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Featured Application: A method for improving geodetic networks for the precise layout
of high-cost, large-scale structures such as high-speed railway lines.

Abstract: Long linear constructions, particularly high-speed railway lines, place very high
demands on the accuracy of the fundamental geodetic controls on which they are based. In
general, national reference coordinate systems possess deformations (relative inconsisten-
cies) due to historical factors—primarily the low accuracy of the measurement methods that
were used at the time of their development. The reference coordinate system S-JTSK used
in the Czech Republic comprises local deformations that are determined using a modern
space geodesy method—the Global Navigation Satellite Systems (GNSS). An analysis of
the local deformations revealed that, in the Czech Republic, 99% of the length corrections
from the coordinate system deformations are in the interval of —1.4 to +1.4 cm/km with
a standard deviation of up to 1.4 cm/km. The extreme value in this regard is the length
correction from the deformation of +2.5 cm/km and the standard deviation of 3.6 cm/km.
These values exceed the required accuracy of 1 cm/km, and the length corrections from the
deformations, together with the length corrections from the used projection, must be taken
into account when undertaking surveying work on high-speed railway lines in the Czech
Republic (also with the height correction for lengths). The magnitude of the scatter also
indicates the distortion of the S-JTSK projection conformality due to the deformations.

Keywords: S-JTSK; length correction; coordinate system deformation

1. Introduction

Reference coordinate systems are the basis for most geodetic work. They are primarily
used for mapping, but they are also used for delineating engineering work and maintaining
land registers. Historically, leveling represented a more accurate method of measuring
elevation; as a result, coordinate systems are generally divided into horizontal and vertical
parts. The first coordinate systems originated from measuring horizontal angles in triangles,
i.e., triangulation.

In the territory of the Czech Republic, the first positional coordinate systems were
created in the Austro-Hungarian empire in the 19th century using triangulation for the
second military mapping [1], for the mapping of the stable cadaster [2], and subsequently
for the Central European degree measurement and third military mapping [3].
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Based on the military triangulation for the third military mapping, the System of the
Unified Trigonometric Cadastral Network (S-JTSK) reference system was created in the
1920s based on the Bessel reference ellipsoid. The measurement of horizontal angles at some
of the triangulation stations was adopted from military triangulation, and, in particular,
the scale and orientation of the network were adopted.

The reference system S-JTSK is still in use today in the Czech Republic as a geodetic
basis for the mapping of new cadastral maps [4], the conversion of older cadastral [5] and
topographic maps [6,7], the delineation and surveying of infrastructures (e.g., railways) [8],
the connection of mine operations [9], the monitoring of the impact of mining on the
surface [10], and other uses. The reference system S-JTSK uses Kfovak’s cartographic
projection [11] for planar coordinates. The Kfovak projection comprises two conformal
projections: In the first step, the geodetic coordinates based on the Bessel ellipsoid are
conformally projected onto a sphere with a reduced diameter using the Gauss conformal
projection of the ellipsoid to a sphere; in the second step, the coordinates on the sphere are
projected to the mapping surface by a conformal conic projection in the general position,
which is a special subtype of the Lambert conformal conic (LCC) projection. The Kfovak
projection was optimized for the territory of the Czechoslovak Republic in the period
1918-1938, i.e., the general position of the conic projection was optimally selected for the
territory of the Czechoslovak Republic. The length scale of the Kfovak projection takes
values from —10 cm/km on the tangential cartographic parallel in the center of the territory
to +14 cm/km on the edges of the territory of the Czechoslovak Republic [12].

With the advent of space geodesy methods—in particular, Global Navigation Satel-
lite Systems (GNSS) technology, the Real-Time Kinematic (RTK) method of measure-
ment [13], and virtual stations implemented by using the networks of permanent stations,
i.e., CZEPOS [14]—surveyors have a tool at their disposal that enables rapid and effi-
cient positioning with an accuracy that is sufficient for most applications, in addition to
highly efficient delineation, the mapping of unforested and undeveloped areas and linear
structures [13], and the monitoring of geodynamics on local [15] and regional scales [16,17].

In contrast with other countries, where the advent of GNSS has resulted in a funda-
mental change in reference coordinate systems (e.g., Oman) [18] or in countries that are
preparing for fundamental changes (e.g., Serbia) [19], in the Czech Republic, the binding
reference coordinate system remains the S-JTSK. The use of GNSS is linked to networks
of permanent GNSS stations that have coordinates in the European Terrestrial Reference
Frame 2000 (ETRF2000). This factor makes it necessary to ensure the transformation of
coordinates determined by the GNSS in the ETRF2000 reference frame into the S-JTSK
system [20].

The transformation procedure is determined using the S-JTSK/05 working refer-
ence system with a modified Kfovak projection [21]. The S-JTSK/05 is defined with the
geodetic coordinates on the GRS80 ellipsoid of the European Terrestrial Reference Sys-
tem 1989 (ETRS89). For the planar coordinates, the S-JTSK/05 uses the modified Kfovak
projection, which is defined as the Kf¥ovak projection with the addition of biquadratic
re-transformation coefficients, using the procedure, e.g., in [22], and re-transformation coef-
ficients, e.g., in [23,24]. The coordinates in the S-JTSK/05 are close to those in the S-JTSK
(within 20 cm on average); thus, they are identical to the S-JTSK under the resolution of the
cartographic works [25]. In order to obtain the S-JTSK coordinates, differences defined in
the territory of the Czech Republic in a regular grid with a step of 2 km must be added to
the S-JTSK/05 coordinates. The latest version of the table of differences has the designation
1710 [26], and it was published in 2017. The scheme of transformation from the ETRS89,
ETRF2000 geodetic coordinates B, L, H to the planar coordinates Y, X in the S-JTSK is shown
in Figure 1.
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Figure 1. S-JTSK/05 transformation scheme [21].

In the first step, the geodetic coordinates B, L, H (latitude, longitude, and height) in
the ETRF2000 reference frame on the GRS80 ellipsoid are converted to the rectangular
Cartesian coordinates X, Y, Z. A seven-parametric similarity Helmert transformation with
three translations, three rotations, and one scale change is then applied. In this step,
the 3D rectangular coordinates are transformed from the ETRF2000 reference frame to
the S-JTSK/05 reference frame. Subsequently, the rectangular Cartesian coordinates are
converted into the geodetic coordinates B, L, H on the Bessel ellipsoid. Using a modified
Krovak projection including the re-transformation, the planar coordinates Y, X are obtained.
The ellipsoidal heights H are converted to heights h in the Bpv reference height system
using the undulation of the quasi-geoid over the ellipsoid—model CR2005-v1005; see [26].

The S-JTSK system is unsuitable for higher precision work due to local deformations,
e.g., for the delineation of linear railway structures [13], especially modern high-speed lines.
In such cases, it is necessary to focus on the influence of the S-JTSK deformations on the
positioning accuracy—in particular, local changes in the length scale and non-conformities
(i.e., the dependence of the length scale change on the azimuth).

In this paper, we present an evaluation of the changes in the S-JTSK length scale
when considering the deformations of the system. The method employed is outlined
in the following section, and the results obtained are summarized and evaluated in the
final section.

2. Calculation of the Length Correction from the Projection
and Deformation

There are several techniques for calculating the length correction. In the present case,
we used the procedure in which, for a given distance in the S-JTSK coordinate system, the
distance in the ETRS89 system on the GRSS80 ellipsoid is calculated based on the method
presented in [21] or [22]. First, we define two points A and B by their planar coordinates
in the S-JTSK. The height of points A and B is assumed to be zero; the length will not be
corrected from the convergence of the tangents due to the height (because we assume that
the height correction for the lengths will be introduced in the case of construction work
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in the field). The distance between points A and B in the S-JTSK will be d 5. The S-JTSK
coordinates of points A and B will be converted to planar coordinates in the S-JTSK/05
system using the table of differences and, subsequently, by using the modified K¥ovak
projection and transformations to obtain the geodetic coordinates B, L, H on the GRS80
ellipsoid within ETRF2000; see Figure 1. We performed the transformation using the
program etrf00-jtsk_v1801 [26], which uses the quasigeoid model cr-2005_v1005.dat and the
table of differences S-JTSK versus S-JTSK/05 table_yx_3_v1710_TB-obd.dat—both obtained
from [26].

The distance between points A and B on the GRS80 ellipsoid is calculated by solv-
ing the second geodesic problem [27]. From the numerous solutions to this problem
(e.g., ref. [28-30]), we used the sphere transition solution method, e.g., the method pre-
sented in [31], Section 3.3.4.—Solving the second geodesic problem. We calculated the length
of the arc and the azimuths at the end points of the curve; however, the azimuths were
not required.

The radius of the auxiliary sphere is determined using the following formula:

R = vVMN, 1)

where M is the meridional radius of the curvature, and N is the transverse radius of
the curvature at the center point between points A and B. The meridional radius of the
curvature is calculated using the following formula:

a(1—e?)

M= =",

(2)
where 4 is the major axis of the ellipsoid, e is the eccentricity of the ellipsoid, and W is the
first geodesic function given for latitude ¢, determined by the following formula:

W = /1 — e2sin’g. (3)

The eccentricity e is determined by the major 2 and minor b semi-axes of the respective
ellipsoid:
2 _ 2
ac—b
= (4)

a2

The transverse radius of curvature is calculated using the following formula:

a
N = W )

Both radii M and N depend on the parameters of the ellipsoid and the latitude used.
For the GRS80 ellipsoid, the basic values of the constants are known, which are the lengths
of the semi-axes of the ellipsoid. Therefore, 2 = 6378137 m and b = 6356752.31425 m.
For the Bessel ellipsoid, the lengths of the semi-axes are a = 6377397.15508 m and
b = 6356078.96290 m.

The auxiliary sphere touches the ellipsoid at the center point Py; see Figure 2.

The center point is chosen so that

+
Po(go) : o = w' 6)

Next, we choose for (Py):

N(¢o) = No, M(¢o) = My 7)
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and
(95— ¢4)No = (98 — ¢4) Mo, ®)
95— ¥ _ Mogp—a _
5 =~ N 5 = w. 9)
The last choice is as follows:
Pt P _ P8+ @A _
Adding and subtracting these two equations gives the following;:
Pa=P0—w, @5 =0+ (11)

The problem is further solved as a problem on a sphere with the radius R and the
coordinates of the points A and B lying on the sphere (¢ 4/, A4 a ¢p/, Ap).

sphere

ellipsoid

Figure 2. Solving the second geodesic problem by transitioning from an ellipsoid to a sphere R [32].

The length of the arc with sag, see Figure 3, is calculated using the cosine theorem on
a sphere in the following form:

S% = arcos(sing’ysingy + cos@pcos@pcos(Ap — Aq)). (12)

AN

Figure 3. The second geodesic problem on a sphere [32].
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To determine the length correction from the projection and the deformation, i.e., the
global length correction, the resulting lengths s4p calculated on the ellipsoid using the
second geodetic problem were compared with the lengths in the Kfovak projection dp.
The desired length correction from the S-JTSK projection and deformation in meters per
1 km of length is calculated from the following relation:

dAB — SAB
_ 13
dap [km] 13)

The calculation is performed for the entire territory of the Czech Republic in a regular
network. Since the deviation table is defined in the S-JTSK coordinate grid with a step of
2 km, it is convenient to choose this S-JTSK coordinate grid as the regular grid. This decision
avoids the error in the interpolation of deviations between the S-JTSK and S-JTSK/05. At
each node of the grid, we define four points on parallel lines with S-JTSK coordinate axes
at a distance of 2 km; see Figure 4.

1

2 km

3

Figure 4. Definition of segments around node [32].

The calculations for the length correction from the S-JTSK projection and deformation
at each O node for all four links O-1, O-2, O-3, and O-4 were performed. For the nodes
on the edge of the Czech Republic, only three links were defined. The resulting length
correction from the S-JTSK projection and deformation at a given node O is obtained by
averaging all of the defined links (three or four) calculated according to relation (13). In
parallel, the standard deviation of the corrections is calculated, which characterizes the
variability of the length correction depending on the direction, i.e., the effect of the non-
conformity given by the S-JTSK deformation at node O. It is possible to study the change
in the length correction in north—south vs. east-west directions, but we can’t perform
that study.

3. Results

If the aforementioned calculation were performed by ignoring the table of differences
and using the (original, not modified) K¥ovak projection, only the corrections to the lengths
of the Kfovak projection would be presented in the results. The corresponding result is
continuous smooth lines; see Figure 5 in [11]. By subtracting these results from the global
length correction, i.e., the length correction from the projection and from the deformation,
we obtain the length correction from the deformation only.

Using the procedure described in Section 2, the resulting length corrections from the
S-JTSK projection and deformation, i.e., the global length corrections, are shown graphically
in Figures 6 and 7.

It can be seen that after adding the S-JTSK deformation (from the table of differences
and using the modified Kfovédk projection) to the length correction from the (original)
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Kiovék projection, the smooth lines (see Figure 5) become “twisted isochores”; see Figure 8
in the axonometric view.
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Figure 6. The global length corrections, i.e., the length corrections from the projection and the
deformation. A color representation of the correction values at nodes in the 2 km grid [32].

Because it is possible to study the influence of the deformation of the S-JTSK reference
system, in the following paragraphs, we do not use the global length corrections; instead,
we use only the aforementioned length correction from the deformation. The numerical
statistics of the length correction from only the deformations of all nodes with a 2 km step
are summarized in Table 1. In Table 2, the frequencies of the length correction values in
each interval are shown.
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Figure 7. The isolines of the global length corrections, i.e., the length correction from the projection

and deformation in cm/km [32].

Figure 8. An image (“washbasin”) of the global length corrections, i.e., the length correction from the

projection and deformation in cm/km [32].

Table 1. Deformation length correction statistics in cm/km.

Average
Minimum
Maximum

0.36
—-1.63
+2.50




Appl. Sci. 2025, 15, 3369 90f 13

Table 2. Class frequencies of length corrections from deformation.

Interval of Classes in cm/km  Frequency of Corrections in Classes  Representation in [%]

<=2.0; —1.8> 0 0.00
<—1.8; —1.6> 1 0.00
<—1.6; —1.4> 3 0.01
<—14; -1.2> 8 0.04
<—1.2;, —1.0> 25 0.11
<—1.0; —0.8> 89 0.39
<—0.8; —0.6> 252 1.11
<—0.6; —0.4> 625 2.75
<—04; —0.2> 1263 5.55
<—0.2;0.0> 2181 9.59
<0.0; 0.2> 3332 14.7
<0.2; 04> 4296 18.9
<0.4; 0.6> 4366 19.2
<0.6; 0.8> 3134 13.8
<0.8; 1.0> 1760 7.74
<1.0; 1.2> 819 3.60
<1.2;1.4> 360 1.58
<1.4;1.6> 155 0.68
<1.6;1.8> 49 0.22
<1.8;2.0> 13 0.06
<2.0;2.2> 8 0.04
<2.2;2.4> 1 0.00
<2.4;2.6> 1 0.00
<2.6;2.8> 0 0.00
<2.8;3.0> 0 0.00

Figure 9 shows the frequencies from Table 2. The results show that 99% of the
length correction values from the coordinate system deformations lie in the interval of
—1.4 to +1.4 cm/km. However, the mean value is not zero; it is approximately +0.3 cm/km.
This result is expected from the statistics presented in Table 1 and indicates a residual
change in the scale of the S-JTSK reference system relative to the ETRF2000 reference frame,
which was not removed within the seven-parameter Helmert similarity transformation.
However, it corresponds to the accuracy of the S-JTSK implementation.
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Figure 9. Class frequencies of length corrections from deformation.
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Figure 10 is a graphical representation of the resulting standard deviations from the
length correction average at each node. As in the case of the graphical plot of the resulting
corrections, the standard deviations have been color-coded according to the values obtained
and expressed as dots. It was not possible to determine the systematic behavior of the
standard deviations.

900 | | |

cm/km

950+

1000+

1050+

X
1100+

1150+

1200+

250
950 900 850 800 750 700 650 600 550 500 450 400
Y

Figure 10. A graphical representation of the resulting standard deviations from the length correction
averages at each node [32].

In Table 3, the standard deviation statistics from all nodes after 2 km are shown. In
Table 4, the frequencies of the length corrections in each interval are displayed.

Table 3. Statistics representing the standard deviations from the length correction averages at the
nodes in cm/km.

Average 0.47
Minimum +0.01
Maximum +3.61

Table 4. The class frequencies of the standard deviations from the length correction averages at the nodes.

Interval of Classes in cm/km  Frequency of Standard Deviations in Classes Representation in [%]
<0.0; 0.2> 3017 13.3
<0.2; 0.4> 7960 35.0
<0.4; 0.6> 5916 26.0
<0.6; 0.8> 3089 13.6
<0.8; 1.0> 1506 6.62
<1.0; 1.2> 623 2.74
<1.2; 14> 329 1.45
<1.4;1.6> 151 0.66
<1.6;1.8> 76 0.33
<1.8;2.0> 31 0.14
<2.0;2.2> 21 0.09
<2.2;24> 10 0.04
<2.4;2.6> 6 0.03
<2.6;2.8> 2 0.01
<2.8;3.0> 2 0.01
<3.0; 3.2> 1 0.00
<3.2; 3.4> 0 0.00
<3.4;3.6> 0 0.00
<3.6;3.8> 1 0.00

In Figure 11, the frequencies from Table 4 are displayed. It can be seen that 99% of
the standard deviations of the length corrections from the deformations of the coordinate
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system lie within the interval of up to +1.4 cm/km. The mean value of the standard
deviations is approximately 0.2 cm/km.

9000
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5000
4000
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0 |

0 02040608 1 12141618 2 22242628 3 323436

number of standard deviations

class minimum limit

Figure 11. The class frequencies of the standard deviations from the length correction averages at the
nodes in cm/km.

4. Evaluation and Conclusions

The results presented in Figures 6 and 7 show that the dominant influence is the length
correction from the projection, which takes the values of —10 cm/km on the tangential
cartographic parallel running through the center of the Czech Republic and +14 cm/km
on the edges of the Czech Republic [11]. The average value of the length correction from
the deformations of the reference system is 0.36 cm/km; in the extreme case, the value is
+2.5 cm/km; see Table 1. The above value is a negligible value for most common surveying
work. An exception involves work in the field of railway surveying [13], where (particularly
for high-speed lines) there is a requirement for an accuracy level of 1 cm/km. Therefore, it
is necessary to combine the length corrections from the (original) K¥ovak projection and
S-JTSK deformations (along with the introduction of the height correction for lengths, a
factor that was not considered in the present study).

Based on the results presented in Figure 9, the standard deviation of the determination
of the length correction, which characterizes not only the accuracy of the determination but
also the dependence of the length correction on the azimuth, i.e., the non-conformity, takes
values in 5% of the area up to 1.0 cm/km. The results presented in Table 4 show that 99% of
the values of the standard deviation of the length corrections from the deformations of the
coordinate system lie in the interval up to £1.4 cm/km. The average standard deviation is
0.47 cm/km, with an extreme value of 3.6 cm/km; see Table 3. The scatter is characterized
by the variability of the length correction with the azimuth, i.e., the non-conformity of the
projection caused by the deformations in the coordinate system. For linear constructions
that demand high precision, it is necessary to take this fact into account in geodetic works
in locations with a standard deviation greater than 1 cm/km, which can be identified in
Figure 10. In such a case, it should be considered whether it would be more beneficial for
developers of a given project to define a local coordinate system with planar coordinates
using a low-distortion map projection.
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Abbreviations

The following abbreviations are used in this manuscript:

CZEPOS State network of permanent stations for localization in the Czech Republic
ETRF2000  European Terrestrial Reference Frame 2000
ETRS89 European Terrestrial Reference System 1989

GNSS Global Navigation Satellite Systems

GRS80 Geodetic Reference System 1980

LCC Lambert conformal conic projection

RTK Real-Time Kinematic

S-JTSK System of the Unified Trigonometric Cadastral Network

S-JTSK/05 Working version of S-JTSK
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