E applied sciences

Article

Transport Percolation Diagram of Composite Medium
Predicted by Microscopically Calibrated Lattice Model
and Data-Driven Analysis

Shaohua Chen !, Haoyu Wang ! and Nuo Xu %*

W) Check for updates

Academic Editor: Young-Wook Chang

Received: 4 July 2026

Revised: 23 July 2026

Accepted: 23 July 2026

Published: 6 August 2026
Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

College of Energy and Power Engineering, Nanjing University of Aeronautics and Astronautics,
Nanjing 210016, China; csh990729@163.com (S.C.); 18609961260@163.com (H.W.)

College of Mechanics and Engineering Science, Hohai University, Nanjing 211100, China

*  Correspondence: xunuo1994@hhu.edu.cn

Abstract

Electrical conduction and thermal conduction in homogeneous composites are often con-
sidered analogous macroscopic transport phenomena due to the identical mathematical
formulation of Ohm'’s law and Fourier’s law. However, this analogy breaks down in multi-
phase composites, where their behaviors can differ markedly. Experimental evidence shows
that electrical percolation is often readily observed, whereas thermal percolation remains
elusive and even debated. To address this, we develop a simplified yet carefully calibrated
lattice model to efficiently simulate the macroscopic transport behavior of composite ma-
terial and generate large datasets across a wide transport parameter space. Data-driven
analysis reveals a boundary separating percolating and non-percolating regimes, lead-
ing to a transport percolation diagram that distinguishes “easy” and “hard” percolation.
Additionally, a numerical singularity associated with interfacial area is identified in the
percolation-allowed regime, indicating that the occurrence of numerical instability might
be used as the criterion for the presence of transport percolation.

Keywords: transport percolation; electrical conduction; thermal conduction; data-driven
analysis; multiphase composite

1. Introduction

As two ubiquitous transport phenomena in materials, thermal conduction and elec-
trical conduction arise from fundamentally different microscopic mechanisms. Thermal
conduction is mediated by energy carriers such as phonons, electrons, or molecular motion,
depending on the material, whereas electrical conduction is governed by the drift of mobile
charge carriers under an electric field. Nevertheless, there seems to be a mathematical anal-
ogy between them. The relevant physical quantities correspond one-to-one: heat flux g and
current density j, temperature T and electric potential V, and thermal conductivity x and
electrical conductivity o. Moreover, their steady states are described by formally identical
relations, namely Fourier’s law (g = —x«VT) and Ohm’s law (j = —cVV). Despite these
parallels, the two processes can exhibit markedly different behavior in practice, particularly
in heterogeneous multiphase materials, where transport percolation provides a notable
example [1,2].

For a two-phase material with a matrix and a second-phase filler particle, percolation
theory predicts that a globally spanning cluster of the second phase emerges once its
fraction exceeds the percolation threshold. Such topological percolation of the second
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phase might strongly impact the physical properties of the material and usually leads to an
associated percolation transition in the macroscopic transport properties, such as electrical
and thermal conductivities [3,4]. Taking the graphene-reinforced polymer composite as an
example, the electrical conductivity of a polymer is commonly on the order of 10710 S - m~1,
while that of the graphene is on the order of 10° S - m~!. Once the graphene phase reaches
its topological percolation threshold, the electrical conductivity of the composite can exhibit
an increase of several orders of magnitude [5-9]. Meanwhile, the thermal conductivities of
polymer and graphene are usually on the orders of 0.1 W-m~!-K~tand 103 W-m~1. K1,
but the existence of thermal percolation in graphene-reinforced polymer composites is still
under debate [10]. Although such distinction is mainly reported in composites consisting
of carbon-based conductive fillers, such as graphene and carbon nanotubes, embedded
in polymer matrices, including PA-6, polypropylene (PP), and polymethyl methacrylate
(PMMA), these systems are nevertheless representative of a broad class of composites
composed of electrically insulating matrices reinforced with highly conductive fillers.

Some researchers believe that the distinction is mainly attributed to the difference
between the transport properties of the matrix and the second phase. As pointed out by
Lasance [11], the electrical conductivity of an electrical conductor can be as high as 20 orders
of magnitude higher than that of an electrical insulator, while the thermal conductivity of a
thermal conductor is only a few orders of magnitude higher than that of a thermal insulator.
Therefore, it is erroneous to draw a practical analogy between thermal conduction and
electrical conduction. Similarly, based on the difference between the transport properties
of the matrix and the second phase, Sarikhani et al. categorize the macroscopic transport
behavior of multiphase materials into different types, i.e., the conductor—superconductor
type, the insulator—conductor type, and the poor conductor-good conductor type [12].
Forero-Sandoval et al. provide a comprehensive perspective on electrical and thermal
percolation in two-phase materials, reviewing experimental observations and theoretical
frameworks [13]. These views hold that the larger the difference between the transport
properties of the matrix and the second phase, the more likely the emergence of transport
percolation. However, insightful as they are, some critical questions remain unresolved.
For example, what is the quantitative criterion that determines whether a given mate-
rial system will exhibit transport percolation? Can a unified predictive framework be
developed that connects nanoscale interface properties to the emergence or absence of
percolation transitions?

In this work, we address these gaps by combining microscopically validated lattice
models, high-throughput finite element simulations, and data-driven analysis to establish
a qualitative percolation diagram for the macroscopic transport behavior in multiphase
media. We make four key contributions: (i) We develop a microscopically inspired lattice
model validated against non-equilibrium molecular dynamics simulations that captures the
essential physics of matrix, filler, and interfacial transport with explicit parameterization of
interfacial transport efficiency. (i) Through systematic parametric exploration spanning
five orders of magnitude in interfacial and contact transport parameters, we identify
two dimensionless parameters as the critical discriminator between percolation-allowed
and percolation-prohibited regimes. (iii) We construct a diagram in the dimensionless
parametric space that provides qualitative phase boundaries and enables a priori prediction
of whether transport percolation will emerge in a given material system. (iv) We identify a
numerical singularity present in both FEM simulation and molecular dynamics simulation
that apparently violates the macroscopic governing differential equation, which signifies the
shortcomings of current computational methods when dealing with transport simulations
involving extremely different transport parameters.
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The remainder of this paper is organized as follows. Section 2 describes the devel-
opment and validation of the microscopically inspired lattice model against molecular
dynamics simulations. Section 3 presents the high-throughput parametric study, data-
driven transport percolation diagram discovery, and analysis of the percolation transition
mechanism. Section 4 discusses the numerical instabilities in transport percolation, which
can be observed in both the finite element method (FEM) and molecular dynamics (MD).
Section 5 concludes with a summary of key findings.

2. A Microscopically Inspired Lattice Model for Macroscopic
Transport Behavior

Let us consider a specific case of multiphase composite material, the graphene-
reinforced polyamide-6 (PA-6) composite. Graphene has ultrahigh electrical conductivity
and thermal conductivity, while the polymer matrix is usually an insulator in terms of both
electrical and thermal conductions [14]. Although experiments show that the existence
of thermal percolation in this composite system is ambiguous, our previous MD simu-
lation work has proven that thermal percolation is possible in principle [15]. Therefore,
the graphene-reinforced polymer composite is an ideal example for the study of transport
percolation. Figure 1a demonstrates a quasi-2D full-atom configuration of the graphene—
polymer composite. Each graphene sheet is oriented either horizontally or vertically, and
each PA-6 chain contains 10 monomer units. The linear dimension of the simulation domain
is 1270 A x 1270 A x 49 A with 8.7 x 10° atoms in total. AIREBO and DREIDING potentials
are used for graphene and PA-6, respectively [16,17]. Non-equilibrium MD is employed to
investigate the thermal behavior of the system. The method is dedicated to obtaining the
steady-state temperature field under constant heat flux [18,19]. Specifically, by installing
a heat source and a heat sink on opposite sides, the simulation domain will eventually
reach a steady state after sufficient MD steps, as shown in Figure 1b. The effective thermal
conductivity of the simulation domain can be easily calculated via Fourier’s law.

Although molecular dynamics (MD) simulations can determine the transport prop-
erties of multiphase materials with high fidelity, they are computationally prohibitive.
For example, the case considered here requires more than 1000 CPU cores running for
approximately two weeks to approach steady state. To reduce this cost, we extract the key
microstructural features of the original configuration and represent them as anisotropic,
homogenized cells that can be efficiently treated within a continuum-scale finite element
framework. As illustrated in Figure 1c,d, the original domain comprises three primary
features, i.e., the pure PA-6 matrix, graphene segments, and inter-graphene contacts, which
are correspondingly mapped to three types of lattice cells. The transport behaviors of the
cells are determined by four parameters, i.e., «y;, K|, K1, and «;, which are for the transport
efficiencies of the polymeric matrix, the graphene sheet, the polymer—graphene interface,
and the inter-graphene contact. Properly adjusting these parameters, we can accurately
reproduce the MD simulation result by performing FEM on the lattice model shown in
Figure le. By setting k,; = 042 W -m™ - K,k =69W-m™1-K,x;, =04W-m 1K, and
xt = 5.0 W-m~!. K, Figure 1f compares the vertical temperature profiles obtained by FEM
and MD, which are in perfect agreement. These parametric values are obtained by calibrat-
ing the temperature distribution obtained from the lattice-based FEM model with that from
the non-equilibrium molecular dynamics simulation. The final parameter set was selected
when the continuum lattice model accurately reproduced the MD temperature profile.

The above numerical experiment suggests that the lattice of the abstracted cells can
be used to efficiently investigate the multiphase transport behaviors. Based on this, we
introduce the following strategy to generate lattice models for composite media of arbitrary
filler configurations and transport parameters. Starting from a domain purely consisting
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of matrix cells, the second phase is seeded by randomly flipping some matrix cells, which
are iteratively expanded either in the horizontal or vertical direction for a total of A, steps.
Specifically, at the expansion step A, all the filler particles grow by one lattice constant,
and an inter-particle junction cell forms if two expanding filler particles come into contact.
Topological percolation occurs when the maximally connected filler cluster spans across
the entire domain. Denoting the number of filler particles within the maximally connected
cluster by S, Figure 2a,b demonstrate the evolution of the lattice configurations and the
topological percolation transition during the expansion process.

(b) ()

—— MD
A Jattice model

0 25 50 75 100 125
h(nm)

Figure 1. (a) The atomic configuration of the graphene-reinforced PA-6 composite material. Here, the
brown stripes are the graphene flakes whose out-of-plane thickness is 49 A, and the remainder is the
matrix of PA-6 chains. (b) The obtained steady-state temperature field obtained by non-equilibrium MD
simulation. (c) The extractions of the microstructural features from the original composite configuration.
Again, the brown stripes are the graphene flakes while the remainder is the PA-6 matrix. (d) The
assignment of transport parameters for the lattice cells. (e) The assembled lattice model for the original
composite material. (f) Comparison of the vertical temperature profiles obtained from the lattice
model and the molecular simulation. The vertical temperature profile is calculated by averaging the
steady-state temperature field along the horizontal dimension.

For each lattice configuration, we can simulate different transport behaviors by varying
the physical parameters of the lattice cells. For convenience, we assume that all the physical
variables are in consistent units and the linear dimension of the lattice model is 1 x 1. The
steady-state transport behavior is governed by a universal differential equation g = pVp,
generalized from Ohm’s law and Fourier’s law, where p represents the responsive field
(temperature or electrical potential), g is the flux field (heat flux or electrical current density),
and p is the tensor of transport property (thermal conductivity or electrical conductivity).
To determine the overall transport property, we set constant responsive field value p; = 2
to the top end and p; = 1 to the bottom end of the lattice model and use FEM to calculate
the corresponding p and g fields. The obtained steady-state fields are shown in Figure 2¢,d,
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from which the effective transport property along the vertical direction, denoted by p, can
be easily calculated via p = ‘@’ (pr —pp) "
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Figure 2. (a) The lattice models obtained at different expansion steps. (b) The size evolution of the
maximally connected filler cluster (or the giant component) during the expansion process, where
a clear topological percolation can be observed. (c,d) The steady-state responsive field p (can be
temperature or electric potential) and flux field g, (can be heat flux or current density) calculated by
applying FEM to each of the lattice models.

3. Data-Driven Analysis of the Transport Behaviors

Equipped with the computationally efficient lattice model, we can efficiently gather the
transport behaviors of multiphase configuration and flexibly set the physical parameters for
the constituent phases. Now that the initial parameters of «,, K|, KL and «; have accurately
reproduced graphene/PA-6, for the subsequent study, our goal is to explore the general
transport behavior of heterogeneous composite media, instead of accurately reproducing
a specific material system. Therefore, «;, and K| will be fixed as reference values, while
the transport efficiencies of the particle-matrix interface x| and the inter-particle contact
x; will be systematically varied over broad ranges to identify the controlling factors for
transport percolation.

To start with, we generate a series of lattice models whose filler phase ranges from
sparsely dispersed to topologically percolated as A increases from 1 to 200. For each lattice
model, the physical parameters of its lattice cells are sampled from some predefined ranges
and the effective transport property p is determined by FEM. Specifically, we assume that
the intrinsic transport properties of the matrix and the second phase are fixed, i.e., x; =1
and K| = 103, and we define two dimensionless variables, B = % and ¢y = 1’;—;, as the
controlling parameters of x| and x;. For the parametric sweep study, f is logarithmically
sampled from the range [107>,10'] and -y from [10~!,10%]. Although more extreme values
for these parameters might be encountered in reality, we cannot explore such scenarios
with FEM due to the degradation of the global stiffness matrix and the numerical stability
issue that comes with it. Figure 3a demonstrates the FEM-calculated p vs. A curves under

various {B,v}.
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Figure 3. (a) The FEM results of the effective transport property p under different A, 8, and 7.

(b) The data-driven partition of the § — 7 space according to the characteristics of the p vs. A curves.
(c,d) The normalized effective transport property p vs. A for g = 10" and B = 10>, respectively. The
Kt

curves are colored by the value of . Note that f = % and y = £t

A data-driven framework is constructed to learn from the FEM results and automati-
cally detect the similarities within the gathered dataset. First, an autoencoder module is
introduced to extract the key features of p vs. A curves [20]. Then, the unsupervised K-
means method is used to pre-categorize the feature space into a few groups and output the
centroid of each group [21]. Next, the resulting centroids are passed to the t-SNE classifica-
tion model as the initial seeds, and the t-SNE module further analyzes the low-dimensional
feature space and generates a confusion matrix [22]. Finally, the f — < space is partitioned
into distinct regions according to the confusion matrix. Figure 3b demonstrates the clas-
sification results where three categories are obtained through this data-driven process.
In particular, regions A and B correspond to the scenarios when the interfacial transport
efficiency x| is small and large, while region C can be regarded as the blurred boundary be-
tween A and B. This classification map suggests that § can be a critical indicator parameter
which can distinguish different types of transport behaviors.

Although the data-driven analysis has automatically partitioned the transport behav-
iors into two major types, we are still not clear on how they are related to the percolation-
absence and percolation-presence transport behaviors. To analyze the p vs. A curves on
the same grounds, we normalize all the p vs. A curves into the same range. Denoting
the effective transport property at the final expansion step A, by p, , we introduce the

normalized effective transport property %, which is obtained via % =p ﬁXml Figure 3c,d

https:/ /doi.org/10.3390/app16157829


https://doi.org/10.3390/app16157829

Appl. Sci. 2026, 16, 7829

7 of 11

demonstrate p vs. A for B = 10! and 10>, respectively. For the former scenario, we can

see that all the p vs. A curves collapse to the same pattern regardless of the magnitude
of 7. This means that, no matter how one improves the transport efficiency of the filler
network, the pattern of the p vs. A curve remains unchanged, which excludes the possibility

of transport percolation. For the latter scenario, we find that the p vs. A curve gradually
approaches the topological percolation curve as <y increases. Following this trend, as long as
the transport efficiency of the filler cluster is sufficiently large, the p vs. A would eventually
exhibit a percolation transition. Therefore, regions A and B correspond to the scenarios
where transport percolation is allowed and prohibited, respectively.

The above results indicate that the interfacial conductivity, x| , between the matrix
and the filler is the primary factor governing the emergence of transport percolation. But
counterintuitively, lower values of x; correspond to a higher likelihood of percolation.
From a physical perspective, § quantifies the efficiency of transport across the filler-matrix
interface relative to transport through the matrix itself. To connect this computational pa-
rameter to measurable physical quantities and microscopic mechanisms, we must consider
the distinct physics governing thermal and electrical transport at nanoscale interfaces. For
thermal transport, the perpendicular interfacial conductivity x | is fundamentally limited by
Kapitza resistance (R thermal boundary resistance) at filler-matrix interfaces [23], which
arises from phonon scattering due to acoustic impedance mismatch. Rk is usually of the
same magnitude as the thermal resistance of the matrix, as in graphene-reinforced polymer
composites, resulting in relatively large f. Moreover, the mechanical and thermal coupling
at the inter-filler contact is largely suppressed when the contact is not perfectly coordinated,
resulting in small . Therefore, the thermal conduction in graphene-reinforced polymer
composites usually ends up in region B on the percolation diagram, where transport
percolation is less likely to occur.

For electrical transport in composites with insulating polymer matrices, the situa-
tion is fundamentally different due to the quantum mechanical phenomenon of electron
tunneling [24]. When conductive fillers are separated by nanometer-scale polymer gaps
(typically < 5nm), electrons can tunnel through the insulating barrier without requiring
direct physical contact. This tunneling conductance depends exponentially on the gap
distance and the barrier height, effectively extending the interaction radius of each filler
particle and dramatically lowering the apparent electrical percolation threshold below the
geometric contact threshold [25]. In the context of our lattice model, tunneling-enhanced
electrical conduction corresponds to an effectively large contact conductivity v = x/km
even in the absence of direct filler—filler contact. Meanwhile, the electrical conductance
between the insulating matrix and conducting filler is zero, resulting in 8 = 0. Therefore,
the electrical conduction in graphene-reinforced polymer composites ends up in region A
on the diagram, corresponding to the percolation-allowed scenario.

It needs to be clarified that the phase boundary identified in this work is largely de-
rived from computational modeling. A rigorous validation of this boundary would require
accurate characterization of both the electrical conductivity of the matrix—filler interface
and the contact conductance between adjacent fillers. To the best of our knowledge, obtain-
ing such measurements remains extremely challenging using either molecular dynamics
simulations or experimental techniques. Consequently, a direct validation of our findings
is not feasible at the present stage due to a lack of accurately measured parameter values.
Nevertheless, the clear physical meaning of parameters B and + still helps us to understand
the possible origin of the distinction between electrical percolation and thermal percolation.

Although the lattice model is inspired by the graphene/PA-6 composite, the proposed
framework is not specific to this composite system. The key parameters in our model,
B and 1, represent the relative interfacial transport efficiency and inter-filler junction trans-
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port efficiency, respectively, which are general descriptors of heterogeneous transport
behavior. Previous experimental observations of readily observable electrical percolation
and the absence of conclusive evidence for thermal percolation in graphene/polymer and
carbon nanotube/polymer composites are in good agreement with the general physical
mechanism predicted by the B — 7 phase diagram developed in this work.

Of course, real composite materials have many other factors that may influence
the above phase diagram. For example, size distribution, orientation distribution, and
dimensionality of the reinforcement particles may all have certain effects. However, these
factors only influence on the geometric percolation behavior of the reinforcement particles,
which is a prerequisite of the transport percolation that we are focused on here. Therefore,
these extra factors usually only affect the location of the phase boundary. Similarly, for three-
dimensional composites with fillers of different shapes and orientations, the same principle
is expected to apply because transport percolation is still governed by the competition
between filler connectivity and interfacial transport resistance. Nevertheless, the exact
phase boundary may shift depending on filler geometry, orientation distribution, and three-
dimensional interface structures. Extending the present model to fully three-dimensional
architectures with arbitrary reinforcement particle size and orientation distributions is an
important direction for future work.

4. Numerical Singularity as Indicator for Transport Percolation

Up to now, the transition from non-percolative transport to percolative transport is still
not a well-defined criticality. However, we find some interesting numerical singularities in
the percolative transport regime. Figure 4a presents a mini-lattice model where the filler
network spans across the entire domain, a feature of topologically percolated configuration.
We pick a parametric set from each of region A and region B to inspect the difference
between percolation-allowed and percolation-prohibited transport behavior. Figure 4b
demonstrates the contour plot of the steady-state temperature field with § = 1,7 = 10*
(a point from region A), while Figure 4c presents the result for = 102, = 10* (a point
from region B). Different from the first case, we can easily find that some isolines near
the matrixfiller interface form loops in the second case. The loops in the contour plot
indicate that the interfacial flux exchange is chaotic. From a physical perspective, this can
be explained by the fact that when the interfacial conductivity «; (or f) is sufficiently low,
the matrix—filler flux exchange is numerically instable, so the matrix phase and the filler
phase become thermally decoupled. As a result, below the topological percolation, the
matrix phase is the only transport carrier; above the topological percolation, the filler phase
is the only transport carrier, as depicted in Figure 4d. Only under such circumstances does
the transport percolation become well-defined. Therefore, the numerical instability here
can be used as a criterion for the occurrence of transport percolation.

In fact, such numerical instability in the transport percolation regime is not unique to
FEM. Figure 4e investigates the thermal transport behavior of a small piece of the graphene-
reinforced PA-6 composite via non-equilibrium MD simulation. Figure 4f presents the
steady-state temperature profile (obtained from extended MD simulations continued until
no appreciable temperature variation is observed anywhere within the domain) along the
vertical direction. It can be seen that there is also a contradictory temperature distribution
within the vicinity of location k. Since the temperature on the graphene at location hy is
higher than the temperature on the PA-6 matrix above it, there should be heat flux going
from the graphene at hx to the upper PA-6 matrix. Noting that the heat flux is applied from
the top to the bottom, the region () depicted in Figure 4e should accept heat flux from both
directions and continue to heat up. But in reality, the temperature in the domain no longer
changes, even under prolonged MD steps. Such contradiction indicates that the thermal
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exchange between graphene and PA-6 at hx is chaotic, similar to in Figure 4c. This, again,
suggests that the numerical instability within the interfacial area can be a criterion for
transport percolation. Only when the interface flux exchange is negligible is the transport
percolation well-defined and in alignment with the topological percolation.

101 120 140 160 180

Matrix-control —+— graphene
= transport matrix
S M
| .
- —)
1
|
: hx
Filler-network- . ,
control transport 100 200
h(4)

Figure 4. (a) A meshed mini-sample of the lattice model. (b,c) The steady-state responsive fields
and corresponding contours for {f = 1,7 = 10*} and {B = 1072, = 10*}, respectively. The white
dashed boxes point out where the numerical instability occurs. (d) The extracted responsive field
values along the dashed lines in (b,c). The highlighted spike represents the pseudo-source. (e) The
atomic configuration of a mini-sample of the graphene-reinforced PA-6 composite. The red dashed
region points out where the contradiction occurs. (f) The steady-state temperature profiles along the
vertical direction calculated for the PA-6 matrix and graphene, respectively. Note that the temperature
on the graphene at hx is higher than the PA-6 matrix below and above, suggesting that heat flux
should flow both downward and upward. The solid arrow shows the actual heat flow, while the
dashed arrow represents the expected heat flow due to the temperature gradient—yet it is not
actually present.

5. Conclusions

In sum, the emergence of transport percolation in multiphase medium is mainly
controlled by the transport conductivity of the interface among the constituent phases.
When the interfacial transport conductivity is not negligible, the flux can go continuously
through the interface of phases and prohibit the occurrence of abrupt transport behavior
upon topological percolation. Under this circumstance, the effective conductivity of the
composite can be handled by the effective medium theory, which results in a smooth
dependence of the effective transport property on the fraction of the second-phase fillers,
eliminating the possibility of transport percolation. When the interfacial transport conduc-
tivity is sufficiently small that numerical instability occurs within the interfacial area, the
flux is strongly impeded by the matrix—filler interface, making the matrix and the second
phase practically decoupled. As a result, below the topological percolation, the matrix
phase is continuous while the second-phase fillers do not form a spanning network, so
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the transport process is entirely controlled by the matrix phase. Above the topological
percolation, the second-phase fillers become a giant spanning network while the matrix
phase is fragmented, so the transport process is entirely controlled by the filler phase.
The interfacial conductivity, the transport percolation map, and the identified numerical
singularity provide a useful framework for understanding the role of interfacial transport
in macroscopic transport percolation. Further incorporation of geometric and structural
factors may enable more comprehensive prediction of transport percolation in complex
heterogeneous materials.
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