastic flow direction is determined using an associated flow rule in the local 
material coordinate system. Accordingly, the plastic rate-of-deformation tensor is given by

𝐃𝑝,𝑚 = .𝜆
𝜕𝑓

𝜕𝝈𝑚 = .𝜆
𝜕𝜎̄𝐻
𝜕𝝈𝑚 , (29)

where .𝜆 is the non-negative plastic multiplier. The loading–unloading conditions are 
governed by the standard Kuhn–Tucker conditions as

.𝜆 ≥ 0, 𝑓 ≤ 0, .𝜆𝑓 = 0. (30)

The equivalent plastic strain rate is defined consistently through plastic-work equivalence as

𝜎𝑦 .¯𝜀𝑝 = 𝝈𝑚 ∶ 𝐃𝑝,𝑚, (31)

so that the accumulated equivalent plastic strain entering the thermoviscoplastic flow-stress 
model is obtained from Equation (27).

2.5. Temperature Rise Induced by Plastic Dissipation
During liner collapse and jet formation, severe plastic deformation occurs over a very 

short time scale, and a substantial fraction of the plastic work is converted into heat. Because 
heat conduction is comparatively slow during this stage, the plastic deformation is treated 
as locally adiabatic. Consistent with the thermal energy definition in Section 2.2, the heat-
generation rate associated with plastic dissipation is written as

𝐶(𝑇) .𝑇𝑝 = 𝛽𝐽 𝝈 ∶ 𝐃𝑝, (32)

where 𝐽 = det 𝐅 and 𝛽 is the Taylor–Quinney coefficient. Using the plastic-work equivalence 
relation introduced in Section 2.4, the temperature-rise rate becomes

.𝑇𝑝 =
𝛽𝐽𝜎𝑦 .¯𝜀𝑝

𝐶(𝑇) . (33)

2.6. Microstructural-Length-Scale Modification of Through-Thickness Yield Strength
The Hill48 formulation introduced above provides a general description of anisotropic 

yielding through the directional normal and shear yield strengths. To account for 
microstructure-related thickness effects without explicitly resolving individual grains, an 
effective through-thickness microstructural characteristic length, ℓ𝑡, is introduced. This 
quantity represents, in a phenomenological sense, the combined influence of grain size, mor-
phology, crystallographic texture, grain-boundary constraints, and their spatial correlations, 
and should therefore not be interpreted as the mean grain size itself.
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The relative scale between the liner thickness and the underlying microstructure is 
characterized by

Λ𝑡 =
𝑡0
ℓ𝑡

, (34)

where 𝑡0 is the initial liner thickness. A smaller value of Λ𝑡 corresponds to a stronger 
influence of the finite microstructural scale, whereas the response gradually approaches its 
bulk-material limit as Λ𝑡 increases.

The anisotropic plastic response of a liner depends on its manufacturing-induced 
microstructure, including deformation history, crystallographic texture, grain morphol-
ogy, and grain-boundary arrangement. Even under the same material and manufacturing 
conditions, the effective directional response may vary with liner thickness. Because the 
through-thickness dimension is much smaller than the in-plane dimensions, thickness 
changes alter the number of grain layers or effective microstructural units across the liner. 
Grain boundaries, local microstructural constraints, and free surfaces are therefore ex-
pected to affect the through-thickness response more strongly, whereas the larger in-plane 
dimensions are expected to approach the bulk-material limit more readily.

Accordingly, the thickness-dependent correction is applied to the through-thickness 
normal yield strength, while manufacturing-induced anisotropy is represented by the 
directional yield strengths in the Hill48 framework. A bounded transition function is 
defined as

𝜒𝑡(Λ𝑡) = 1 −
𝐴𝑡

1 + (Λ𝑡/Λ0)
𝑝 . (35)

The effective characteristic length ℓ𝑡 represents the microstructural scale relevant to the 
through-thickness response rather than the mean grain size alone. It may be constrained 
experimentally by through-thickness grain dimensions and grain-boundary spacing, grain-
layer number, grain morphology and aspect ratio, and crystallographic orientation correla-
tions. The parameters 𝐴𝑡, Λ0, and 𝑝 control the maximum strength deviation from the bulk 
limit, the normalized transition thickness, and the transition sharpness, respectively. The 
scale-dependent through-thickness yield strength is then expressed as

𝜎𝑦
3 (Λ𝑡) = 𝜒𝑡(Λ𝑡) 𝜎𝑦

3,∞, (36)

where 𝜎𝑦
3,∞ denotes the through-thickness yield strength in the bulk-material limit. The 

remaining directional strengths, 𝜎𝑦
1 , 𝜎𝑦

2 , and 𝜏𝑦
31, retain their general anisotropic values in the 

present formulation. The variation of the correction factor with the normalized thickness is 
illustrated in Figure 2, showing the transition from the finite microstructural-scale regime 
to the bulk anisotropic response.

The correction function satisfies

lim
Λ𝑡→∞

𝜒𝑡(Λ𝑡) = 1, (37)

and
lim
Λ𝑡→0

𝜒𝑡(Λ𝑡) = 1 − 𝐴𝑡. (38)

Thus, the proposed modification is bounded and gradually vanishes as the liner thickness 
becomes sufficiently large relative to the characteristic microstructural length. The formula-
tion therefore recovers the conventional bulk anisotropic response rather than predicting 
an unbounded variation of strength with liner thickness.
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Substituting Equation (36) into the Hill48 relations gives the scale-dependent coefficients

𝐹H(Λ𝑡) =
1
2

[

(


𝜎ref

𝜎𝑦
2

)


2

+ (


𝜎ref

𝜎𝑦
3 (Λ𝑡)

)


2

− (


𝜎ref

𝜎𝑦
1

)


2
]

, (39)

𝐺H(Λ𝑡) =
1
2

[

(


𝜎ref

𝜎𝑦
3 (Λ𝑡)

)


2

+ (


𝜎ref

𝜎𝑦
1

)


2

− (


𝜎ref

𝜎𝑦
2

)


2
]

, (40)

𝐻H(Λ𝑡) =
1
2

[

(


𝜎ref

𝜎𝑦
1

)


2

+ (


𝜎ref

𝜎𝑦
2

)


2

− (


𝜎ref

𝜎𝑦
3 (Λ𝑡)

)


2
]

, (41)

𝑀H =
1
2

(


𝜎ref

𝜏𝑦
31

)


2

. (42)

A physically interpretable calibration requires independent microstructural charac-
terization and thickness-dependent mechanical measurements. EBSD, metallography, or 
related measurements can constrain ℓ𝑡 using the microstructural quantities described above. 
For specimens with different thicknesses but consistent material and processing conditions, 
the through-thickness yield strength can then be normalized by its corresponding bulk-limit 
value to calibrate 𝐴𝑡, Λ0, and 𝑝. When expressed in terms of the physical thickness 𝑡0, the cor-
rection law depends on the combined scale ℓ𝑡Λ0. Thus, thickness-dependent strength data 
alone cannot generally identify ℓ𝑡 and Λ0 independently; microstructural characterization 
of ℓ𝑡 or an external constraint on either parameter is required.

The proposed modification is a phenomenological continuum representation of 
microstructure-related thickness effects rather than an explicit grain-scale model. The 
thickness-dependent correction is restricted to the through-thickness normal resistance as a 
first-order approximation, motivated by the smaller dimension and finite number of grain 
layers or effective microstructural units in this direction. This does not exclude scale effects 
in the meridional, circumferential, or shear responses, which may be incorporated when 
sufficient direction-dependent experimental data become available.

Figure 2. Schematic variation of the through-thickness correction factor 𝜒𝑡 with the normalized 
thickness Λ𝑡 = 𝑡0/ℓ𝑡. The scale-dependent effect gradually decays with increasing Λ𝑡, and the response 
approaches the bulk anisotropic limit as 𝜒𝑡 → 1.
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3. Numerical Implementation and Constitutive Verification in the 
Axisymmetric HOTM Framework
3.1. Overview of the Axisymmetric HOTM Framework

The constitutive model developed in the preceding section is implemented within 
the previously developed Hot Optimal Transportation Meshfree (HOTM) framework and 
its axisymmetric extension [29–31]. To improve reproducibility, the governing discrete 
equations and principal implementation details relevant to the present calculations are 
summarized below.

HOTM combines an optimal-transport-based time discretization [38] with a variational 
formulation of dissipative thermomechanics [39,40] in a unified Lagrangian meshfree 
framework. It has been applied to strongly nonlinear thermomechanical problems involving 
large deformation, contact, friction, material interaction, and fracture [41–48], making it well 
suited to the severe collapse and stretching encountered during shaped-charge jet formation. 
Under axisymmetry, the three-dimensional body is represented by its meridional section, 
while circumferential deformation and hoop stress are retained. The local constitutive 
response therefore remains three-dimensional.

The thermomechanical evolution in HOTM is governed by a variational principle. The 
local material state is characterized by the deformation gradient 𝑭, internal variables 𝒁, and 
temperature 𝑇. The Helmholtz free-energy density 𝐴(𝑭, 𝒁, 𝑇) describes the recoverable 
thermomechanical response, while viscous deformation, internal-variable evolution, and 
heat conduction are represented by the dissipation potentials 𝜙∗, 𝜓∗, and 𝜒, respectively. 
The resulting variational functional is written as

Φ = ∫
Ω0

[ .𝐾 + .𝐴 + 𝜂 .𝑇 + 𝜙∗ + 𝜓∗ − 𝜒]d𝑉 − ∫
Ω0

𝜌0𝑩 ⋅ .𝝋 d𝑉 − ∫
Γ𝑡

𝑻 ⋅ .𝝋 d𝐴

+ ∫
Ω0

𝜌0𝑄 log(
𝑇
𝑇0

)d𝑉 − ∫
Γ𝑞

ℎ̄ log(
𝑇
𝑇0

)d𝐴, (43)

where 𝐾 is the kinetic-energy density, 𝜂 = −𝜕𝐴/𝜕𝑇 is the entropy density, 𝜌0 is the reference 
density, 𝑩 is the body force, 𝑻  is the prescribed traction, 𝑄 is the volumetric heat source, 
and ℎ̄ is the prescribed boundary heat flux. The thermal driving variable associated with 
heat conduction is

𝑮 = −
1
𝑇 ∇0𝑇. (44)

The governing equations and corresponding boundary conditions follow from the station-
arity condition

inf
.𝝋

sup
𝑇

inf
.𝒁

Φ( .𝝋, 𝑇, .𝒁). (45)

For a time interval [𝑡𝑛, 𝑡𝑛+1], the continuous variational problem is recast as the follow-
ing incremental problem

Φ𝑛[𝝋𝑛+1, 𝑇𝑛+1, 𝒁𝑛+1] = inf
path

∫
𝑡𝑛+1

𝑡𝑛

Φ d𝑡. (46)

The inertial contribution is discretized using the Wasserstein-distance-based optimal-
transport formulation, while the energetic, dissipative, and thermal contributions are treated 
within the corresponding incremental variational framework. Consistent with the axisym-
metric HOTM implementation [31], the non-inertial contributions are evaluated using a 
backward-Euler time discretization. The mechanical, thermal, and constitutive states at 𝑡𝑛+1
are then obtained from the first-order optimality conditions.

For spatial discretization, the meridional domain is represented by nodes and material 
points. The nodes carry the primary kinematic and thermal variables, whereas the material 
points store the constitutive state variables and material properties and serve as quadrature 
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points. In practice, the initial nodal and material-point distributions are generated from a 
finite-element-type partition of the meridional domain: the element vertices are used as 
HOTM nodes and the corresponding quadrature or center points are initialized as material 
points. The initial element connectivity is used only for initialization and is not retained 
during the subsequent HOTM calculation. Under axisymmetry, the integration weight 
associated with material point 𝑝 is

𝑤𝑝 = 2𝜋𝑟𝑝𝑠𝑝, (47)

where 𝑟𝑝 is the radial coordinate and 𝑠𝑝 is the represented area in the meridional plane. The 
factor 2𝜋𝑟𝑝 accounts for the circumferential contribution. The kinematic and thermal fields 
are approximated using local maximum-entropy (LME) shape functions [49] as

𝝋ℎ = ∑
𝑎

𝑁𝑎𝝋𝑎, 𝑇ℎ = ∑
𝑎

𝑁𝑎𝑇𝑎. (48)

The node–material-point support is updated during deformation, allowing the discretization 
to accommodate the severe distortion associated with liner collapse and jet stretching. Specif-
ically, the local nodal neighborhood associated with each material point is reconstructed 
as the material evolves, so that the approximation is not constrained by a permanently 
connected mesh topology.

The spatially discretized variational equations yield the following nodal mechanical 
and thermal balance equations

𝒇 int
𝑎 − 𝒇 ext

𝑎 = 𝑚𝑎𝝋̈𝑎, (49)

and
𝑄int

𝑎 − 𝑄ext
𝑎 = 0, (50)

where 𝒇 int
𝑎  and 𝒇 ext

𝑎  denote the internal and external mechanical forces, respectively, and 𝑄int
𝑎

and 𝑄ext
𝑎  are the corresponding thermal contributions. The thermal equation is consistent 

with the continuum energy balance

𝑇 .𝜂 = 𝑷𝑣 ∶ .𝑭 + 𝒀𝑑 ⋅ .𝒁 − ∇̂0 ⋅ 𝒒 + 𝜌0𝑄, (51)

where 𝑷𝑣 ∶ .𝑭 and 𝒀𝑑 ⋅ .𝒁 represent viscous and internal-variable dissipation, respectively, 
and 𝒒 denotes the heat flux. Thus, mechanical dissipation, thermal evolution, and heat 
conduction are incorporated within the same variational framework.

For the axisymmetric mechanical problem, the circumferential contribution enters 
explicitly into the radial internal force as

𝑓 𝑟,int
𝑎 = ∑

𝑝
𝑤𝑝[𝑃𝑟𝑟𝑁𝑎,𝑟 + 𝑃𝑟𝑧𝑁𝑎,𝑧 +

𝑁𝑎
𝑟𝑝

(𝑃𝑟𝑟 − 𝑃𝜃𝜃)], (52)

whereas the axial contribution is

𝑓 𝑧,int
𝑎 = ∑

𝑝
𝑤𝑝[𝑃𝑟𝑧𝑁𝑎,𝑟 + 𝑃𝑧𝑧𝑁𝑎,𝑧]. (53)

The term 𝑁𝑎(𝑃𝑟𝑟 − 𝑃𝜃𝜃)/𝑟𝑝 represents the hoop-stress contribution and distinguishes the 
axisymmetric formulation from the corresponding planar two-dimensional form.

Because the axisymmetric equations contain geometric terms proportional to 1/𝑟, 
special treatment is required near the symmetry axis. Radial displacement and velocity are 
constrained to zero on the axis, which also acts as a rigid non-penetrating boundary for 
nodes and material points [31].

For material points near the axis, a weighted radius-regularization scheme is employed. 
The near-axis region is defined by

Ωaxis = {𝒙 ∈ Ω ∣ 𝑟 ≤ 𝑟𝑐}, 𝑟𝑐 = 𝛼ℎ, (54)
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where ℎ is the characteristic nodal spacing and 𝛼 = 0.5 is adopted in the present calculations. 
Within this region, an effective radius is introduced as

𝑟eff = √𝑟2 + 𝑟2
0, 𝑟0 = 𝜂ℎ, (55)

with 𝜂 = 0.1. To recover the standard axisymmetric formulation smoothly away from the 
axis, the physical and effective radii are blended according to

¯𝑟 = [1 − 𝑤(𝑟)]𝑟 + 𝑤(𝑟)𝑟eff, (56)

where

𝑤(𝑟) =
{


(1 −
𝑟
𝑟𝑐

)
2

, 𝑟 < 𝑟𝑐,

0, 𝑟 ≥ 𝑟𝑐.
(57)

Accordingly, the singular geometric factors are evaluated using

1
𝑟 ⟶

1
¯𝑟 (58)

Within the near-axis region, an effective radius is blended with the physical radius to reg-
ularize the singular geometric terms, as defined in Equations (54)–(58). This localized 
treatment recovers the standard axisymmetric formulation outside the regularization re-
gion. The adopted regularization parameters follow the sensitivity assessment in Ref. [31]. 
Artificial bulk viscosity is additionally employed to suppress spurious pressure oscillations 
under strong shock loading.

With the above axis constraints, radius regularization, dynamically reconstructed sup-
port domains, and shock stabilization, the principal implementation features used in the 
present axisymmetric calculations are specified explicitly rather than being delegated solely 
to the previous axisymmetric study. The resulting framework retains the thermomechanical 
consistency and large-deformation capability of HOTM while providing an efficient numer-
ical basis for the anisotropic shaped-charge simulations considered in this study. Further 
implementation details used in the optimal-transport time-integration algorithm, dynamic 
support-domain reconstruction, artificial viscosity stabilization, and contact treatment are 
provided in Ref. [31] and are not repeated here for brevity.

3.2. Local Material Coordinate Transformation for Anisotropic Plasticity
The anisotropic constitutive model is formulated in the local material coordinate system of 

the liner, whereas the axisymmetric HOTM equations are solved in the cylindrical coordinate 
system. Since the liner undergoes large rotation during collapse and jet formation, the material 
orientation must be updated continuously so that the anisotropic response remains associated 
with the instantaneous meridional, circumferential, and through-thickness directions.

The initial material basis {𝒂0
1, 𝒂0

2, 𝒂0
3} is constructed from the undeformed liner geometry 

as defined in Section 2.1. During deformation, the current meridional direction is updated 
using the deformation gradient as

𝒂1 =
𝑭𝒂0

1
‖𝑭𝒂0

1‖
, (59)

while the circumferential direction remains

𝒂2 = 𝒆𝜃. (60)

The current through-thickness direction is then reconstructed from

𝒂3 = 𝒂1 × 𝒂2. (61)
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The corresponding orthogonal transformation matrix is

𝑸c = [𝒂1 𝒂2 𝒂3], (62)

where the basis vectors are expressed in the current cylindrical coordinate system.
Before the constitutive update, the stress tensor is transformed from the cylindrical 

frame to the local material frame according to

𝝈𝑚 = 𝑸𝑇
c 𝝈𝑸c. (63)

Under axisymmetry, both the global and local stress tensors retain the reduced form

𝝈 =
[



𝜎𝑟𝑟 0 𝜎𝑟𝑧
0 𝜎𝜃𝜃 0

𝜎𝑟𝑧 0 𝜎𝑧𝑧

]


, 𝝈𝑚 =

[



𝜎𝑚
11 0 𝜎𝑚

13
0 𝜎𝑚

22 0
𝜎𝑚

13 0 𝜎𝑚
33

]


. (64)

The Hill48 yield criterion and the thermoviscoplastic update are then evaluated entirely 
in the local material coordinate system using the formulation described in Section 2.3. In 
particular, the microstructural length-scale correction introduced in Section 2.6 remains 
associated with the instantaneous through-thickness direction 𝒂3. Thus, although the liner 
may undergo large rotation, the scale-dependent directional resistance follows the material 
orientation rather than remaining aligned with the fixed cylindrical coordinates.

After the constitutive update, the stress tensor is transformed back to the cylindrical 
coordinate system as

𝝈 = 𝑸c𝝈
𝑚𝑸𝑇

c , (65)

and is subsequently transferred to the axisymmetric HOTM mechanical calculation. This 
transformation procedure ensures a consistent coupling between the evolving liner orienta-
tion and the anisotropic constitutive response throughout collapse and jet formation.

3.3. Verification of the Microstructural-Length-Scale-Dependent Anisotropic Response
This subsection verifies the length-scale-dependent anisotropic yield surface and the 

transformation between cylindrical and local material coordinates. To isolate these effects, 
strain hardening, strain-rate strengthening, and thermal softening are suppressed, with the 
current flow stress fixed at the reference value, 𝜎𝑦 = 𝜎ref.

The parameters used in this subsection are listed in Table 1. They are selected only to 
produce a sufficiently pronounced anisotropic and length-scale-dependent response for 
verification and do not represent calibrated properties of a specific shaped-charge liner 
material. The values used here are selected solely for constitutive verification and are not 
identical to those adopted in the shaped-charge calculations in the following section.

Table 1. Parameters used for constitutive verification.

𝝈ref 𝝈𝒚
1 𝝈𝒚

2 𝝈𝒚
3,∞ 𝝉𝒚

31 𝑨𝒕 𝚲0 𝒑
(MPa) (MPa) (MPa) (MPa) (MPa) – – –

300 300 315 330 180 0.25 40 2

The first test considers a single material point under homogeneous uniaxial loading in 
the 𝒂1 − 𝒂3 plane. The loading direction is

𝒏 = cos 𝜓 𝒂1 + sin 𝜓 𝒂3, (66)

where 𝜓 is measured from the meridional material direction. For the uniaxial stress state 
𝝈m = 𝜎 𝒏 ⊗ 𝒏, the nonzero material stress components are

𝜎𝑚
11 = 𝜎 cos2 𝜓, 𝜎𝑚

33 = 𝜎 sin2 𝜓, 𝜎𝑚
13 = 𝜎 sin 𝜓 cos 𝜓, (67)
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with 𝜎𝑚
22 = 0. The corresponding Hill48 equivalent stress can be written as

𝜎̄ 2
H = 𝜎2𝐶H(𝜓, Λ𝑡), (68)

where

𝐶H(𝜓, Λ𝑡) = 𝐹H(Λ𝑡) sin4 𝜓 + 𝐺H(Λ𝑡)(sin2 𝜓 − cos2 𝜓)2

+ 𝐻H(Λ𝑡) cos4 𝜓 + 2𝑀H sin2 𝜓 cos2 𝜓. (69)

The analytical directional yield strength is therefore

𝜎𝑦
dir(𝜓, Λ𝑡) =

𝜎ref

√𝐶H(𝜓, Λ𝑡)
. (70)

The verification is performed for Λ𝑡 = 10, 40, and 80, together with the bulk limit 
Λ𝑡 → ∞, over 0∘ ≤ 𝜓 ≤ 90∘. The numerical results are compared with Equation (70) in 
Figure 3. At the principal directions, the analytical solution satisfies

𝜎𝑦
dir(0∘, Λ𝑡) = 𝜎𝑦

1 , 𝜎𝑦
dir(90∘, Λ𝑡) = 𝜎𝑦

3 (Λ𝑡), (71)

so that the through-thickness response directly reflects the prescribed length-scale correc-
tion, while the intermediate angles verify its consistent propagation through the Hill48 
yield surface.

Figure 3. Verification of the directional yield response for different normalized thicknesses Λ𝑡. Numerical 
results are compared with the analytical Hill48 solution, including the bulk anisotropic limit.

The second test verifies the coordinate transformation. Let the local meridional direc-
tion form an angle 𝛼 with the global radial direction, while the loading direction forms an 
angle 𝛽. Their relative orientation is

𝜓 = 𝛽 − 𝛼. (72)

A fixed value of 𝜓 = 30∘ is used, while 𝛼 is varied from 0∘ to 90∘ and 𝛽 = 𝛼+30∘. Although the 
global stress components vary with 𝛼, the transformed material components should remain

𝜎𝑚
11
𝜎 = 0.75,

𝜎𝑚
33
𝜎 = 0.25,

𝜎𝑚
13
𝜎 = 0.4330. (73)

Figure 4 presents the coordinate-transformation verification. Figure 4a shows the 
normalized stress components expressed in the global cylindrical coordinates, which vary 
continuously as the material basis rotates. After transformation into the local material 
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system, the corresponding components shown in Figure 4b remain invariant at the analytical 
values determined by the fixed relative loading angle 𝜓 = 30∘.

Figure 4. Verification of the local material-coordinate transformation for a fixed relative loading angle 
𝜓 = 30∘. The normalized material stress components remain invariant as the material basis rotates 
relative to the global cylindrical coordinates.

These two material-point tests verify the length-scale-dependent anisotropic response 
and the associated coordinate-transformation procedure used in the axisymmetric HOTM 
implementation.

3.4. Experimental Validation of Shaped-Charge Jet Formation
The copper-liner shaped-charge experiment reported in Ref. [50] was reproduced 

using the geometry, material properties, and initiation condition specified in Figure 5. The 
proposed scale-dependent Hill48 model and the conventional J2 model used identical 
numerical settings and differed only in the liner constitutive description. No constitutive or 
numerical parameters were recalibrated against the validation measurements.

21.9

mm

axis
Ignition

30°

2.4 mm

explosive

30mm

Figure 5. Geometry and numerical configuration of the copper-liner shaped-charge validation case 
reproduced according to Ref. [50]. Dimensions are given in millimeters.

Figure 6 compares the experimental and predicted jet configurations at 𝑡 = 36.5 μs. 
Both models reproduce the overall jet morphology, with the proposed model showing 
closer agreement with the experimental configuration. Table 2 also shows smaller absolute 
relative errors for the proposed model in jet-tip velocity, jet-tail velocity, and jet length, 
reducing the mean absolute percentage deviation from 6.68% to 3.98%.
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The largest discrepancy remains in jet-tail velocity, which may be affected by the 
explosive description, numerical resolution, and identification of the jet–slug transition. 
Overall, this benchmark supports the predicted global jet-formation response but does not 
independently validate the proposed microstructural length-scale mechanism.

Table 2. Comparison of the published experimental measurements and present numerical predictions 
for the copper-liner shaped charge.

Parameter Experiment Proposed Relative
Error (%) 𝑱2

Relative
Error (%)

Tip velocity (m/s) 5534.6 5480.3 −0.98 5291.4 −4.39
Tail velocity (m/s) 1363.2 1249.9 −8.31 1208.5 −11.35
Jet length at 36.5 μs (mm) 67.6 65.8 −2.66 64.7 −4.29
Mean absolute percentage deviation (%) — 3.98 — 6.68 —

Note: The relative error is defined as (𝑋num − 𝑋exp)/𝑋exp × 100%.

Parameters Tip velocity 
(m/s)

Tail velocity 
(m/s)

Jet length at 36.5 μs (mm)

Experimental 
results

5534.6 1363.2 67.6

J2- 5480.3 1249.9 65.8
J2 5291.4 1208.5 64.7

(b)

Proposed scale-

dependent Hill48 model

(c)

J2 isotropic 

model

(a)

Experimental 

data

Figure 6. Comparison of the copper-jet configurations at 𝑡 = 36.5 μs: (a) pulsed X-ray image reported 
in Ref. [50]; (b) numerical prediction obtained using the proposed scale-dependent model; and 
(c) numerical prediction obtained using the conventional 𝐽2 model. Panels (b,c) are presented using 
the same spatial scale and axial reference position.

4. Microstructural Length-Scale Effects on Shaped-Charge Jet Formation 
and Critical Liner Thickness
4.1. Computational Configuration and Case Design for Large-Caliber Shaped Charges
4.1.1. Baseline Configuration and Numerical Settings

The proposed constitutive formulation is applied to a series of large-caliber shaped-
charge simulations to investigate its influence on liner collapse, jet formation, and criti-
cal liner thickness. The axisymmetric configuration consists of a conical metallic liner, a 
cylindrical explosive charge, and rear-center initiation, as illustrated in Figure 7 for the 
representative case with 𝐷 = 300 mm and 𝑡0 = 8 mm. For different charge calibers, the liner 
cone angle is kept unchanged, while all geometric dimensions except the liner thickness 
are scaled proportionally with the charge caliber 𝐷. The liner and surrounding explosive 
are discretized using the same characteristic material-point spacing of 0.25 mm. The same 
numerical treatment, including the discretization strategy, contact treatment, explosive 
model, and boundary conditions, is otherwise employed for the corresponding simulations.

The principal numerical settings are summarized in Table 3 and used for all charge 
calibers unless otherwise stated. The local node–material-point neighborhoods are re-

https://doi.org/10.3390/app162110537

https://doi.org/10.3390/app162110537


Appl. Sci. 2026, 16, 10537 17 of 38

constructed during deformation, while the initial quadrilateral partition does not impose 
fixed connectivity on the subsequent HOTM calculation. The near-axis treatment follows 
Section 3.1, with the adopted regularization parameters listed in Table 3.

For each caliber, the initial liner thickness 𝑡0 is varied in increments of 0.5 mm around the 
transition between continuous and unstable jet formation. The effective through-thickness 
microstructural characteristic length is fixed at ℓ𝑡 = 0.25 mm for all cases, corresponding to 
the same liner material and manufacturing condition. The normalized thickness Λ𝑡 = 𝑡0/ℓ𝑡, 
defined in Section 2.6, therefore varies only with 𝑡0. It should be noted that ℓ𝑡 is a constitutive 
characteristic length and is conceptually independent of the numerical material-point 
spacing, although the two quantities take the same value in the present calculations.

Table 3. Principal numerical settings used in the axisymmetric HOTM shaped-charge simulations.

Numerical Setting Symbol/Treatment Value/Specification

Coordinate formulation – Axisymmetric (𝑟, 𝑧)
Liner material-point spacing ℎliner

mp 0.25 mm
Explosive material-point spacing ℎexp

mp 0.25 mm
LME locality parameter 𝛾 1.6
Near-axis activation radius 𝑟𝑐 0.5ℎ
Near-axis regularization length 𝑟0 0.1ℎ
Axis boundary condition – 𝑢𝑟 = 𝑣𝑟 = 0 at 𝑟 = 0
Axis non-penetration treatment – Rigid symmetry plane

 

Figure 7. Representative geometry of the 𝐷 = 300 mm, 𝑡0 = 8 mm shaped-charge configuration.

The numerical study contains two parts. First, the representative configuration with 
𝐷 = 300 mm and 𝑡0 = 8 mm is calculated using both the conventional isotropic J2 model and 
the proposed microstructural-length-scale-dependent anisotropic model. This comparison 
is used to evaluate the influence of the constitutive modification on liner collapse, jet 
kinematics, axial stretching, and local deformation under otherwise identical conditions. 
Second, a multi-caliber thickness sweep is performed for 𝐷 = 250, 300, and 350 mm
to identify the stable–unstable transition and determine the corresponding critical liner 
thickness for each caliber. The complete case matrix is summarized in Table 4.
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Table 4. Case design for the multi-caliber shaped-charge simulations.

Group Caliber 𝑫 (mm) Liner Thickness 𝒕0 (mm) 𝚲𝒕 = 𝒕0/ℓ𝒕              Constitutive Model

S1 250

7.0 28            Proposed scale-dependent Hill48 model
7.5 30            Proposed scale-dependent Hill48 model
8.0 32            Proposed scale-dependent Hill48 model
8.5 34            Proposed scale-dependent Hill48 model
9.0 36            Proposed scale-dependent Hill48 model

S2 300

7.5 30 Proposed scale-dependent Hill48 model
8.0 32 J2 Isotropic/Proposed scale-dependent Hill48 model
8.5 34 Proposed scale-dependent Hill48 model
9.0 36 Proposed scale-dependent Hill48 model
9.5 38 Proposed scale-dependent Hill48 model

S3 350

8.5 34 Proposed scale-dependent Hill48 model
9.0 36 Proposed scale-dependent Hill48 model
9.5 38 Proposed scale-dependent Hill48 model
10.0 40 Proposed scale-dependent Hill48 model
10.5 42 Proposed scale-dependent Hill48 model

4.1.2. Spatial-Resolution Sensitivity
A spatial-resolution sensitivity analysis was performed for the standard case with 

𝐷 = 300 mm and 𝑡0 = 8 mm. Three material-point spacings, ℎ = 0.500, 0.250, and 0.125 mm, 
were considered while keeping the physical characteristic length fixed at ℓ𝑡 = 0.250 mm, 
giving ℎ/ℓ𝑡 = 2, 1, and 0.5, respectively. All other material parameters, initial conditions, 
and numerical settings remained unchanged.

Figure 8 compares the jet-tip velocity histories. The maximum velocities are 5628, 5805, 
and 5942 m/s for the three spacings, respectively. Relative to the ℎ = 0.250 mm baseline, the 
coarser and finer cases differ by 3.05% and 2.36%. The corresponding final jet lengths are 
323.62, 334.36, and 348.83 mm, with relative differences of 3.21% and 4.32%. These results 
indicate limited spatial-resolution sensitivity; ℎ = 0.250 mm is therefore retained to balance 
computational accuracy and efficiency.

Figure 8. Effect of the material-point spacing on the jet-tip velocity for the standard case with 𝐷 = 300 mm
and 𝑡0 = 8 mm. The physical characteristic length was fixed at ℓ𝑡 = 0.250 mm in all calculations.

The physical characteristic length ℓ𝑡 enters the constitutive model through Λ𝑡 = 𝑡0/ℓ𝑡
and does not determine the material-point spacing, support domain, or reconstruction 
parameters. Thus, its equality with ℎ in the baseline case is coincidental rather than imposed. 
Varying ℎ over a fourfold range at fixed ℓ𝑡 produces modest changes in tip velocity and 
jet length, with no anomalous response at ℎ = ℓ𝑡, providing numerical support for their 
independence within the investigated resolution range.
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4.2. Explosive and Liner Material Models
The shaped-charge simulations involve an energetic material providing the detonation 

loading and a metallic liner undergoing severe collapse and jet formation. The explosive is 
described using the previously developed thermo–mechanical–chemical formulation [51], 
whereas the liner employs the microstructural-length-scale-dependent anisotropic thermo-
viscoplastic model developed in Section 2. The material parameters used in the present 
calculations are summarized at the end of this subsection.

4.2.1. Explosive Model
The explosive is represented by a two-phase mixture of unreacted solid explosive and 

gaseous reaction products. A reaction variable 𝜆 describes the local reaction progress, 
with 𝜆 = 0 and 𝜆 = 1 corresponding to the fully unreacted and fully reacted states, 
respectively. Following [51], both temperature- and pressure-driven reaction mechanisms 
are included. The temperature-dependent contribution is described by the following 
Arrhenius-type relation [52,53],

(
𝑑𝜆
𝑑𝑡 )

𝑇
= 𝐴A(1 − 𝜆) exp(−

𝐸𝑎
𝑅𝑇 ), (74)

while the pressure-dependent contribution is represented by the Lee–Tarver Ignition and 
Growth (IG) model [54,55] as

(
𝑑𝜆
𝑑𝑡 )

𝑝
= ℛ𝐼 + ℛ𝐺1 + ℛ𝐺2, (75)

with the individual reaction-rate terms given by

ℛ𝐼 = 𝐼(1 − 𝜆)𝑏(
𝜌
𝜌0

− 1 − 𝑎)
𝑥

, 𝜆 ≤ 𝜆𝐼,max (76)

ℛ𝐺1 = 𝐺1(1 − 𝜆)𝑐𝜆𝑑𝑝𝑦, 𝜆 ≤ 𝜆𝐺1,max (77)
ℛ𝐺2 = 𝐺2(1 − 𝜆)𝑒𝜆𝑔𝑝𝑧, 𝜆 ≥ 𝜆𝐺2,min. (78)

The total reaction rate is
𝑑𝜆
𝑑𝑡 = (

𝑑𝜆
𝑑𝑡 )

𝑇
+ (

𝑑𝜆
𝑑𝑡 )

𝑝
. (79)

Before reaction, the solid explosive retains both volumetric and deviatoric resistance. 
Its volumetric response is described by the Mie–Grüneisen equation of state, while the devi-
atoric response follows the thermoviscoplastic formulation in [51]. The reaction products 
are modeled using the Jones–Wilkins–Lee (JWL) equation of state [56–58] as

𝑝𝑔 = 𝐴JWL(1 −
𝜔𝜃
𝑅1

) exp(−
𝑅1
𝜃 ) + 𝐵JWL(1 −

𝜔𝜃
𝑅2

) exp(−
𝑅2
𝜃 ) + 𝜔𝜃𝜌0𝐸, (80)

where 𝜃 = 𝜌/𝜌0. The mixture stress is obtained by combining the solid-phase stress with 
the pressure contribution of the reaction products [59] as

𝝈𝑒 = 𝝈𝑠 − 𝜆𝑝𝑔𝑰. (81)

Although the unified formulation contains both thermal and pressure-driven reaction 
mechanisms, the shaped-charge loading considered here is dominated by the rapid pressure-
driven IG reaction following rear-center initiation. The Arrhenius contribution is retained 
for consistency with the unified explosive formulation, whereas the JWL pressure of the 
reaction products provides the principal loading responsible for liner collapse.

In the present shaped-charge simulations, the explosive is represented by a PBX 
9501-like HMX-based polymer-bonded explosive. The constitutive, equation-of-state, and 
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reaction-rate parameters are adopted from representative data reported in the literature for 
PBX 9501 and its HMX constituent. In particular, the Ignition-and-Growth and detonation-
product JWL parameters follow the PBX 9501 parameterization reported by Tarver et al. [60], 
while the Arrhenius thermal-reaction parameters are taken from the global PBX 9501 
reaction-rate formulation reported by Menikoff [61]. The Mie–Grüneisen parameters used 
for the unreacted HMX solid phase are adopted from the data summarized by Wei et al. [62]. 
All parameters are converted to SI units and are listed in Table 5.

Table 5. Material and reaction parameters of the explosive used in the numerical simulations.

Parameter Symbol Value

Initial explosive state

Initial PBX density 𝜌0 1910 kg/m3

Initial temperature 𝑇0 298 K

Mie–Grüneisen EOS for the unreacted solid phase

Bulk sound speed 𝑐0 2740 m/s
Hugoniot slope coefficient 𝑠 2.60
Grüneisen coefficient Γ𝑠 1.10

JWL EOS for detonation products

JWL coefficient 𝐴JWL 1.6689 × 1012 Pa
JWL coefficient 𝐵JWL 5.969 × 1010 Pa
JWL exponent 𝑅1 5.90
JWL exponent 𝑅2 2.10
JWL Grüneisen coefficient 𝜔 0.45
Initial product energy density 𝐸0 9.5 × 109 J/m3

Arrhenius thermal-reaction model

Pre-exponential factor 𝐴A 5.6 × 1011 s−1

Activation energy 𝐸𝑎 1.49 × 105 J/mol
Universal gas constant 𝑅 8.314 J/(mol K)

Ignition term

Ignition coefficient 𝐼 1.4 × 1017 s−1

Compression threshold 𝑎 0
Unreacted-fraction exponent 𝑏 0.667
Compression exponent 𝑥 20.0

First growth term

First growth coefficient 𝐺1 1.30 × 10−14 Pa−2s−1

Unreacted-fraction exponent 𝑐 0.667
Reacted-fraction exponent 𝑑 0.277
Pressure exponent 𝑦 2.0

Second growth term

Second growth coefficient 𝐺2 4.00 × 10−14 Pa−2s−1

Unreacted-fraction exponent 𝑒 0.333
Reacted-fraction exponent 𝑔 1.0
Pressure exponent 𝑧 2.0

Reaction-progress limits

Maximum ignition reaction fraction 𝜆𝐼,max 0.30
Maximum first-growth reaction fraction 𝜆𝐺1,max 0.50
Minimum second-growth reaction fraction 𝜆𝐺2,min 0.50
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4.2.2. Liner Material and Microstructural Length Scale
The liner is described using the constitutive formulation presented in Section 2. The 

volumetric response is represented by the Mie–Grüneisen equation of state, whereas the de-
viatoric response incorporates strain hardening, strain-rate strengthening, thermal softening, 
and the microstructural-length-scale-dependent anisotropic yield criterion.

The general formulation in Section 2 permits arbitrary bulk anisotropy through in-
dependently specified directional yield strengths. However, sufficiently reliable direction-
dependent data for the present liner material under the relevant manufacturing and loading 
conditions are unavailable. Although anisotropic parameters have been reported for specific 
spin-formed copper liners [26,27], they depend strongly on forming history, local texture, 
and sampling position. Transferring these parameters to the present liner without inde-
pendent characterization would introduce uncontrolled manufacturing-specific anisotropy. 
The normalization stress is defined as

𝜎ref = 𝜎0, (82)

and the bulk directional strengths are prescribed as

𝜎𝑦
1 = 𝜎𝑦

2 = 𝜎𝑦
3,∞ = 𝜎ref = 𝜎0, 𝜏𝑦

31 =
𝜎0

√3
. (83)

With these values, the Hill48 yield surface recovers the isotropic J2 response in the bulk 
limit. Thus, within the present controlled numerical study, the difference between the J2 and 
proposed formulations is associated with the scale-dependent modification of the through-
thickness plastic resistance. This choice is specific to the present simulations and does not 
restrict the general anisotropic Hill48 formulation developed in Section 2. Accordingly, an 
additional fixed-anisotropy Hill48 baseline is not introduced in the present study, because 
assigning anisotropic coefficients without liner-specific experimental calibration would 
introduce uncontrolled manufacturing-dependent effects and obscure the isolated influence 
of the microstructural length-scale correction.

For the proposed model, the effective through-thickness microstructural characteristic 
length ℓ𝑡 is kept constant for all cases corresponding to the same liner material and manu-
facturing condition. With the isotropic bulk reference defined above, the scale-dependent 
through-thickness yield strength follows Equation (36) as

𝜎𝑦
3 (Λ𝑡) = 𝜒𝑡(Λ𝑡)𝜎0. (84)

As Λ𝑡 → ∞, 𝜒𝑡 → 1, and the proposed formulation therefore approaches the isotropic J2 
bulk response adopted in the present simulations.

The liner material considered in the present study is OFHC copper. The conventional 
equation-of-state, elastic, thermal, and strength-related parameters are adopted from pub-
lished data for OFHC copper or determined by matching the present thermoviscoplastic 
flow-stress formulation to the corresponding constitutive response reported in the litera-
ture [18,63,64]. In particular, the high-pressure equation-of-state parameters are based on 
commonly used Mie–Grüneisen data for copper, while the strain-hardening, strain-rate, and 
thermal-softening parameters of the present flow-stress model are selected to reproduce 
the representative high-rate response of OFHC copper reported by Johnson and Cook [18]. 
The resulting material parameters used in the shaped-charge calculations are summarized 
in Table 6. The microstructural-length-scale parameters in Table 6 are representative phe-
nomenological values rather than independently calibrated constants for the present liner. 
In particular, ℓ𝑡 represents an effective microstructural length rather than a measured mean 
grain size. A complete calibration dataset of the type described in Section 2.6 is currently 
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unavailable; the present parameterization is therefore used to investigate the consequences 
of the proposed thickness-dependent formulation.

Table 6. Thermomechanical and microstructural-scale parameters of the liner used in the shaped-
charge simulations.

Parameter Symbol Value

Mie–Grüneisen equation of state

Reference density 𝜌0 8960 kg/m3

Bulk sound speed 𝑐0 3940 m/s
Hugoniot slope coefficient 𝑆1 1.489
Grüneisen coefficient 𝛾0 2.02

Elastic and thermal properties

Initial shear modulus 𝐺0 46.5 GPa
Poisson’s ratio 𝜈 0.34
Reference temperature 𝑇0 298 K
Melting temperature 𝑇𝑚 1356 K
Specific heat capacity 𝑐𝑝 383 J/(kg K)
Taylor–Quinney coefficient 𝛽TQ 0.90

Thermoviscoplastic flow-stress model

Initial/reference yield stress 𝜎0 = 𝜎ref 90 MPa
Reference plastic strain ¯𝜖𝑝

0 0.20
Strain-hardening parameter 𝑛 1.40
Reference plastic strain rate .¯𝜖𝑝

0 0.25 s−1

Rate-sensitivity parameter 𝑚 50
Thermal-softening exponent 𝑙 0.90

Bulk Hill48 reference strengths

Meridional reference yield strength 𝜎𝑦
1 90 MPa

Circumferential reference yield strength 𝜎𝑦
2 90 MPa

Bulk through-thickness reference yield strength 𝜎𝑦
3,∞ 90 MPa

Reference shear yield strength 𝜏𝑦
31 51.96 MPa

Bulk Hill48 coefficients 𝐹𝐻, 𝐺𝐻, 𝐻𝐻, 𝑀𝐻 0.5, 0.5, 0.5, 1.5

Microstructural-length-scale correction

Effective microstructural characteristic length ℓ𝑡 0.25 mm
Maximum strength-reduction amplitude 𝐴𝑡 0.30
Characteristic transition scale Λ0 50
Transition exponent 𝑝 3.5

4.3. Comparison of Jet Formation Between the Isotropic J2 and 
Microstructural-Length-Scale-Dependent Models

To examine the influence of the proposed microstructural length-scale correction on 
liner collapse and jet formation, a representative large-caliber case is selected from the 
calculation matrix introduced in Section 4.1. The charge caliber and initial liner thickness 
are 𝐷 = 300 mm and 𝑡0 = 8 mm, respectively. With the effective through-thickness 
microstructural characteristic length ℓ𝑡 = 0.25 mm, the corresponding normalized thickness 
and correction factor are Λ𝑡 = 32 and 𝜒𝑡 = 0.752, respectively. Therefore, the through-
thickness reference strength in the proposed model is 𝜎𝑦

3 = 𝜒𝑡𝜎0, corresponding to a 24.8% 
reduction of the through-thickness reference resistance relative to the bulk state.

Two simulations are performed under identical geometry, explosive loading, numeri-
cal discretization, equation of state, strain-hardening, strain-rate, and thermal-softening 
conditions. The first employs the isotropic J2 model defined by the bulk reference state 
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in Section 4.2, whereas the second employs the microstructural-length-scale-dependent 
formulation developed in Section 2. Thus, the controlled difference between the two calcu-
lations is the additional modification of the through-thickness plastic resistance associated 
with the finite microstructural length scale.

Three representative times are selected to characterize the principal stages of liner 
collapse, jet initiation, and jet stretching, denoted by 𝑡1 = 50 μs, 𝑡2 = 80 μs, and 𝑡3 = 90 μs, 
respectively. Figure 9 compares the velocity and temperature fields predicted by the two 
constitutive models at these times. Both models reproduce the same overall sequence of 
detonation loading, liner acceleration, axial collapse, jet–slug formation, and subsequent 
jet elongation. During the early collapse stage, the two solutions exhibit similar global 
responses. As the collapse proceeds, differences develop in the local velocity and tempera-
ture fields, particularly in the main jet region. At 𝑡3, the proposed model predicts higher 
local velocity and a redistributed temperature field in the main jet. The associated deforma-
tion and energy partitioning are examined quantitatively below through comparisons of 
temperature rise, equivalent plastic strain, specific plastic work, and specific kinetic energy.

To quantify the differences observed in Figure 9, the jet-tip velocity 𝑣tip and jet length 𝐿𝑗
are extracted at the same three representative times. The instantaneous jet length is defined as

𝐿𝑗(𝑡) = 𝑧tip(𝑡) − 𝑧tail(𝑡), (85)

where 𝑧tip and 𝑧tail denote the axial positions of the jet head and the rear boundary of the 
continuously formed jet, respectively. The corresponding results are summarized in Table 7. 
The relative differences are evaluated using the J2 solution as the reference.

Table 7. Quantitative comparison of jet kinematics at the representative times used in Figure 9.

Time (𝛍s)
𝒗tip (m/s) 𝑳𝒋 (mm)

J2 Proposed Difference (%) J2 Proposed Difference (%)

50 5200 5600 7.69 75.97 81.53 7.32
80 4800 5300 10.42 232.02 244.35 5.31
90 4700 5300 12.77 319.35 334.36 4.70

The quantitative comparison shows that the difference in jet-tip velocity becomes 
increasingly pronounced as jet formation proceeds, whereas the relative difference in jet 
length remains moderate. At 𝑡3, the proposed model predicts a jet-tip velocity of 5300 m/s, 
compared with 4700 m/s for the J2 model, corresponding to a difference of 12.77%. The 
corresponding jet lengths are 334.36 and 319.35 mm, respectively, indicating stronger axial 
stretching when the length-scale correction is included.

To further examine the internal kinematics of the formed jet, the axial velocity distri-
bution is extracted at the third representative time 𝑡3, when a continuous and substantially 
elongated jet has developed. To facilitate comparison between jets of different instantaneous 
lengths, the axial coordinate is normalized as

¯𝜉 =
𝑧 − 𝑧tail

𝐿𝑗
, (86)

where ¯𝜉 = 0 and 1 correspond to the jet tail and jet tip, respectively. Figure 10 compares 
the resulting axial velocity profiles. Both simulations exhibit the characteristic increase in 
axial velocity from the rear portion toward the jet head. The proposed model predicts a 
larger head-to-rear axial velocity difference and a more pronounced velocity variation along 
the normalized jet coordinate. The head-to-rear velocity difference changes from 2139 m/s
for the J2 model to 2416 m/s for the proposed model, consistent with the corresponding 
difference in jet elongation reported in Table 7.
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Figure 9. Comparison of the velocity and temperature fields predicted by the isotropic J2 and 
microstructural-length-scale-dependent models at three representative stages of liner collapse and 
jet formation.
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Figure 10. Axial velocity distributions along the continuously formed jet predicted by the isotropic J2 
and microstructural-length-scale-dependent models at 𝑡 = 90 μs.

The influence of the constitutive description on local deformation is further exam-
ined at the same representative time 𝑡3. Figure 11 compares the equivalent plastic strain 
distributions and the locally enlarged jet-forming regions predicted by the two models. 
Severe plastic deformation is concentrated in the liner collapse and inversion region and 
subsequently extends into the stretching jet. The proposed model exhibits a higher equiva-
lent plastic strain in the corresponding region than the J2 solution. More importantly, the 
enlarged views reveal a distinct difference in material continuity: the J2 model exhibits 
pronounced localized thinning and loss of local jet continuity, whereas the jet predicted by 
the proposed model remains continuous at the same instant. This difference indicates that 
the constitutive modification affects not only the magnitude of plastic deformation but also 
its spatial localization and the resulting local morphology of the forming jet. Overall, the 
microstructural-length-scale correction modifies local deformation and strain localization 
in the jet-forming region. 

Proposed anisotropic 

model

J2 isotropic 

model

Figure 11. Comparison of the local deformation characteristics predicted by the isotropic J2 and 
microstructural-length-scale-dependent models at 𝑡 = 90 μs.

The jet-tip and main-jet responses are compared at 𝑡 = 90 μs to quantify the thermome-
chanical differences between the models. The main jet is defined as the continuous segment 
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ahead of the slug, spanning 𝑧tail ≤ 𝑧 ≤ 𝑧tip. Main-jet quantities are averaged over all liner 
material within this region, using the same extraction procedure for both models.

As shown in Table 8, the proposed model increases the jet-tip velocity and main-jet 
specific kinetic energy by 12.77% and 8.01%, respectively, relative to J2. The jet-tip-region 
temperature rise and equivalent plastic strain increase by 2.92% and 4.82%. For the main jet, 
the average temperature rise, equivalent plastic strain, and specific plastic work increase by 
3.58%, 3.61%, and 20.75%, respectively.

Table 8. Quantitative thermomechanical comparison between the J2 and proposed models at 𝑡 = 90 μs
for 𝐷 = 300 mm and 𝑡0 = 8 mm.

Quantity  J2 Proposed Difference (%)

Jet-tip velocity, 𝑣tip (m/s) 4700 5300 12.77
Jet-tip-region temperature rise, Δ𝑇tip (K) 259.95 267.53 2.92
Jet-tip-region equivalent plastic strain, ¯𝜀𝑝

tip 2.49 2.61 4.82
Main-jet average temperature rise, ⟨Δ𝑇⟩j (K) 271.24 280.94 3.58
Main-jet average equivalent plastic strain, ⟨ ¯𝜀𝑝⟩j 1.66 1.72 3.61
Main-jet specific plastic work, 𝑤𝑝

j  (MJ/kg) 0.53 0.64 20.75
Main-jet specific kinetic energy, 𝑒𝑘

j  (MJ/kg) 7.37 7.96 8.01
Note: The relative difference is calculated with the J2 result as the reference.

The velocity and kinetic-energy increases characterize enhanced jet motion, while the 
temperature, strain, and plastic-work increases reflect changes in accumulated deformation 
and energy partitioning. Because the through-thickness plastic resistance is the controlled 
difference between the simulations, these concurrent changes provide quantitative support 
for the proposed mechanism within the present numerical framework.

Overall, under identical explosive loading and conventional thermoviscoplastic pa-
rameters, the proposed model predicts a higher jet-tip velocity and stronger axial stretching 
than the J2 reference in this representative case. Since the correction depends on the nor-
malized thickness Λ𝑡, its variation with liner thickness and charge caliber is examined in 
the following subsection.

4.4. Liner-Thickness Effect and Multi-Caliber Critical-Thickness Relation
To further investigate the influence of liner thickness on jet formation, a series of simu-

lations are performed for three representative large-caliber shaped charges with diameters 
of 𝐷1 = 250 mm, 𝐷2 = 300 mm, and 𝐷3 = 350 mm. For each caliber, the initial liner 
thickness is varied around the transition from continuous to unstable jet formation. In the 
cases considered here, increasing the liner thickness eventually promotes local necking and 
plastic instability of the formed jet. Accordingly, the critical liner thickness 𝑡𝑐 is defined as 
the upper thickness boundary for maintaining a continuous and noncritical jet during the 
prescribed early free-flight stage.

4.4.1. Jet-Stability Criterion Based on Plastic Instability
The jet stability is evaluated during an early free-flight stage rather than at the final 

breakup state, because a strongly stretched metallic jet may reach a critical plastic-instability 
condition before complete geometric separation occurs [65–69]. To compare different charge 
calibers at a consistent stage of jet development, the evaluation interval of the normalized 
free-flight distance is prescribed as

0.5 ≤ ¯𝑆𝑓 ≤ 0.75, (87)
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where the normalized free-flight distance is defined by

¯𝑆𝑓 =
𝑆𝑓

𝐷 =
𝑧tip − 𝑧𝑏

𝐷 , (88)

where 𝑧tip is the instantaneous axial position of the jet tip, 𝑧𝑏 is the initial axial position of the 
liner base, and 𝐷 is the charge caliber. The lower bound ensures that a sufficiently elongated 
jet has formed, whereas the upper bound avoids later-stage breakup and large-amplitude 
geometric disturbances. This interval is used only as a common early free-flight comparison 
window and does not represent the final breakup distance or the optimum penetration standoff.

Following the Walsh-type plastic-instability description [66], the local instability pa-
rameter is written as

𝜙(𝑧, 𝑡) =
𝜎̄𝐻(𝑧, 𝑡)

𝜌𝑗(𝑧, 𝑡)[𝜕𝑣𝑧(𝑧, 𝑡)/𝜕𝑧]2𝑟2
𝑗 (𝑧, 𝑡)

, (89)

where 𝜌𝑗, 𝑣𝑧, and 𝑟𝑗 denote the current jet density, axial velocity, and local jet radius, respec-
tively. The critical condition is defined by

𝜙 = 𝜙𝑐, (90)

which gives the corresponding critical jet radius

𝑟cr(𝑧, 𝑡) =
1

|𝜕𝑣𝑧/𝜕𝑧|√
𝜎̄𝐻(𝑧, 𝑡)
𝜌𝑗(𝑧, 𝑡)𝜙𝑐

. (91)

A dimensionless instability index is therefore introduced as

𝐼𝑟(𝑧, 𝑡) =
𝑟𝑗(𝑧, 𝑡)
𝑟cr(𝑧, 𝑡) . (92)

Accordingly, 𝐼𝑟 > 1 indicates that the local jet radius remains above the critical value, 
whereas 𝐼𝑟 ≤ 1 indicates that the corresponding jet segment has reached the critical plastic-
instability condition.

Because instability may first develop locally, the minimum index over the main contin-
uous jet segment is defined as

𝐼min(𝑡) = min
𝑧∈Ω∗

𝑗
𝐼𝑟(𝑧, 𝑡). (93)

Using the normalized jet coordinate ¯𝜉  defined in Equation (86), the evaluation domain is 
taken as

Ω∗
𝑗 = {𝑧 | 0.05 ≤ ¯𝜉 ≤ 0.95}, (94)

thereby excluding the foremost and rearmost 5% of the instantaneous jet length, where the 
geometric tip and jet–slug transition may produce nonrepresentative local extrema. A case 
is classified as continuous and noncritical when

𝐼min(𝑡) > 1 for 0.5 ≤ ¯𝑆𝑓 ≤ 0.75, (95)

with no complete material separation. If 𝐼min ≤ 1 at any instant within this interval, the jet 
is regarded as having reached the critical plastic-instability condition.

All quantities required by the criterion are evaluated directly from the instantaneous 
HOTM solution. The local jet radius and density are obtained from the current material 
configuration, the Hill equivalent stress is evaluated from the constitutive state, and the 
axial velocity gradient is calculated directly from the derivatives of the LME interpola-
tion functions rather than by finite-difference reconstruction. The instability threshold is 
treated as an effective breakup-related parameter. Following the Walsh-type framework 
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and representative results reported for copper shaped-charge jets [66,69,70], the present 
calculations adopt

𝜙𝑐 = 650. (96)

This value is used as an effective parameter for the present numerical study and should not 
be interpreted as a universal material constant.

Figure 12 compares the evolution of 𝐼min for the two liner thicknesses immediately 
bracketing the stable–unstable transition for each caliber. The thinner case 𝑡𝑠, defined as 
the largest stable thickness, maintains 𝐼min > 1 throughout the prescribed interval, whereas 
the slightly thicker case 𝑡𝑢, corresponding to the smallest unstable thickness, reaches or 
falls below the critical value 𝐼min = 1. Because the local jet radius, velocity gradient, density, 
and material resistance evolve simultaneously, moderate fluctuations in 𝐼min may occur; 
the classification is therefore based on whether the critical value is reached within the 
prescribed interval rather than on monotonicity.

Figure 12. Evolution of the minimum instability index ℐmin over the normalized early free-flight 
interval for the two liner thicknesses bracketing the stable–unstable transition. For each caliber, 𝑡𝑠

denotes the largest stable thickness and 𝑡𝑢 the smallest unstable thickness. The horizontal line ℐmin = 1
denotes the critical plastic-instability condition.

4.4.2. Critical Liner Thickness and Its Dependence on Charge Caliber
Using the instability criterion defined above, liner-thickness sweeps are performed 

for the three selected charge calibers. For each caliber, two adjacent cases are identified 
around the stable–unstable transition: the largest continuous and noncritical thickness 𝑡𝑠
and the smallest unstable thickness 𝑡𝑢, with 𝑡𝑠 < 𝑡𝑢. The critical liner thickness is therefore 
bracketed by

𝑡𝑠 < 𝑡𝑐 ≤ 𝑡𝑢. (97)

Because the stable–unstable transition is identified from a discrete thickness sweep, 
the bracket in Equation (97) is taken as the primary result. The thickness-search resolution, 
nominal midpoint estimate, and bracket half-width are defined, respectively, as

𝛿𝑡res = 𝑡𝑢 − 𝑡𝑠, (98)

ˆ𝑡𝑐 =
𝑡𝑠 + 𝑡𝑢

2 , (99)

𝜀res =
𝑡𝑢 − 𝑡𝑠

2 . (100)

The midpoint is used only for comparison among charge calibers. The bracket half-width 
characterizes the discrete search resolution and does not represent a statistical confidence 
interval or the total predictive uncertainty.

Table 9 summarizes the transition brackets and nominal estimates. For 𝐷 = 250, 300, 
and 350 mm, the nominal critical thicknesses are 7.75, 8.75, and 9.25 mm, respectively, with 
a common thickness-search resolution of 0.5 mm.

As shown in Figure 13, ˆ𝑡𝑐 increases with charge caliber, whereas ˆ𝑡𝑐/𝐷 decreases 
from 0.0310 to 0.0264, indicating a departure from strict geometric proportionality within 
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𝐷 = 250–350 mm. These three-caliber results represent a numerical trend rather than a 
general scaling law; additional calculations are needed to assess whether it persists over a 
broader range. The error bars in Figure 13a represent the transition-bracket half-width 𝜀res, 
rather than statistical uncertainty.

The calculated trend reflects the combined influence of thickness-dependent constitu-
tive response and caliber-dependent jet-forming dynamics. As the liner thickness increases 
relative to the effective microstructural characteristic length, the scale-dependent modifi-
cation of the through-thickness plastic resistance gradually changes, while variations in 
inertia, deformation time scale, strain-rate evolution, thermal response, and detonation 
loading may also affect jet stretching and the onset of local instability. The transition brackets 
quantify only the thickness-search resolution and do not include uncertainties associated 
with constitutive parameters, numerical discretization, or the adopted instability threshold. 
The predictions should therefore not be interpreted as validated engineering design limits.

Table 9. Critical-thickness transition brackets and nominal midpoint estimates.

𝑫 (mm) 𝒕𝒔 < 𝒕𝒄 ≤ 𝒕𝒖 (mm) 𝜹𝒕res (mm) ˆ𝒕𝒄 (mm) ˆ𝒕𝒄/𝑫

250 7.5 < 𝑡𝑐 ≤ 8.0 0.5 7.75 0.0310
300 8.5 < 𝑡𝑐 ≤ 9.0 0.5 8.75 0.0292
350 9.0 < 𝑡𝑐 ≤ 9.5 0.5 9.25 0.0264

Figure 13. Dependence of the nominal critical-thickness estimate (a) and its normalized value (b) 
on charge caliber. The error bars in (a) represent the half-width of the numerical transition bracket, 
𝜀res = (𝑡𝑢 − 𝑡𝑠)/2, rather than a statistical uncertainty.

4.4.3. Sensitivity to the Instability Threshold
The instability threshold was varied by ±20% around 𝜙𝑐 = 650, giving 520, 650, and 

780. Because 𝜙𝑐 enters only the post-processing criterion, the existing simulation results 
were re-evaluated using

𝐼min(𝑡; 𝜙𝑐) = 𝐼min(𝑡; 650)√ 𝜙𝑐
650 . (101)

These variations decrease and increase the instability index by approximately 10.6% and 
9.5%, respectively.

For 𝐷 = 250, 300, and 350 mm, the baseline stable boundary cases have liner thicknesses 
of 7.5, 8.5, and 9.0 mm, respectively, with a smaller endpoint index of 1.02 in each case. 
Reducing 𝜙𝑐 to 520 lowers this index to 0.912, reclassifying all three cases as unstable. The 
baseline unstable boundary cases have thicknesses of 8.0, 9.0, and 9.5 mm, with controlling 
indices of 0.95, 0.97, and 0.98, respectively. Increasing 𝜙𝑐 to 780 raises these indices to 1.041, 
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1.063, and 1.074, reclassifying the cases as stable. The resulting critical-thickness intervals 
are summarized in Table 10.

Table 10. Sensitivity of the predicted critical liner-thickness intervals to the instability threshold.

𝝓𝒄

D = 250 mm D = 300 mm D = 350 mm
Critical Thickness (mm) Critical Thickness (mm) Critical Thickness (mm)

520 7.0 < 𝑡𝑐 ≤ 7.5 8.0 < 𝑡𝑐 ≤ 8.5 8.5 < 𝑡𝑐 ≤ 9.0
650 7.5 < 𝑡𝑐 ≤ 8.0 8.5 < 𝑡𝑐 ≤ 9.0 9.0 < 𝑡𝑐 ≤ 9.5
780 8.0 < 𝑡𝑐 ≤ 8.5 9.0 < 𝑡𝑐 ≤ 9.5 9.5 < 𝑡𝑐 ≤ 10.0

Decreasing or increasing 𝜙𝑐 shifts the critical-thickness intervals by 0.5 mm toward 
smaller or larger thicknesses, respectively. Although the absolute predictions are threshold 
dependent, the critical thickness increases with charge caliber for all three threshold values, 
preserving the caliber-dependent trend within the investigated range.

4.5. Mechanism Discussion and Model Limitations
Within the proposed constitutive framework, the length-scale correction modifies the 

through-thickness plastic resistance during liner acceleration, inversion, and convergence 
toward the symmetry axis. This change alters the local collapse kinematics and subsequently 
affects material partitioning, axial velocity distribution, jet stretching, and the development 
of localized thinning and necking. The stable–unstable transition identified in Section 4.4 
also involves thickness-dependent changes in inertia, deformation history, and participating 
material mass, and therefore reflects both the constitutive correction and overall jet-forming 
dynamics. The concurrent changes in main-jet kinetic energy, plastic work, temperature 
rise, and accumulated plastic strain reported in Table 8 provide quantitative support for 
this mechanism-based interpretation.

Several modeling assumptions should be considered when interpreting these results. 
Although the Hill48 formulation permits independently specified bulk anisotropy, the present 
simulations adopt an isotropic bulk reference because reliable direction-dependent data for 
the considered liner are unavailable. This choice isolates the thickness-dependent directional 
contribution, but does not represent the complete manufacturing-induced anisotropy of an 
actual liner. The scale-dependent correction is restricted to the through-thickness normal 
resistance because of the relatively small thickness and finite number of grain layers or ef-
fective microstructural units in this direction. Possible scale dependence of the meridional, 
circumferential, and shear responses is neglected as a first-order approximation.

The characteristic length ℓ𝑡 should therefore be interpreted as an effective microstructural 
scale rather than as a directly measured mean grain size. The parameters ℓ𝑡, 𝐴𝑡, Λ0, and 𝑝
have not been independently calibrated from thickness-dependent directional tests. Moreover, 
the combined scale ℓ𝑡Λ0 limits the independent identification of ℓ𝑡 and Λ0 without additional 
microstructural information. Consequently, the quantitative magnitude of the predicted thick-
ness effect remains parameter dependent. The axisymmetric formulation captures rotationally 
symmetric collapse and early jet stretching, but cannot represent non-axisymmetric localization, 
asymmetric necking, or fully three-dimensional fragmentation.

The predicted critical-thickness transition is also criterion dependent. The Walsh-type 
threshold 𝜙𝑐 is literature informed rather than calibrated against breakup experiments for 
the specific liner, and its variation may shift the stable–unstable transition. With only three 
charge calibers examined, the increase in nominal critical thickness and decrease in its 
normalized value indicate a numerical trend within the investigated range, rather than a 
universal scaling law. The reported transition brackets quantify the finite resolution of the 
thickness sweep and should not be interpreted as the total predictive uncertainty.
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The present calculations constitute a controlled numerical investigation of the effects of 
a finite-thickness microstructural scale, rather than independent validation of the adopted 
OFHC-copper parameterization. The principal contribution is a continuum framework 
linking liner thickness to an effective microstructural scale for systematic assessment of 
jet formation and stability. Dedicated material characterization and time-resolved shaped-
charge experiments remain necessary for quantitative calibration and physical validation.

5. Conclusions
A Hill48-based thermoviscoplastic formulation incorporating an effective through-

thickness microstructural length was developed and implemented in the axisymmetric 
HOTM framework. Directional-yield and material-coordinate transformation tests verified 
the constitutive implementation. The model recovers the prescribed bulk response as 
the scale effect vanishes. An isotropic bulk reference was adopted in the shaped-charge 
simulations to isolate the thickness-dependent directional correction.

For 𝐷 = 300 mm and 𝑡0 = 8 mm, the proposed model predicts a jet-tip velocity of 
5300 m/s and a jet length of 334.36 mm at 𝑡 = 90 μs, compared with 4700 m/s and 319.35 mm 
for the J2 reference. Differences in axial velocity distribution, deformation localization, and 
local jet continuity further demonstrate the influence of the thickness-dependent resistance 
within this controlled numerical comparison.

Using the Walsh-type instability criterion, the critical-thickness transitions were brack-
eted as 7.5–8.0, 8.5–9.0, and 9.0–9.5 mm for charge calibers of 250, 300, and 350 mm, respec-
tively, with nominal midpoint estimates of 7.75, 8.75, and 9.25 mm. The corresponding 
decrease in ˆ𝑡𝑐/𝐷 from 0.0310 to 0.0264 indicates a departure from strict geometric proportion-
ality. This finding represents a numerical trend over the three investigated calibers, rather 
than a general scaling law. The transition brackets reflect the thickness-search resolution, 
not the total predictive uncertainty.

The principal contribution is a continuum framework linking liner thickness to an 
effective microstructural scale for assessing jet formation and stability. The predictions 
remain conditional on the adopted parameterization and do not constitute validated engi-
neering design limits or a uniquely validated description of OFHC-copper behavior. Further 
material characterization, additional caliber calculations, and time-resolved shaped-charge 
experiments are required for quantitative calibration and physical validation. 
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Nomenclature

1. Axisymmetric Kinematics and Material Coordinates
1.1 Reference and current coordinates

𝜃 Circumferential coordinate/direction in the cylindrical 
system rad

𝑅, 𝑍 Radial and axial material coordinates in the reference 
configuration m

𝑟, 𝑧 Radial and axial coordinates in the current 
configuration m

𝐗(𝑅, 𝑍), 𝐱(𝑟, 𝑧) Material-point position vectors in the reference and 
current configurations m

1.2 Cylindrical and local material bases

𝐞𝑟, 𝐞𝜃, 𝐞𝑧
Cylindrical radial, circumferential, and axial basis 
vectors –

𝐚1, 𝐚2, 𝐚3
Local orthonormal material basis in the meridional, 
circumferential, and through-thickness directions –

𝛼 Angle between the local meridional direction 𝐚1 and 
the radial direction rad or ∘

1.3 Deformation kinematics
𝑢𝜃 Circumferential velocity component m s−1

𝝋 Deformation mapping m

∇̂0
Gradient operator with respect to the reference 
configuration m−1

𝐅 Deformation gradient tensor –
𝐅𝑒, 𝐅𝑝 Elastic and plastic deformation-gradient tensors –
𝐽 Determinant of the deformation gradient, det 𝐅 –
1.4 Coordinate and tensor transformations

𝐐𝑐
Transformation matrix from the local material basis to 
the cylindrical basis –

𝝈, 𝝈𝑚 Stress tensor in the cylindrical and local material 
coordinate systems Pa

𝜎𝑚
𝑖𝑗

Components of the stress tensor in the local material 
coordinate system Pa

2. Constitutive Material Models
2.1 Thermodynamic state and free energy
𝑇 Temperature K
𝑇0 Reference (initial) temperature K
𝐙 Vector/set of internal state variables Various
𝐴 Helmholtz free-energy density J m−3

𝑊𝑒,vol, 𝑊𝑒,dev, 𝑊𝑝, 𝑊ℎ Volumetric elastic, deviatoric elastic, plastic-storage, 
and thermal free-energy contributions J m−3

𝐶(𝑇) Temperature-dependent specific heat capacity per unit 
reference volume J m−3 K−1

𝐆 Thermal driving vector, −𝑇−1∇0𝑇 m−1

2.2 Mie–Grüneisen volumetric response
𝑝 Pressure Pa
𝜌0, 𝜌 Reference and current mass densities kg m−3

𝜇 Compression measure, 𝜌/𝜌0 − 1 –
𝐶0 Reference bulk sound speed m s−1

𝑐0 Bulk sound speed listed for the explosive and liner m s−1

𝐸 Internal energy per unit reference volume J m−3

𝑆1, 𝑆2, 𝑆3 Shock-velocity–particle-velocity relation coefficients –
𝑠 Hugoniot slope coefficient of the unreacted explosive –

𝛾0
Grüneisen parameter in the generic Mie–Grüneisen 
EOS –

Γ𝑠 Grüneisen coefficient of the unreacted solid explosive –

𝑏 Second Grüneisen parameter in the generic 
Mie–Grüneisen EOS –
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2.3 Elastic and thermophysical response of the liner
𝐺(𝑇) Temperature-dependent shear modulus Pa
𝐺𝑡 Reference shear modulus Pa
𝐺0 Initial shear modulus Pa
𝑎 Temperature-sensitivity coefficient K−1

𝑇𝑐 Reference temperature K
𝐞𝑒,dev Deviatoric elastic logarithmic strain tensor –
𝜈 Poisson’s ratio of the liner –
𝑐𝑝 Mass-specific heat capacity J kg−1 K−1

2.4 Hill48 anisotropic yield model
Φ Hill48 quadratic stress form Pa2

𝜎̄𝐻 Hill48 equivalent stress Pa
𝐹𝐻, 𝐺𝐻, 𝐻𝐻, 𝐿𝐻, 𝑀𝐻, 𝑁𝐻 Dimensionless Hill48 anisotropy coefficients –

𝜎𝑦
1 , 𝜎𝑦

2 , 𝜎𝑦
3

Reference normal yield strengths in the meridional, 
circumferential, and through-thickness directions Pa

𝜏𝑦
31 Reference shear yield strength in the local 3–1 plane Pa

𝜎ref
Fixed reference stress used to normalize directional 
yield strengths Pa

𝑓 Yield function Pa
2.5 Thermoviscoplastic flow and hardening
𝜎𝑦 Current thermoviscoplastic flow stress Pa
𝜎0 Initial yield stress at the reference state Pa

¯𝜀𝑝, .¯𝜀𝑝 Accumulated equivalent plastic strain and equivalent 
plastic strain rate –, s−1

¯𝜀𝑝
0 , .¯𝜀𝑝

0
Reference equivalent plastic strain and reference 
equivalent plastic strain rate –, s−1

𝑛 Strain-hardening parameter –
𝑚 Rate-sensitivity parameter –
𝑙 Thermal-softening exponent –
𝑇𝑚 Melting temperature K
.𝜆 Non-negative plastic multiplier s−1

𝐃𝑝,𝑚 Plastic rate-of-deformation tensor in local material 
coordinates s−1

𝐇𝑚 Gradient of Hill equivalent stress with respect to local 
stress –

2.6 Plastic dissipation and temperature rise

𝛽 Taylor–Quinney coefficient (fraction of plastic work 
converted into heat) –

𝛽TQ Taylor–Quinney coefficient –
.𝑇𝑝 Temperature-rise rate caused by plastic dissipation K s−1

2.7 Microstructural length-scale correction

ℓ𝑡
Effective through-thickness microstructural 
characteristic length mm

Λ𝑡 Normalized liner thickness, 𝑡0/ℓ𝑡 –
𝜒𝑡(Λ𝑡) Through-thickness strength correction factor –
𝐴𝑡 Maximum strength-reduction amplitude –
Λ0 Characteristic normalized transition scale –

𝑝 Transition exponent in the microstructural correction 
law –

𝜎𝑦
3,∞ Bulk-limit through-thickness reference yield strength Pa

2.8 Arrhenius thermal reaction
𝜆 Explosive reaction-progress variable –
𝐴𝐴 Arrhenius pre-exponential factor s−1

𝐸𝑎 Activation energy J mol−1

𝑅 Universal gas constant J mol−1 K−1

2.9 Ignition-and-Growth reaction

𝑅𝐼, 𝑅𝐺1, 𝑅𝐺2
Ignition, first-growth, and second-growth 
reaction-rate terms s−1

𝐼 Ignition coefficient s−1

𝑎 Compression threshold in the ignition term –

https://doi.org/10.3390/app162110537

https://doi.org/10.3390/app162110537


Appl. Sci. 2026, 16, 10537 34 of 38

𝑏 Unreacted-fraction exponent in the ignition term –
𝑥 Compression exponent in the ignition term –
𝐺1, 𝐺2 First- and second-growth coefficients Pa−2 s−1

𝑐, 𝑑, 𝑦 Unreacted-fraction, reacted-fraction, and pressure 
exponents in the first-growth term –

𝑒, 𝑔, 𝑧 Unreacted-fraction, reacted-fraction, and pressure 
exponents in the second-growth term –

𝜆𝐼,max, 𝜆𝐺1,max, 𝜆𝐺2,min Reaction-progress limits for ignition and growth terms –
2.10 JWL product EOS and mixture response
𝑝𝑔 Pressure of gaseous reaction products Pa
𝐴JWL, 𝐵JWL JWL pressure coefficients Pa
𝑅1, 𝑅2 JWL exponential coefficients –
𝜃 Density ratio 𝜌/𝜌0 in the JWL equation of state –
𝜔 JWL Grüneisen coefficient –
𝐸0 Initial detonation-product energy density J m−3

𝐈 Second-order identity tensor –

𝝈𝑒, 𝝈𝑠
Explosive-mixture stress tensor and 
unreacted-solid-phase stress tensor Pa

3. HOTM Variational and Numerical Formulation
3.1 Variational thermomechanics
𝐾 Kinetic-energy density J m−3

𝜂 Entropy density, −𝜕𝐴/𝜕𝑇 J m−3 K−1

Ω0, Γ𝑡, Γ𝑞
Reference domain, traction boundary, and heat-flux 
boundary –

𝐁 Body force per unit mass m s−2

𝐓 Prescribed traction vector Pa
ℎ̄ Prescribed boundary heat flux W m−2

𝐪 Heat-flux vector W m−2

3.2 Temporal discretization
𝑡𝑛, 𝑡𝑛+1 Beginning and end times of time step 𝑛 s
3.3 Meshfree spatial discretization
𝑤𝑝 Axisymmetric integration weight of material point 𝑝 m3

𝑟𝑝 Radial coordinate of material point 𝑝 m

𝑠𝑝
Area represented by material point 𝑝 in the meridional 
plane m2

𝑁𝑎
Local maximum-entropy shape function associated 
with node 𝑎 –

𝑚𝑎 Nodal mass kg

𝝋ℎ, 𝑇ℎ Spatially approximated deformation/kinematic field 
and temperature field m, K

𝝋𝑎, 𝑇𝑎 Nodal kinematic variable and nodal temperature m, K
3.4 Axisymmetric balance and near-axis treatment

𝑃𝑟𝑟, 𝑃𝑟𝑧, 𝑃𝑧𝑧, 𝑃𝜃𝜃
Stress components used in the axisymmetric 
internal-force equations Pa

ℎ Characteristic nodal spacing m
𝑟𝑐 Near-axis activation radius m
𝑟0 Near-axis regularization length m
𝑟eff Effective regularized radius m

¯𝑟 Blended radius used to regularize singular geometric 
factors m

𝑤(𝑟) Near-axis radius-blending function –
𝛼 Near-axis activation-radius coefficient –
𝜂 Near-axis regularization coefficient –
Ωaxis Near-axis regularization region –

𝑢𝑟, 𝑣𝑟
Radial displacement and radial velocity components 
on the symmetry axis m, m s−1

4. Constitutive Verification Parameters
4.1 Directional-yield and transformation tests
𝐧 Unit vector in the prescribed uniaxial loading direction –

𝜓 Loading angle measured from the local meridional 
material direction

∘
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𝛽 Global loading-direction angle ∘

𝜎 Scalar uniaxial stress magnitude in the constitutive 
verification test Pa

𝐶𝐻(𝜓, Λ𝑡) Directional Hill48 coefficient for uniaxial loading –
𝜎𝑦

dir(𝜓, Λ𝑡) Analytical directional yield strength Pa
5. Shaped-Charge Configuration and Simulation Outputs
5.1 Geometry and case design
𝐷 Charge caliber (charge diameter) mm
𝑡0 Initial liner thickness mm
5.2 Numerical resolution
ℎliner

mp Liner material-point spacing mm
ℎexp

mp Explosive material-point spacing mm
𝛾 LME locality parameter –
5.3 Representative times and jet kinematics

𝑡1, 𝑡2, 𝑡3
Representative times for collapse, jet initiation, and jet 
stretching 𝜇s

𝑣tip Jet-tip velocity m s−1

𝐿𝑗 Instantaneous length of the continuously formed jet mm

𝑧tip, 𝑧tail
Axial positions of the jet head and rear boundary of 
the continuous jet mm

¯𝜉 Normalized axial coordinate along the continuous jet –
𝑣𝑧 Axial jet velocity m s−1

6. Walsh-Type Plastic Instability and Critical Liner Thickness
6.1 Free-flight evaluation window

𝑆𝑓
Jet-tip free-flight distance measured from the initial 
liner-base position mm

¯𝑆𝑓 Normalized jet-tip free-flight distance, 𝑆𝑓 /𝐷 –
𝑧𝑏 Initial axial position of the liner base mm
6.2 Local plastic-instability criterion
𝜑(𝑧, 𝑡) Local Walsh-type plastic-instability parameter –
𝜑𝑐 Critical instability threshold –
𝜌𝑗(𝑧, 𝑡) Current local jet density kg m−3

𝑟𝑗(𝑧, 𝑡) Local current jet radius mm
𝑟cr(𝑧, 𝑡) Critical local jet radius mm
𝐼𝑟(𝑧, 𝑡) Dimensionless local instability index –

𝐼min(𝑡) Minimum local instability index over the main 
continuous jet segment –

Ω∗
𝑗

Evaluation domain over the central 90 percent of the 
instantaneous jet length –

6.3 Critical-thickness bracket and estimate

𝑡𝑠, 𝑡𝑢
Largest stable thickness and smallest unstable 
thickness mm

𝑡𝑐 Critical liner thickness mm
ˆ𝑡𝑐

Nominal midpoint estimate of the critical liner 
thickness mm

𝛿𝑡res Thickness-search resolution mm
𝜀res Half-width of the critical-thickness transition bracket mm
7. Common Notation and Abbreviations
7.1 Common time variable, indices, and affixes
𝑡 Time s

1, 2, 3 Local meridional, circumferential, and 
through-thickness material directions –

𝑟, 𝜃, 𝑧 Radial, circumferential, and axial cylindrical 
component labels –

𝑚 Superscript indicating quantities expressed in the local 
material coordinate system –

𝑒, 𝑝 Elastic and plastic superscripts –
vol, dev, ℎ Volumetric, deviatoric, and thermal free-energy labels –

0, ref, ∞ Initial/reference state, fixed reference quantity, and 
bulk-limit value –

𝑎 Node index –
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𝑝 Material-point index –
𝑛, 𝑛 + 1 Current and next time-step indices –
int, ext Internal and external nodal contributions –

𝑇, 𝑝 Temperature-driven and pressure-driven reaction-rate 
labels –

7.2 Abbreviations and model names
HOTM Hot Optimal Transportation Meshfree –
EOS Equation of state –
Hill48 Hill’s 1948 anisotropic quadratic yield criterion –

J2 Isotropic von Mises (second deviatoric invariant) 
plasticity model –

LME Local maximum entropy –
EBSD Electron backscatter diffraction –
IG Ignition and Growth –
JWL Jones–Wilkins–Lee –
PBX Polymer-bonded explosive –
HMX Cyclotetramethylene-tetranitramine explosive crystal –
OFHC Oxygen-free high-conductivity copper –
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