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Abstract: The flight dynamics of quadrotor UAVs are characterized by significant non-
linearity and inter-axis coupling, posing challenges for the direct application of linear
control theory in flight control system design. This paper proposes a feedback linearization
transformation method to reduce the computational burden of MPC while addressing
the nonlinear coupled flight dynamics in attitude control. The quadrotor UAV’s attitude
motion is transformed via feedback linearization into a linear decoupled model, consisting
of three independent second-order systems. MPC theory is then employed to design the
attitude control system. By solving the constrained optimal control problem within the
MPC framework, control inputs for each second-order system are derived, enabling precise
attitude tracking through receding horizon control theory. Simulation verifications were
subsequently conducted, with the experiment comparing FLMPC, LMPC and AMPC. The
results indicate that FLMPC outperforms both the other controllers in terms of control
precision, computational efficiency and robustness to disturbances, suggesting its effective-
ness for real-time UAV operations where both performance and computational resource
constraints are critical.

Keywords: quadrotor; attitude control; feedback linearization; model predictive control

1. Introduction

A quadrotor Unmanned Aerial Vehicle (UAV) is an aircraft with four rotors capable of
vertical takeoff, landing and hovering. With its simple mechanical structure and excellent
maneuverability, it is increasingly used in applications like military reconnaissance, cargo
transport, emergency rescue and terrain mapping [1-3]. To ensure a safe flight and the
completion of complex tasks, attitude control is crucial for the quadrotor UAV flight control
system. A quadrotor UAV is a multi-input, multi-output (MIMO) nonlinear system with
strong inter-axis coupling, making attitude control challenging, as adjustments on one axis
often affect others. This challenge is further compounded by the system’s under-actuated
nature, with only four inputs available to control six outputs. Additionally, its lightweight
design makes it highly sensitive to disturbances such as wind, requiring robust control
strategies to maintain stability [4,5]. Consequently, numerous engineers and researchers
have conducted in-depth studies on these control challenges [6,7].

Proportional-Integral-Derivative (PID) control is a classic control design method
known for its simple structure and ease of implementation [8-10]. Active Disturbance
Rejection Control (ADRC) offers robust control by estimating and compensating for both
external and internal disturbances in real time, while its nonlinear state error feedback
ensures high-quality control performance [11]. The Sliding Mode Control (SMC) method is
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a control technique capable of handling nonlinear problems and exhibits strong robustness
against system parameter variations and external disturbances [12,13]. However, each
method has its limitations and achieving optimal control performance remains challenging.
Model Predictive Control (MPC) is a receding horizon control method known for its
strong disturbance rejection, and robustness. Reference [14] demonstrated that Linear MPC
(LMPC) outperforms both Proportional-Derivative (PD) and Linear Quadratic Regulator
(LQR) in terms of control effectiveness and disturbance rejection for quadrotor UAV trajec-
tory tracking. Despite this, LMPC struggles to effectively address the inherent nonlinear
characteristics of the quadrotor UAV. In the most MPC-based methods, the linearized
dynamics of the system is employed to avoid the complexity that results from nonlinear
optimization problems [15,16]. The scholars in [17] designed an adaptive MPC method
using Laguerre polynomials for quadrotor attitude stabilization and validated its feasibility.
And in [18], Nonlinear MPC (NLMPC) provides better performance in trajectory tracking
and system stability compared to LMPC, but this comes with a high computational cost.
Although parameterized NMPC can reduce computational complexity, they may compro-
mise control system performance to some extent [19]. In real-world flight scenarios, most
MPC based methods rely on linearized system dynamics to simplify the control problem
and avoid the computational complexity associated with solving nonlinear optimization
problems. However, the inherently nonlinear dynamics of quadrotor UAVs often demand
nonlinear control methods to achieve precise and stable flight performance. Although
these nonlinear approaches can offer improved control accuracy and robustness, they are
typically more challenging to design and implement, as they require advanced modeling
and considerable computational resources. This trade-off highlights the ongoing need for
efficient, real-time nonlinear control strategies in practical quadrotor applications.
Feedback Linearization (FL) can address the problem by transforming the system
with coordinate adjustments and nonlinear state feedback, effectively bypassing intrinsic
nonlinearities to enable the use of linear control methods [20,21]. Unlike conventional
linearization, which only approximates system dynamics around a specific operating point
and neglects higher-order dynamics, FL provides a globally valid linearization [22,23].
Reference [24] presents an adaptive tracking controller based on output feedback lineariza-
tion to compensate for dynamical changes in a quadrotor’s center of gravity, successfully
managing the uncertain gravity parameter and stabilizing the quadrotor in real time, as
demonstrated through simulation results. Rahmat M F proposes an adaptive feedback
linearization (AFBL) control approach, combined with a PID controller, to stabilize a
quadrotor’s attitude and altitude in the presence of wind disturbances and parameter
uncertainties [25]. While simulations demonstrate significant performance improvements
over conventional methods, the approach neglects the nonlinear relationship between Euler
angle rates and angular velocities in the body frame, making it unsuitable for scenarios
involving rapid UAV maneuvers. In another study, Cai Z designs a feedback linearization
model predictive control algorithm with a disturbance observer for quadcopter trajectory
tracking, demonstrating effective tracking performance under disturbances through nu-
merical simulations [26]. However, it assumes slight roll and pitch angle rotations and does
not address the constraining effect on state variables in the model predictive control design.
This paper presents a feedback linearization model based predictive control method
(FLMPC) approach for attitude control of quadrotor UAV, targeting precise and rapid track-
ing performance under system constraints. The core idea is to incorporate the nonlinear
mapping between Euler angular velocities and body-frame angular velocities into the
feedback linearization process, allowing the inherently nonlinear and coupled dynamics of
the quadrotor to be transformed into a fully decoupled linear system. This transformation
significantly reduces the computational complexity while enabling the determination of
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optimal control inputs within predefined constraints, a process in which the constraint on
the original system state variables has been modified. The rest of the paper is organized
as follows: Section 2 establishes the flight dynamics model of the quadrotor UAV and
performs feedback linearization transformation to create a controlled object model, serving
as the foundation for controller design and simulation. Section 3 details the design of the
quadrotor UAV attitude controller based on FLMPC, including key design principles and
constraints. Section 4 conducts simulation experiments, where the proposed method’s
performance is evaluated through various test scenarios, demonstrating its effectiveness
in achieving stable and responsive control. Section 5 provides a comprehensive summary
of the findings, discusses the implications of the work, and suggests directions for future
research to further refine and expand upon this control strategy. The Appendix A presents
the process of designing an attitude controller using MPC.

2. Dynamics Model of Quadrotor UAV
2.1. Modeling of Attitude Motion Characteristics

The quadrotor’s flight is sustained by the forces generated by each of its four rotors,
with each rotor producing thrust that contributes to the overall lift, stability, and control
of the vehicle [27,28]. An inertial frame o x.y,.z, and a body-fixed frame o x3y;z},, with the
origin at the center of mass of the quadrotor as shown in Figure 1, are considered.

F

1

5
Figure 1. Configuration, inertial and body fixed frame of the quadrotor.

Based on the principles of rigid body dynamics, the rotational dynamics of a quadro-
tor can be expressed using the Newton-Euler method in the body fixed frame with the
inertia matrix I = diag(Iy, Iy, I,), assuming the neglect of gyroscopic torque and air
resistance [29,30]:

Il w=-wx (I -w)+T, (1)
where w = (p,q, r)T is the angular velocity vector and w is its derivative with respect
to time; w x (I- w) represents the gyroscopic effect due to the rotational motion of the
quadrotor; and T = (Tx, Ty, TZ)T is the external torque vector acting on the quadrotor.

To facilitate control-oriented modeling, the external torque vector T is represented by
the pitch, roll, and yaw control inputs Uy, Up and U3. Accordingly, the rotational dynamics
of the quadrotor can be derived from (1):

p= Iylqur + £
q=tgrp @
pq+ Uz

XﬁIy
Z

r=->
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The attitude of the quadrotor is given by the three Euler angles: yaw angle ¢, pitch
angle 6 and roll angle ¢ that together form the vector Q = (¢,6, ¢)T. The conversion
relationship between Euler angle velocities () and angular velocities in the body frame w is

as follows:
p 0 0 ¢ 1 0 —sin6 ¢
q | = RxRyR;| 0 | +RyR, 0| +R:|0]|=]0 cos¢p cos@sing||6]|, (3
r P 0 0 0 —sing cosfcos¢) \y
where
1 0 0 cosf 0 —sinf cosyp sinyp O
Ry=10 <cos¢ sin¢g |, Ry= 0 1 0 , R, = | —sinyp cosyp O
0 —sin¢g cos¢ sinf 0 cos#f 0 0 1

The above equation can be written as:

¢ 1 tanfsing tanBcos¢)\ [p
6|=10 cos ¢ —sin¢ q|, 4)
P 0 singsect cos¢psectd/ \r

In summary, from (2) and (4), the nonlinear dynamics model of the quadrotor attitude
can be obtained as:

¢ p+gtanf@sin¢ + rtan 6 cos ¢ 0 0 0

0 gcos¢ —rsin¢g 0 0 O

P gsin¢sect + r cos ¢ sec 0 0 0 0 ty

. - Iy*Iz r + 1 0 0 UZ ’ (5)
P IZq b Us

q Zly"rp 0 T 0

. Ii—1I 1

r Zypq 0 0 s

It can be seen from the equation that the attitude motion of the quadrotor UAV
is nonlinear and exhibit inter-axis coupling. For attitude control design, this nonlinear
coupling cannot be neglected.

2.2. Model Linear Transformation

The feedback linearization of the quadrotor UAV can be achieved through an intuitive
transformation of the state variables and an input redefinition.

Since the goal of feedback linearization is to decouple (5) into three second-order linear
systems, define the target system as:

flll:): —¢+k1f/})
¥ =—p+ksp

where ki, ky and k3 are constant parameters whose values are yet to be determined, and
they play a crucial role in defining the system’s stability and dynamic performance.

The second derivatives <;15, 6 and 1/) can be expressed in (7) based on the model (5) by
setting uy = Uy /Iy, up = Uz /Iy and uz = Uz / I
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¢ = (¢tan6 + 1]Jsec6)9 + (01 +uy) + (02 + up) tanBsin ¢ + (03 + uz) tan6 cos ¢
0 = —¢ppcos O + (02 + up) cos ¢ — (03 + u3) sin P , @)
= ((j)seCG + I]JtanG)é + (02 + up) sin¢g sec + (03 + uz) cos psect

where 01 = (Iy_Iz)/Ix'q'r/U'Z = (Iz_Ix)/Iy'r'PrU?a = (Ix_ly)/lz‘P'q'

Defining the state variable vector 2T = (z1,22,23,24,25,26) = (4), (,b, 6,0,1, l[J), the
above equations (6) and (7) can be reformulated and expressed in a state-space representa-
tionas x = f(x,u), where:

Z 22 0

Z> —z1 + k2o z1 —kizo + f1(%, o) + ug + up tan z3 sin z; + us tan z3 cos z;

% 0

- “ + - : ®)
Z4 —z3+ kozy z3 — kozy + fo(2,0) + up coszy — ugsinzy

Z5 Z6 0

Zg —z5 + k3zg z5 — k3zg + f3(>‘6, (7') + 1y sin zq sec z3 -+ U3 COS Z1 SecC Z3

Here

f1(z,0) = (zo tanzz + zg sec z3)z4 + 07 + 07 tan zz sin zq + 03 tan z3 cos z1,

fao(z,0) = —zpz6 €08 23 + 07 COs 21 — 03 sinzy,
fa(z,0) = (zpseczz + zg tan z3)z4 + 07 sinzq seczz + 03 €Os 21 sec z3.

Define a virtual control vector:

v=N(x,0)+M(x)u )

where
filz,0)+21 —kiz
N(z,0)=| falz,0)+23 —kozg (10)
fa(%,0) + 25 — k3ze

1 tanzzsinz; tanzscoszp
M(z)=|0 cos z1 —sinz; (11)
0 sinzjseczz COsZzqseczs

and substitute it for the second term on the right side of (8). The system can be reformulated
into a linearized model with decoupled attitude dynamics, expressed as:

% =Ax +Bo (12)
where
A
! 0 1).
A: A2 /Ali 1 k /1:1/2/3/
Az !
B; 0
B = B, ,B; = <1>,1 1,2,3
B;
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Here A1, Ay and A3 represent the characteristic matrices of second-order linear systems
for roll, pitch and yaw motions, respectively. The eigenvalues of these matrices and the

ki+ /K2 — 4
A=V T (121,2,3), (13)

1o T 2

G- —% (i=1,23). (14)

damping ratios are:

To stabilize these second-order systems and achieve a damping ratio of 0.707, set
ki =k, = k3 = —1.414.
The inputs of the controlled system of the quadrotor UAV can be calculated as:

u=M(x)'(v—N(x,0)), (15)

where N(z, o) and M(x) are transformation matrices for decoupling and linearizing the
controlled system model. The matrix M(z ) is non-singular and the equation has a solution
if and only if [M(%)| # 0. Therefore, the pitch angle range of the quadrotor UAV is limited
n (—90°,90°).

3. Attitude Controller Design

This section presents the design of a model predictive controller (MPC) for the attitude
control of the quadrotor UAV, based on the feedback-linearized model from the previous
section. The structure of the attitude control system is illustrated in Figure 2, while the
detailed design process of the attitude controller is provided in the Appendix A.

d
\
Model Predictive Control Feedback Linearized System A
Cost IJ p| Solution )| v ;f 4 Quadrotor z
[ Function Solving | USM=(v-N) Model
Y “ 4 2.0
M, N
Zy Model Constraint ﬁ‘ M.N Matrix
Prediction Mapping | ™ Updating

y e —_—

Figure 2. The attitude control system structure.

3.1. Prediction Equation for the Feedback Linearized Model

The discrete-time state—space equation of the feedback linearized model (12) can be
obtained using the zero-order hold method:

Z[k+1) = Ad% k) T Bavj), (16)

where Aq = eATs, By = A~1(eATs — I)B.
According to the model predictive control theory, (16) can be rewritten into an incre-
mental form:
Xlky1] = Adéz[k] + Bd5v[k} + %, (17)

where (5v[k] = Z)[k] — v[k,l}, 5%[](] = %[k] — %[kfl]'
Based on the state vector % ) at step k, the state vector at step k + 1 can be predicted as:

1)k = Adfsz[k\k] + Bdév[k‘k} + % [k|k]s (18)
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the state vector at step k + 2 can be predicted as:
X2k = (Ad2 +Ad)5%[k|k] + (AgBgq + Bd)5v[k\k} + Bdév[kJrl‘k] + Z kK- (19)

where 6v[; ;) is the control input increment at step k + i predicted at step k; % i is the
system state vector predicted at step k + i from step k.
Similarly, the state vectors at step k + N and at step k + N p are given by:

Ne Neel
RNk = 2o Ad'0% K+ ) Ad'Badvpy + -+ Badvpn 1y + g (20)
i=1 i=0
Ny N1 Np—Ne
ZlftNplk] = ;Adléz[k\k} + Z:,) Aq'Bgovpyy + -+ Z;) Ad'Badvy N 1)k + % [k|K]-
1= 1= 1=

(1)
where N is the control horizon and Ny, is the prediction horizon. To reduce the computa-
tional burden, the control inputs will be held constant at the value from the previous time
step once the time exceeds the control horizon.

By combining equations (18) through (21) and defining the control input in-

crement vector 5V5(] = ((Sv[k‘k} OV - ‘Sv[k+Nc|k]) and state vector Zﬁ] =
(%[k+1\k] Zliok] %[k+Np\k]>/ the predicted states from step k + 1 to k + Np can
be written as:
Z[k] = P5%[k\k] + I%[k\k] + H(SV[k], (22)
where
Bd 0 . 0
1 .
Aq Y Ad'By By T 0
2 ) I i=0
Z Adl nxn : :
_ i=1 I— In><n H— Ne1 ' Ne_2 '
’ ’ Y A¢'Bqg X A4'Bg - By
N i=0 i=0
i Adi Iixn Npx1 : : ‘ :
i=1 Np><1 Np—l ] Np—2 ‘ Np_Nc '
Y Ag'Bq ¥ Ad'Bg -+ L Ad'Byg
i=0 i=0 i=0

Np X N¢

3.2. Model Predictive Control Performance

For a given control objective x4 ;;, the performance index for the control within the
prediction horizon Ny, at step k is defined as:

N.—1

2 Y [oopsin
=0

2
v @

2
+
Q

J= Hz[HN},\k] ~ ®d[k+Np] H

-1
P
s Y Hz[k+z’|k] — % dlk+i)
i=1

where S, Q and R are weighting matrices for the terminal state, process state and input
variables, respectively, and all are positive definite matrices. Defining the target vector

T
Zy = (%d[kﬂ] Kikr2) - zd[kJer}) and the equation above can then be rewritten
in matrix vector form as shown in (24):

2
7 (24)

2
I = |20~ Zaw|[ g+ }vin|

whereézdiag(Q - Q S) andﬁzdiag(R R).
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By substituting (22) into (24) and defining:
Bl = Zap = Pox () = Lo e 25)
a standard quadratic performance index in terms of §V| is obtained:
1 — = — T
J= 5‘5"54 (H'QH +R)6Vyy — (H'QE ) dViy. (26)

3.3. Constrained Virtual Control Solution

For the predicted control inputs Uy ] wherei=1,2,..., NP' there are upper and lower
boundary constraints:
Umin < Uljeti) < Umax- (27)

Utilizing the feedback linearization control law from (15), it follows that:

tinin < My (@) = Niggio) < thmax. (28)

Therefore, the inequality constraints for the predicted virtual control input v} ;) at

I3x3 My i_qjtmax + Njgpi_q
0 i < . (29)
<—13><3> v <_(M[k+i—1]umir\ + Njggi-1)

step k are:

Given that vy ;) = Ug4;_1] + 0U[x ), it can be concluded that:

I3x3 Soss < M yi-1)#max + Nigri1) = Pperi-1) | (30)
~Lis ) S\ = (Mg jtmin + Niggio1) — 01

Similarly, the upper and lower constraint vectors for the predicted angular rate wy ;)

at step k are denoted as wmax and wmin. And from (4), the inequality constraints for Q[k +i]

13><3 - M[k+i71]wmax
Qp. g < . 31
(st3> ] = (M[kJril]wmin G

According to the theory of constrained model predictive control, the simulation tool

can be expressed as:

“quadprog” can be utilized to obtain a set of optimal predicted control increment vectors for
incremental control law (22), subject to the constraints (30) and (31), as well as the quadratic
performance criterion (26). The first element of the predicted control increment vector, as
shown in (32), corresponds to the virtual control input vector base on model predictive
control theory [31,32]. This predictive control process is repeated to achieve MPC receding
horizon control theory.

U = (Isxa 03x3 -+ 0343 5Wk]+v[k71} (32)

Based on the design principles outlined above, the attitude control of the quadrotor
UAV is achieved through feedback linearization model predictive control, with the control
law computation given by (15).

4. Simulation and Results Analysis
4.1. Methods

To verify the effectiveness of the proposed controller, simulations were performed
using the quadrotor parameters listed in Table 1. The simulations were conducted on
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a computer with an Intel i5-9400F processor (Intel, Santa Clara, CA, USA) and 16 GB
of memory.

Table 1. Parameters of quadrotor.

Parameters Values Unit
m 0.8 kg
Ly 9.7 x 1073 kg-m?
I, 9.7 x 1073 kg-m?
I 1.7 x 1072 kg-m?
l 0.06 m
g 9.81 m/s?

The control parameters are Ts = 0.01 s, with N, = N¢ = 10. The range for the three-axis
angular velocities are [-1.5, 1.5], and the constraints on the three control inputs are [—1, 1].
The gains of the FLMPC controller are set as S = diag(1, 1, 1, 1, 1, 1), Q = diag(100, 1,
100, 1, 25, 1), R = diag(0.001, 0.001, 0.001). A comparison is made with LMPC [15] and
adaptive MPC (AMPC) [18], where the gains for both controllers are S = diag(1,1,1,1,1,1),
Q =diag(100, 100, 25,1, 1, 1), R = diag(10, 10, 10). The parameters of the three controllers
remained constant throughout the simulations to ensure fair comparison.

The simulation starts with the quadrotor UAV in an initial hover state, with attitude
angles ¢ = 6 = ¢ = 0. A target pitch angle of 0.2 rad and a sinusoidal roll angle with
an amplitude of 0.5 rad were applied to simulate the quadrotor’s flight with oscillatory
motion, while maintaining the yaw angle at 0 rad.

The second case aims to evaluate the designed controller’s ability in handling sudden
changes and assess their step response performance in maintaining stability and accurately
reaching the specified target angles. Attitude targets of 0.8 rad for pitch, 0.2 rad for roll and
1.3 rad for yaw are applied while the quadrotor UAV is in the hover state.

To further validate the robustness and disturbance rejection capability of the designed
controller, a step input with an amplitude of 1 rad was applied individually to each attitude
angle and each angle was subjected to external white noise disturbances with a standard
deviation of 0.01 rad, to simulate the uncertain disturbances encountered in real flight.

4.2. Results

The results are illustrated in the following figures. In Figures 3 and 4, (a) shows the
time response of the quadrotor’s attitude angles, (b) shows the angular velocities, (c) demon-
strates the variation of the three control inputs over time and (d) displays the computation
time of each controller. Figure 5 presents the white noise disturbances applied during the
simulation. Figure 6 exhibits the attitude tracking curves in step inputs with disturbances.

As shown in Figure 3a, all controllers effectively track the desired input in pitch
control with an approximate 270 ms delay behind the command curve. In terms of roll
control, all controllers demonstrate comparable performance, following the target command
accurately within 650 ms. For yaw control, the FLMPC controller maintains a steady angle
close to 0. In contrast, the LMPC controller exhibits slight fluctuations, while the AMPC
controller experiences more noticeable fluctuations. Integrating these observations with the
computational time in Figure 3d, it is evident that the FLMPC controller achieves superior
control performance with relatively lower computational cost, requiring only one-tenth of
the computational time of the AMPC.
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Figure 3. Controller performance in roll oscillations and pitch step. (a) Angular attitudes curves.
(b) Angular velocities curves. (c¢) Control inputs curves. (d) Computation time.
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Figure 4. Controller performance in roll, pitch and yaw step inputs. (a) Angular attitudes curves.

(b) Angular velocities curves. (c¢) Control inputs curves. (d) Computation time.
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As observed in Figure 4a, all MPC controllers effectively reach and stabilize at their

target values with minimal overshoot. FLMPC provides the fastest response for the pitch
angle, stabilizing in approximately 0.95 s, followed by AMPC at around 1.65 s, and LMPC,
which is influenced by channel coupling, taking the longest at about 2.7 s. For the roll
and yaw angles, all controllers demonstrate similar settling times, though LMPC shows
greater fluctuation due to coupling effects. Figure 4b shows that the variations in p and r

remain well within their upper constraints, while Figure 4c illustrates that the maximum

control inputs do not exceed their specified boundaries. Table 2 provides a summary of key

performance metrics, including response time, overshoot and mean computation time for
three controllers.
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Table 2. Key performance metrics for the three controllers.

Performance Metrics Response Time (s) Overshoot (%) Mean Computation Time (ms)
¢ 0 P ¢ 0 P
FLMPC 0.83 0.95 2.07 0.46 0.00 0.01 6.03
LMPC 0.76 2.7 2.25 1.07 2.17 1.88 5.23
AMPC 0.63 1.65 1.90 1.67 0.00 0.00 47.59

The FLMPC and AMPC controllers demonstrated superior performance in Figure 6.
Both of them showing fluctuations under disturbances of less than 10%, while LMPC
exhibited notable fluctuations, with a maximum overshoot of 50%, indicating a lower
robustness to disturbances. These results confirm that FLMPC provides robust and stable
control across all attitude angles, mitigating the impact of external disturbances effectively.

4.3. Discussion

The simulation results indicate that for systems with nonlinear coupling character-
istics, all three controllers (FLMPC, LMPC and AMPC) are able to achieve target control
under constraints and disturbances. However, the LMPC method shows significant short-
comings in handling inter-axis coupling, particularly in rapidly changing environments
where it fails to meet high precision requirements and performs poorly when disturbances
are encountered. On the other hand, while AMPC is capable of handling nonlinearities
effectively, its computational time per iteration is relatively long, posing challenges for
real-time applications, especially in cases with limited computational resources.

In contrast to the two methods mentioned above, the model predictive method com-
bined with feedback linearization in this study offers distinct advantages in dealing with
system nonlinearities and disturbances, along with outstanding computational efficiency.
Due to its lower computational burden, FLMPC can update control inputs in real time,
maintaining high-precision control performance. Furthermore, FLMPC exhibits excellent
disturbance rejection capabilities, effectively mitigating the impact of external disturbances
and ensuring system stability and accuracy. Thus, FLMPC is particularly well-suited for en-
gineering applications that require high real-time performance when dealing with complex
nonlinear systems.

Overall, FLMPC strikes a balance between control performance and computational
efficiency. It not only outperforms the other methods in simulations but also holds strong
potential for practical applications. Particularly in high-dynamic environments, FLMPC
offers significant advantages over traditional control methods, ensuring superior control
performance while reducing computational overhead and enhancing system reliability.

5. Conclusions

In this work, a feedback linearization model predictive control (FLMPC) approach
is proposed to address the nonlinear and coupled characteristics of quadrotor UAV atti-
tude dynamics. By explicitly incorporating the nonlinear mapping between Euler angular
velocities and body-frame angular velocities into the feedback linearization process, the
proposed method achieves effective linearization and decoupling of roll, pitch and yaw
channels. This allows the design of an MPC controller on a linearized model with ap-
propriately transformed constraints, thereby ensuring both theoretical soundness and
practical feasibility.

Simulation results demonstrate the effectiveness of the proposed FLMPC method
under various constraint and disturbance conditions. Comparative analyses with LMPC
and AMPC show that, while all controllers can achieve the desired tracking performance,
FLMPC consistently offers more stable and precise tracking, stronger disturbance rejection,
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and lower computational cost compared to AMPC. Unlike LMPC, which suffers from axis
coupling, FLMPC successfully mitigates this issue through dynamic decoupling. These
advantages make FLMPC a promising candidate for real-time attitude control of quadrotors
in nonlinear and constrained environments.

However, it is also acknowledged that despite its improved computational efficiency,
the optimization process in FLMPC still imposes a notable computational burden for
embedded processors. As such, future work will focus on the development of faster and
more efficient optimization algorithms, or approximation-based solvers, to further enhance
the real-time applicability of the proposed method in practical embedded systems.
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Appendix A. Attitude Controller Design Based on MPC

(1) Discretization
For the state—space equation of a continuous linear time-invariant system (12), the
solution of the system is:

t
2 = MV e [ e ABudr (A1)

to

Considering the sampling time from £} to t; 1, it can be concluded that:

% (tesn)

= eAlti—t) 5 4 Aln i1 -Atg,. 4 A2
= 1) e t e v(7)dT. (A2)
Sty

Using the zero-order hold method and setting v(; ) = v(4,, ), Equation (A2) can be

try1)
written as:

t
21,y = ey */t et daByy,, (A3)
k

Letting Aq = el —i) — ¢ATs By — ftikﬂ At 1—T) 47B — —A_leA(tk+1*T)|Zi+]B —

A~1(eATs — I)B, the discrete-time state-space equation can be derived:
Zlkr1] = Adz[k] + de[k]' (A4)

(2) Transformation of the MIMO system
To achieve control of a non-zero target and eliminate static error, rewrite Equation (A4)
into an incremental form:

Klky1] = Adéz[k] + dev[k] + 2 (A5)
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where 5’0[k] =V — U[k—l]/ 5%[k] = Z[k] - %[k—l]'
Based on the state vector % ) at step k, the state vector at step k + 1 can be predicted as:

ek = 0% 1k T 2K

(A6)
= Ad‘S%[Hk] + Bdév[k‘k] + 2k
The state vector at step k + 2 can be predicted as:
Zlkiolk] = OF[kr2lk] T [t/
= Adéz[k+1|k] + Bdév[k-',-l\k] + 2 k1)x) (A7)

= AdZ(s%[k‘k] +AdBd‘Sv[k\k] + Bd(sv[k+1‘k] +Ad5%[k\k] + Bdév[k‘k] + 2 kK
= (Ag® + Aq)é% g + (AaBa + Ba)6v + Badopes i + % ki

where 6v[; ;) is the control input increment at step k + i predicted at step k; % s is the
system state vector predicted at step k + i from step k.
Similarly, the state vector at step k + N¢ and at step k + N, are given by:

KNk = OF [k Nelk] T 2 [k+Ne—1]K]
= Ad5%[k+N “1 + Bd5v[k+Nc—1\k] + 2 [k Ne—1)1]
= Ad Ned g +Ad < IBybuy +AchizBd‘57][k+l\k] + -+ Badvj N1k T Z ke N-1]1] (A8)
-1
= Z Ag'S2 g + Z Ag'Bgbvy + - - - + Babvpn 16 + (kK]
Z[tNplk] = OZ [t Np|k] T % [+ Np—1[K]

= AdO% [k Ny—1[k] T % [k+Np—1[K]

= Ag"P 6 g + A" T Babupyy + AdNP TP Babvp g + -+ Ad PN Badup N, 1 + Zleinp-1fy (A9
N o Np—1 NpNe
Z Ad'O% k) + Z Ag'Bgboppy + -+ + Zo Aq'Baovi N 11k T % [k|K]
=

where N is the control horizon and Nj, is the prediction horizon. To reduce the computa-
tional burden, the control inputs will be held constant at the value from the previous time
step once the time exceeds the control horizon.

By combining Equations (A6) through (A9), the control input increment vector §V and
state vector Z can be defined as:

T
oVig = (‘”[klk] Oy - 5v[k+Nc\k}) , (A10)
T
Zyy = (”[kﬂ\k] K2k %[kwp\k}) . (A11)
Then, the predicted states from step k + 1 to k + N can then be written as:
Zyy = Pox ) + I + HOViy, (A12)

where
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By 0 0
1
Aq EOAdle By . 0
2 1 Ian B
A 1
p— jgl d I— In><n H— Ne l
B : R T Z A4'By Z Ad’Bd By
N, i= l—
Y Ad Ton) Ny : : :
i=1 Npx1 N—l Np—2 Np— Nc
Z A¢By Y Ag'Bg --- Z A4'By
i=0

Np X N¢

(3) Cost Function
For a given target %, the cost function that reflects the system performance
requirements at time k can be defined as:

2

] = H%[k+Np|k] ~ kN H + H” [k+ilk] — #dfk-+]

5 Ne—1
: o

+ 2 Hév k+ll’<]H (A13)

In the above equation, the first term represents the terminal cost, which helps eliminate
static errors. The second term corresponds to the running cost, reflecting the deviation
between the state variables and the desired target values. The third term represents the
input cost, capturing the magnitude of the control effort exerted on the system. The relative
importance of each objective is determined by the weight matrices S, Q and R, which are
positive definite matrices.

T
Define the target vector Zyy = (zd[k 1] Fdk2] Cc ®dk +Np]) . The above equa-
tion can be written in matrix—vector form as:

2 2
I = 2w = Zaw [+ [oVin e (A14)

where Q = diag(Q - Q S),ﬁ = diag(R -+ R).
Substituting the state prediction Equation (A12) into the cost function (A14), and
defining
Elg = Zayy = Pox (i) — I ki) (A15)

the following is obtained:

2 2
S Y e ]

= L(HOV} — Ey) Q(HWM Ey) + 20V RV (A16)
— 1oV HTQH(SV[k E}jQHSVy — 30V| HQE |y
iEﬁ QEj [k]R‘SV[ ]

Since %EE{] QH6 Vi and %(5 VE(] H'QE (] are transposes of each other and both are scalars,
Equation (A16) can be written as:

_ L (HToHAR T 5 lrsy
] = 50V} (H'QH+R) vy — Ef QHOV}y + SE} QFy. (A17)
Furthermore, since the last term in the above equation is determined by the initial

state values %y and 6z, and is unaffected by 6V}, it can be disregarded during
optimization.
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Therefore, a standard quadratic performance index in terms of 6V can be formulated as:

1 o _
J = 50Vl (H'QH +R)sVy, — (H'QEy ) oVig. (A18)

(4) System Constraints

Feedback linearization introduces new state variables and virtual control quantities.
The constraints on the angular velocity rate w and the control input u# of the quadrotor
cannot be directly applied to the feedback linearized system. Instead, an indirect constraint
method is employed, where the constraints from the original system are mapped to the
new system at each time step.

For the control input Ut i], wherei=1,2, ..., Np, there are upper and lower boundary
vectors tmax and tmin:

Umin < Ulfe11] < Umax- (A19)

Substituting the feedback linearization control law # = M(t,w) (v — N(t,w, %))
into the above equation, it can be derived that:

Umin < M[;}i-i—l] (v[k+i} - N[k+1’71}) < Umax- (A20)

Then, the boundaries of u};; can be expressed as inequality constraints on v ;:

I3 My i 1)tmax + Njgpiq
(—13> v <_(M[k+i—1]umin + Njgi-1))

Since vy j] = V[gyi_1] T 0V[;), the Equation (A21) can be written as:

_13 5oy < _M[k+ifl]uma>.<+N[k+ifl] —_v[kﬂ;u ‘ (A22)
I3 (M ti—1)#min + Njkyi—1] — Ofkyiz1])

Similarly, the upper and lower boundary vectors of the angular velocity rate wy ;)
can be expressed in the following form:

Wmin < Mﬁ(i_i_l]ﬂ[k+i} < Wmax- (A23)

Since Q[k +i] = Myi 1wk, the inequality constraints on the Q[k +i] can be derived as:

I\~ M i 1)@Wmax
<_13>0[k+1] < <_M[k+i”wmm : (A24)

For quadratic programming problems with inequality constraints, analytical so-
lutions are often difficult to obtain, so numerical methods are used. Substituting
Equations (A18), (A22) and (A24) into the quadprog function, the virtual control increment
sequence & Wk] can be solved. The feedback linearized system’s virtual control vector is

o = (Is 03 --- 03} 5Vf"] + U1 (A25)
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