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Abstract

This study investigates the stress behavior of the L-shaped pipeline elbows at LNG receiving
terminals. A finite element model is developed to investigate the effects of internal pressure,
temperature, and their coupling on the stress field at the 45° cross-section of the elbow. The
numerical result is compared with experimental results to evaluate its accuracy. For internal
pressure loading alone, the peak stress is governed by hoop tension and located at the
intrados. In contrast, under thermal loading alone, compressive hoop stress shifts the critical
location to the crown. When both loads are applied simultaneously, competition between
two high-stress zones causes the peak location to jump among 0°, 57°, and 83° as the relative
dominance of thermal and pressure effects varies, challenging conventional fixed-location
inspection strategies. A response surface model is constructed to predict extreme stress
magnitudes, and multinomial logistic regression is employed to establish quantitative
classification boundaries for the peak stress location as a function of temperature and
pressure. Within the investigated range, the critical pressures predicted by the logistic
regression model agree well with the finite element results. These findings provide a
predictive basis for risk-based inspection prioritization and failure probability assessment
of cryogenic pipeline elbows under operational thermal-pressure conditions.

Keywords: LNG terminal; L-shaped pipeline; elbow; thermal-pressure coupling; stress
redistribution

1. Introduction

Liquefied natural gas (LNG) receiving terminals are vital nodes in the global energy
supply chain that connect maritime transport and onshore pipeline networks [1,2]. Fail-
ure at LNG receiving terminals can lead to catastrophic consequences, including LNG
leakage [3], pool fires with lethal thermal radiation [4], flammable vapor cloud formation
and dispersion [5], and vapor cloud explosions with destructive overpressure [6,7], posing
severe threats to personnel safety and regional energy security. Within LNG terminals,
cryogenic pipelines serve the core processes of LNG unloading, storage, vaporization, and
export, making them key components of overall terminal integrity [8,9].

Field investigations have documented typical failure incidents in cryogenic LNG
pipelines, including elbow perforation due to erosion—corrosion under high-pressure dif-
ferential flow [10], weld cracking accelerated by compressor vibrations [11], and valve
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bonnet flange cracking due to stress corrosion cracking under combined thermal stress
and corrosive environments [12]. These incidents indicate that geometric discontinuities
in the pipeline as structurally vulnerable positions prone to stress concentration, which
can significantly increase the risk of local failure [13]. Regarding stress concentration,
assessment must address not only the magnitude of the peak stress, but also where the
peak occurs [14], since the region of maximum stress concentration serves as the primary
site for crack initiation and propagation [15]. Therefore, accurate identification of the value
and the location of the maximum stress of pipelines is essential for risk-based inspection
planning and structural integrity assessment.

Unlike conventional oil and gas transmission pipelines, LNG pipelines are installed
at ambient temperature but operated at ultra-low temperatures below —160 °C. The large
temperature difference between installation and operation induces substantial thermal
contraction [16]. When the thermal contraction is constrained by supports, anchor points,
and adjacent structures, it can induce thermal stress in the pipelines. In an LNG receiving
terminal, L-shaped configurations are the most common turning units. For such a section,
differential thermal displacements at the two straight segments induce additional bending
moments at the elbow. Subjected to these moments, the elbow cross-section undergoes
significant deformation due to its nonuniform circumferential stiffness [17]. Counteracting
this effect, internal pressure tends to restore the cross-section to a more circular shape,
suppressing ovalization and enhancing stiffness [18]. Thermal contraction and internal
pressure thus exert opposing influences on elbow deformation; their relative dominance
shifts with operating conditions, altering both the magnitude and location of maximum
stress. The present study focuses specifically on the elbow of L-shaped configuration, the
stress behavior of which depends on knowledge of both LNG pipeline stress analysis and
elbow mechanical response, which have been extensively studied but largely in isolation.

Research on LNG pipeline stress behavior has primarily focused on temperature fields
and heat transfer, mechanical properties of materials at cryogenic temperatures, or overall
pipeline stress evaluation. With respect to thermal behavior, Yang et al. [19] developed
theoretical relations for predicting wall temperatures during precooling of terminal un-
loading pipelines, identifying natural convection intensity as the key factor controlling
circumferential temperature differences. Wu et al. [20] performed transient thermal analysis
on cryogenic bellows hoses and found that thermal stress is governed by the combined
influence of boundary constraints and local temperature gradients. Zhou et al. [21] simu-
lated flow and heat transfer during precooling, cool-down, and unloading phases of LNG
tank feed pipelines. In terms of material performance at cryogenic temperatures, tensile
tests have been conducted to examine the strain-hardening characteristics of 304/304L
stainless steel at various temperatures [22,23]. Tomota [24] investigated the fracture tough-
ness of austenitic stainless steel at 293 K and 77 K through Charpy impact tests. Baek [25]
studied fatigue crack growth rates in 304/304L stainless steel and weld metal at —162 °C.
Sanchez et al. [26] confirmed that long-term cryogenic cycling and marine exposure did not
induce embrittlement or performance degradation in 304 stainless steel pipelines after over
40 years of service. For overall pipeline stress evaluation, BS EN 13480-3:2002 [27] and
ASME B31.1 [28] remain the most widely used design standards, and Hwang et al. [29]
applied these standards to LNG carriers using CAESAR II beam-element models. Lou
et al. [30] investigated plastic buckling of n-shaped compensators under monotonic dis-
placement. He et al. [31] examined flange connections at LNG bunkering stations using a
combined experimental and thermal-structural coupled approach.

For elbow mechanical behavior, the theoretical foundation was established by von Kar-
maén [32], who derived the flexibility factor of curved pipes using the minimum potential
energy method, revealing the central role of cross-sectional ovalization. Internal pressure
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effects on elbow flexibility were subsequently incorporated by Rodabaugh and George [33].
These classical solutions, however, assume isotropic thin-shell behavior under proportional
loading and do not account for material nonlinearity or temperature-dependent consti-
tutive response. Modern design codes have adopted these formulations with empirical
adjustments for internal pressure. However, as demonstrated by Jacimovi¢ [34], the stress
intensification factors in ASME B31.1 may significantly underestimate the actual stresses
in elbows. Moreover, these codes do not explicitly address the combined effect of thermal
contraction-induced secondary stresses and internal pressure on stress redistribution in
elbows, nor do they provide guidance for predicting the shift of peak stress location under
cryogenic thermal loading. The central feature governing elastic elbow response is cross-
sectional ovalization. While this phenomenon has been extensively characterized under
isothermal mechanical loading [35-37], its interaction with thermally induced bending
moments—resulting from constrained thermal contraction in cryogenic pipelines—has re-
ceived limited attention. Karamanos and Houliara [38,39] conducted systematic numerical
and experimental investigations on elbows under combined internal pressure and in-plane
bending, demonstrating that internal pressure suppresses ovalization through stress stiff-
ening and alters the circumferential stress distribution around the cross-section. Crucially,
their work did not address cryogenic temperature effects, leaving open the question of
whether similar stress migration patterns prevail when thermal contraction introduces ad-
ditional bending moments competing with pressure-induced stiffening. On the numerical
side, specialized pipe elements incorporating ovalization degrees of freedom [40,41] have
enabled efficient simulation of elbow response within global pipeline models. However,
such elements, based on classical shell kinematics and uniform material assumptions,
may not adequately capture through-wall thermal gradients or local stress redistributions
associated with temperature-dependent material properties. Recent research has expanded
toward engineering complexities including thermal transients [42], corrosion defects [43],
and local wall thinning [44,45].

Despite advances in understanding elbow behavior under mechanical loading and
internal pressure, the coupled effect of cryogenic thermal contraction and internal pressure
on stress redistribution in L-shaped configurations remains inadequately characterized.
In particular, no quantitative relationship has been established between the relative dom-
inance of thermal versus pressure loading and the resulting peak stress magnitude and
location. Consequently, risk-based inspection planning and structural integrity assess-
ment for L-shaped LNG pipelines lack a quantitative basis, as the critical damage location
may migrate with operational conditions and cannot be reliably identified under existing
design standards.

To address the aforementioned issues, this study focuses on a typical L-shaped pipeline
in an LNG receiving terminal, with the 45° cross-section of the elbow identified as the critical
monitoring plane. Finite element simulations are performed to systematically examine the
stress redistribution behavior of the elbow cross-section under internal pressure, thermal
loading, and their combined action. Particular attention is given to the distribution and
evolution of hoop stress, axial stress, and von Mises equivalent stress, as well as cross-
sectional ovalization. A response surface model is developed to predict the peak equivalent
stress, and multinomial logistic regression is employed to construct decision boundaries
that characterize the location of the peak stress as a function of temperature and internal
pressure. Through this integrated approach, predictive models for the magnitude and
location of the peak stress are established, providing a quantitative tool for prioritizing
inspection points and estimating failure probability in L-shaped LNG pipelines under
operational thermal-pressure conditions.
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2. Methods

2.1. Model
2.1.1. Geometry Model

The geometry of the selected L-shaped pipeline unit is shown in Figure 1. The pipeline
is subjected to an installation temperature of 22 °C and an operating temperature of
—162 °C, with geometric parameters as follows: outer diameter 1000 mm, wall thickness
10 mm, horizontal (X-direction) length 65,400 mm, vertical (Z-direction) length 49,400 mm,
and centerline bend radius 1000 mm. The pipeline is supported by three types of restraints:
fixed supports, guided supports, and sliding supports, with their coordinate positions
listed in Table 1. The 45° cross-section of the elbow is selected as the critical monitoring
plane. The circumferential angle is defined with 0° at the intrados, 90° at the top, 180° at
the extrados, and 270° at the bottom of the elbow, as illustrated in Figure 2. Finite element
simulations are conducted using ANSYS 2021 R2 to examine the stress response under three
loading conditions including internal pressure alone, thermal loading alone, and combined
thermal-pressure loading. In the simulations, large deflection is activated to account for
geometric nonlinearity. The classical findings demonstrate that the 45° cross-section is
where the peak stresses occur at the elbow under bending [46]; therefore, the analysis
focuses on the distribution patterns of hoop stress, axial stress, and von Mises equivalent
stress on the 45° elbow cross-section. Considering surface-breaking defects that threaten
structural integrity typically initiate at the external surface, the outer wall at the 45° elbow
cross-section is of particular concern.

El Fixed Support

E] Resting Support

- \ E] Guide Support

Geometry model and support arrangement of the L-shaped pipe
) 90°
A</// C/)'uter wall
// Ny
180° 0°
/ X
Intrados | / A 270° A-A
’ LN
The intrados, extrados, and Longitudinal sectional Circumferential sectional
crown zones of the elbow views of the elbow views of the elbow
Figure 1. Geometric model of the L-shaped pipeline unit.
Table 1. Support coordinates.
Number X (m) Y (m) Z (m)
1 0 0 374
2 0 0 13.4
3 0 0 7.4
4 74 0 0
5 16.4 0 0
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Table 1. Cont.

Number X (m) Y (m) Z (m)
6 28.4 0 0
7 52.4 0 0
8 0 0 25.4
9 40.4 0 0
10 0 0 494
11 65.4 0 0

The adjacent element

Straight pipe mesh Elbow mesh

Figure 2. Finite element mesh of the L-shaped pipeline.

2.1.2. Material Properties

All analyses are performed under the assumption of linear elasticity. The LNG pipeline
is made of austenitic stainless steel. Its elastic modulus and coefficient of thermal expansion
are temperature-dependent and are taken from ASME B31.3 [47], as listed in Table 2. For
intermediate temperatures not explicitly listed in the table, linear interpolation was applied
in ANSYS using the adjacent data points. Poisson’s ratio is set to 0.3 for all temperatures,
and the density is 7980 kg/m?.

Table 2. Temperature-dependent coefficient of linear thermal expansion and elastic modulus for
austenitic stainless steel.

Thermal Expansion

Temperature (°C) Elastic Modulus (GPa)

(um/m-°C)
—198.3 14.9 208.9
—170.6 15.01 -
—156.7 15.25 -
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Table 2. Cont.

Thermal Expansion

Temperature (°C) Elastic Modulus (GPa)

(um/m-°C)

—128.9 15.75 204.8
—73.3 16.16 200
—17.8 16.49 -

21.1 - 195.1
37.8 16.49 -
51.7 16.56 -
93.3 - 190.3

2.1.3. Boundary and Loading Conditions

Based on the support types defined in the geometry model, the corresponding bound-
ary conditions are applied in the finite element model. Sliding supports restrain only the
vertical translational degree of freedom (UY = 0), permitting upward movement while
preventing downward displacement. Guide supports constrain both vertical and lateral
translations, with boundary conditions UX = 0 and UY = 0. Fixed supports, located at both
ends of the pipeline, fully restrain all translational degrees of freedom (UX = UY = UZ = 0).

The loads applied to the LNG pipeline include thermal loading and internal pressure.
The thermal loading is imposed as a uniform temperature drop from the installation temper-
ature of 22 °C to the cryogenic operating temperature, with no through-wall temperature
gradient. Internal pressure acts as a uniform normal load on the inner wall and remains
constant during thermal loading. A comparative analysis showed that the combined weight
of the pipe, insulation layer, and LNG medium (or vaporized medium at higher temper-
atures) contributes less than 2% of the thermal-induced stress. Gravity is therefore not
considered in the analysis. A sequential thermal-structural coupling analysis is performed.
The temperature field is first computed and then imported as a predefined field into the
subsequent static structural analysis, where it is combined with internal pressure.

2.1.4. Mesh and Independence Verification

The L-shaped pipeline finite element model is meshed using hexahedral elements with
three layers through the wall thickness, as shown in Figure 2. In the elbow region, where
stress concentration is expected, the mesh is locally refined with limiting the maximum
element size ratio between adjacent elements not exceeding 2:1 to ensure mesh quality. To
verify mesh independence, three mesh densities including coarse, medium, and fine were
examined under identical loading conditions, with the maximum von Mises equivalent
stress at the elbow taken as the convergence criterion. As shown in Table 3, the stress
difference between the coarse and medium meshes is 2.2%; further refinement to the fine
mesh changes this value by only 0.1%, indicating convergence.

Table 3. Mesh independence verification results of the finite element model.

Elbow Element Adjacent Straight Pipe  Global Size

Maximum Equivalent Relative

Mesh Level . . Stress at Elbow o
Size (mm) Element Size (mm) (mm) Intrados (MPa) Change (%)
Coarse 90 100 100 332.59 -
Medium 60 100 100 340.57 +2.2
Fine 30 50 100 341.01 +0.1
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2.1.5. Validation of the Numerical Model

To validate the numerical model, a verification model was established based on the
experimental setup of a large-diameter 90° elbow shown in Figure 3 [48]. The experimental
pipe has an outer diameter of d = 720 mm, wall thickness t = 11.8 mm, bend radius
R = 1800 mm, elastic modulus of 206 GPa, and Poisson’s ratio of 0.3. The elbow was meshed
with 180 elements circumferentially and 60 elements axially. Force-controlled loading was
applied to match the experimental procedure. The experimental and simulated results at
Section B are compared in Figure 4. At an applied load of F = 9.81 kN, the computed hoop
and axial stresses at Section B are in reasonable agreement with the experimental data,
which provides supporting evidence for the reliability of the present modeling approach
within the validated range.

Figure 3. The experimental model (a) and cross-section B measuring point layout (b).

20 30
The FEM values . - - -The FEM values
15k = The test values 25 soN ® The test values
’ \
20 ’ \
10 é \
h .
15 , \
—~ 5} — i N
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= s ' :
» 0 B 5 ' \
8 3 ' \
= =3 \
& sl & o (» 5
-5 . \\ -,
-10 |- . /I \ g
N
10 e e
15} sl o_~
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20 20 L~
-90 -60 -30 0 30 60 90 -90 -60 -30 0 30 60 20
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(a) (b)

Figure 4. Comparison of computed and experimental stresses at Section B: (a) axial stress,
(b) hoop stress.
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2.1.6. Justification for the Critical Cross-Section

Figure 5 presents the von Mises stress distribution on the outer wall at different
cross-sections of the elbow under combined loading at —165 °C and 1.6 MPa. The stress
distribution along the elbow arc is approximately symmetric about the 45° cross-section
and reaches its maximum at this section. It should be noted that the two arms of the
L-shaped pipeline in this study are unequal in length, which would theoretically preclude a
perfectly symmetric stress distribution. The approximate symmetry observed here indicates
that the effect of unequal arm lengths on the stress distribution is small. The peak stress
occurs at the 45° cross-section, consistent with the classical pipe bend theory that maximum
ovalization and peak stresses under in-plane bending occur near the mid-arc of the bend.
Therefore, the selection of the 45° cross-section as the critical monitoring plane is justified.

= ~ I O~~~ I
/ H: I |
—_— I Max 201Mpa Max 195Mpa Max 177Mpa
30°
7 i

Max 195Mpa

g—
15° ~N I -

_ /s
Max 177Mpa

80

Figure 5. von Mises stress distribution on the outer wall at different cross-sections of the elbow under
combined loading at —165 °C and 1.6 MPa.

2.2. Response Surface Methodology

Response Surface Methodology (RSM) is a statistical technique that combines experi-
mental design with regression analysis to construct surrogate models. In this study, RSM is
employed to establish a quantitative relationship between the operating conditions (temper-
ature and internal pressure) and the resulting peak equivalent stress at the elbow, enabling
prediction without exhaustive full-factorial simulations. The relationship is approximated
by a second-order polynomial regression model [49]:

k k k
y = Bo+ Yy Bixi + ) Bix + Zi<j Pijxixj + e @

where y is the predicted response; x; and x; are the coded levels of the design variables; k is
the total number of variables; fj is the intercept; §;, Bj;, and ,Bij are the coefficients of the
linear, quadratic, and interaction terms, respectively; and ¢ is the random error.

To capture the synergistic effects of thermal and pressure loading on stress redistri-
bution, temperature and internal pressure were selected as the two independent design
variables. Temperature was varied from —165 °C to —15 °C, representing steady-state ther-
mal conditions at which the pipeline is assumed to reach uniform temperature, covering
typical steady-state cryogenic operation, shutdown and idle periods; internal pressure was
varied from 0.6 MPa to 1.6 MPa, representing typical operating pressures in LNG receiving
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terminals. The maximum equivalent stress at the elbow was taken as the response variable.
A face-centered central composite design (CCD) was adopted within the RSM framework,
and 11 simulation cases were generated according to this design scheme, as listed in Table 4.

Table 4. RSM-CCD experimental design matrix.

Number Internal Pressure (MPa) Temperature (°C)
1 0.6 —165
2 1.1 —165
3 1.6 —165
4 0.6 —90
5 1.1 -90
6 1.6 -90
7 0.6 —-15
8 1.1 —-15
9 1.6 —15
10 1 —105
11 1.2 —75

2.3. Multinomial Logistic Regression Classification

To predict the location of the peak equivalent stress at the elbow under varying temper-
ature and internal pressure, a multinomial logistic regression (MLR) model was employed
as a classifier. MLR extends binary logistic regression to problems with more than two
categorical outcomes, where one category is designated as the reference (baseline) and the
log-odds of the remaining categories relative to this baseline are modeled as linear functions
of the predictors. The MLR model was constructed to predict the probability of each cate-
gory based on temperature and internal pressure, as described by Equations (2)—(4) [50].

POy — i) — e3i (%) )
(Y=jlx)= m ()
Y = ,
8j(x) = ln<1€((yzé)>> = Bjo+Bjix1+ -+ Pjnxn, forj=1,2 &)
gj(x) =0, forj=0 4)

where P(Y = j) represents the probability for outcome j, g;(x) is logit function; xy is the
n™ input feature, and Bjn is the corresponding coefficient for the nh parameter of the
j model.

3. Results and Discussion
3.1. Deformation Under the Internal Pressure and Thermal Loading

The deformations of the L-shaped pipeline under internal pressure alone, thermal
loading alone, and their combined effect are presented in Figure 6, with two representative
cases shown for each loading condition. Figure 6a shows the deformation contours at 22 °C
under internal pressures of 0.6 MPa and 1.6 MPa. Under internal pressure alone, the elbow
section undergoes closing bending, characterized by a decrease in both the elbow angle and
the bend radius. For an isolated elbow with free ends, the pressure acting on the intrados
and extrados of the elbow generates a net thrust, according to the Bourdon effect, tends
to straighten the elbow—increasing the bend radius and producing an opening bending
deformation [51]. In the present L-shaped piping system, however, the elbow is connected
at both ends to long straight pipe sections whose ends are constrained by fixed and guide
supports. When the elbow tends to open under internal pressure, the adjacent straight
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pipes cannot deform freely and thus exert restraining forces on the elbow. These restraining

forces can be represented as an in-plane bending moment opposing the Bourdon opening

moment, thereby forming a closing moment. Dominated by this closing moment, the elbow

section ultimately exhibits closing bending. Figure 6b presents the deformation under an

internal pressure of 0 MPa at —15 °C and —165 °C. Thermal loading alone induces opening

bending in the elbow section. This occurs because the two arms of the L-shaped pipeline

are of unequal length. The longer arm undergoing greater thermal contraction during

cooling than the shorter arm, leading to a mismatch in contraction displacements between

the two arms. The contraction of the longer arm is resisted by the shorter arm through the

elbow connection, generating a bending moment that increases the elbow angle, equivalent

to an applied opening moment.

(a)

(b)

(c)
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Figure 6. Deformation of the L-shaped pipeline under internal pressure (a), thermal loading (b), and

their combined effects (c).
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Figure 6c illustrates the deformation under combined internal pressure and thermal
loading. Although internal pressure alone induces closing bending and thermal loading
alone induces opening bending, their combined action results in net opening bending.
This indicates that thermal contraction dominates the deformation direction: the opening
moment generated by thermal contraction overcomes the closing moment induced by
internal pressure, causing the elbow to open.

3.2. Stress Distribution Under the Effects of the Internal Pressure and Thermal Loading
3.2.1. Stress Distribution Under Internal Pressure

To isolate the effect of internal pressure on the stress distribution at the elbow cross-
section, finite element simulations were conducted on the L-shaped pipeline at a constant
temperature of 22 °C under varying internal pressure levels. The pressures considered
were 0.6, 0.8, 1.0, 1.2, 1.4, and 1.6 MPa, covering the operational range of LNG pipelines
from low-pressure precooling to near the design pressure limit.

Figure 7 presents the hoop stress distribution on the outer wall of the 45° cross-section
under different internal pressures. Under internal pressure alone, all hoop stresses at
this cross-section are tensile, with the maximum at the intrados and the minimum at the
extrados. Internal pressure induces hoop membrane stress in the elbow, the magnitude
of which depends on the local curvature radius, such that a smaller radius produces a
larger membrane stress. Since the curvature radius at the intrados is smaller than that at
the extrados, the hoop membrane stress at the intrados is higher, making this the primary
reason why the maximum hoop stress occurs at the intrados.

70

42
55
40
65
38 w0
136 160
§34 45
55
32
30 40 50
28
45
2 35

0.6MPa 0.8MPa 1.0MPa

1.2MPa 1.4MPa 1.6MPa

120

0.6MPa
0.8MPa
1.0MPa
1.2MPa
1.4MPa
1.6MPa

110

A SG4ap»on

Hoop stress(MPa)

150 200 250 300 350
Angle(°®)

Figure 7. Hoop stress distribution on the outer wall of the 45° cross-section under different internal
pressure levels.
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Beyond the membrane stress, ovalization-induced hoop stresses also contribute to
the final distribution. Under closing bending, the cross-section ovalizes with its short axis
within the bending plane and the long axis perpendicular to it. This deformation generates
additional tensile stress at the extrados and compressive stress at the intrados, which
tends to increase the hoop stress at the extrados while reducing it at the intrados. After
superposition of the membrane and ovalization-induced components, however, the hoop
stress at the intrados remains higher than that at the extrados, indicating that the curvature
effect of membrane stress governs the overall hoop stress distribution. As internal pressure
increases, the hoop stress rises in an approximately linear manner, while the locations of the
maximum and minimum stresses remain fixed at the intrados and extrados, respectively,
with no observable shift.

Figure 8 presents the axial stress distribution on the outer wall of the 45° cross-section
under different internal pressures. Under internal pressure alone, all axial stresses at this
cross-section are tensile. Unlike the hoop stress, however, the axial stress exhibits a more
complex distribution that varies periodically along the circumference. The minima occur
in the top and bottom regions near the intrados, whereas the maxima appear in the top
and bottom regions near the extrados. The axial stress magnitude increases with internal
pressure, yet the locations of the extrema remain essentially unchanged.
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Figure 8. Axial stress distribution on the outer wall of the 45° cross-section under different internal
pressure levels.
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Figure 9 presents the von Mises stress distribution on the outer wall of the 45° cross-
section under different internal pressures. The maximum von Mises stress occurs at the
intrados and the minimum at the extrados, matching the hoop stress pattern in Figure 7.
This is because the von Mises stress is determined by both hoop and axial components,
with the hoop stress dominating across the cross-section. Throughout the cross-section, the
hoop stress is substantially higher than the axial stress, confirming that membrane stress
predominates under internal pressure-dominated conditions. Consequently, the von Mises
stress distribution is governed by the hoop stress, and the extrema positions of the von
Mises stress are identical to those of the hoop stress.
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Figure 9. von Mises stress distribution on the outer wall of the 45° cross-section under different
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internal pressure levels.

3.2.2. Stress Distribution Under Thermal Loading

To isolate the effect of temperature on the stress distribution at the elbow cross-section,
finite element simulations were performed on the L-shaped pipeline at a fixed internal
pressure of 0 MPa under varying temperatures. The temperatures considered were —165,
—135, —105, —75, —45, and —15 °C, covering the operational range of LNG pipelines from
the precooling stage to near the installation temperature.

Figure 10 presents the hoop stress distribution on the outer wall of the 45° cross-
section under different temperature conditions. Under thermal loading alone, the hoop
stress is generated by cross-sectional ovalization resulting from opening bending of the
elbow. This ovalization modifies the cross-sectional geometry: the short axis, oriented
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perpendicular to the bending plane, corresponds to the top and bottom regions of the
elbow, where radial inward displacement induces compressive hoop stress; the long axis,
lying within the bending plane, corresponds to the intrados and extrados regions, where
radial outward displacement induces tensile hoop stress. Because the hoop stiffness at
the top and bottom regions is lower than that at the intrados and extrados, the same
opening bending moment causes greater ovalization at the top and bottom, leading to
larger absolute values of compressive hoop stress in these regions compared with the
tensile hoop stress at the intrados and extrados. As the temperature decreases, the hoop
stress magnitude increases accordingly; however, the locations of the absolute maximum
and minimum remain unchanged—the absolute maximum always occurs at the top and
bottom regions, and the absolute minimum at the intrados and extrados.
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Figure 10. Hoop stress distribution on the outer wall of the 45° cross-section under different tempera-
ture levels.

Figure 11 presents the axial stress distribution on the outer wall of the 45° cross-section
under different temperature conditions. Under thermal loading alone, the axial stress distri-
bution is characterized by compressive stress on the extrados side and tensile stress on the
intrados side. This pattern is attributed to opening bending of the elbow, which compresses
the extrados and stretches the intrados. As the temperature decreases, the axial stress
magnitude increases accordingly, while the locations of the extrema remain unchanged.
The axial stress distribution under thermal loading shares a common feature with that
under internal pressure: the minimum and maximum stresses alternate circumferentially.
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However, a key difference lies in the positions of these extrema. Under thermal loading,
the compressive axial stress peaks in the top and bottom regions near the extrados, while
the tensile axial stress peaks near the intrados. This positional reversal is directly related
to the bending mode: internal pressure induces closing bending, while thermal loading
induces opening bending. As a result, the locations of the maximum and minimum axial
stresses are interchanged between the two loading conditions.
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Figure 11. Axial stress distribution on the outer wall of the 45° cross-section under different tempera-
ture levels.

Figure 12 presents the von Mises stress distribution on the outer wall of the 45° cross-
section under different temperature conditions. The maximum von Mises stress occurs
near the top and bottom regions of the elbow, while the minimum appears at the intra-
dos and extrados. Under the same thermal loading condition, the peak von Mises stress
closely coincides with the negative peak of the hoop stress, indicating that the von Mises
stress distribution is primarily governed by the hoop stress component. In the top and
bottom regions where the von Mises stress attains its maximum, the axial stress approaches
zero, whereas the compressive hoop stress reaches its maximum. Therefore, under cryo-
genic conditions, the von Mises stress is dominated by the compressive hoop stress, and
the critical cross-section corresponds to the location where the compressive hoop stress
is maximal.

https:/ /doi.org/10.3390/app16199589


https://doi.org/10.3390/app16199589

Appl. Sci. 2026, 16, 9589

16 of 27

0.8MPa 1.0MPa

-15C
-45C
-75C
-105C
-135C
-165C

A S4Aa D> on

von Mises stress(MPa)

1
0 50 100 150 200 250 300 350
Angle(®)

Figure 12. von Mises stress distribution on the outer wall of the 45° cross-section under different
temperature levels.

3.2.3. Stress Distribution Under Combined Internal Pressure and Thermal Loading

To investigate the combined effect of internal pressure and temperature on the stress
distribution at the elbow cross-section, finite element simulations were performed on the
L-shaped pipeline under 11 load cases generated by the response surface design. The
temperature ranged from —165 °C to —15 °C, and the internal pressure from 0.6 MPa to
1.6 MPa.

Figure 13 presents the hoop stress distribution on the outer wall of the 45° cross-
section under combined loading conditions. Within the 0-180° angular range, tensile hoop
stresses attain local maxima near 55° on the intrados side and approximately 120° on the
extrados side of the elbow, while the maximum compressive stress occurs near the crown at
approximately 85°. As the temperature decreases from —15 °C to —165 °C, the magnitude
of the compressive stress increases sharply from approximately 50 MPa to 220 MPa, while
increasing internal pressure linearly elevates the tensile hoop stress. Overall, the hoop
stress magnitude on the intrados side exceeds that on the extrados side.

Figure 14 presents the axial stress distribution on the outer wall of the 45° cross-section
under combined internal pressure and thermal loading. Within the 0-180° angular range,
the maximum axial tensile stress occurs near 65° on the intrados side, while the maximum
axial compressive stress appears near 95° on the extrados side. The transition from tension
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to compression occurs near 80° at the crown of the elbow. As the temperature decreases,
the stress magnitude increases notably, while internal pressure exerts a relatively minor
influence on its amplitude but elevates the overall baseline stress level. The axial stress
distribution is governed predominantly by temperature, with internal pressure playing a
secondary role without altering the deformation mode.
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Figure 13. Hoop stress distribution on the outer wall of the 45° cross-section under combined internal
pressure and thermal loading.
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Figure 14. Axial stress distribution on the outer wall of the 45° cross-section under combined internal
pressure and thermal loading.

Figure 15 presents the von Mises stress distribution on the outer wall of the 45° cross-
section under combined internal pressure and thermal loading. Within the 0-180° angular
range, the von Mises equivalent stress forms two high-stress regions near 57° and 83° on
the intrados side of the elbow, while the lowest stress occurs near 180° on the extrados side.
Both decreasing temperature and increasing internal pressure contribute to elevated von
Mises stress levels. However, as the temperature drops to —165 °C, the distribution pattern
of the von Mises stress changes, and the dominant high-stress region shifts with increasing
pressure. At 0.6 MPa, the stress near 57° on the intrados side dominates; as the pressure
increases to 1.6 MPa, the stress near 83° near the crown gradually becomes predominant.
At —165 °C, the von Mises stress at 0.6 MPa is 205.2 MPa, slightly higher than 200.8 MPa at
1.6 MPa, which may be attributed to the effect of pressure stiffening.
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Figure 15. von Mises stress distribution on the outer wall of the 45° cross-section under combined
internal pressure and thermal loading.

3.3. Response Surface Analysis of Maximum von Mises Stress

The influence of temperature and internal pressure on the maximum von Mises stress
at the outer wall of the 45° elbow cross-section was evaluated using the simulation results
from the 11 cases generated by the response surface design. Figure 16 presents the response
surface analysis results for the maximum von Mises stress under combined internal pressure
and thermal loading. Figure 16a shows the three-dimensional response surface, which
illustrates the interactive effect of temperature and internal pressure on the maximum von
Mises stress. The response surface exhibits a monotonic rise from the high-temperature,
low-pressure region toward the low-temperature region, with the gradient along the
temperature direction considerably steeper than that along the pressure direction, indicating
that temperature is the dominant factor governing the von Mises stress. Correspondingly,
the two-dimensional contour plot in Figure 16b shows diagonally arranged contours
extending from the upper-left (high temperature, low pressure) toward the lower-right (low
temperature), with the contours becoming denser in the low-temperature region, implying
that the stress increases more rapidly as temperature decreases. Among the simulated
cases, the highest von Mises stress (205.2 MPa) occurs at —165 °C and 0.6 MPa, while the
lowest (54.1 MPa) occurs at —15 °C and 0.6 MPa, representing a nearly four-fold difference.

A second-order polynomial regression analysis was performed on the numerical
simulation data to establish the response surface model, as expressed in Equation (5). The
model is highly significant overall, with an F-value of 117.12 and a p-value of 3.55 x 107>,
The coefficient of determination R? is 0.9915, and the adjusted R? is 0.9831, indicating
excellent fitting accuracy. Figure 16c¢ presents the model validation results. The simulated
data points cluster closely around the diagonal line, and the predicted values agree well
with the simulated ones, indicating that the established response surface model can provide
reasonable predictions of the maximum von Mises stress on the outer wall of the elbow
cross-section within the investigated design space.

Omax = 37.90 — 1.042T — 14.08P + 0.370TP + 0.0008T? + 34.06P> (5)

where Omax is the maximum von Mises stress (MPa), T is the temperature (°C), and P is the
internal pressure (MPa).
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Figure 16. Response surface analysis results of maximum von Mises stress under combined internal
pressure and thermal loading: (a) three-dimensional response surface; (b) two-dimensional contour
plot; (¢) model validation. The black and red dots denote the simulated data points obtained from the
finite element analysis in (a,b).

Table 5 summarizes the ANOVA results for the regression model. The p-values for
the linear terms of temperature (T) and internal pressure (P), as well as their interaction
(T-P), are 2.84 x 10—, 0.0029, and 0.0068, respectively, indicating that temperature, internal
pressure, and their synergistic effect all exert highly significant influences on the stress
response. In contrast, the quadratic terms T2 and P? yield p-values of 0.304 and 0.085,
respectively, neither reaching statistical significance. This indicates that, within the experi-
mental range, a linear-plus-interaction model provides an adequate approximation of the
response surface, and the quadratic terms can be safely omitted.

Table 5. ANOVA and significance test results for the regression model.

Model Sum of Square  Degree of Freedom Mean Square F Value p Value Significance
T 20,814.46 1 20,814.46 532.38 2.84 x 107° o
P 1153.79 1 1153.79 29.51 0.0029 e
TP 770.55 1 770.55 19.71 0.0068 o
P? 51.32 1 51.32 1.31 0.304 -
T? 180.287 1 180.28 4.61 0.085 -

Note: **: highly significant, p < 0.01; ***: very fully significant, p < 0.001; p > 0.05, not significant.

To further validate the predictive capability of the RSM model, three independent
verification points—(—130 °C, 0.8 MPa), (—130 °C, 1.4 MPa), and (—50 °C, 1.0 MPa)—were
selected within the design space but not included in the CCD design. The maximum von
Mises stresses at these points were predicted by the RSM model and compared with finite
element results. The relative errors between the predicted and simulated values are 2.2%,
1.7%, and 3.7%, respectively, which supports the predictive capability of the established
RSM model within the investigated range.
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3.4. Location Analysis of Maximum von Mises Stress Based on a Logistic Regression
Boundary Model

As internal pressure and temperature vary, the location of the maximum von Mises
stress on the outer wall of the 45° elbow cross-section does not shift continuously; rather,
it switches among a few discrete positions. This observation suggests that the location is
inherently a categorical variable, and its variation reflects transitions among distinct stress
patterns rather than continuous numerical changes. To model this discrete behavior, a
multinomial logistic regression approach is adopted to establish the boundary model that
relates temperature and internal pressure to the location of the maximum von Mises stress.

Figure 17 presents the multinomial logistic regression results for the location of the
maximum von Mises stress as a function of temperature and internal pressure. The decision
boundary distribution partitions the entire parameter space into three distinct regions,
corresponding to the angular locations of 0° (blue), 57° (green), and 83° (red). Both decision
boundaries on the P-T plane are linear. The boundary between the 0° and 57° regions is
given by

P =0.8464 — 0.0356T 6)

and that between the 57° and 83° regions by

P =0.1553 — 0.0060T (7)

83°

57°

0°

-140 -120 -100 -80 -60 -40 -20

T(C)

Figure 17. Multinomial logistic regression decision boundaries for the location of maximum von
Mises stress on the P-T plane. The black dots denote the simulated data points obtained from the
finite element analysis.

The negative slopes indicate that temperature and internal pressure act in opposite di-
rections to maintain the boundary location, implying a coupled influence on the maximum
stress position. For example, when the temperature decreases, the internal pressure must
be increased to keep the maximum stress location on the same boundary.

The classification of the maximum von Mises stress location is governed by the follow-
ing two linear discriminant functions:

Dy = —2865.9599 + 120.4328T + 3386.0231P (8)
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Dy = —96.3749 + 3.7176T + 620.7257P )

where D, distinguishes the 0° category from the 57° category, and D, distinguishes the 57°
category from the 83° category.

The blue region occupies a large portion of the parameter space, covering the lower-left
and central areas. In terms of the discriminant functions, this region is defined by the joint
conditions Dq > 0 and D, > 0, with D; > 0 serving as the primary constraint that delimits
its extent. As temperature increases, this boundary descends steeply, causing the extent of
the blue region in the pressure direction to gradually diminish.

The green region lies between the blue and red regions, forming a band-shaped
zone across the middle of the parameter space. It is characterized by D < 0 and D, > 0.
The difference in slopes between the two boundary lines determines the shape of the
green region, which is wider at low temperatures and progressively narrows toward the
high-temperature end. Specifically, the steep decline of the D1 boundary, together with
the gentler decline of the D, boundary, produces a relatively large pressure span near
T ~ —80 °C. As temperature approaches-20 °C, the upper and lower boundaries converge,
compressing the green region into a narrower band.

The red region is confined to a small zone in the upper-right corner of the parameter
space, corresponding to the condition D, < 0. This indicates that this category imposes
relatively specific coupling requirements on temperature and internal pressure—namely,
temperatures near —15 °C combined with relatively high internal pressure. Such combina-
tions therefore occupy only a limited portion of the overall parameter space.

To further examine the transition behavior of the maximum von Mises stress location
near the decision boundaries, two sets of load cases adjacent to the boundaries were selected
for detailed examination. Figure 18a presents the von Mises stress distributions at —160 °C
under internal pressures of 1.0, 1.12, and 1.2 MPa, corresponding to positions near and on
the boundary between the 57° and 83° regions in Figure 16. At 1.0 MPa, the maximum von
Mises stress occurs at 83°; at 1.12 MPa, the stresses at both 57° and 83° simultaneously reach
the same maximum value; and at 1.2 MPa, the maximum shifts to 57°. This progressive
evolution demonstrates that as internal pressure increases monotonically, the location of
the peak stress transitions completely from 83° to 57°, passing through an intermediate
stage where both positions exhibit equal maxima. The pressure of 1.12 MPa thus identifies
the critical transition point.

Similarly, Figure 18b presents the von Mises stress distributions at —15 °C under
internal pressures of 1.3, 1.4, and 1.5 MPa, corresponding to positions near and on the
boundary between the 57° and 0° regions in Figure 16. At 1.3 MPa, the maximum is
located at 57°; at 1.4 MPa, the stresses at both 57° and 0° simultaneously reach the same
maximum; and at 1.5 MPa, the maximum shifts to 0°. Again, as internal pressure increases,
the maximum stress location transitions completely from 57° to 0°, with 1.4 MPa serving as
the critical pressure for this transition.

The critical pressures identified above agree well with the predictions of the decision
boundary equations, confirming the reliability of the logistic regression model. This
consistency indicates that the decision boundaries are not merely statistical classification
lines; they physically correspond to the critical loading conditions at which the stresses at
two competing locations are equal. The results therefore provide validation of the logistic
regression model for predicting the location of the maximum von Mises stress.
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Figure 18. Transition of maximum von Mises stress location across decision boundaries: (a) boundary
between 57° and 83° regions at —160 °C; (b) boundary between 0° and 57° regions at —15 °C.

3.5. Effect of Temperature on Cross-Sectional Ovalization of the Elbow

Figure 19a illustrates the variation of ovality at the outer wall of the 45° elbow cross-
section under different thermal loading conditions. The cross-sectional ovality increases
progressively as temperature decreases. Given that the diameter-to-thickness ratio of the
L-shaped pipeline in the present model is 100—which classifies it as a typical thin-walled
pipe—the cross-sectional deformation induced by bending is not limited to a simple second-
order ovalization but may involve significant higher-order deformation components.
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Figure 19. Effect of temperature on cross-sectional ovalization: (a) ovality variation with temperature;
(b) intersection distribution between measured profile and fitted second-order ellipse.
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To further investigate this behavior, a least-squares elliptical fitting was performed on
the simulated cross-sectional profile of the elbow. Figure 19b presents the intersection dis-
tribution between the measured profile and the fitted second-order ellipse. The comparison
reveals that the measured profile intersects the fitted ellipse at eight distinct points, corre-
sponding to circumferential angles of 23.45°, 63.61°, 106.6°, 157.6°, 206°, 252.1°, 296.55°,
and 337.22°. The presence of these multiple intersections further confirms the existence of
higher-order deformation components beyond conventional second-order ovalization.

Based on the Love-Kirchhoff thin-shell theory, the radial displacement field on the
elbow cross-section can be expressed as a Fourier series:

w(B) =ap+ Z:no:l[amcos(mG) + bysin(mo)] (10)

where 6 denotes the circumferential angle of the elbow cross-section 8 € [0,277), and the
coefficients a,, and b;, are governed by the specific loading and boundary conditions.

The Fourier decomposition presented here is applied to the displacement field obtained
from the finite element analysis, in which geometric nonlinearity is accounted for. For a
second-order ovalization, only the m = 0 and m = 2 terms are retained, yielding

wey1(0) = ag + axcos 28 + bysin 26 (11)

When the actual deformation is truncated at the fourth order, ie., including

m =0, 2, and 4, the deviation between the measured profile and the fitted second-order
ellipse becomes

Aw(0) = w(0) — we(0) = ascos 46 + bysin 40 (12)

The intersection points between the measured profile and the fitted ellipse satisfy
Aw(f) = 0, which leads to
a4c0s46 4 bysin46 =0 (13)

Solving this trigonometric equation gives

_ T P4 T
0=g+g Tk k=017 (14)
with

gy = tan" ' (by/ay)

This indicates that within the range [0,277), the second-order ellipse and the fourth-
order harmonic intersect at eight distinct points. Furthermore, under the in-plane bending
induced by thermal loading, the cross-sectional deformation remains symmetric about the
bending plane, which forces the sine terms to vanish and yields by = 0. Equation (14) then

reduces to
T

8
The theoretically predicted intersection angles—22.5°, 67.5°, 112.5°, 157.5°, 202.5°,
247.5°,292.5°, and 337.5°—are in excellent agreement with the finite element results shown

6 +kg,k:0jf-n7 (15)

in Figure 19b, confirming that the elbow cross-section undergoes fourth-order deformation.
The above analysis thus establishes that, under thermal loading, the actual deformation
mode of the elbow cross-section is a superposition of second-order and fourth-order
components (i.e.,, m =0, 2, 4). It should be noted that the m = 2 and m = 4 harmonics
represent mathematical modal components of the cross-sectional displacement field, rather
than a manifestation of physical nonlinear ovalization.

In terms of stress contribution, the second-order ovalization component (i = 2) primar-
ily governs the circumferential membrane stress distribution, determining both the macro-
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scopic tension-compression partitioning between the bending plane (intrados/extrados)
and the perpendicular plane (top/bottom), and the overall stress level. In contrast, the
fourth-order component (m = 4), though contributing less to the total hoop stress, plays
a critical role in shaping the axial stress distribution. The local curvature variations in-
troduced by the fourth-order deformation generate significant axial bending stresses that
fluctuate in a four-lobed pattern around the circumference. This four-lobed fluctuation is
precisely what gives rise to the alternating distribution of axial stress extrema along the
circumferential direction.

4. Conclusions

This study investigates a typical L-shaped pipeline in an LNG receiving terminal
through finite element simulations, with a focus on the stress distribution, cross-sectional
deformation, and migration of the peak stress location at the 45° elbow cross-section under
internal pressure, thermal loading, and their combined effects. The main conclusions are
summarized as follows:

(1) Loading conditions determine the bending mode, with thermal contraction dom-
inating under combined loading. Under internal pressure alone, the elbow undergoes
closing bending, with entirely tensile hoop stress—maximum at the intrados and minimum
at the extrados—governed by membrane stress curvature effects. Under thermal loading
alone, opening bending occurs, with larger-magnitude compressive hoop stresses at the
top and bottom and tensile stresses at the intrados and extrados, attributable to ovalization
and nonuniform circumferential stiffness. Under either single loading, peak stress locations
remain fixed with increasing load magnitude. Under combined loading, thermal contrac-
tion dominates, producing net opening bending while the peak stress location shifts with
operating conditions.

(2) The peak von Mises stress location shifts from the intrados side (55°) toward the
crown (83°) as internal pressure increases under combined loading. This migration results
from competition between the thermal-induced opening moment and the pressure-induced
closing moment; higher internal pressure strengthens the closing effect, shifting the peak
location toward the crown.

(3) The RSM and MLR models can provide reasonable predictions of the peak stress
magnitude and its location, respectively, within the investigated range. The second-order
RSM model shows good accuracy within the investigated range, with temperature exerting
a stronger effect than pressure and their interaction being significant. The MLR model
partitions the temperature—pressure space into three regions (0°, 57°, 83°), with linear
decision boundaries that agree well with the finite element validation within the investi-
gated range. This suggests that temperature and pressure jointly govern the peak stress
location and exert opposite effects along the boundaries. Together, the two models provide
a quantitative tool for risk-based inspection planning.

(4) A fourth-order deformation component is identified in the elbow cross-section
under thermal loading. Fourier analysis confirms superposition of second-order ovalization
and fourth-order components. The second-order component (m = 2) governs hoop stress
via stiffness variation, while the fourth-order component (m = 4) underlies the four-lobed al-
ternating axial stress distribution via local curvature changes. This finding extends classical
ovalization-only elbow theory and carries theoretical significance within thin-shell theory.

The present study focuses on a single pipe geometry (D/t = 100, R/D = 1). The migra-
tion behavior and classification boundaries of the peak stress under thermal-mechanical
coupling require further investigation for pipelines with varying diameter-to-thickness
ratios, bend radius ratios, and more complex configurations. In addition, the interpretation
of membrane stress dominance is based on the outer-wall stress distribution; without a
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through-wall decomposition into membrane and bending components, this conclusion
should be regarded as an interpretation rather than a rigorous decomposition of the stress
state. Future work may extend the current framework by performing through-wall stress
decomposition to rigorously quantify the contributions of membrane and bending compo-
nents. It is also recommended that future studies establish normalized decision boundary
maps covering a wider range of geometric parameters to enhance the engineering applica-
bility of the model.
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