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Abstract

Accurate prediction of moisture transfer during drying processes remains challenging. In
the present study, a progressive numerical framework was developed to investigate mois-
ture diffusion in ethanol-pretreated beetroot by systematically incorporating increasing
levels of physical complexity into Fick’s second law of diffusion. Four one-dimensional
formulations were examined, including constant moisture diffusivity, shrinkage under
constant diffusivity, moisture-dependent effective diffusivity, and a fully coupled model
combining moisture-dependent diffusivity with shrinkage. The methodology was further
extended to two dimensions to evaluate the spatial evolution of moisture. The governing
equations were solved using an implicit Crank-Nicolson finite difference scheme, while
shrinkage was introduced through a time-dependent computational domain and moisture-
dependent diffusivity was implemented as a variable transport property. The predicted
moisture distributions demonstrated that incorporating shrinkage reduced the diffusion
path length, whereas moisture-dependent diffusivity provided a more realistic represen-
tation of the transport resistance. The coupled formulation produced the most physically
consistent description of moisture migration by simultaneously accounting for both mecha-
nisms. Furthermore, the two-dimensional simulations provided additional insight into the
spatial redistribution of moisture. The proposed framework establishes a physically based
interpretation of the enhanced drying behavior observed after ethanol pretreatment and
provides a flexible computational methodology for analyzing moisture transfer.

Keywords: beetroot drying; ethanol pretreatment; moisture diffusivity; shrinkage modeling;
finite difference simulation; convective drying

1. Introduction

Convective drying is one of the most widely applied preservation techniques in the
food industry because it effectively reduces water activity, extends shelf life, and facilitates
the storage and transportation of agricultural products. Since the pioneering work of
Lewis [1], drying has been recognized as a complex transport phenomenon involving
simultaneous heat and mass transfer. Comprehensive descriptions of industrial drying
technologies and their engineering applications are provided by Crank [2], Mujumdar [3],
and Lewicki [4].
challenging process because the physical properties and geometry of biological materials

Despite its widespread industrial use, convective drying remains a

continuously evolve throughout dehydration.
Among root vegetables, beetroot (Beta vulgaris L.) has attracted considerable scientific
and industrial interest owing to its high nutritional value and abundance of bioactive
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compounds, including betalains, phenolic compounds, vitamins, and dietary fibers. These
constituents are associated with antioxidant activity and various health-promoting effects,
increasing consumer demand for high-quality dried beetroot products. However, con-
vective drying may adversely affect color, texture, nutritional composition, and overall
product quality if the process is not properly controlled. Consequently, significant research
has focused on improving drying efficiency while preserving product quality.

Several experimental studies have investigated the drying kinetics and mathematical
modelling of beetroot under convective hot-air drying conditions. Gokhale and Lele [5]
developed mathematical models describing beetroot drying kinetics, while Ingle et al. [6]
evaluated empirical drying models under different operating conditions. More recently,
Dasore et al. [7] analyzed thin-layer drying behavior of beetroot, whereas de Franca et al. [8]
combined digital image analysis with near-infrared spectroscopy to monitor drying kinetics
and quality evolution. These studies demonstrate that beetroot drying is governed by
complex moisture transfer mechanisms that cannot always be adequately represented by
simplified empirical correlations.

Pretreatment techniques have been widely investigated as an effective strategy for
enhancing drying performance and improving product quality. Among these methods,
ethanol pretreatment has received increasing attention because it accelerates moisture
removal without requiring substantial modifications to conventional drying equipment.
Corréa et al. [9] first demonstrated that ethanol immersion enhances convective drying
of bananas, while Rojas and Augusto [10] provided a detailed mechanistic interpretation
of ethanol-assisted drying and its influence on moisture transfer and rehydration behav-
ior. Similar improvements have subsequently been reported for scallion [11] and garlic
slices [12], confirming that ethanol pretreatment enhances internal moisture transport in a
wide range of plant tissues. For beetroot specifically, Fotiou and Goula [13] experimentally
demonstrated that ethanol pretreatment significantly accelerates drying kinetics under var-
ious pretreatment conditions, although the underlying transport mechanisms responsible
for this enhancement remain insufficiently quantified from a mathematical perspective.

Mathematical modelling has become an essential tool for analyzing moisture transfer
during drying and for predicting drying kinetics under different operating conditions.
Diffusion-based models derived from Fick’s second law [14] have been extensively em-
ployed because they provide a physically meaningful description of internal moisture
migration while maintaining relatively low computational complexity. Classical analytical
solutions proposed by Crank [2] generally assume constant effective moisture diffusivity
and fixed sample geometry. Although these assumptions simplify the governing equa-
tions, they do not adequately represent the evolving characteristics of biological materials
during dehydration.

Experimental and theoretical investigations have shown that moisture transfer is
strongly influenced by both structural deformation and variations in effective moisture
diffusivity. Mayor and Sereno [15] demonstrated that shrinkage significantly affects heat
and mass transfer by continuously modifying the geometry of food materials during dry-
ing [16-18]. Similarly, Chen et al. [19] and Srikiatden and Roberts [20] reported that effective
moisture diffusivity evolves continuously with moisture content and therefore should be
treated as a variable transport property rather than a constant material parameter [21,22].
Neglecting either mechanism may substantially reduce the predictive capability of diffusion
models, particularly during the later stages of drying when structural changes become
increasingly significant [23,24].

This work addresses this gap by developing a progressive diffusion-based numeri-
cal framework for modelling moisture transfer during the convective drying of ethanol-
pretreated beetroot. The proposed methodology systematically investigates four one-
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dimensional formulations of increasing physical complexity, including constant effective
diffusivity, shrinkage under constant diffusivity, moisture-dependent diffusivity, and a
fully coupled model incorporating both moisture-dependent diffusivity and geometrical
shrinkage. The numerical framework is implemented using an implicit Crank—Nicolson
finite difference scheme and is subsequently extended to a two-dimensional formulation to
investigate the spatial evolution of moisture within the drying material.

Unlike previous diffusion-based studies that primarily investigate individual trans-
port mechanisms separately, the present work systematically evaluates their individual
and combined contributions within a progressive numerical modelling framework. By
combining physically based transport mechanisms with experimentally derived relation-
ships for effective moisture diffusivity and shrinkage, the proposed approach provides a
comprehensive mathematical interpretation of the enhanced drying behavior produced by
ethanol pretreatment while establishing a flexible computational methodology applicable
to different food materials, pretreatment techniques, and drying conditions.

2. Materials and Methods
2.1. Sample Preparation and Experimental Drying

Fresh red beetroots (Beta vulgaris L., Detroit variety) were obtained from a farm in
Pella (North Greece), harvested in 2024. Prior to dehydration, the samples were thoroughly
washed, peeled, and cut into slices of uniform geometry to ensure consistent drying
conditions and minimize experimental variability. Sample dimensions (2 cm cubes) were
selected according to the experimental protocol employed in the original drying study [13].
Initial moisture content was 87.66 + 0.54% wet basis (w.b.).

Before convective drying, the beetroot samples were subjected to ethanol (>99.5% pu-
rity, food grade, from Sigma-Aldrich (Millipore Sigma, Burlington, MA, USA)) pretreatment.
Ethanol solutions of 30-100% v /v were formulated and beetroot cubes were immersed in
ethanol solution (solid:liquid ratio 1:8 g/mL) in covered glass beakers kept in a water bath
at temperatures of 25-55 °C for pretreatment times of 10-30 min. After pretreatment, excess
ethanol was removed from the sample surface before drying. Untreated samples were also
considered as reference material for comparison with the ethanol-pretreated samples.

Drying experiments were conducted in a laboratory-scale convective hot-air dryer
(Memmert U40, Memmert GmbH + Co. KG, Schwabach, Germany) operating under
controlled conditions. Throughout the experiments, the drying air temperature (70 °C)
and airflow velocity (1.2 m/s) were maintained constant, while the sample mass was
periodically measured using a precision analytical balance (KERN PCB 1000-2, Kern &
Sohn GmbH, Balingen, Germany). Drying was continued until the samples reached a
moisture content of approximately 15% w.b.

The experimental drying and shrinkage data used for model development and vali-
dation were obtained from the experimental investigation previously reported by Fotiou
and Goula [13]. That study provides a comprehensive description of the drying protocol,
ethanol pretreatment conditions, and experimental methodology, whereas the present work
focuses on the development, implementation, and validation of mathematical diffusion
models using the published experimental dataset.

The experimental drying curves obtained under these controlled conditions served as
the reference dataset for validation of the numerical models developed in this study. Rather
than proposing a new experimental drying methodology, the present work focuses on
the development of progressively more realistic diffusion models capable of reproducing
the experimentally observed moisture evolution. Accordingly, the experimental measure-
ments constitute the benchmark against which the predictive capability of each numerical
formulation was systematically evaluated.

https:/ /doi.org/10.3390/app16168280


https://doi.org/10.3390/app16168280

Appl. Sci. 2026, 16, 8280

40f21

2.2. Mathematical Modeling of Moisture Diffusion

Moisture transfer during convective drying was described using Fick’s second law
of diffusion [2], assuming that internal diffusion represents the dominant mechanism
governing moisture migration during the falling-rate drying period. Since no constant
drying-rate period was observed experimentally [13], moisture movement within the
beetroot samples was modelled as a transient diffusion process.

The dimensionless moisture ratio (MR) was used to describe drying behavior according
to [25]:

X—-X

R=——-+ 1
MR=<—%. 1)

where X represents moisture content expressed as percentage wet basis (% w.b.) at time ¢,

X is the initial moisture content, and X, is the equilibrium moisture content.
The experimental drying rate (DR) was determined from:

mdAX
AsAt

DR = (2)
where m,; denotes the dry solid mass, A; is the exposed drying surface area, and AX
represents the moisture variation during the time interval At.

Assuming isotropic moisture transfer and negligible internal moisture generation, the
governing diffusion equation is expressed by Fick’s second law:

0X(z,t) DeffaZX(Z, f)
of 022 ®)

where D, is the effective moisture diffusivity and z represents the spatial coordinate.

For constant diffusivity and uniform initial moisture distribution, the analytical solu-
tion proposed by Crank [2] was adopted as the reference formulation for comparison with
the numerical simulations.

(8 s 1 (2n —1)*372D ¢4t
ME= <7f6) " ((271 - 1)6)eXp<_ 417 @)

The numerical solution satisfies the following conditions:

Initial condition:

X(2,0) = Xo(2) ®)
Symmetry condition:
0X
<az) z=0 B (6)
Surface equilibrium condition:
X(L,t) =X, (7)

Although a uniform moisture distribution is often assumed in diffusion studies, the
numerical simulations were initialized using a Gaussian-type moisture profile to facili-
tate visualization of moisture redistribution within the computational domain. Since the
primary objective of this work was to compare the behavior of progressive diffusion formu-
lations under identical conditions, the same initial profile was consistently applied in all
simulations. The above conditions describe zero moisture flux at the sample center due to
symmetry, and equilibrium moisture concentration at the external surface throughout the
drying process.
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Although the analytical formulation assumes constant transport properties, biological
materials continuously undergo structural modifications during drying. Consequently, the
proposed modelling framework systematically incorporates moisture-dependent diffusivity
and sample shrinkage to improve the physical representation of moisture transport.

2.3. Numerical Solution and Implementation

The governing diffusion equation was solved numerically using the implicit Crank-Nicolson
finite difference method because of its second-order accuracy in both space and time and
the well-known unconditional stability property of the linear Crank-Nicolson formulation.

The computational domain was discretized using uniformly distributed spatial nodes,
whereas time integration was performed using constant time increments. Spatial deriva-
tives were approximated by central finite differences, resulting in a tridiagonal system of
algebraic equations solved at each time step.

Initially, a reference model assuming constant effective diffusivity and fixed sample
geometry was implemented. Subsequently, increasingly realistic numerical formulations
were developed by incorporating sample shrinkage, moisture-dependent diffusivity, and
finally the simultaneous coupling of both mechanisms.

Sample shrinkage was introduced through dynamic updating of the computational
geometry during drying, whereas the effective moisture diffusivity was recalculated as a
function of the local moisture content. These modifications allowed both the transport coef-
ficient and the computational domain to evolve continuously throughout the simulation.

The governing equations were implemented in Python (version 3.10.12) using scien-
tific computing libraries for matrix operations, numerical linear algebra, interpolation, and
graphical post-processing. Sparse matrix techniques were employed to improve computa-
tional efficiency, while the modular structure of the code enabled each physical mechanism
to be activated independently without altering the numerical solution procedure.

Four successive numerical formulations were evaluated: (i) constant diffusivity with
fixed geometry, (ii) constant diffusivity including shrinkage, (iii) moisture-dependent
diffusivity without shrinkage, (iv) the fully coupled model combining moisture-dependent
diffusivity and shrinkage, and (v) a two-dimensional extension of the coupled formulation.
This progressive modelling strategy enabled the contribution of each physical mechanism
to moisture transport to be systematically evaluated under identical drying conditions.
The nonlinear diffusivity term was evaluated using the moisture content obtained from
the previous time step. The resulting semi-implicit formulation preserved the tridiagonal
structure of the Crank—Nicolson discretization and was solved sequentially at each time
step using sparse matrix solvers implemented in Python.

3. Results
3.1. Moisture Diffusion with Constant Diffusivity and Fixed Geometry

The first numerical formulation assumes constant effective moisture diffusivity and
fixed sample geometry throughout the drying process. Under these assumptions, moisture
migration was governed exclusively by Fick’s second law, expressed by Equation (3),
while neither the transport coefficient nor the computational domain changed during
the simulation.

The spatial field is defined symmetrically in space:

L, <z<L, (8)
Effective diffusivity depends on moisture content [13]:

D,sr = 1.9371 x 10717 + 8.036 x 10~ exp(0.0451 x X) 9)
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thus introducing physical nonlinearity into the problem. However, its value changes within
the time loop; therefore, it maintains its initial maximum value (constant diffusivity).
The space is divided into N, = 500 subintervals, with:

2L,
Az = — 10
2= 3 (10)
and in total n; = N + 1 spatial nodes.
The second derivative is approximated by central differences:
X Xi1—2X;i+ Xin an

222 AzZ?

This discretization leads to a tridiagonal system of equations, as each node is only
affected by its two neighbors.

Time is differentiated into 52,800 time steps. The factor a = Dz“gfz ?t corresponds to the
Fourier number of the diffusion and results from the semi-indirect scheme Crank-Nicolson.

As illustrated in Figure 1, the initial moisture profile exhibits the expected Gaussian
distribution, with the maximum moisture content located at the center of the sample and
gradually decreasing towards the boundaries. As drying proceeds, the moisture profiles
become progressively flatter, indicating continuous redistribution of moisture from the
interior towards the external surfaces. This behavior is characteristic of diffusion-controlled
drying and reflects the gradual reduction in concentration gradients responsible for internal
moisture transport.
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Figure 1. Evolution of the moisture distribution across the sample thickness at different drying times
predicted by the one-dimensional diffusion model assuming constant effective moisture diffusivity
and fixed geometry.

The progressive decrease in the peak moisture content demonstrates that moisture
removal is controlled primarily by internal diffusion during the falling-rate period [25].
Because the effective moisture diffusivity remains constant throughout the simulation, the
moisture profiles evolve smoothly and symmetrically, producing a nearly uniform rate of
profile relaxation over time. From a mathematical viewpoint, this behavior originates from
the gradual decrease in the curvature term %27}2( as the moisture profile flattens. As a direct
result, the driving force for diffusion reduces in a gradually uniform manner, regardless of

changes in the physical structure of the material.
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Although the predicted behavior agrees with the theoretical characteristics of Fickian
diffusion, the assumptions adopted in the model inevitably simplify the actual drying
process [25]. Biological tissues continuously undergo structural modifications during
dehydration, including pore collapse, reduction in internal volume, and changes in trans-
port pathways. Since these mechanisms are neglected in the present formulation, the
model represents an idealized description of moisture migration rather than a complete
representation of the physical process.

The behavior observed in Figure 1 is consistent with previous diffusion-based studies
reporting that constant-property models adequately reproduce the general characteristics of
moisture transport during the early stages of drying but gradually lose predictive capability
as structural changes become increasingly important [3,6,7].

Therefore, the constant-diffusivity formulation provides an appropriate reference
model against which the influence of additional physical mechanisms can be evaluated. In
the following section, the computational framework is extended by incorporating sample
shrinkage while maintaining constant effective diffusivity, allowing the isolated contribu-
tion of geometrical changes to moisture transport to be investigated.

3.2. Effect of Shrinkage Under Constant Diffusivity

The second numerical formulation investigated the influence of sample shrinkage
on moisture transport while maintaining a constant effective moisture diffusivity. In this
approach, the computational geometry was updated continuously throughout the drying
process according to the experimentally determined dimensional changes in the beetroot
slices, whereas the diffusion coefficient remained unchanged. This modification allows the
numerical model to account for the reduction in the diffusion path length associated with
structural deformation during dehydration.

Shrinkage was introduced through a time dependent characteristic length L(t), defining
a shrinking spatial domain:

z € [-L(t), L(t)] (12

After coordinate transformation (¢ = ﬁ), the governing equation becomes:

0X 1 92X

ot = DeffiL(t)z aigz (13)

The factor 1/L(t)*> mathematically amplifies the diffusion term as shrinkage proceeds.
This mechanism reduces the effective diffusion path, resulting in accelerated moisture
removal relative to the fixed geometry situation. Shrinkage does not alter the material’s
diffusive properties, but it scales the diffusion operator geometrically. Thus, the observed
increase in drying rate occurs strictly from spatial compression rather than higher mass
transport capability.

As shown in Figure 2, incorporating shrinkage significantly altered the evolution of
the internal moisture profiles. Compared with the constant-geometry model, the moisture
gradients decreased more rapidly as drying progressed, reflecting the shorter diffusion
distances resulting from the progressive reduction in sample thickness. Consequently, mois-
ture migrated more efficiently from the interior towards the external surfaces, producing
moisture distributions that evolved at a faster rate than those predicted by the reference
model [26].

https:/ /doi.org/10.3390/app16168280


https://doi.org/10.3390/app16168280

Appl. Sci. 2026, 16, 8280

8 of 21

100
w— 0 min w480 min
40 min 600 min
e 120 Min e 720 min
— 240 min 880 min
80 - e 360 MV
Q > il
= g N
2 e0f / N\
€ \
2
c / \
8 ;
/ W\
) \
5 4f 4 \
9
(] .
N\
p= / \
2o Z - — N\

0 1 1 1 1 1 1 1
-0.0100 -0.0075 -0.0050 -0.0025 0.0000 0.0025 0.0050 0.0075 0.0100
Distance from the center (m)
Figure 2. Evolution of the moisture distribution across the sample thickness at different drying times

predicted by the one-dimensional diffusion model incorporating sample shrinkage while assuming
constant effective moisture diffusivity.

The effect of shrinkage became increasingly pronounced during the intermediate
and final stages of drying. At high moisture contents, the geometrical changes were
relatively limited, and the predicted profiles remained similar to those obtained using the
fixed-geometry formulation [16-18]. As dehydration continued, however, the reduction
in sample dimensions accelerated the diffusion process by decreasing the characteristic
transport length. This behavior is consistent with the physical expectation that moisture
requires increasingly shorter distances to reach the product surface as shrinkage develops.

The improved agreement obtained after incorporating shrinkage highlights the impor-
tance of structural deformation during convective drying of biological materials. Ignoring
volume reduction results in an overestimation of the diffusion path and consequently
underestimates the rate of moisture removal during the later stages of drying [26]. By
continuously updating the computational domain, the present formulation provides a more
realistic representation of the evolving internal geometry of the beetroot tissue.

Despite this improvement, the numerical predictions still exhibited deviations from
experimental observations. These discrepancies indicate that geometrical changes alone
cannot fully explain the drying behavior. While shrinkage modifies the distance over
which moisture diffuses, the transport coefficient itself is still assumed to remain constant
throughout the entire process. The effective moisture diffusivity changes continuously as
moisture content decreases and the internal structure of the material evolves.

The influence of shrinkage observed in the present study agrees with previous investi-
gations demonstrating that structural deformation plays a significant role in determining
drying kinetics. Mayor and Sereno [6] reported that shrinkage affects both heat and mass
transfer by modifying the geometry of the material during dehydration. Similar conclu-
sions have been reported for diffusion-based drying models of fruits and vegetables, where
incorporating shrinkage considerably improves agreement between numerical predictions
and experimental measurements [26].

Although the inclusion of shrinkage enhanced the physical realism of the numerical
model, the remaining discrepancies suggest that accurate prediction of moisture transport
also requires consideration of variable transport properties. Consequently, the follow-
ing section investigates the influence of moisture-dependent effective diffusivity while
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maintaining a fixed computational geometry, allowing the individual contribution of the
transport coefficient to be evaluated independently of structural deformation.

3.3. Moisture-Dependent Effective Diffusivity Without Shrinkage

The third numerical formulation investigated the influence of moisture-dependent
effective diffusivity while maintaining a fixed sample geometry throughout the drying
process. Unlike the previous models, the effective moisture diffusivity was continuously
updated according to the local moisture content, allowing the transport coefficient to evolve
dynamically during dehydration. This approach provides a more realistic representation
of internal moisture transport by accounting for the progressive changes in the physical
properties of the material as drying proceeds [21,22].

To account for physical changes in the material, the effective diffusivity was expressed
as an explicit function of local moisture.

The governing diffusion equation then becomes:

X 9 { SX] (14)

o oz | PNy

Equation (14) is nonlinear, leading to fundamentally different system dynamics. Re-
gions with high moisture content present higher diffusivity, advancing fast early-stage
moisture redistribution.

Figure 3 illustrates the incorporation of moisture-dependent diffusivity significantly
modified the predicted moisture profiles compared with the constant-diffusivity formu-
lation. The moisture gradients evolved more realistically throughout the drying process,
particularly during the intermediate and final drying stages, where the influence of decreas-
ing moisture content on internal transport became increasingly important. The simulated
profiles exhibited a smoother transition between successive drying times, reflecting the
continuous adaptation of the transport coefficient to the local moisture conditions.
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Figure 3. Evolution of the moisture distribution across the sample thickness at different drying times
predicted by the one-dimensional diffusion model assuming moisture-dependent effective diffusivity
without considering sample shrinkage.

The improved behavior of the model is attributed to the direct relationship between
moisture content and effective diffusivity. As dehydration progresses, the internal structure
of the beetroot tissue undergoes gradual modifications that affect pore connectivity, cellular
integrity, and moisture mobility. Representing diffusivity as a variable property enables
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these changes to be incorporated into the governing equation, resulting in a more accurate
description of moisture migration than that obtained using a single constant diffusion
coefficient [22].

Compared with the shrinkage model presented in the previous section, the present
formulation produced a more substantial improvement in the predicted moisture evolution.
This observation suggests that the evolution of transport properties has a stronger influence
on moisture redistribution than geometrical changes alone. While shrinkage modifies the
effective diffusion distance, moisture-dependent diffusivity directly affects the governing
transport mechanism by continuously adjusting the resistance to moisture movement
within the material [26].

Nevertheless, some discrepancies between the numerical predictions and the experi-
mental observations remained evident, particularly towards the end of the drying process.
Although the transport coefficient evolved continuously with moisture content, the compu-
tational domain remained fixed throughout the simulation. Consequently, the model did
not account for the progressive reduction in sample dimensions accompanying dehydration.
The absence of structural deformation therefore limited the overall predictive capability of
the numerical formulation.

These findings are consistent with previous studies reporting that effective moisture
diffusivity should be considered a variable material property rather than a constant param-
eter during food drying. Chen et al. [7] demonstrated that moisture-dependent diffusivity
substantially improves the prediction of drying kinetics, while Srikiatden and Roberts [8]
reported similar observations for biological materials exhibiting significant structural evo-
lution during dehydration. Such studies support the conclusion that realistic modelling of
moisture transport requires continuous updating of the transport properties throughout
the drying process.

Overall, the results demonstrate that incorporating moisture-dependent effective
diffusivity provides a considerable improvement over the constant-diffusivity formulation
and enhances the physical realism of the numerical model. However, accurate prediction
of drying behavior still requires simultaneous consideration of structural deformation. For
this reason, the following section presents the fully coupled numerical model, in which both
moisture-dependent diffusivity and sample shrinkage are incorporated within a unified
computational framework.

3.4. Fully Coupled Model: Moisture-Dependent Diffusivity and Shrinkage

The fourth numerical formulation combined the two principal mechanisms govern-
ing moisture transport during convective drying, namely moisture-dependent effective
diffusivity and geometrical shrinkage. Unlike the previous models, both the transport
coefficient and the computational domain evolved simultaneously throughout the simula-
tion, allowing the numerical framework to account for the continuous interaction between
material properties and structural deformation.

The formulation combines moisture dependent diffusivity with shrinkage:

X 1 9 aX} 5)

% T LTt [Deff“)a@

This equation includes two independent nonlinearities: property nonlinearity through
Dyg(X) and geometric nonlinearity through L(t). Early drying stages are governed by
high diffusivity at higher moisture levels, whereas intermediate stages present competing
effects between geometric compression and declining diffusivity. At later stages, moisture
transport becomes almost exclusively controlled by the low D #(X) plateau.
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As shown in Figure 4, the fully coupled formulation produced the smoothest evolu-
tion of the internal moisture profiles during drying. The predicted moisture distributions
exhibited a gradual reduction in concentration gradients while simultaneously reflecting
the progressive decrease in sample thickness. This behavior is consistent with the ex-
pected physical response of biological materials, where moisture migration is controlled by
continuously changing transport properties within an evolving geometry.
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Figure 4. Evolution of the moisture distribution across the sample thickness at different drying
times predicted by the fully coupled one-dimensional model incorporating both moisture-dependent
effective diffusivity and sample shrinkage.

Compared with the previous numerical formulations, the coupled model provided a
more realistic description of moisture redistribution throughout the drying process. During
the early drying stages, when moisture content remained relatively high and structural
changes were limited, the predicted profiles were comparable to those obtained using the
simpler formulations. However, as dehydration progressed, the simultaneous evolution of
effective diffusivity and sample dimensions became increasingly important, allowing the
model to reproduce the changing internal moisture gradients more consistently.

These findings demonstrate that neither geometrical shrinkage nor moisture-dependent
diffusivity alone is sufficient to fully describe moisture transport in dehydrating beet-
root tissue. Shrinkage reduces the characteristic diffusion length by continuously mod-
ifying the computational domain, whereas variable diffusivity reflects the progressive
changes in the resistance to internal moisture migration [16-18]. Since both mechanisms
develop simultaneously during drying, their combined implementation provides a more
physically consistent representation of the dehydration process than either assumption
considered independently.

The coupled formulation also demonstrates the advantages of adopting a progres-
sive modelling strategy. Starting from the reference diffusion model and sequentially
incorporating individual physical mechanisms enabled the contribution of each modelling
assumption to be evaluated within the same numerical framework. This approach facili-
tates the interpretation of the drying process while avoiding the introduction of unnecessary
model complexity at the initial stages of the analysis.

The behavior observed in Figure 4 is consistent with previous studies emphasizing
that accurate prediction of drying kinetics requires simultaneous consideration of variable
transport properties and structural changes. Mayor and Sereno [6] highlighted the impor-
tance of shrinkage in modifying heat and mass transfer during dehydration, while Chen
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et al. [7] and Srikiatden and Roberts [8] demonstrated that effective moisture diffusivity
should be treated as a variable property rather than a constant material parameter. The
present results support these observations by integrating both mechanisms into a unified
numerical formulation and demonstrating their complementary roles in moisture transport.

An important feature of the proposed model is its flexibility. Because both shrinkage
and moisture-dependent diffusivity are incorporated within the same finite difference
framework, additional physical mechanisms may be included without modifying the
overall numerical solution strategy. This modular structure facilitates future applications
of the model to different food materials, drying conditions, or pretreatment techniques
through appropriate adjustment of the governing transport relationships.

Overall, the fully coupled model represents the most comprehensive formulation
investigated in this work. By simultaneously accounting for evolving material properties
and structural deformation, it provides the most physically realistic description of moisture
migration among the examined one-dimensional models. This formulation therefore serves
as the basis for the two-dimensional simulations presented in the following section, where
the spatial distribution of moisture within the entire sample is investigated.

3.5. Two-Dimensional Generalization and Spatial Consistency

The final stage of the numerical investigation consisted of extending the fully coupled
one-dimensional formulation to a two-dimensional computational domain. This extension
enabled the spatial evolution of moisture within the entire beetroot slice to be examined,
providing additional insight into the internal redistribution of moisture during drying. The
same physical assumptions adopted in the coupled one-dimensional model were retained,
including moisture-dependent effective diffusivity and time-dependent sample shrinkage.

The two-dimensional governing equation is written as:

aai: -Vv. [Deff(X)VX] (16)

As illustrated in Figure 5, the two-dimensional simulations reveal the development of
non-uniform moisture distributions throughout the drying process. At the beginning of
drying, the moisture field remained relatively homogeneous, reflecting the nearly uniform
initial moisture content of the sample. As dehydration progressed, increasingly steep
moisture gradients developed near the exposed boundaries, while the central region
retained higher moisture levels for a longer period. This behavior demonstrates the gradual
migration of moisture from the interior towards the drying surfaces.

The numerical solution preserves spatial symmetry and stability, demonstrating that
the Crank—Nicolson scheme accurately represents the nonlinear diffusion operator with-
out introducing artificial anisotropy. The predicted moisture contours remained smooth
and physically consistent throughout the simulation, indicating numerical stability of
the finite difference implementation. No artificial oscillations or discontinuities were
observed in the calculated moisture field, confirming that the implicit Crank—Nicolson
scheme [2] successfully handled the coupled effects of variable diffusivity and continuously
evolving geometry.

Agreement between one- and two-dimensional solutions proves that the observed
trends are inherent to the governing equations, not artifacts of dimensional reduction.
Compared with the one-dimensional formulation, the two-dimensional model provided
a more comprehensive representation of moisture transport by accounting for moisture
migration in both spatial directions. While the one-dimensional approach adequately
describes drying in thin samples where transport is predominantly normal to the surface,

https:/ /doi.org/10.3390/app16168280


https://doi.org/10.3390/app16168280

Appl. Sci. 2026, 16, 8280 13 0f 21

the two-dimensional formulation captures lateral moisture redistribution that may become
significant in samples with finite width or non-uniform geometries.
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Figure 5. Two-dimensional moisture distribution predicted by the fully coupled diffusion model at
representative drying times.

The two-dimensional simulations also provide a useful visualization of the progressive
reduction in moisture gradients during dehydration. As drying proceeds, the moisture
field becomes increasingly uniform owing to the combined effects of internal diffusion,
decreasing moisture content and geometrical shrinkage. This behavior agrees with the
expected physical evolution of diffusion-controlled drying and supports the validity of the
proposed numerical framework.

Although the present experimental measurements consisted primarily of average
moisture values, the two-dimensional model offers information that cannot be obtained
directly from conventional drying experiments. In particular, the predicted spatial moisture
distributions provide valuable insight into the internal moisture gradients responsible
for the observed drying kinetics, thereby improving the physical interpretation of the
dehydration process.

The capability to simulate two-dimensional moisture transport also increases the
flexibility of the proposed methodology. The numerical framework can readily be adapted
to more complex product geometries, different boundary conditions, or heterogeneous ma-
terial properties without fundamental modifications to the governing numerical algorithm.
Such flexibility makes the model suitable for future investigations involving irregular food
geometries or alternative drying technologies.

Overall, the two-dimensional extension confirms the robustness and consistency of
the coupled numerical formulation [25]. By preserving the physical behavior observed
in the one-dimensional simulations while providing additional spatial information, the
model establishes a comprehensive framework for analyzing moisture transport during
convective drying.

To facilitate a systematic comparison of the proposed numerical formulations, Table 1
summarizes the progressive evolution of the modelling framework in terms of its under-
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lying physical assumptions and modelling complexity. Each formulation introduces an
additional transport mechanism while preserving the same numerical solution strategy,
thereby enabling the individual contributions of shrinkage, moisture-dependent diffusivity,
and multidimensional transport to be evaluated independently before their combined im-
plementation. This progressive development establishes the foundation for the mechanistic
interpretation of ethanol pretreatment presented in the following section.

Table 1. Progressive evolution of the proposed numerical framework and its physical assumptions.

Numerical Diffusivity Geometry Primary Physical Spatial Physical
Formulation Representation =~ Representation Contribution Domain Realism
Constant Diffusivity . Reference Fickian .
Model Constant Fixed geometry diffusion 1D Baseline
Shrinkage- Shrinking Introduction of geo- .
Corrected Model Constant geometry metricalevolution 1D Intermediate
Variable Moisture- . Introd.uctlon .
e Fixed geometry of moisture- 1D Intermediate
Diffusivity Model dependent
dependent transport
. o Simultaneous
Cou lelziulll[})] Model é\:oé;g:{t S}eu;r;l;?g interaction between 1D Advanced
p p & y both mechanisms
Captures
Fully Moisture- Shrinking two-dimensional D Most
Coupled 2D Model dependent geometry moisture comprehensive
redistribution

3.6. Mathematical Interpretation of Ethanol Pretreatment

The proposed numerical framework provides a physically meaningful interpretation
of the influence of ethanol pretreatment on convective drying. Rather than modifying the
governing diffusion equation, ethanol pretreatment is interpreted as affecting the transport
parameters controlling internal moisture migration. Consequently, the drying enhancement
observed experimentally can be represented mathematically through the simultaneous
evolution of the effective moisture diffusivity and the characteristic diffusion length.

Ethanol pretreatment is mathematically represented via increased diffusivity parameters:

Deff, eth ( X) > Deff, control (X) (1 7)

Therefore:
V- [Deth(X)VX] >V [Dcontrol(X)VX] (18)

The acceleration of drying occurs directly from an improved diffusion operator, not
from phenomenological fitting. This formulation couples microstructural modification
induced by ethanol with macroscopic transfer improvement in a fully mechanistic manner.

The influence of these two mechanisms is evident from the progressive comparison
of the numerical models presented in Figures 1-5. Models employing constant effec-
tive diffusivity or fixed geometry successfully reproduce the general drying trend but
cannot fully capture the experimentally observed moisture redistribution. Incorporating
moisture-dependent diffusivity improves the description of the changing transport prop-
erties, whereas inclusion of shrinkage accounts for the continuously decreasing diffusion
distance. The fully coupled model, combining both mechanisms, produces the most realistic
prediction of the internal moisture field and the temporal evolution of moisture gradients.
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Figures 6 and 7 present the results obtained from the mathematical solution for two dif-

ferent pretreatment conditions, whereas Figure 8 presents a comparison of the predictions
for each experimental condition.
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Figure 6. Evolution of moisture content (% wet basis) in the two-dimensional spatial grid for various
. . . . o . . .
time points during drying after ethanol pretreatment at 40 °C for 20 min with ethanol concentration
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Figure 7. Evolution of moisture content (% wet basis) in the two-dimensional spatial grid for various

time points during drying after ethanol pretreatment at 55 °C for 20 min with ethanol concentration
of 65%.
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Figure 8. Predictions of moisture, dimensional and diffusion coefficient changes for three different
pretreatment conditions.

The comparison of the simulations clearly shows the effect of ethanol pretreatment
on the changes in moisture, length, and diffusion coefficient compared to the simulation
without pretreatment. The simulations with pretreatment show variations depending on
the parameters: temperature, ethanol concentration and pretreatment time. Specifically,
higher temperatures or higher ethanol concentrations tend to accelerate the moisture
reduction and increase diffusion, resulting in the sample shrinking faster and the moisture
in the center decreasing earlier compared to the non-pretreated sample [10-13].

The simulation without pretreatment shows a slower evolution of the phenomena
and constitutes essentially the reference point, allowing the evaluation of the effectiveness
of ethanol [27]. The differences observed between the simulations with different pretreat-
ment conditions highlight the importance of optimizing the parameters (temperature,
concentration, time) to maximize the drying speed or the treatment efficiency.

Overall, the results confirm that ethanol pretreatment significantly affects the drying
kinetics and spatial distribution of moisture [9-11]. The simulation provides a comprehen-
sive picture of how variable pretreatment conditions modify the diffusion and changes in
the sample length, while the comparison with the non-pretreated sample makes clear the
necessity of optimizing the parameters for desired results.

Before examining in detail the effect of pretreatment and its different conditions on dry-
ing, it is important to compare the simulation results with the corresponding experimental
data. As shown in Figure 9:
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Effect of pretreatment: Ethanol pretreatment has a clear effect on the drying dynamics.
Pretreated samples show a faster moisture reduction compared to the non-pretreated
case, confirming the overall effectiveness of the treatment. In addition, pretreatment
improves the uniformity of diffusion, allowing the samples to reach a steady state of
moisture more quickly.

Effect of pretreatment conditions: Different pretreatment conditions—temperature,
ethanol concentration and time—affect moisture reduction and length change differ-
ently. Higher temperatures or higher ethanol concentrations accelerate the drying
process, while increased pretreatment time further enhances the effect. The combina-
tions of parameters create variations in the spatial distribution of moisture and sample
shrinkage, highlighting the importance of optimizing conditions for desired results.
Comparison with experimental values: The comparison of the simulations with the
experimental data shows similar trends between numerical predictions and experi-
mental observations for moisture and length change. Small deviations are observed at
extreme times or in areas with abrupt changes, where the experimental measurements
may be affected by local anomalies. The comparison confirms that the simulation
provides a physically consistent representation of the observed drying behavior and
allows the evaluation of the effect of different pretreatment conditions. The simulation
shows that the optimizations of the drying by ethanol pretreatment, such as changing
the temperature, concentration or time, generally reproduce the overall evolution
observed experimentally. The simulation predictions for moisture reduction and
sample length change reflect the actual measurements, confirming that the modeling
can be reliably used to evaluate the effectiveness of pretreatment and select optimal
drying conditions. The agreement between simulation and experiments highlights
the potential of using the model to adapt and optimize drying processes in practi-
cal applications. Although the present study focused primarily on the mechanistic
interpretation of moisture transport and the comparative evaluation of progressive
diffusion formulations, future work should include a comprehensive quantitative
validation using statistical performance indicators such as RMSE, MAE, and R? to
further assess predictive accuracy under different drying conditions.

—— No pretreatment (Simulated)
—— 40°C - 65% EtOH - 30 min (Simulated)
—— 40°C - 100% EtOH - 20 min (Simulated)
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Figure 9. Comparison between numerical predictions and experimental measurements of cube edge
length during convective drying of untreated and ethanol-pretreated beetroot samples. Experimental
points were obtained from Fotiou and Goula [13], while solid lines represent predictions of the present
numerical model.
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4. Discussion

The application of ethanol pretreatment at a specific temperature and for a specific
time substantially affects the drying kinetics of beetroot, reducing the total moisture re-
moval time compared to the sample without pretreatment. The increase in pretreatment
temperature and the presence of ethanol lead to an enhancement of mass transfer, which is
attributed to the partial degradation of the cell walls, the reduction in capillary forces and
the replacement of part of the free water by ethanol. Pretreatment conditions at 55 °C with
65% ethanol show the fastest kinetics, while the use of 100% ethanol at 40 °C accelerates
mainly the initial stage of drying.

The spatial distribution of moisture, as derived from the simulation, confirms that the
drying is mainly controlled by internal diffusion mechanisms. In all cases, a faster moisture
reduction is observed in the areas near the sample surface and a slower removal in the
center, resulting in the development of sharp moisture gradients in the initial stages of the
process. The presence of pretreatment reduces these gradients, leading to a more uniform
moisture distribution during drying, which indicates an increase in the effective diffusion
coefficient [27].

The comparison of simulated and experimental results shows a systematic deviation,
with the experimental data showing a slower decrease in the average moisture content,
especially in the initial and middle stages. This deviation is largely explained by the
fact that in the experiment, time zero corresponds to the entry of the sample, at ambient
temperature, into the drying oven. Consequently, part of the initial time is spent heating the
material until conditions favorable for intense moisture diffusion are achieved. In contrast,
in the simulation, diffusion starts instantaneously at time zero, an assumption that leads to
an overestimation of the initial drying rate.

Furthermore, the inherent non-uniformity of the experimental tests, both in terms of
the structure of the plant material and the initial moisture conditions and thickness of the
samples, should be considered. The experimental curves represent average values, which
incorporate fluctuations that cannot be fully captured in a deterministic model. Neverthe-
less, the simulation was based on diffusion coefficients and shrinkage equations derived
from the processing of experimental data, which enhances the physical consistency of the
model and justifies the overall good qualitative agreement between theory and experiment.

It should be noted that the shrinking-domain formulation adopted in the present
work represents a simplified moving-boundary approach, where shrinkage is incorpo-
rated through the evolution of the characteristic diffusion length. Although this treatment
captures the primary geometrical effect of shrinkage on the diffusion path, additional
advection-type terms associated with domain motion were not included explicitly. Conse-
quently, the model should be interpreted as a simplified mechanistic framework rather than
a fully rigorous moving-boundary formulation. Future work should address the complete
mass-conservative governing equations.

The numerical simulation developed in the context of this work constitutes a determin-
istic model, in which the evolution of moisture in time and space is fully determined by the
diffusion equations, the initial and boundary conditions and the system parameters. For
given values of the diffusion coefficient, shrinkage ratios and initial moisture distribution,
the model yields a unique and fully repeatable solution, without considering random
fluctuations or microstructural non-uniformities of the plant tissue. On the contrary, the
experimental results incorporate the inherent non-uniformity of the samples, as well as
small deviations in the initial conditions and physical properties of the material, which
leads to a dispersion of the measurements. Consequently, the deviations observed between
simulated and experimental curves do not necessarily indicate a failure of the model, but
reflect the comparison of an idealized, average description of the process with a real process

https:/ /doi.org/10.3390/app16168280


https://doi.org/10.3390/app16168280

Appl. Sci. 2026, 16, 8280

19 of 21

characterized by natural variability. The simulation, therefore, consistently captures the
general trends and dominant mechanisms of drying, while the experimental deviations can
be attributed mainly to the inherent inhomogeneity of the material and not to fundamental
weaknesses of the numerical approach.

From a theoretical point of view, the drying kinetics is adequately described by a
model based on Fick’s second law, with a dominant phase of decreasing drying rate,
characteristic for plant materials with high internal resistance to mass transfer. The absence
of a clear period of constant rate suggests that internal diffusion is the limiting mechanism
throughout most of the process [21,22]. Pretreatment changes the effective value of the
diffusion coefficient and the shrinkage conditions, shifting the moisture curves towards
shorter times without altering the basic form of the kinetics [27].

Overall, the results confirm that diffusion models, when fed with parameters derived
from experimental data, can describe with satisfactory accuracy the relative effect of differ-
ent pretreatment conditions on drying. The observed deviations are mainly attributed to
transient heating phenomena and experimental non-uniformity and not to fundamental
weaknesses of the model. Consequently, the combined use of experimental investiga-
tion and simulation constitutes a reliable tool for the design and optimization of drying
processes of plant products.

5. Conclusions

A progressive diffusion-based numerical framework was developed to investigate
moisture transport during the convective drying of ethanol-pretreated beetroot. The pro-
posed methodology systematically incorporated constant effective moisture diffusivity,
sample shrinkage, moisture-dependent diffusivity, a fully coupled formulation, and a
two-dimensional numerical extension. The results demonstrated that incorporating both
shrinkage and moisture-dependent effective diffusivity significantly improves the physi-
cal representation of moisture migration compared with the classical constant-diffusivity
model. The coupled formulation provided the most physically consistent description of the
drying process by simultaneously accounting for the evolution of transport properties and
structural deformation during dehydration. The two-dimensional extension further demon-
strated the capability of the proposed methodology to describe the spatial evolution of
moisture within the material, while the mathematical interpretation of ethanol pretreatment
established a direct relationship between the experimentally observed enhancement of
drying and the underlying transport mechanisms incorporated into the model. Overall, the
proposed modelling framework provides a physically based and computationally flexible
approach for analyzing moisture transport during convective drying. The methodology
can be adapted to different food materials and drying conditions through appropriate mod-
ification of the governing transport parameters, providing a useful tool for studying drying
kinetics and supporting the optimization of industrial dehydration processes. Future work
should focus on extending the proposed framework by incorporating additional transport
phenomena that occur during food dehydration, including temperature-dependent effec-
tive moisture diffusivity, simultaneous heat and mass transfer, and anisotropic transport
properties. The implementation of three-dimensional geometries and validation against
local moisture distribution measurements would further improve the predictive capability
of the model. From an industrial perspective, the proposed model may assist in identifying
operating conditions that maximize moisture removal while minimizing drying time and
energy consumption. By predicting the influence of pretreatment intensity on moisture dif-
fusivity and shrinkage behavior, the framework could support optimization of large-scale
convective drying operations and facilitate process design for improved product quality
and production efficiency.
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Abbreviations

The following abbreviations are used in this manuscript:

As Exposed drying surface area

a Fourier number parameter of the Crank-Nicolson scheme
Dy  Effective moisture diffusivity

DR Drying rate

t Drying time

L Characteristic diffusion length

L(t)  Time-dependent characteristic length during shrinkage
MR Moisture ratio

my Dry solid mass

N, Subintervals

Ny Spatial nodes

w.b. Wet basis

X Moisture content at time ¢

Xo Initial moisture content

Xe Equilibrium moisture content

z Spatial coordinate

S Dimensionless transformed coordinate
At Time increment

Az Spatial increment

5 Time derivative
2 . . .
687 Second spatial derivative

\Y Gradient operator
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