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Abstract 

This paper proposes a finite element approach to the numerical solution of boundary value 
problems of linear elasticity theory formulated directly in terms of the stress tensor compo-
nents. In contrast to the classical finite element formulation, in which displacements are the 
primary unknowns, the approach considered here treats the stress components as the sought 
quantities. Two forms of the boundary value problem are investigated. The first is based on 
the joint use of the equilibrium equations and the Beltrami–Michell equations, while the sec-
ond is a transformed system of Poisson-type equations for the stress tensor components. Var-
iational relations based on the Galerkin method are obtained for both formulations. Using lin-
ear basis functions on triangular finite elements, local matrices are constructed, and global 
systems of algebraic equations are formed, whose unknowns are the nodal values of the 
stresses. The numerical implementation of the developed schemes is carried out in an in-house 
C++ program and in the FreeFEM++ software environment. To verify the reliability of the pro-
posed mathematical and numerical models, the classical Kirsch problem of a stretched elastic 
plate with a circular hole—characterized by a pronounced stress concentration near the edge 
of the hole—is solved. The numerical values of the stress components are compared with the 
analytical solution obtained using the Airy stress function method, as well as with the results 
of calculations performed with the FreeFEM++ software package. The comparison shows 
good agreement between the obtained solutions and confirms the possibility of determining 
stresses directly, without first computing the displacement field. A mesh-refinement study 
further showed a systematic reduction in the numerical error: on the finest mesh considered, 
the relative error decreased to 3.189% for formulation A and to 7.415% for formulation B. The 
proposed approach extends the applicability of the finite element method to boundary value 
problems of elasticity theory formulated in terms of stresses and can be used to study prob-
lems with complex geometry and local stress concentration. 
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1. Introduction 
Elasticity theory is one of the fundamental branches of the mechanics of deformable 

solids and serves as the mathematical basis for studying the stress–strain state of struc-
tural elements and continuous media. Within the framework of linear elasticity theory, 
the state of a body is determined by the interrelated fields of displacements, strains, and 
stresses, which satisfy the equilibrium equations, the geometric and physical relations, 
and the corresponding boundary conditions. In the classical formulation, boundary value 
problems are predominantly formulated in terms of the displacement vector components. 
Once the displacements have been determined, the strain components are computed by 
differentiating them, and the stresses are then recovered using the constitutive relations 
of elasticity theory. This approach is widely used in analytical and numerical methods 
and forms the basis of most conventional finite element schemes. 

At the same time, in many applied problems the primary interest lies directly in the 
stress distribution, particularly in regions of local stress concentration near holes, notches, 
boundaries, and other geometric discontinuities. When a displacement-based formulation 
is used, stresses are secondary quantities, and their computation involves differentiating 
the approximate displacement field. In numerical calculations, this can affect the accuracy 
of determining the local characteristics of the stress state and requires additional post-
processing of the obtained solution. This makes it of interest to develop alternative math-
ematical and numerical formulations in which the stress tensor components serve directly 
as the primary unknown functions. 

Formulating boundary value problems directly in terms of stresses requires the sim-
ultaneous satisfaction of the equilibrium equations and the compatibility conditions, 
which, after eliminating the strains, lead to the Beltrami–Michell equations. Such a formu-
lation makes it possible to treat the stress state as an independent object of mathematical 
modeling; however, constructing a closed system of equations, correctly specifying the 
boundary conditions, and developing an efficient numerical scheme remain more com-
plex than in the traditional displacement-based formulation. Therefore, the development 
of direct methods for solving boundary value problems in terms of the stress tensor com-
ponents, including those based on variational principles and the finite element method, 
represents an independent and relevant direction of computational mechanics. 

Ref. [1] systematizes the fundamental principles of classical elasticity theory, includ-
ing the equilibrium equations, the physical and geometric relations, the strain compatibil-
ity conditions, and methods for solving two-dimensional boundary value problems. Par-
ticular attention is given to the analytical determination of the stress state of elastic bodies, 
including problems characterized by local stress concentration. The presented results 
form the theoretical basis for the further development of mathematical and numerical 
methods for solving boundary value problems of elasticity theory. 

Further development of the classical concepts of elasticity theory is presented in [2], 
which considers the basic equations of spatial and plane problems, various ways of de-
scribing the stress–strain state, and the corresponding boundary conditions. Formulations 
relating stresses to the equilibrium equations and compatibility conditions are of particu-
lar significance. From a mathematical standpoint, these principles were further developed 
in [3], which systematizes various forms of the equations of elasticity theory and the rela-
tions between displacements, strains, and stresses. The approaches considered create a 
theoretical basis for the transition from the traditional displacement-based formulation to 
formulations in which the stress tensor components can be treated as independent un-
known functions. 

In modern research, the classical principles of elasticity theory have been further de-
veloped toward a more detailed analysis of the stress–strain state and the construction of 
efficient numerical methods. Ref. [4] systematizes theoretical and computational 
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approaches to solving elasticity problems, including methods for determining the dis-
placement, strain, and stress fields in bodies of complex geometry. Ref. [5] considers math-
ematical formulations of elasticity and thermoelasticity problems based on the interrela-
tion of mechanical and physical relations, and presents approaches to formulating the cor-
responding boundary value problems. The transition from a continuous mathematical 
model to its finite element approximation is described in detail in [6], which formulates 
the basic principles of the variational representation, the discretization of the computa-
tional domain, and the construction of systems of algebraic equations. These results 
formed the fundamental basis of the finite element method and created the prerequisites 
for developing its various modifications, including formulations in which, along with or 
instead of displacements, the stress components are treated as the primary unknowns. 

The finite element method has been further developed through improvements in var-
iational formulations and in the ways of approximating the primary sought quantities 
within a finite element. Ref. [7] systematizes issues in constructing finite element models 
for a broad class of engineering problems, including the choice of approximating func-
tions, the formation of elemental and global systems of equations, and the implementation 
of boundary conditions. The mathematical foundations of the variational approach are 
presented in [8], which considers the transition from the differential formulation of a 
boundary value problem to the weak form underlying the Galerkin method and the sub-
sequent finite element discretization. A fundamentally different aspect of elasticity theory 
is examined in [9]: the properties of a boundary value problem formulated directly in 
terms of the stress tensor components are considered, and the conditions necessary for 
constructing a consistent stress-based formulation are analyzed. Ref. [10] investigates the 
conservation laws of linear elasticity theory in a stress-based representation and shows 
their connection with the structure of the constitutive equations. These results are of sub-
stantial significance for direct stress-based formulations, since they confirm the possibility 
of treating the stress field as an independent object of the boundary value problem and 
form the theoretical prerequisites for constructing the corresponding variational and nu-
merical methods. 

The questions of completeness and closure of stress-based formulations have been 
further developed in [11], which proposes a complete Beltrami–Michell formulation for 
the analysis of axisymmetric elastic bodies and considers the role of additional relations 
in constructing a boundary value problem directly in terms of stresses. Ref. [12] investi-
gates generalized solutions of weakened equations of elasticity theory with respect to the 
stress tensor components, which made it possible to refine the mathematical structure of 
the corresponding differential relations and the conditions for their satisfaction. The anal-
ysis of compatibility conditions is of particular significance for forming closed stress-
based formulations. Ref. [13] considers the number of independent strain compatibility 
equations and the corresponding boundary conditions required for a consistent descrip-
tion of the strain field. Taken together, these results show that the transition to a direct 
stress-based formulation requires not only satisfying the equilibrium equations but also 
correctly accounting for the compatibility conditions and the structure of the Beltrami–
Michell equations, which directly affects the mathematical closure of the boundary value 
problem and the subsequent construction of its numerical approximation. 

The transition from theoretical stress-based formulations to their finite element im-
plementation is presented in a number of studies. Ref. [14] proposes a stress-based finite 
element formulation for dynamic elastoplastic analysis, demonstrating the possibility of 
directly using stresses as the primary field variables in the discretization of mechanics 
problems. Ref. [15] develops a locally conservative stress-recovery procedure for the con-
tinuous Galerkin method in linear elasticity theory, aimed at improving the quality of the 
computed stress field and ensuring the local satisfaction of the equilibrium conditions. 
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Further development of the equilibrium approach is presented in [16], which constructs a 
higher-order finite element method with approximation of stress fields satisfying local 
equilibrium conditions and investigates its convergence properties. Ref. [17] extends 
stress-based finite element formulations to nonlinear analysis, where the stress compo-
nents are treated as the primary unknown variables rather than quantities recovered from 
a previously computed displacement field. The formulation demonstrates that a direct 
approximation in terms of stresses can also be constructed beyond the framework of linear 
elasticity. In this approach, the nonlinear constitutive behavior is incorporated directly 
into the stress-based numerical formulation, thereby extending the range of problems for 
which stress variables can serve as the principal unknowns. For two-dimensional linear 
elasticity, the study in [18] develops a finite element methodology formulated directly in 
terms of stresses. The approach is based on the construction of admissible equilibrium 
stress fields and an associated variational formulation. Consequently, equilibrium re-
quirements play a central role in defining the approximation space and in constructing 
the corresponding finite element equations. This provides an important alternative to the 
conventional displacement-based finite element formulation and demonstrates the feasi-
bility of obtaining the stress field directly within a finite element framework. 

Taken together, studies [14–18] demonstrate the progressive development of stress-
based finite element methods, ranging from specialized stress approximations to more 
general variational formulations. However, these approaches are generally based on spe-
cifically constructed equilibrium stress fields, specialized variational principles, or addi-
tional requirements imposed on the approximation spaces. In contrast, the present study 
considers a direct Galerkin discretization of second-order differential equations written 
explicitly in terms of the stress tensor components. The stress components are used di-
rectly as the primary nodal unknowns and are approximated by standard continuous lin-
ear shape functions on triangular finite elements. No preliminary displacement solution 
is introduced for subsequent stress recovery. This distinction provides the basis for the 
two stress-based formulations considered below and for their implementation within a 
unified finite element framework. 

Further development of finite element methods is associated with the use of mixed 
formulations, in which stresses are introduced as independent field variables alongside 
displacements or other characteristics of the stress–strain state. A multipoint stress mixed 
finite element formulation for linear elasticity on simplicial meshes is developed in [19]. 
In this approach, the stress tensor is treated as a primary independent variable together 
with the displacement field, while the finite element spaces are constructed to preserve 
the equilibrium structure of the elasticity problem. The multipoint approximation pro-
vides an efficient treatment of the discrete system and allows the stress field to be deter-
mined directly while maintaining local equilibrium. Thus, the method avoids recovering 
stresses solely by differentiating an approximate displacement field; however, it remains 
a mixed formulation in which both stress and displacement variables are involved. Ref. 
[20] presents a stress-based finite element formulation for two- and three-dimensional 
problems, based on the direct approximation of the stress components and aimed at im-
proving the accuracy of their determination. For dynamic problems, [21] proposes a hy-
brid equilibrium finite element with higher-order stress fields, making it possible to im-
prove the description of the stress state in elastic dynamic analysis. The possibilities of a 
direct stress-based formulation applied to one-dimensional structures are investigated in 
[22], where a stress-based FEM is used to compute the bending of Euler–Bernoulli and 
Timoshenko beams on an elastic foundation. Another class of mixed formulations is de-
veloped in [23], which constructs a compatible-strain mixed finite element method for 
two-dimensional compressible nonlinear elasticity, based on the independent representa-
tion of the strain variables and the satisfaction of their compatibility conditions. Ref. [24] 
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extends this approach to incompressible nonlinear elasticity, accounting for the con-
straints arising from the incompressibility condition. In turn, [25] investigates symmetric 
mixed finite element formulations for elastodynamics problems and analyzes the corre-
sponding space–time discretization. The approaches considered show that the direct in-
clusion of stresses or strains among the independent unknowns extends the possibilities 
of finite element modeling, but requires reconciling the function spaces, the compatibility 
conditions, and the stability of the mixed discretization. 

The scope of application of stress-based and mixed finite element formulations is 
gradually extending from classical linear elasticity to more complex mechanical models. 
Thus, the possibility of using stress-based FEM to describe dynamic processes is shown 
in [26], while in [27] the assumed-stress formulation is extended to hyperelastic materials, 
accounting for the nonlinearity of the constitutive relations. Another approach is based on 
the independent approximation of strains: in [28], a compatible-strain mixed formulation 
is constructed for three-dimensional compressible and incompressible problems of non-
linear elasticity. For problems with a more complex structure of differential operators, [29] 
proposes a mixed discontinuous Galerkin scheme for linear viscoelasticity with a sym-
metric stress tensor, while [30] uses a similar discretization concept in stress space to solve 
the spectral problem of linear elasticity. Along with finite element schemes, variational 
methods are being developed that make it possible to directly include stresses in the dis-
crete formulation. In particular, [31] uses the Hu-Washizu principle to construct a self-
stabilized virtual element formulation for two-dimensional linear elasticity. Among the 
existing stress-based approaches, the formulations developed in [32,33] are particularly 
relevant to the present study. In [32], a finite element approximation for linear elasticity is 
constructed with the stress tensor as the principal field variable, providing a framework 
in which stresses are determined directly rather than recovered from a previously com-
puted displacement solution. The formulation is developed from the governing relations 
of elasticity expressed in terms of stresses and is accompanied by an appropriate varia-
tional setting for the finite element approximation. A more comprehensive mathematical 
formulation is presented in [33], where two- and three-dimensional linear elasticity prob-
lems are expressed exclusively in terms of the components of the stress tensor. The gov-
erning stress equations, associated boundary conditions, and corresponding variational 
formulations are systematically derived, providing a consistent stress-only description of 
the elasticity problem. Particular attention is given to the mathematical structure of the 
stress formulation and to the construction of function spaces suitable for its variational 
treatment and finite element approximation. These results demonstrate that linear elastic-
ity can be formulated and discretized without introducing the displacement field as a pri-
mary unknown and provide an important theoretical basis for the further development of 
stress-based finite element methods. 

At the same time, an alternative direction retains the joint use of several field varia-
bles; for example, [34] proposes a stress-hybrid virtual element method for compressible 
and nearly incompressible materials on quadrilateral meshes. Thus, modern studies 
demonstrate a steady transition from recovering stresses from a computed displacement 
field to their direct inclusion in the variational and discrete formulation of the problem. 
However, the mathematical constructions used for this purpose differ substantially—
ranging from mixed and discontinuous Galerkin formulations to hybrid and pure-stress 
approaches—leaving open the question of constructing a sufficiently simple, direct Ga-
lerkin scheme for a boundary value problem formulated directly in terms of the stress 
tensor components. 

The current stage in the development of computational mechanics methods is char-
acterized by efforts to improve the accuracy of stress determination by including stresses 
directly in the system of independent variables. One such approach is implemented in 



Appl. Sci. 2026, 16, 9303 6 of 28 
 

https://doi.org/10.3390/app16189303 

[35] on the basis of a stress-hybrid virtual element method for six-node triangular ele-
ments; the proposed scheme is oriented toward solving problems for both compressible 
and nearly incompressible materials. A somewhat different principle is used in [36], 
which, for thin-walled structures, justifies the need for independent interpolation of 
stresses within a stabilized stress-displacement scheme. The possibilities of this method-
ology under large deformations are investigated in [37] for the case of finite hyperelastic-
ity. A more complex structure of independent variables is adopted in [38]: for incompress-
ible finite elasticity, a four-field mixed model is formulated, in which stresses enter the 
system alongside other field quantities. 

For evaluating methods oriented toward the direct computation of stresses, problems 
with a known analytical solution and a pronounced stress gradient are of particular value. 
Among these is the classical Kirsch problem [39], which describes the stress field in an 
elastic plate with a circular hole under external loading. Its solution makes it possible not 
only to verify the distribution of individual stress tensor components but also to assess 
the ability of a numerical method to reproduce the stress concentration near the edge of 
the hole. In [40], the Kirsch problem is investigated from the standpoint of a boundary 
value formulation, which is of additional interest when analyzing ways of specifying and 
determining stresses on the boundary of the computational domain. The availability of an 
analytically determined stress field makes this problem a convenient benchmark for the 
quantitative verification of a finite element method constructed directly for the unknowns 

11 22,  σ σ  and 12 .σ  
The issues of stress concentration and the possibility of reducing it for regions with 

holes are investigated in [41], which considers the application of a functionally graded 
layer in the vicinity of a pair of circular holes. A similar approach is used in [42] to assess 
the influence of various functionally graded materials on the magnitude of stress concen-
tration near a hole. Ref. [43] proposes a stress-based formulation for modeling fiber-rein-
forced plates with cutouts, demonstrating the applicability of direct stress analysis to 
structures with geometric stress concentrators. A numerical implementation of boundary 
value problems directly in terms of stresses is presented in [44] using a finite-difference 
approach. Ref. [45] investigates the equilibrium of a three-dimensional elastic body with 
the stress tensor components chosen as the sought functions. The possibilities of a soft-
ware implementation of the finite element method, including the construction of varia-
tional forms and the discretization of boundary value problems, are considered in [46]. 
The practical aspects of applying variational methods to mathematical problems of me-
chanics are presented in [47] and serve as the basis for the transition from a differential 
formulation to the corresponding weak form. 

In contrast to mixed, hybrid, and stress-hybrid finite element formulations, in which 
additional unknowns, specialized function spaces, or stabilization conditions may be in-
troduced together with the stresses, the present work considers a direct Galerkin scheme 
for a boundary value problem formulated in terms of the stress tensor components. The 
nodal stress values are used as the primary unknowns, and the discretization is performed 
using standard continuous linear basis functions on triangular finite elements. This ap-
proach makes it possible to investigate both formulations considered within a unified 
computational framework and to directly compare their numerical behavior under iden-
tical discretization conditions. 

Despite the considerable development of finite element methods for elasticity prob-
lems, most existing approaches are still based on the displacement-based formulation or 
on mixed and hybrid formulations, in which stresses are introduced together with other 
field variables. Direct formulations of boundary value problems in terms of the stress ten-
sor components have been investigated to a considerably lesser extent. In particular, finite 
element schemes that are constructed directly on the basis of the Beltrami–Michell 
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equations and do not require the prior determination of the displacement field remain 
insufficiently developed. 

Existing stress-based methods use various mixed, hybrid, discontinuous Galerkin, 
and virtual element formulations, which provide the required discretization properties 
but generally lead to the introduction of additional unknowns, special function spaces, or 
stabilizing conditions. At the same time, it remains relevant to construct a more direct 
scheme, in which the original boundary value problem is formulated solely in terms of 
the stress tensor components, and its numerical implementation is carried out within the 
framework of the standard Galerkin variational approach. 

Of particular interest is the transformation of the Beltrami–Michell equations into a 
system of Poisson-type equations for the individual stress tensor components and the con-
struction, on this basis, of the corresponding finite element discretization. A comparative 
analysis of the original Beltrami–Michell formulation and the transformed Poisson-type 
formulation within a single Galerkin method, including verification of the obtained solu-
tions on a problem with a known analytical stress distribution, remains insufficiently rep-
resented in the existing literature. This is precisely the question that constitutes the main 
subject of the present study. 

The aim of the present work is to develop a Galerkin finite element method for solv-
ing boundary value problems of linear elasticity theory formulated directly in terms of 
the stress tensor components. The system comprising the equilibrium equations and the 
Beltrami–Michell equations is considered as the original mathematical model. Along with 
this formulation, a transformed form of the problem is investigated, in which the Bel-
trami–Michell equations are reduced to Poisson-type equations for the stress tensor com-
ponents. 

For both formulations, the corresponding variational relations are constructed using 
the Galerkin method, and their finite element discretization is carried out using linear ba-
sis functions on triangular elements. Local finite element matrices are obtained, and global 
systems of algebraic equations are formed, whose unknowns are directly the nodal values 
of the stress tensor components. The numerical implementation of the developed method 
is carried out in a C++ program, and an independent verification of the results is per-
formed using FreeFEM++ v4.12. The performance of the proposed schemes is investigated 
on the classical Kirsch problem for an elastic plate with a circular hole. The obtained stress 
distributions are compared with the analytical solution based on the Airy stress function 
and with the results of an independent finite element calculation. This comparison makes 
it possible to assess the correctness of the constructed variational formulations and the 
accuracy of the direct computation of the stress tensor components. 

The scientific novelty of the work lies in the development of a finite element approach 
to solving boundary value problems of linear elasticity theory directly in terms of the 
stress tensor components. In contrast to the traditional displacement-based formulation, 
the stress components are treated as the primary unknowns and are determined directly 
from the corresponding system of differential equations. For the Beltrami–Michell equa-
tions, a Galerkin variational formulation is constructed, and its finite element approxima-
tion on triangular elements is obtained. Along with the original system, it is proposed to 
use a transformed formulation based on Poisson-type equations for the stress tensor com-
ponents, for which an independent Galerkin scheme is also constructed. Local finite ele-
ment matrices and an algorithm for forming the global system of algebraic equations di-
rectly in terms of the nodal stress values are obtained. Thus, both formulations are con-
sidered within a unified finite element approach, which makes it possible to compare their 
numerical solutions without first determining the displacement field. The correctness of 
the developed schemes is confirmed on the Kirsch problem by comparison with the ana-
lytical solution and an independent calculation in FreeFEM++. The obtained results 
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demonstrate the possibility of directly determining the stress field by the finite element 
method, including in regions of local stress concentration. 

The main novelty of the present work lies in the construction of a direct Galerkin 
finite element scheme in which the components of the stress tensor are treated as the pri-
mary nodal unknowns. In contrast to mixed and hybrid variational formulations, the pro-
posed approach does not require the preliminary computation of the displacement field. 
For both formulations considered, weak forms and the corresponding finite element equa-
tions are derived using standard continuous linear basis functions on triangular elements, 
which enables their numerical comparison under identical discretization conditions. 

2. Stress-Based Formulation of Plane Elasticity Problems 
Let us consider a linearly elastic isotropic body occupying a domain Ω  with bound-

ary .B  In contrast to the classical displacement-based formulation, in what follows the 
stress tensor components are taken as the primary unknown functions. This formulation 
requires the simultaneous satisfaction of the equilibrium equations and the strain compat-
ibility conditions expressed in terms of stresses, i.e., the Beltrami–Michell equations, to-
gether with the corresponding boundary conditions. Below, the original three-dimen-
sional formulation is successively reduced to a plane problem, which is then used to con-
struct the variational formulation and the finite element approximation by the Galerkin 
method. 

It is known that a boundary-value problem of elasticity theory formulated in terms 
of stresses consists of three equilibrium equations 

, 0,ij j iXσ + =  (1)

six Beltrami–Michell equations 
2

, , , ,
1 ( ) , ,

1 1ij ij i j j i ij k k kk
vS X X X S

v v
σ δ σ∇ + = − + − =

+ −
 (2)

with the corresponding boundary conditions 

2
,ij j in Sσ

Σ
=  (3)

,( ) 0.ij j iXσ
Σ

+ =  (4)

where ijσ −  is the stress tensor, iX −  are body forces, iS −  is the surface load, Σ −  is 

the surface of the volume V, consisting of two parts 1 2, ,   in −  are the components of 

the outward normal to the surface ,Σ  ν −  is Poisson’s ratio, and 
2∇ −  is the Laplace 

operator. 
It should be noted that condition (4) is obtained by considering the equilibrium equa-

tions on the boundary of the given domain. Equations (1)–(4) represent a boundary-value 
problem of elasticity theory formulated in terms of stresses. 

In the boundary value problem (1–3), the number of equations is nine, namely, three 
equilibrium equations and six Beltrami–Michell equations. However, the strain compati-
bility conditions are not independent. In particular, the first group of three diagonal equa-
tions can be derived from the second group of non-diagonal equations by means of inte-
gral transformations. Therefore, when formulating the boundary value problem, it is suf-
ficient to consider the second group of Beltrami–Michell equations corresponding to 

.i j≠  
Let us now consider the plane stress state in the absence of body forces. In this case, 

it is assumed that 33 13 23 0σ σ σ= = = , and the nonzero stress components 11σ , 22σ  and 
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12 21σ σ=  are functions of the coordinates x and y. Under these assumptions, the equilib-
rium Equations (1) and the Beltrami–Michell Equations (2) take the following form: 

11 12

21 22

0,

0,

x y

x y

σ σ

σ σ

∂ ∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

 (5)

2
12 11 22

1 ( ) 0.
1 x y

σ σ σ
ν

∂∇ + + =
+ ∂ ∂

 (6)

The Beltrami–Michell Equations (6) depend on the second derivatives of the stress 
tensor components. Therefore, to form a consistent system of second-order differential 
equations, the equilibrium Equations (5) are differentiated with respect to the coordinates 

x and y, respectively. As a result, we obtain a system in terms of the components 11σ , 22σ  

and 12σ  which will henceforth be referred to as problem A: 
2 2

11 12
2

2 2
21 22

2

0,

0,

x yx

y x y

σ σ

σ σ

∂ ∂
+ =

∂ ∂∂
∂ ∂

+ =
∂ ∂ ∂

 (7)

2
12 11 22

1 ( ) 0.
1 x y

σ σ σ
ν

∂∇ + + =
+ ∂ ∂

 (8)

The boundary conditions on B have the following form 
11 1 12 2 1 21 1 22 2 2

11 12 21 22

( ) ,    ( ) ,

( ) 0,    ( ) 0.

B B

B B

n n S n n S

x y x y

σ σ σ σ

σ σ σ σ

+ = + =

∂ ∂ ∂ ∂
+ = + =

∂ ∂ ∂ ∂

 (9)

The first boundary condition in (9) represents the condition for the surface force vec-
tor and relates the stress tensor components to the external load on the boundary of the 
domain. The second boundary condition is obtained from the equilibrium equations by 
considering them on the boundary of the given domain, and is used together with the 
differentiated system (7)–(8). Since the original equilibrium Equations (5) are differenti-
ated in the construction of formulation A, retaining the original undifferentiated equilib-
rium conditions on the boundary prevents the appearance of arbitrary integration terms 
that do not satisfy the original equilibrium equations. Thus, conditions (9) ensure a con-
sistent specification of the boundary data for the formulated problem A directly in terms 
of the stress tensor components. 

Equations (7)–(9) represent a plane problem of elasticity theory formulated in terms 
of stresses. Such systems of equations can be solved numerically using finite difference 
methods on rectangular computational domains. In the case of complex domains, the ap-
plication of the finite element method encounters difficulties associated with the transition 
to a variational problem, with the determination of a functional with respect to stresses 
corresponding to the original differential problem. 

The application of the finite element method within the framework of the Galerkin 
method makes it possible to overcome the difficulties associated with the transition to a 
variational problem formulated with respect to stresses. Thus, the system of Equations 
(7)–(9) represents a plane boundary-value problem of elasticity theory with respect to the 
components of the stress tensor. 

In the classical formulation, the solution of the plane problem of elasticity theory in 
terms of stresses is usually reduced to solving a biharmonic equation for the Airy stress 
function, which satisfies the equilibrium equations. In the present work, the boundary 
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value problem is formulated directly in terms of the components of the tensor 11σ , 22σ  

and 12σ  without using additional functions of the Airy type. This approach makes it pos-
sible to retain the stress tensor components as the primary unknowns in the subsequent 
construction of the variational formulation and the finite element approximation by the 
Galerkin method. 

Further analysis of the Beltrami–Michell equations has shown that, under certain as-
sumptions, they can be reduced to Poisson equations, which are efficient from the view-
point of the numerical implementation of boundary-value problems formulated with re-
spect to stresses. The following section is devoted to the discussion of this issue. 

3. Stress-Based Poisson Equations 
Let us consider the transformation of the Beltrami–Michell equations into a system 

of Poisson-type equations directly in terms of the stress tensor components. The basic idea 
of this transformation consists in using the equilibrium equations to eliminate the mixed 
derivatives of the stresses from the original Beltrami–Michell system. As a result, second-
order differential equations with the Laplace operator can be obtained for the individual 
stress tensor components. 

Let us consider the Beltrami–Michell Equations (2) in the case of a plane stress state, 
i.e., 

2 2 2
11 11 11 22 1 1 2
2 2 2

2 2 2
22 22 11 22 2 1 2
2 2 2

2 2 2
12 12 11 22 1 2
2 2

( )1 2 ( ),
1 1

( )1 2 ( ),
1 1

( )1 ( ).
1

X X Xv
v x v x yx y x

X X Xv
v y v x yy x y

X X
v x y y xx y

σ σ σ σ

σ σ σ σ

σ σ σ σ

∂ ∂ ∂ + ∂ ∂ ∂
+ + = − − +

+ ∂ − ∂ ∂∂ ∂ ∂
∂ ∂ ∂ + ∂ ∂ ∂

+ + = − − +
+ ∂ − ∂ ∂∂ ∂ ∂

∂ ∂ ∂ + ∂ ∂
+ + = − +

+ ∂ ∂ ∂ ∂∂ ∂

 (10)

To transform system (10), we use the general form of the equilibrium Equations (1), 

which includes the body-force components 1X  and 2X . By differentiating the corre-
sponding equilibrium equations with respect to the coordinates, we obtain relations be-
tween the second derivatives of the stress components and the derivatives of the body 
forces. 

2 2
11 12 1

2

2 2
22 21 2

2

,

.

X
x y yy

X
y x xx

σ σ

σ σ

∂ ∂ ∂
= − −

∂ ∂ ∂∂
∂ ∂ ∂

= − −
∂ ∂ ∂∂

 (11)

Adding the obtained relations (11) and grouping the derivatives of the stress compo-
nents, we obtain an expression for the mixed derivative of the sum of the normal stresses: 

2
11 22 1 2

12
( ) ( ).X X
x y y x

σ σ σ∂ + ∂ ∂
= −Δ − +

∂ ∂ ∂ ∂
 (12)

Substituting relation (12) into the third equation of the Beltrami–Michell system (10), 

we eliminate the mixed derivative of the sum 11 22σ σ+ . After the corresponding transfor-
mations, we obtain a Poisson-type equation directly in terms of the shear stress compo-

nent 12σ : 
1 2

12 ( ).X X
y x

σ ∂ ∂
Δ = − +

∂ ∂
 (13)

Substituting the obtained relation (13) into Equation (12) leads to the following con-
dition for the sum of the normal stresses: 
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2
11 22( ) 0.
x y

σ σ∂ +
=

∂ ∂
 (14)

In the work of Timoshenko and Goodier [1], it is noted that stresses depend linearly 
on the coordinates. Apparently, this is related to the experimental fact that, for isotropic 
bodies undergoing elastic and plastic deformations, the relationship between the invari-

ants of the stress tensor, 11 22 33σ σ σ σ= + + , and the strain tensor, 11 22 33θ ε ε ε= + + , is lin-

ear, i.e., Kσ θ=  where 2 / 3.K λ μ= +  Taking into account that the strains depend on 

displacements belonging to the function class 
2C , as solutions of the Navier equations, 

the linearity of 11 22 33σ σ σ σ= + +  becomes evident. 
Taking into account the last relation (14), the original Beltrami–Michell system (10) 

can be transformed into a system of Poisson-type equations directly in terms of the com-

ponents 11σ , 22σ  and 12σ . The resulting formulation will henceforth be referred to as 
problem B. 

2 2
11 11 1 1 2
2 2

2 2
22 22 2 1 2
2 2

2 2
12 12 1 2
2 2

2 ( ),
1

2 ( ),
1

( ).

X X Xv
x v x yx y
X X Xv
y v x yy x

X X
y xx y

σ σ

σ σ

σ σ

∂ ∂ ∂ ∂ ∂
+ = − − +

∂ − ∂ ∂∂ ∂
∂ ∂ ∂ ∂ ∂

+ = − − +
∂ − ∂ ∂∂ ∂

∂ ∂ ∂ ∂
+ = − +

∂ ∂∂ ∂

 (15)

Unlike problem A, where the Beltrami–Michell equations are used together with the 
differentiated equilibrium equation, in problem B the principal differential relations are 
represented as Poisson-type equations for the individual stress tensor components. Here, 
the equilibrium equations are used at the stage of transforming the original system and 
must be taken into account when forming consistent boundary conditions. This form is of 
particular interest for the subsequent construction of the weak formulation and the finite 
element approximation by the Galerkin method. 

Let us now consider the possibility of a similar transformation of the Beltrami–
Michell equations for the three-dimensional problem. Unlike the plane case considered 
above, it is further assumed that the body forces are potential and can be represented 
through a scalar potential ϕ  [2], i.e., 

, .i iX ϕ=  (16)

Taking (16) into account, the original Beltrami–Michell equations for the three-di-
mensional case take the following form 

2 1 , 2 , , .
1 1ij ij ij ij kk

νσ σ ϕ δ ϕ
ν ν

∇ + = − −
+ −

 (17)

Performing the corresponding contraction of Equation (17) over the repeated indices, 
we obtain a relation for the first invariant of the stress tensor: 

2 21 .
1

νσ ϕ
ν

+∇ = − ∇
−

 (18)

Following the work of Timoshenko and Goodier [1], the following relation can be 
obtained by equating the functions under the Laplace operators 

1 .
1

νσ ϕ
ν

+= −
−

 (19)

Substituting expression (19) into Equation (17) and taking into account the potential 
character of the body forces (16), and 

, , ,
1 ( ),
2ij i j j iX Xϕ = +  (20)
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we eliminate the first invariant of the stress tensor from the original system. After the 
transformations, we obtain a Poisson-type equation directly in terms of the stress tensor 
components: 

2
, , ,

1 2 ( ) .
2(1 ) 1ij i j j i ij k kX X Xν νσ δ

ν ν
−∇ = − + −

− −
 (21)

According to (3) and (4), the following boundary conditions should be added to it:  

2
,ij j in Sσ

Σ
=  (22)

( ) 0.ij iXσ Σ+ =  (23)

Equations (21)–(23) form the three-dimensional boundary value formulation directly 
in terms of the stress tensor components, in which the principal differential Equation (21) 
has the structure of a Poisson equation. Thus, the paper considers two forms of the stress-
based formulation: the original system, constructed on the basis of the Beltrami–Michell 
and equilibrium equations, and the transformed system of Poisson-type equations for the 
stress tensor components. In what follows, the corresponding weak forms and finite ele-
ment schemes based on the Galerkin method are constructed for both formulations, which 
makes it possible to investigate them within a unified numerical approach. 

4. The Galerkin Finite Element Method for Stresses 
For the numerical solution of the plane boundary value problems A and B formulated 

above, we apply the finite element method based on the Galerkin approach. The compu-

tational domain 2RΩ ⊂  will be considered a bounded domain with a piecewise-smooth 
boundary B, on which the corresponding boundary conditions (9) are specified. The stress 
tensor components are directly considered as the primary unknowns. In operator form, 
problems A and B can be represented as follows: 

.L Fσ =  (24)

Here L denotes the differential operator corresponding to the stress-based formula-

tion A or B, σ  is the vector of independent stress tensor components 11 22 12, ,σ σ σ , and 
F −  is the vector of right-hand sides, determined by the specified body forces and surface 
loads. This operator representation is used below to construct an approximate solution by 
the Galerkin method. 

The approximate solution of problem (24) will be sought in a finite-dimensional space 
generated by a system of basis functions. For each sought stress component, the corre-
sponding approximation is represented in the form: 

1
.

n

i i
i
aσ ϕ

=

=   (25)

where kϕ  are the basis functions of the chosen finite-dimensional space, and the expan-
sion coefficients determine the approximate values of the sought stress components. The 
basis functions are chosen taking into account the finite element approximation used and 
the nature of the boundary conditions. 

Substituting approximation (25) into the operator Equation (24), multiplying the re-
sidual by the corresponding basis functions, and requiring its orthogonality to the chosen 
finite-dimensional space, we obtain the system of Galerkin relations: 

, 1,.... .i iL d F d i nσ ϕ ϕ
Ω Ω

⋅ Ω = ⋅ Ω =   (26)

Relation (26) defines a finite-dimensional system for the coefficients of the approxi-
mate solution. The convergence of the Galerkin approximation is determined by the prop-
erties of the corresponding bilinear form, the choice of the finite-dimensional space, and 
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the regularity of the solution. In the present work, the main emphasis is placed on con-
structing a discrete scheme directly in terms of the stress components and on its numerical 
verification on a problem with a known analytical solution. 

Since the differential operators in the problems under consideration contain second 
derivatives of the stress components, direct use of relation (26) would require increased 
smoothness of the approximating functions. To reduce the order of the derivatives, inte-
gration by parts is performed, taking into account the corresponding boundary conditions. 
As a result, the differential formulation is reduced to the weak form: 

( , ) .a fσ ϕ =  (27)

where ( , )a σ ϕ  denotes the bilinear form containing the stress components, their first de-

rivatives, and the basis functions, and f −  is the corresponding linear functional, deter-
mined by the external loads and boundary data. The transition to the weak form makes it 

possible to use standard 
0C −  continuous finite element approximations. 

For the finite element discretization, the domain Ω  is divided into a set of triangu-

lar elements eΩ . In the present work, linear Lagrange basis functions are used to approx-
imate each stress tensor component. Within an individual finite element, the approximate 
stress field is represented through its nodal values and the corresponding shape functions. 
For a triangular element, the linear basis functions have the form: 

1
,

l

i i
i
Nσ σ

=

=   

where eN −  is the number of nodes of the finite element. For a three-node triangular 
element, the linear basis functions can be written as [7]: 

1( , ) ( ),    1,..3.
2i i i iN x y a b x c y i
A

= + + =  (28)

In expression (28), eA −  denotes the area of the triangular finite element, and the 

coefficients of the basis functions ,  ,  i i ia b c  are determined by the coordinates of its nodes. 
Using the same shape functions to approximate the components makes it possible to di-
rectly relate the unknown coefficients of the discrete problem to the nodal stress values 

11 22,σ σ  and 12σ . The basis functions ( , )iN x y  play an important role in the construction 
of the local and global stiffness matrices. 

To construct the local finite element system, the first equation of system (7) is multi-

plied by the basis function 1 2 3[ ] [ , , ]T TN N N N=  and integrated over the domain of an in-

dividual finite element eΩ . After integration by parts and accounting for the correspond-
ing boundary conditions, we obtain: 

{ } { }

2 2
11 12 11 11 12 12
2

11 12
11 1 12 2

[ ] [ ][ ] ( ) ( [ ] ) ( [ ] )

[ ] [ ][ ] [ ] 0.

e

T T
T T T

T T
T T

N NN d N N d
x y x x x x y x y xx

N N N NN n N n ds d
x x x x y x

σ σ σ σ σ σ

σ σσ σ

ΩΩ

∂Ω Ω

    ∂ ∂ ∂ ∂ ∂ ∂∂ ∂ ∂ ∂+ Ω = − + − Ω =    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂∂     
 ∂ ∂∂ ∂ ∂ ∂ = + − + Ω =  ∂ ∂ ∂ ∂ ∂ ∂   

 

 
 (29)

Substituting the linear basis functions (28) into the variational relation (29) and taking 
into account the boundary conditions (9), we obtain the discrete equation for the corre-
sponding nodal values of the stress tensor components: 

11 12 1
[ ] [ ]{ } { } [ ] .

T T
TN N N N NA S N ds

x x y x x
σ σ

∂Ω

 ∂ ∂ ∂ ∂ ∂+ = ∂ ∂ ∂ ∂ ∂ 
  (30)

Similarly, applying the Galerkin procedure to the second equation of system (7) and 
to Equation (8), we obtain two more local relations 
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[ ]21 22 2
[ ] [ ]{ } { } ,

T T
TN N N N NA S N ds

x y y y y
σ σ

∂Ω

 ∂ ∂ ∂ ∂ ∂+ = ∂ ∂ ∂ ∂ ∂ 
  (31)

{ } { } { }

[ ] { } [ ] { }

12 11 22

12 1 12 2

[ ] [ ] 1 [ ] 1 [ ]
1 1

.
1 1

T T T T

T T

N N N N N N N N A
x x y y y x x y

N NN n ds N n ds
x y

σ σ σ
ν ν

ν νσ σ
ν ν∂Ω ∂Ω

  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + + =   ∂ ∂ ∂ ∂ + ∂ ∂ + ∂ ∂  
∂ ∂= +

+ ∂ + ∂ 
 (32)

The obtained local Equations (30)–(32) are combined into the matrix system of the 
finite element: 

.K Fσ =  (33)

where 

( )
11 22 12 1 2 3,  , , ,  , , .

ii ij ik

T Te ji jj jk m m m m m m

ki kj kk

K K K
K K K K F f f f

K K K
σ σ σ σ

 
     = = =     
  

 (34)

11 12 13

21 22 23

31 32 33

11 12 13

21 22 23

31 32

,  , { , , },

, 0, ,

0, , ,

1 1,
1 1

mn mn mn

mn mn mn mn

mn mn mn

mn mn mnm n m n

mn mn mnm n m n

mn mnm n m

k k k
K k k k m n i j k

k k k

N N N N
k A k k A

x x y x
N N N N

k k A k A
y y x y

N N N N
k A k

y x xν ν

 
 = ∈ 
  

∂ ∂ ∂ ∂
= = =

∂ ∂ ∂ ∂
∂ ∂ ∂ ∂

= = =
∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
= =

+ ∂ ∂ + ∂ 33, .mnn m n m nN N N N
A k A

y x x y y
∂ ∂ ∂ ∂ 

= + ∂ ∂ ∂ ∂ ∂ 

[ ] [ ]

[ ] { } [ ] { }

1 1 2 2

3 12 1 12 2

,    ,

.
1 1

T Tm m

T Tm

N Nf N S ds f N S ds
x y

N Nf N n ds N n ds
x y

ν νσ σ
ν ν

∂Ω ∂Ω

∂Ω ∂Ω

∂ ∂= =
∂ ∂

∂ ∂= +
+ ∂ + ∂

 

 
 (35)

In system (33), eK  represents the local finite element matrix, eσ −  is the vector of 

nodal values of the stress tensor components, and eF −  is the local right-hand-side vec-
tor, formed taking into account the specified loads and boundary conditions. The elements 

of the matrix eK  are determined by integrals of the products of the derivatives of the 
basis functions in accordance with the variational formulation of the problem. 

After the standard assembly procedure for the local matrices and vectors, the global 
system of linear algebraic equations is formed directly in terms of the nodal values 

11 22,σ σ  and 12σ . After imposing the corresponding boundary conditions, the resulting 
system is solved numerically. In the developed implementation, Gaussian elimination is 
used to solve the global system. 

A similar procedure is applied to problem B, formulated on the basis of the Poisson-
type Equation (15). After multiplying each equation by the corresponding basis function 
and integrating by parts, a weak formulation is obtained, and the subsequent approxima-
tion with linear triangular elements leads to local and global systems directly in terms of 
the nodal values of the stress tensor components. Thus, problems A and B are imple-
mented within a unified Galerkin finite element approach. 

In the numerical solution of problems of applied mechanics, it is appropriate to use 
the FreeFEM++ programming language, which is designed for solving differential equa-
tions by the finite element method. FreeFEM++ is based on the C++ programming 
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language supplemented with finite element method algorithms. To solve differential 
equations numerically in FreeFEM++, it is first necessary to pass from the differential prob-
lem to the variational formulation and to construct the corresponding functional. In 
FreeFEM++, this functional must be specified in bilinear form using the Galerkin method. 

5. Numerical Validation and Convergence Analysis for the  
Kirsch Problem 

For the numerical verification of the developed stress formulations and the con-
structed finite element schemes, we consider the classical Kirsch problem of a stretched 
elastic plate with a circular hole. The choice of this problem is motivated by the availability 
of a known analytical solution and the pronounced stress concentration in the vicinity of 
the hole boundary, which makes it possible to quantitatively assess the ability of the pro-
posed method to reproduce local features of the stress state. The numerical results for 
Problems A and B are subsequently compared with the analytical solution and with each 
other. 

5.1. Problem Definition and Analytical Reference Solution 

A rectangular elastic plate of dimensions 2 2lx h  with a central circular hole of radius 
a−  is considered. A uniformly distributed tensile load of intensity S −  is applied along 
the OX axis to two opposite outer boundaries of the plate, while the boundary of the hole 
is assumed to be free of external forces. The plate material is assumed to be homogeneous, 
isotropic, and linearly elastic. The objective is to determine the distribution of the compo-
nents of the stress tensor in the plate domain, including the region of local stress concen-
tration around the hole. 

2cm,    2cm,    0.2cm.l h a= = =  

It should be noted that the analytical Kirsch solution used corresponds to an infinite 
elastic plane with a circular hole, whereas the numerical model is considered within a 
finite computational domain. Therefore, the difference between the analytical and numer-
ical values may include not only the finite element discretization error but also the effect 
of the finite distance from the hole to the outer boundary. 

11 12

22 12

:   , 0,
:     0, 0,

:      ( , ) 0,  ( , ) 0 .rr r

x l S
y h
r a r a r aθ

σ σ
σ σ
σ θ σ θ

= ± = =
= ± = =
= = = = =

 (36)

where θ −  is the angle, a−  is the radius of the hole, and S = 1. In the numerical calcu-
lations, normalization with respect to the magnitude of the applied stress is used, and S = 
1 is assumed. Therefore, all subsequently presented stress values can be interpreted in 

dimensionless form as /ij Sσ . 
The analytical solution of the Kirsch problem, used below as a reference solution for 

evaluating the numerical results, can be expressed in polar coordinates in the following 
form (Figure 1). 

( )

2 4

11 2 4

2 4

22 2 4

2 4

12 2 4

3 31 cos 2 cos 4 cos 4 ,
2 2

1 3cos 2 cos 4 cos 4 ,
2 2

3sin 2 2sin 4 sin 4 .
2 2

r rS
a a

r rS
a a

S r r
a a

σ θ θ θ

σ θ θ θ

σ θ θ θ

  = − + +  
  

  = − − +  
  

 
= − + − 

 

 (37)

where a−  is the radius of the circular hole, r −  is the radial distance from the center of 
the hole to the considered point M, θ −  is the polar angle measured from the positive x-
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axis, and S is the magnitude of the uniformly distributed tensile stress applied along the 
opposite sides of the plate. 

 

Figure 1. Geometry and loading conditions for the Kirsch problem. 

5.2. Finite Element Discretization and Numerical Implementation 

The computational domain is discretized using triangular finite elements. To im-
prove the accuracy of determining local stress gradients, the mesh is refined in the vicinity 
of the circular hole, where the maximum stress concentration is expected (Figure 2). The 
nodal coordinates and mesh topology generated in FreeFEM++ are also used in the devel-
oped C++ program, allowing the results to be compared on the same computational ge-
ometry. 

 

Figure 2. Finite element mesh of the plate with a central circular hole, refined in the vicinity of the 
hole. 

After assembling the local finite element matrices, a global system of linear algebraic 
equations is formed with respect to the nodal values of the stress components. The result-
ing system is solved using the developed C++ program. An independent implementation 
of both stress formulations is also carried out in FreeFEM++, which is used for additional 
verification of the numerical results. 

5.3. Comparison of Stress Distributions 

Figure 3 presents the distributions of the normal stress component 11σ  obtained us-
ing four approaches: (a) the developed Galerkin finite element scheme in C++; (b) the im-
plementation of Problem A in FreeFEM++; (c) the implementation of Problem B based on 
Poisson-type equations in FreeFEM++; and (d) the analytical Kirsch solution (37). 
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(a) (b) 

(c) (d) 

Figure 3. Distribution of 11σ  : (a) Galerkin FEM implemented in C++; (b) formulation A imple-
mented in FreeFEM++; (c) formulation B implemented in FreeFEM++; (d) analytical Kirsch solution. 

In all four solutions, a characteristic concentration of the 11σ  component near the 
upper and lower points of the hole is observed for the Kirsch problem. The maximum 
value reaches approximately 3S, which corresponds to the well-known stress concentra-
tion factor for a circular hole under uniaxial tension. As the distance from the hole in-

creases, the values of 11σ  tend toward the applied stress S. Overall, the numerical distri-
butions reproduce the characteristic behavior of the analytical solution, although for for-
mulation B, a somewhat slower approach to the far-field stress state is noticeable in the 
transition region. 

The distribution of the 22σ  component is also characterized by pronounced locali-
zation near the hole boundary. All the considered solutions reproduce the same spatial 

structure of the stress field and the change in the sign of 22σ  at different sections of the 
circular boundary. Quantitative differences between the individual formulations are most 
noticeable in the immediate vicinity of the hole, whereas away from the stress concentra-

tor, the values of 22σ  tend toward zero (Figure 4). 
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(a) (b) 

(c) (d) 

Figure 4. Distribution of 22σ  : (a) Galerkin FEM implemented in C++; (b) formulation A imple-
mented in FreeFEM++; (c) formulation B implemented in FreeFEM++; (d) analytical Kirsch solution. 

For the shear component 12σ , the expected antisymmetric distribution with respect 
to the coordinate axes is preserved in all cases. The extreme values are localized near the 

hole boundary, while 12σ  tends to zero with increasing distance from the hole. The larg-
est differences between the numerical and analytical solutions are observed in regions of 
maximum stress gradients, associated with the increased sensitivity of the local field to 
spatial discretization (Figure 5). 

 
(a) (b) 
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(c) (d) 

Figure 5. Distribution of 12σ  : (a) Galerkin FEM implemented in C++; (b) formulation A imple-
mented in FreeFEM++; (c) formulation B implemented in FreeFEM++; (d) analytical Kirsch solution. 

5.4. Quantitative Comparison Along Characteristic Sections 

For a more detailed quantitative assessment of the obtained solutions, we consider 

the variation in the normalized stress component 11 / Sσ  along characteristic sections of 
the plate. This representation allows the numerical and analytical results to be compared 
not only in terms of the overall structure of the stress field, but also in terms of the varia-
tion in the stress values near the stress concentrator and with increasing distance from the 
hole boundary. 

Figure 6 presents the distribution of 11 / Sσ  along the OY axis at x = 0, starting from 
the hole boundary and extending toward the outer boundary of the computational do-
main. In the immediate vicinity of the hole, the normal stress reaches its maximum value 
due to the stress concentration effect. As the distance from the hole increases, the value of 

11 / Sσ  decreases and gradually approaches the far-field stress level. The numerical solu-
tion obtained using the Poisson-type stress formulation reproduces the characteristic var-
iation of the analytical Kirsch solution, with the most noticeable differences occurring in 
the region of increased stress gradient near the hole boundary. 

For an additional assessment of the solution behavior, the variation in the normalized 

stress component 11 / Sσ  along the OX axis on the central line of the plate was also con-
sidered. The corresponding results are presented in Figure 7. In this section, the stress 
variation is likewise governed by the influence of the circular hole: the greatest deviation 
from the far-field stress state is observed near its boundary, whereas with increasing x-
coordinate, the influence of the stress concentrator gradually decreases. The obtained nu-
merical values demonstrate good qualitative agreement with the analytical solution and 
correctly reproduce the characteristic stress redistribution along the considered section. 
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Figure 6. Comparison of normalized stress 11 / Sσ  along the OY axis. 

 

Figure 7. Comparison of normalized stress 11 / Sσ  along the OX axis. 

Comparison of the results along the two characteristic directions shows that the pro-

posed stress formulation reproduces both the local variation of 11σ  near the hole and the 
subsequent convergence of the solution to the far-field stress state. The largest discrepan-
cies from the analytical solution are concentrated in regions of high stress gradients, indi-
cating the need for further analysis of the influence of spatial discretization. Therefore, the 
accuracy of the numerical solution is subsequently assessed through successive refine-
ment of the finite element mesh and analysis of the corresponding errors. 

5.5. Mesh Refinement and Error Analysis 

To quantitatively assess the accuracy of the developed finite element schemes, an 
error analysis was performed under successive refinement of the computational mesh. 
The analytical solution of the Kirsch problem (37), obtained based on the Airy stress func-
tion, was used as the reference solution. Calculations were performed for several values 
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of the characteristic finite element size h. For each mesh, the maximum absolute error, 
mean absolute error, relative error, and observed convergence order p were determined. 

To ensure the reproducibility of the calculations, Table 1 presents the main charac-
teristics of the finite element meshes used in the convergence study, including the charac-
teristic element size h  the number of nodes, the number of triangular finite elements, 
and the total number of degrees of freedom. 

Table 1. Characteristics of the finite element meshes used in the mesh-refinement study. 

h Number of Nodes Number of Triangular Elements Number of Degrees of Freedom 
0.10 1250 2306 3590 
0.05 3899 6434 11,377 

0.0125 17,957 27,190 52,671 

First, we consider the results for Problem A, based on the Beltrami–Michell equa-
tions. The obtained error characteristics under successive finite element mesh refinement 
are presented in Table 2. 

Table 2. Error and convergence characteristics for formulation A based on the Beltrami–Michell 
equations. 

h (Characteristic  
Element Size) 

Max Absolute  
Error 

Mean Absolute  
Error 

Relative Error 
(%) 

Convergence  
Order (p) 

0.10 0.498 0.0614 10.367 — 
0.05 0.410 0.0596 9.163 0.18 

0.0125 0.139 0.0251 3.189 0.76 

As shown in Table 2, refinement of the finite element mesh is accompanied by a con-
sistent decrease in both the maximum and mean absolute errors. The maximum absolute 
error decreases from 0.498 at h = 0.10 to 0.139 at h = 0.0125, while the mean absolute error 
decreases from 0.0614 to 0.0251. At the same time, the relative error decreases from 
10.367% to 3.189%, indicating improved agreement between the numerical solution and 
the analytical Kirsch solution with increasing spatial mesh resolution. 

The observed convergence order is p = 0.18 and p = 0.76 for successive refinement 
levels. Since the values of p vary and do not reach a constant asymptotic level, they should 
be regarded as numerical estimates of the error reduction rate for the investigated meshes 
rather than as the theoretical convergence order of the finite element scheme. 

A similar analysis was performed for Problem B, formulated based on Poisson-type 
equations directly in terms of the components of the stress tensor. To ensure comparability 
of the results, the same characteristic finite element sizes and the same error measures 
were used. The results are presented in Table 3. 

Table 3. Error and convergence characteristics for formulation B based on the stress Poisson equa-
tions. 

h (Characteristic  
Element Size) 

Max Absolute  
Error  

Mean Absolute 
Error 

Relative Error 
(%) 

Convergence Order (p) 

0.10 0.376 0.092 10.671 — 
0.05 0.282 0.075 8.583 0.314 

0.0125 0.262 0.0667 7.415 0.106 

The results presented in Table 3 also show a reduction in the error with refinement 
of the finite element mesh. The maximum absolute error decreases from 0.376 at h = 0.10 
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to 0.262 at h = 0.0125, while the mean absolute error decreases from 0.092 to 0.0667. The 
relative error decreases from 10.671% to 7.415%. Thus, for Problem B, a consistent conver-
gence of the numerical solution toward the analytical solution is also observed as the char-
acteristic finite element size decreases. 

The observed convergence orders are p = 0.314 and p = 0.106. As in the case of Problem 
A, they do not form a constant sequence corresponding to an established asymptotic re-
gime. Therefore, these values characterize the numerical behavior of the scheme only 
within the considered range of meshes. 

A comparison of the results in Tables 2 and 3 shows that, for both stress formulations, 
a decrease in the finite element size is accompanied by a reduction in the considered error 
measures. At the same time, the rate of error reduction differs. On the finest mesh consid-
ered, with h = 0.0125, the relative error for Problem A is 3.189%, whereas for Problem B it 
is 7.415%. Thus, within the numerical experiment performed, formulation A demonstrates 
closer agreement with the analytical Kirsch solution. 

5.6. Comparison with the Standard Displacement-Based Finite Element Formulation 

For an additional assessment of the developed stress-based formulations, the Kirsch 
problem was also solved using the standard displacement-based finite element formula-
tion. In contrast to formulations A and B, where the components of the stress tensor are 
the primary unknown functions, in the classical formulation the unknowns are the dis-

placement vector components 1u  and 2u . After determining the displacement field, the 
strain components are calculated by differentiating the finite element approximation, and 
the corresponding stress components are recovered using the constitutive relations of lin-
ear elasticity. 

To ensure a correct comparison, the same geometric parameters of the plate and cir-
cular hole, material properties, and external loading were used in all three calculations. In 
addition, the same or the closest possible mesh resolution was employed for the compar-
ative analysis. This reduces the influence of differences associated with geometry, loading, 
and discretization and allows the comparison to focus directly on the method used to de-
termine the stress components. 

In the standard displacement-based formulation, the approximate field is repre-
sented as: 

( )

1
( , ) ( , ) ,    1, 2.

N
h k
i k i

k
u x y N x y u i

=

= =  

where ( , )kN x y −  are the finite element basis functions, and 
( )k
iu −  are the nodal values 

of the displacement components. After solving the global system of finite element equa-
tions, the strain components are determined from the kinematic relations. 
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The corresponding stress components are then calculated from Hooke’s law for the 
plane stress state considered. Thus, in the displacement-based formulation, the stresses 
are derived quantities obtained after computing and differentiating the displacement field, 
whereas in formulations A and B they are determined directly as the primary unknowns 
of the finite element system. 

For the quantitative comparison, the same error measures as those used in the anal-
ysis of formulations A and B were employed: the maximum absolute error, the mean 



Appl. Sci. 2026, 16, 9303 23 of 28 
 

https://doi.org/10.3390/app16189303 

absolute error, and the relative error with respect to the analytical Kirsch solution. The 
results for the finest mesh considered are presented in Table 4. 

Table 4. Comparison of the stress-based and displacement-based finite element formulations for the 
Kirsch problem. 

Formulation Maximum Absolute Error Mean Absolute Error Relative Error, % 
Formulation A (h = 0.0125) 0.139 0.0251 3.189 
Formulation B (h = 0.0125) 0.262 0.0667 7.415 

Standard displacement-
based FEM (h = 0.0125) 0.140 0.064474 7.165 

As shown in Table 4, all three finite element formulations reproduce the characteristic 
stress distribution in a plate with a circular hole and allow the stress distribution near the 
hole boundary to be described. The results obtained using the standard displacement-
based formulation are also consistent with the analytical Kirsch solution, which confirms 
the correctness of the stress-based equations used and the solution method within the Ga-
lerkin finite element framework. 

In the classical finite element formulation, the stress components are determined at 
the post-processing stage from the gradients of the computed displacement field. In the 
proposed formulations A and B, the corresponding stress components are included di-
rectly among the primary unknowns of the discrete problem. Therefore, the comparison 
makes it possible to assess not only the agreement between different computational im-
plementations but also the features of directly determining the stresses compared with 
their recovery from the displacement field. 

For the problem considered and the selected mesh, the relative error of the standard 
displacement-based formulation was 7.165%, whereas for formulations A and B it was 
3.189% and 7.415%, respectively. These results show that the direct stress-based approxi-
mation is capable of reproducing the local stress field in the vicinity of the stress concen-
trator with an accuracy comparable to that of the classical finite element formulation. 

The comparison was performed for the specific Kirsch problem, the selected type of 
linear triangular finite elements, and the considered sequence of computational meshes. 
In addition, the largest errors occur in the vicinity of the circular hole, where the stress 
field is characterized by high spatial gradients and increased sensitivity to discretization. 

Overall, the analysis demonstrates a reduction in the discrepancy between the nu-
merical and analytical solutions with mesh refinement for both formulations considered. 
The results also indicate the desirability of further investigating the influence of local mesh 
refinement and higher-order finite elements on the accuracy of the direct determination 
of the components of the stress tensor. 

6. Discussion 
In the present work, two finite element formulations of a boundary value problem in 

linear elasticity are investigated, in which the components of the stress tensor are consid-
ered directly as the primary unknown functions. Formulation A is based on the combined 
use of the equilibrium equations and the Beltrami–Michell equations, whereas formula-
tion B is obtained by transforming the original system into Poisson-type equations for the 
individual components of the stress tensor. For both formulations, weak forms are con-
structed using the Galerkin method, and finite element discretization is performed using 
continuous linear basis functions on triangular elements. As a result, the unknowns of the 
corresponding global systems are directly the nodal values of the stress components, with-
out the preliminary determination of the displacement field. 
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The numerical results for the Kirsch problem show that both developed formulations 
reproduce the characteristic stress distribution in a plate with a circular hole, including 
the region of pronounced stress concentration near the hole boundary. Comparison with 
the analytical solution shows a consistent decrease in the considered error measures as 
the finite element mesh is refined. On the finest mesh considered, with a characteristic size 
of h = 0.0125, the relative error was 3.189% for formulation A and 7.415% for formulation 
B. These results confirm the applicability of both stress-based formulations to the consid-
ered benchmark problem and demonstrate the possibility of directly determining the 
stress tensor components within the finite element method. 

The additional comparison with the standard displacement-based finite element for-
mulation allows the obtained results to be considered not only as a mutual verification of 
two independent implementations of the stress-based schemes. In the classical displace-
ment-based formulation, the displacement components are the primary unknowns, while 
the strains and stresses are determined after solving the problem by differentiating the 
finite element approximation of the displacement field and applying the constitutive rela-
tions. In formulations A and B, in contrast, the stress components are included directly 
among the primary unknowns of the discrete system. The comparison, performed using 
the same geometric parameters, material properties, loading, and comparable mesh reso-
lution, makes it possible to directly assess the features of these two approaches to the nu-
merical determination of the stress field. For the standard displacement-based finite ele-
ment formulation, the maximum absolute, mean absolute, and relative errors were 0.140, 
0.064474, and 7.165%, respectively. For the discretization considered, these results show 
that formulation A provides the closest agreement with the analytical solution, whereas 
the standard displacement-based formulation and formulation B demonstrate compara-
ble levels of error. 

When interpreting the quantitative comparison with the analytical solution, the spe-
cific feature of the selected benchmark problem should also be taken into account. The 
classical Kirsch solution corresponds to an infinite elastic plane with a circular hole, 
whereas the finite element model is considered within a finite computational domain. 
Consequently, the discrepancy between the analytical and numerical values may be de-
termined not only by the spatial discretization error but also by the influence of the finite 
distance from the hole to the outer boundaries of the computational domain. For this rea-
son, the geometric dimensions l and h, the hole radius a, and the dimensionless ratio a/L 
specified in the problem formulation are essential for interpreting the obtained errors. In 
particular, the residual discrepancy with the Kirsch solution under mesh refinement 
should not automatically be attributed exclusively to the finite element approximation er-
ror. 

The independent implementation of the developed schemes in a custom C++ pro-
gram and in FreeFEM++ provides an additional verification of the correctness of the de-
rived weak forms, finite element discretization, and computational algorithm. The agree-
ment between the results of the two implementations reduces the likelihood that the ob-
served numerical behavior is associated with the specific features of a particular program 
code. 

The present study has several limitations that define the scope of applicability of the 
obtained results. First, the numerical implementation and verification were performed for 
two-dimensional linear isotropic elasticity under small deformations. Therefore, the ob-
tained results should not be directly extended to anisotropic materials, nonlinear consti-
tutive relations, elastoplastic processes, large deformations, crack formation, or other 
physically or geometrically nonlinear problems without additional theoretical and nu-
merical investigation. The present work considers the basic linear formulation required to 
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verify the feasibility of a direct finite element approximation of the stress components 
within the proposed Galerkin scheme. 

The second limitation is related to the spatial discretization used. In both formula-
tions, linear basis functions on triangular finite elements are employed. This approxima-
tion is convenient for the construction and verification of the proposed scheme; however, 
its accuracy may decrease in regions with high stress gradients, particularly in the imme-
diate vicinity of a stress concentrator. The reduction in error observed with mesh refine-
ment demonstrates the effectiveness of locally increasing the spatial resolution; however, 
for a more accurate representation of stresses in regions of stress concentration, higher-
order finite elements and adaptive local mesh refinement should be investigated. 

In addition, the finite element implementation performed in this study is limited to 
two-dimensional problems. Although the governing relations of elasticity can be formu-
lated in three-dimensional form, the direct extension of the developed discrete scheme to 
three-dimensional problems requires a separate investigation. In particular, the corre-
sponding three-dimensional weak forms must be constructed, the structure of the local 
and global finite element systems must be determined, and their systematic numerical 
verification must be performed using three-dimensional benchmark problems with 
known or independently obtained solutions. Therefore, the development and verification 
of a three-dimensional version of the method are considered a separate direction for fu-
ture research. 

Thus, the analysis shows that both stress-based formulations considered can be im-
plemented using the Galerkin method and allow the stress tensor components to be de-
termined directly at the nodes of the finite element mesh. The results obtained for the 
Kirsch problem confirm the applicability of the proposed approach to solving elasticity 
problems in terms of stresses. 

At the same time, the identified differences between formulations A and B, the influ-
ence of spatial discretization, and the noted limitations define the directions for further 
development of the method, including the extension of the set of benchmark problems, 
the use of higher-order elements and adaptive meshes, as well as the development and 
verification of a three-dimensional stress-based finite element formulation. 

7. Conclusions 
In this study, two stress-based finite element formulations for two-dimensional linear 

elasticity were developed and investigated. Formulation A combines the Beltrami–Michell 
equations with the differentiated equilibrium equations, whereas formulation B is based 
on a transformed system of Poisson-type equations for the stress components. For both 
formulations, Galerkin weak forms were constructed and discretized using linear trian-
gular finite elements, with the stress components treated directly as the primary nodal 
unknowns without preliminary computation of the displacement field. 

The formulations were verified using the Kirsch problem and independent imple-
mentations in C++ and FreeFEM++. Both formulations reproduced the characteristic stress 
distribution and stress concentration near the circular hole. Mesh refinement reduced the 
relative error from 10.367% to 3.189% for formulation A and from 10.671% to 7.415% for 
formulation B. On the finest mesh considered, formulation A showed closer agreement 
with the analytical Kirsch solution. 

The results demonstrate that the stress tensor components can be used directly as the 
primary unknowns in a Galerkin finite element formulation. The comparison with the 
analytical solution and the agreement between the two independent implementations 
support the applicability of the proposed formulations to the considered two-dimensional 
linear elasticity problem. 
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The present study is limited to two-dimensional linear isotropic elasticity and linear 
triangular elements. Further work will consider higher-order elements, adaptive mesh re-
finement in regions of stress concentration, three-dimensional formulations, and exten-
sions to more general material models. 
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