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Abstract: Pressure-retarded osmosis (PRO) is a process that allows the production of
mechanical energy from the chemical potential difference between two solutions of different
concentrations separated by a semi-permeable membrane. One of the main obstacles for this
technology to be commercially competitive is the difference between the theoretical power
density and the experimental power density due to negative factors like ICP. Analytical
models facilitate the analysis of the relationships between system parameters and thus
facilitate the optimization of components. In general, PRO has traditionally been explained
through the solution-diffusion model, where the flow of water through the membrane
depends on a diffusivity factor, the concentration gradient, and the hydraulic pressure
gradient. This paper focuses on developing a modified solution-diffusion model that
includes means to control the ICP through rotational kinetic energy. An energy balance
method for obtaining a solution diffusion-based model is explained, and an analytical
model is obtained. Finally, said model is verified through simulations with parameters
reported in the literature to obtain insight on the required dimensions for a prototype. It
was found that a turning radius of 0.5 m and an angular speed of less than 3000 rev/min
could generate enough kinetic energy to compensate for ICP losses in a PRO scenario.
Also, the results suggest that bigger concentration differences could benefit more of this
technology, as they require almost the same energy as smaller concentration differences but
allow for more energy extraction.

Keywords: pressure-retarded osmosis; solution—diffusion model; rotational kinetic energy

1. Introduction

Power generation using pressure-retarded osmosis (PRO) has garnered significant
due to its potential for sustainable and continuous electricity generation. However, several
technical challenges related to its practical implementation remain unresolved [1]. Among
these challenges is internal concentration polarization (ICP), which is one of the most
critical issues that need to be addressed [2].

ICP is a phenomenon that depends on the feed and draw solution concentrations as
well as on the structural parameters of the membrane. Its effects could be minimized from
the design of the membrane itself or by maintaining operating conditions that help mitigate
its effects [3].

In PRO, as well as in various other membrane processes, a high shear rate induced by
turbulence near the membrane surface is desirable. This turbulence enhances water flux
flow through the membrane and mitigates the effects of concentration polarization (CP)
and reduces membrane fouling [4-8]. The use of high-velocity flow rates generates this
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turbulence, but the required working pressures of PRO and the use of high-velocity flow
rates requires more energy from the pumps, diminishing the net energy output.

There is some research on other membrane processes that have employed rotational
kinetic energy to produce high shear rates in the area near the membrane. The work of
Wild et al. in [9] defines the fundamental principles and implements two prototypes of
centrifugal reverse osmosis (CRO). Pharoah et al., in [10], studies the favorable effects of
centrifugal and Coriolis acceleration for a centrifugal membrane separation (CMS) process
are evaluated with a numerical model. Bergen et al., in [11], experiments to evaluate the
use of CMS to enhance water flux in rotating reverse osmosis (RO) are presented. Lee and
Lueptow, in [12], present a dynamic model for rotating reverse osmosis with the Navier—
Stokes equation for cylindrical Taylor-Couette flow. The same authors, in [13], evaluate the
control of scale formation in rotating reverse osmosis. More recently, Krantz and Chong,
in [14], present a CRO process that can reduce the specific energy consumption relative to a
single-stage RO process by progressively adjusting the trans-membrane pressure with a set
radius and a variable speed.

Some studies have explored the technical challenges and energy consumption as-
sociated with applying rotational kinetic energy to membrane processes. Experimental,
mathematical, and numerical evidence suggests that rotational kinetic energy can help
mitigate the negative effects of CP and membrane fouling in these processes. Furthermore,
these benefits can be achieved with lower energy consumption.

Due to the similarities between membrane-based processes, many of the technologies
developed for RO have been adapted for use in PRO. It could be of interest to evaluate the
effects of rotational kinetic energy applied to PRO.

A literature review focused on the mathematical models used specifically for PRO
revealed that three fundamental theories have been used to develop models: the solution—
diffusion model, irreversible thermodynamics, and mass interchange (See Table A1).

Among the three fundamental theories, the solution—diffusion model is the most used
for PRO. In broad terms, permeation through a membrane is defined by driving forces like
pressure, temperature, and concentration. These forces are interrelated between them, and
the resulting driving force is the gradient of the chemical potential u [15].

Regarding the process for obtaining the solution—diffusion model, it is highlighted
that to calculate the chemical potential y, usually, only the concentration, temperature, and
pressure gradients are considered.

Let us consider that other driving forces, like electromagnetic fields, gravity, or inertia,
are present and may directly or indirectly influence the distribution of species and thus
the chemical potential of solutions. With this, it is possible to develop new expressions to
explain osmotic processes.

Suppose, for example, that, instead of a traditional static PRO system, we have a
PRO system that can rotate with a defined angular velocity. Depending on the membrane
orientation, there will be effects related to centrifugal and Coriolis forces that could enhance
mass transfer through the membrane.

In this work, we present a theoretical system that allows a PRO process to include
rotational kinetic energy, and we describe the mathematical method used for obtaining a
new expression for a solution—diffusion model affected by rotational kinetic energy.

A PRO system that incorporates rotational kinetic energy can induce turbulence
through inertial effects on the feed and draw solutions throughout the entire volume of the
membrane module. This turbulence could enhance water flow across the membrane, even
in flow-dead zones within the module.

In the proposed PRO system, the membrane module will rotate in the air, moving only
the mass of the module and the volume of water inside. As a result, the efficiency of the
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electric motor may exceed that of the two hydraulic pumps, which must maintain a high
flow rate throughout the entire hydraulic system of the feed and draw solutions in a typical
PRO system.

The magnitude of the effects will depend on parameters such as the turning radius, an-
gular velocity, direction of rotation, and solution densities. These factors provide numerous
options for controlling the performance of the system.

This theoretical work provides a framework for advancing PRO technology by intro-
ducing the possibility of actively controlling CP through rotational kinetic energy. The
technical challenges related to the rotating mechanism and couplings, large-scale imple-
mentation, and detailed energy consumption of the rotational components are beyond the
scope of this study and will be addressed in future research.

2. Considering Other Impulse Forces

Generally speaking, in osmotic processes, the most significant impulse forces are
the concentration potential and the convective potential as expressed by Equation (A1l).
Nonetheless, other kinds of forces could affect these processes. For example, the author
Nagy, in [16], presents an equation for the chemical potential of solutions with ionic flows
where the electric field is considered an important impulse force.

i = ‘u?—f—RTln(ﬂZ‘)'i—l?i(P)‘f'FzE (1)

where a is the activity of component i, F; is the Faraday constant, and E is the electri-
cal potential.

The driving forces in osmotic processes can vary depending on the specific parameters
of the process or the physical properties of the system. In certain cases, additional forces
can be considered, such as the chemical potential of a solution influenced by a sufficiently
strong electromagnetic field, gravitational forces, or kinetic energy. These factors can be
mathematically expressed as follows:

D)

.12
m; v;

Ec + [ﬁi'(Pi - Psati)]Ef + [FZ Ei]Ee + [mig h]Ep

2
Ek

where m is the molar weight, F, is the Faraday constant, g is the gravitational acceleration,
h is the height, and v is the velocity. The terms in the brackets with the subscript g, belong
to energy due to the concentration of the solution, the terms with the subscript  f belong
to the fluid energy due to convection, the terms with the subscript g, represent the energy
contributed by an electromagnetic field, the terms with the subscript g, correspond to the
potential energy, and the terms with the subscript g belong to the fluid kinetic energy.

2.1. The Proposed Rotational Kinetic Energy PRO System

Figure 1 presents a schematic of a PRO system that includes a mechanism to generate
an angular velocity w. In said system, it is considered that there is no substantial external
electromagnetic field and that there is not a substantial difference in the gravitational
potential between the feed and draw solutions. With these considerations, the primary
driving forces in the chemical potential equation are the chemical energy from concentration,
the hydraulic pressure energy, and the kinetic energy associated with the angular velocity
w. With this, Equation (2) is

i

C; R m; 1/1‘2
i = {y? +R Tln(% 1)] +[0:(Pr = Peati)] g + | ] 3
Ec Ek
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Figure 1. Schematic of a PRO system with an angular velocity.

The term that corresponds to kinetic energy has two components, a linear velocity
v5; that corresponds to the flow velocity produced by the applied pressure, and a com-
ponent due to the angular velocity w;. The kinetic energy will be determined by the
following equation:

- = \2
mi(vﬁ—l—wix r)
Ex = 5 4

If Equation (4) is expanded and simplified using some properties of scalar and vector
product, the kinetic energy can be expressed as follows:

—2 —2
E, = lel + m; (Vfi X wi).ri + | — 5)

In Equation (5), the left-side term corresponds to the kinetic energy due to the fluid
velocity generated by the applied hydraulic pressure, the central term corresponds to the
kinetic energy due to Coriolis acceleration produced by the cross-product between the
velocity of the fluid and the angular velocity, and the right side term corresponds to the
rotational kinetic energy that is determined by the half of the cross-product of the square of
the angular velocity with the moment of inertia of the rotational body. According to what
has been previously described, Equation (3) can be written as follows:

— 2
pi= W0+ RTIn(BE) |+ [6,(P = P + (’”l;f' ) +mi(V
2 (7 (6)
w; X Ii
(i)

- =
X(Ui).}’l' +

Ek

where Z = ml7l2 is the total moment of inertia. In the case of the system of Figure 1, the
rotational axis does not go through the center of mass of the PRO module, and according to
the Huygens-Steiner theorem, also known as the parallel axis theorem, we can describe the
moment of inertia of the system as Lyg=Im+m 2, where I, is the moment of inertia of an
object when the rotational axis goes through the center of mass, plus the product of the total
mass by the square of the perpendicular distance between the parallel axis. Considering the
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PRO module as a straight circular cylinder with radius r, and the perpendicular distance
between the rotational axis and the cylinder’s axis as ry;, the total moment of inertia is

2
L = 5 @)

Replacing Equation (7) on Equation (6), we obtain the following:

given by

Iy = [}ll +RT11’1(7’ ')} i(P — Psatz)] Ef

Ec

m7 ) yflxw>7 ®)

—2 2
w X m;. (0570+7M>

Ek

As per the scheme in Figure 1, it is considered a PRO system with a spiral-wound
planar membrane, on which the feed and draw solutions are in a counter-flow configuration.
The membrane’s spiral geometry lies in the ZY plane (See Figure 2), and only the potentials
acting within this plane are considered to directly affect diffusion through the membrane.

b

S —
o

Figure 2. Scheme of the ZY plane of the spiral-wound membrane considered for a PRO process.

2.2. Draw Solution Energy Balance

For the draw solution, the main component of the draw fluid’s velocity, v¢p is due to
the applied hydraulic pressure and goes in the negative direction of the x-axis. This velocity
runs parallel to the membrane surface, so its contribution to diffusive transport through the
membrane is considered minimal. However, if the flow is turbulent, the components Vfp (O,
j, k) could enhance diffusion through the membrane. This turbulence can also help refresh
concentration levels near the membrane, which may decrease due to solvent diffusion.

Now, considering that the system is rotating around the x-axis with an angular velocity
wp (i, 0, 0) and that the turning radius for the system will be inside the YZ-plane, the vector
product of the square of the angular velocity and the radius is on the YZ-plane and is going
to contribute directly to the diffusion.

The component of the kinetic energy related to the Coriolis acceleration depends on
the vector product between the fluid’s velocity v¢p (—i, 0, 0) and the angular velocity wp (i,
0, 0), and for this reason, it will be 0.

With these considerations, the draw solution chemical potential on the Z axis is

ZZD X I D

_ 1,0 pCp . B
UDp = |:,uD +RT ln(poD>} . + [UD(PD Psat,D)]Ef + 72 N (9)
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Considering Figure Al again, we can propose an energy difference between the
chemical potential of the bulk draw solution (ypp) and of the area near the membrane
(#pm). Even though there can be differences between the velocities, concentrations, or
pressures between the bulk of the solutions and the area near the membrane, by being a
lossless closed system, the internal energies should remain equal. We propose the equation

HDb = HDm-

—2 -
VD +R Tln(’mbi> +VDb(PDb Psut,Db) + (wDb>2<IDb> = ‘u%

L2 (10)
ARTAn(J2E8 )+ 00 (P — Patom) + 22512 )

PDm MDm

From Equation (10), if it is considered that water is an incompressible liquid and that
the membrane is a solid and dense element, we can consider (Pp, = Ppy, UVpp = Vpm), and
with this, we arrive at the following expression:

CDm = CDb Gp e[ (wDbXIDb ‘UDmXIDm)] (11)

where
_ YDb PDm

YDm PDb

2.2.1. Feed Solution Energy Balance

For the feed solution, it is necessary to consider that the main component of the fluid’s
velocity vgr, due to the spiral-wound module geometry, which varies its direction inside
the ZY-plane (0, j, k) parallel to the membrane surface. Even though components of this
velocity could affect diffusion through the membrane, as the feed solution flow velocity is
usually small, this contribution will be neglected. Now, concerning the rotational motion,
just as in the draw solution, the vector product of the square of the angular velocity and the
radius will be on the Z axis and will contribute directly to diffusion through the membrane.

The Coriolis acceleration results of the vector product of the flow velocity v (0, j,
k) and angular velocity wr (i, 0, 0), because of this, will alternate between zero and a
maximum value in the Y or Z axis, respectively, and will contribute to diffusion through
the membrane.

In the vector product for Coriolis energy, the angular velocity w appears in the second
position, unlike in the vector product for centrifugal energy, where it occupies the first
position. As a result, when 7 fF is aligned with 7 M, the Coriolis energy will have the
opposite direction to the centrifugal energy.

For ease in handling the equations, we will call the Coriolis energy as follows:

CO?",‘ = m; (7)(1 X 51)71
With these considerations, the energy balance for the Feed solution will be pry,; = pgp.

-2 2
]/lF +RT ln(wm CFm) + 17Fm(P]:m — Psat,Fm) + (me;IFm + COI’Fm> = ‘1,[?:4_

Fm MF

(12)
-2

I
R T1n<%b H’) + Orb (Pry — Pear,rv) + (W + COVFh)
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In this case, additionally, from the considerations related to the volumes and the
incompressibility of the solution, it is considered that Pr, = Pp;, and after simplifying
Equation (12), we arrive at the following equation:

.
— [sig (w2, x Ipp+2Corpy—w?,, x Iry —2C0ry ) — 1k (Ppp—Prp)]
Crm = Crp Gre (13)
where
Gr = YEb PEm
YFm PFb

If we consider a semipermeable membrane, as shown in Figure A1, and assume a
solvent flux primarily driven by diffusion, applying Fick’s law leads to the following

expression:
D
Jw = Tw(CDm - CFm) (14)

When we replace Equations (11) and (13) in Equation (14),

Jw

1 2 2
= % <CDb Gp e[m-(wDbXIDb—WDmXIDm)—

ot

+ (Ppoy— Pry)]

=

(15)

x‘w
1

_CFm GP e[ﬁ.(w%bxlprrZCorH,f w%mxlp,,ﬁZCorpm)f

: <PDbPH,>]>

2.2.2. Equilibrium Point

In osmotic processes, a key point of interest is where the driving forces balance, causing
the solvent flow to stop. In the scenario shown in Figure 1, with zero flow in both the draw
and feed solutions, an equilibrium in kinetic energy is established, satisfying the condition
AERrke = 0 for both the draw and feed solutions and between them.

w2Db X IDb = szm X IDm
= wlz-"b X IPb
= wlzfm X Iy, (16)
— — —
= Z.mpb.(vfﬂ, X wpb).er
— — —
= Z.mpm.(vf,pm X a)pm).rpm
Additionally, this working point will be defined by the equilibrium between the
osmotic potential, the hydraulic pressure potential, and the kinetic energy potential (AIT

+ AP + APgkg = 0). Taking into account that APgrgg = 0, then AIl = AP. Evaluating these
considerations in Equation (15), we arrive at the following:

CFb = CDb%l;E%AH (17)

2.3. The Proposed Solution—Diffusion Model with Rotational Kinetic Energy

Equation (17) relates the bulk concentration of the feed solution with the bulk concen-
tration of the draw solution.

When substituting Equation (17) into Equation (15) and reorganizing, we obtain
the following;:

]ZU — M (e[ﬁ'(w%bXIDb_szmXIDm)] _

1 2 2 VE VE (18)
elzrr(WipxIpp+2Corpy—wi, X Iy —2Corpy ) — o (Ppy— Prp) + g A]
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If, in Equation (18), we consider the exponential function definition (e* ~ 1 + x for
—1<x<1),

w Cpp G
Jo = P2 ([14 b (why o = whyy % Tow |) = [14 3 (why % It

(19)
2C07’1:b — a)%m X Ipm — 2C07’1:m) — 7F(PDb — Ppb) + 71: AH})

In Equation (19), we must consider that, due to the flux through the membrane, the
kinetic energy in the area near the membrane will be equal for the feed and draw solutions.
Due to this, w? X Ip,, = w?* X Iy, + 2 Corp,. After simplifying the expression, we obtain

the following:
Dy Cpy Gp - 1
Ju = (VF A= vE(Ppy — Pry) — 5 [wznb X Ipp = Wy < Tpy = 2Corpr 20

Now, substituting Equation (7) in Equation (20) and writing the molar mass m; in
terms of the molar density p; and the molar volume v*;,

Dw Cpy Gp /4 N
Jw = — “ I?bT 2 (0p AT — 0f(Ppy — Prp)
2 2
A1 2 — —
—0Fy [wm, X PDp (0-57 oDb+ T M,Dh>
—2 —2
—WEy, X P <0-57 oFb T M,Fb>:|

. - —
+0r [PFh V£ b X W VMFh})

(21)

Finally, considering that the difference between the flow velocity, angular velocity, and
the radius of the bulk of the feed and draw solutions is very small, Equation (21) can be
written in a compact form as

Jw = A (AT — AP — APre) (22)

where

_ _ DuCppGpor
A= IRT

ATI = iRT(Cpy — Cgp)
AP = (Ppy — Prp)

2

—2 — - =
APrkg = 0.5 (wzpb X (0-5 Topp T T M,Db)) (Db — PFb) — (PPbe,Fb X WFp. 7MPb)

Equation (22) describes a process where diffusion through the semipermeable mem-
brane is driven by the potential differences of three types of energy: chemical energy,
represented by the osmotic potential All; convective energy, arising from the applied
hydraulic pressure AP; and rotational kinetic energy, represented by the dynamic pressure
APRKE.

The term APgrgr indicates that the equivalent hydraulic pressure exerted on the mem-
brane by rotational kinetic energy is determined by the angular velocity w, the total radius
that will be simplified as ry;, the fluid velocity of the draw solution v, and the densities

of the feed and draw solutions, which depend on their concentrations. While the channel
heights for the feed and draw solutions could also influence the resulting pressure, this
effect is beyond the scope of this study.

Depending on the directions of vectors c?;, 7, and 7, within the spiral membrane
module, the resultant dynamic pressure Aggxr can either support or oppose the osmotic
pressure AIL. However, the local hydrodynamic effects on the membrane surface can help
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mitigate the negative impacts of concentration polarization CP or membrane fouling in
real time. These overall positive effects suggest that further research into this technology is
well justified.

Although some studies have explored the use of rotational kinetic energy to modify
flow through membranes in osmotic processes like RO, to the best of the authors” knowl-
edge, this is the first analytical model to explicitly incorporate rotational kinetic energy
in PRO.

3. Results and Discussion

As shown in Equation (22), the effects of rotational kinetic energy depend on the
densities of the feed and draw solutions, which vary with concentration due to phenom-
ena such as ICP, CECP, and DECP. By calculating these densities numerically or using
mathematical models that account for these effects, it would be possible to couple the
system equations and simulate the impact of rotational kinetic energy on these phenomena.
Figure 3 illustrates the concentration variations across the bulk and membrane regions in
both the active and support layers. The effective osmotic pressure, considering the impact
of ICP, is expressed as AIl = C; — C3 and will be simulated using Equation (23) from [17].

o C2 [B(e (Jw-K) _ 1) + Iw%e(]wK)} (23)
> B(e(Iw‘K) - 1) + Jw

To verify the analytical model behavior under typical PRO conditions, Equations
(22) and (23), with the parameters in Table 1, are used to simulate the PRO system with
rotational kinetic energy. The concentrations of the feed and draw solutions are used
with a library developed by [18] for Engineering Equation solver (EES) software, version
10.834-3D, to calculate the values for the osmotic pressure and the densities.

Active All = 'Cl —_ CS
Layer
All pr = C3 — G5

C1 Porous
substrate

Draw Feed
Solution Solution
Solvent 05
Flux Y
Solute
Flux

Figure 3. Schematic of the different concentrations related to a membrane in osmotic processes.
Modified from [17].



Appl. Sci. 2025, 15,1312 10 of 25

Table 1. PRO with rotational kinetic energy mechanism characteristics, membrane characteristics,
and operating conditions for the simulation [19].

Parameter Value
Mechanism radius (ryr) 0.5m

Angular velocity (w) 0-2700 rev/min
Membrane water permeability (A) 1.763 x 10~ 12 [m/s Pa]
Membrane solute permeability (B) 1.17 x 1077 [m/s]
Solute resistivity (K) 3.38 x 10° [s/m]
Temperature (T) 25 [°C]
Atmospheric pressure (P) 0.101325 [MPa]
Draw solution concentration (Cp) 35¢g/kg

Draw solution flow rate (Qpp) 22.5 L/min

Feed solution concentration (Cs) 0.584 g/kg

Feed solution flow rate (Qyr) 7 L/min

3.1. Compensating for ICP Losses

In this section, we compare the performance of three versions of the solution—diffusion
model: the ideal model, a model that considers ICP, and a model that considers ICP plus
rotational kinetic energy. As we are not considering the effects of other phenomena like
external concentration polarization (ECP), the simulated values obtained for water flow
and power density are overestimated when compared with experimental results in spiral-
wound modules from works like [19,20], but it is considered that the results are coherent
for the simulated conditions.

Figure 4 shows how increasing the angular velocity w for the system under ICP condi-
tions increments its water flow to match the ideal model water flow. For this simulation,
AP is set to reach the ideal maximum power for the given concentration. For a PRO sys-
tem working near the maximum power operating point, it would be possible to actively
compensate for water flow losses over time that are intrinsic to PRO operation.

x10°
2.277f--0--0--0 om0 T 0T -0~ 0- 000 0=~ 000 ~G-— 00—
/A/
'
2.217
K
/K/
= 2157 Ve
E A -—o-|deal
el A//
S 2007 e ericp
L -+ ICP+RKE
"
e Cp,s=35 [g/k
2037 e D,=35 [g/kg]
L Pp=1.25 [MPa]
- /’K//A
1_977k:Q::g»/—ﬂ——D——D—43——D——i}—ﬂ——u——i}—ﬂ——u——i}—{v——D——&—{»——D——

0 5 10 15 20 25
. 2
® [rev/min] x10°

Figure 4. Change in water flow with variations in angular velocity.

Figure 5 presents the required angular velocity needed to compensate for ICP losses
with a fixed concentration difference of approximately 35 g/kg for different values of draw
solution concentration. From these results, it could be inferred that even if the AIT is the
same, for higher concentrations of the feed and draw solutions, the angular velocity needed
to compensate for the water flow losses will increase in a non-linear fashion.
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- Pp=1.384 [MPa]
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AN Pp=1.358 [MPa]
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Cp,5=50 [g/kg]
“ Pp=1.334 [MPa]
Cp =45 latka]
Pp=1.312 [MPa]
Cp g=40 [g/kg] —oIdeal
iy ——ICP+RKE

Cp,g=60 [g/kg]

Pp=1.29 [MPa] |
Cp,=35 [g/kg] AC=34.416 [g/kg]
Pp=1.272 [MPa]
100 200 300 400
. 2
o [rev/imin] x10

Figure 5. ICP losses compensated for different draw solution concentrations and a fixed concentra-

tion difference.

Figure 6 illustrates how ICP losses can be compensated for various Al values. The
results indicate that the angular velocity w does not increase significantly, even when Al is
doubled. Since the theoretical extractable energy rises with AIl, this suggests that in a PRO
system utilizing rotational kinetic energy, the net available energy—after accounting for ICP
losses—will be higher for greater AII values. In other words, the proportion of rotational
kinetic energy required to offset ICP losses will decrease as the salinity gradient increases.

x10°

4.5

3.5

Jw [m/s]

25

1.5

—o—Ideal
——|CP+RKE

0—0—0—0—0—0—0—0—0—0 L H—0—0—0—0—0—Q="--=-—— ©A[1=3.746 [MPa]

Cr5=0.0584 [g/kg]

o Cp,p=40 [g/kg]

AIT=4.591 [MPa]
" Pp=2.295 [MPa]
o
“ Cp,p=60 [g/kg]
’4\n=4 164 [MPa]
o - Pp=2.082 [MPa]
Cp p=55 [g/kg]

Pp=1.873 [MPa]
Cp,p=50 [g/kg]

TSes A1=3.338 [MPa]

Pp=1.669 [MPa]
Cpp=45 [g/kg]

T \[1=2.937 [MPa]

Pp=1.468 [MPa]

A A[1=2.544 [MPa)
Pp=1272 [MPa]
Cp,p=35 [g/kg]

10 20
® [revimin]

30
x 10?

Figure 6. ICP losses compensated for some concentration differences.

Figure 7 shows the water flow under variations of the applied hydraulic pressure
Pp. A fixed value of w was used to bring the system from ICP levels to the ideal model
level. Similarly, Figure 8 presents the power density variation for the three models due to

variation in the applied Pp.
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Figure 7. ICP waterflow losses compensated for by a fixed angular velocity with variations in applied
PD. The yellow area indicates half of the osmotic pressure.
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Figure 8. Power density compensated for by rotational kinetic energy. The yellow area indicates half

of the osmotic pressure.

3.2. Dynamic Pressure Components

The dynamic pressure generated by rotational kinetic energy consists of two main
components: the centrifugal and Coriolis forces. These components, governed by distinct
physical principles and equations, respond differently to the operational parameters of a
PRO system.

Figure 9 presents the variations in centrifugal pressure for different draw solution
concentrations as the angular velocity w changes. As the draw solution concentration
increases, the influence of w on centrifugal pressure becomes more pronounced, requiring
lower angular velocities to achieve a given pressure. Higher-concentration draw solu-
tions provide a greater salinity gradient, leading to higher theoretical energy generation.
However, in PRO systems, the effects of ICP are more severe with higher-concentration
solutions, significantly reducing the available energy. While utilizing rotational kinetic
energy to mitigate ICP consumes electrical energy, its efficient application could potentially
enhance power density in PRO systems.
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Figure 9. Change in centrifuge-generated dynamic pressure with changes in draw solution

concentration.

Regarding the Coriolis pressure component, the solution—diffusion model, which
incorporates ICP and rotational kinetic energy, reveals that due to the differing paths of
the feed and draw solutions in the spiral-wound modules of the PRO system, the Coriolis
forces act in opposite directions and do not cancel each other out. As a result, the Coriolis
pressure is primarily influenced by the flow velocity v and is not affected by the draw
solution concentration. Figure 10 illustrates this behavior.
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Figure 10. Change in Coriolis-generated dynamic pressure with changes in feed solution volumet-

ric flow.

4. Conclusions

This research presents an analytical mathematical model, providing a theoretical
framework grounded in fundamental principles that can be universally applied under
the specified conditions. It was developed systematically, beginning with the chemical
potential equation for a solution, incorporating the additional forces considered, and
integrating these with Fick’s law to capture the influence of kinetic energy on diffusion
through the membrane. The model emphasizes mathematical rigor while incorporating
key simplifications, making it a practical tool accessible to individuals with an engineering
background. Based on the simulation results, the primary findings can be summarized

as follows.
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The developed analytical model offers a framework to include other impulse forces
in osmotic processes, as the used methodology could be replicated considering other
external forces.

Equation (22) could be combined with other solution—diffusion models that consider
other forms of CP or membrane fouling to obtain a more precise analytical model for
rotational kinetic energy under the considerations made in the present work, which can
actively control the negative effects caused by ICP.

The length (0.5 (m)) and the angular velocity (0-3000 (rev/min)) of the mechanism
needed to implement rotational kinetic energy could be implemented with simple commer-
cially available components.

The developed model incorporates the control of internal concentration polarization
(ICP) through rotational kinetic energy, addressing a key challenge in the commercialization
of PRO. It also provides an energy balance method, and we verified the model through
simulations based on the existing literature.

Our findings suggest that optimized turning radius and angular speed can compensate
for ICP losses, improving the efficiency of PRO. Furthermore, the results highlight the
benefits of larger concentration differences for energy extraction.

Future research work should be oriented to address the technical difficulties of the
implementation of the proposed PRO system.
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Nomenclature

Symbol Description Units
AP hydraulic pressure differential Pa

Al osmotic pressure differential Pa

0% activity coefficient -

U chemical potential of a solution J/mol

v velocity m/s

w angular velocity of the rotation mechanism for PRO rad/s

14 molarity mol/m3
0 molar volume m3/mol
A water permeability m/s Pa
a activity of a component in a solution -

B solute permeability m/s

C concentration g/kg

D diffusion coefficient m?/s
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E electrical potential J/C
F, Faraday constant 9.648 x 104 C/mol
G constant in Equations (A3) and (A5) -
g gravitational acceleration m/s?
h height m
I total moment of inertia kg.m?
] solvent flow m/s
K solute resistivity s/m
k mass transfer coefficient m/s
I length of the of the membrane m
M molecular weight g/mol
P pressure Pa
Q volumetric flowrate L/min
R gas constant (8.314462) J/ (K mol)
r radius of rotation m
T temperature K
Subscripts
Symbol Description
b zone in the bulk of the solution
D draw solution
d dynamic component
F feed solution
f flow
i the i-th element in a solution
M rotating mechanism
m zone near the membrane
RKE rotational kinetic energy
sat saturation vapor pressure
s static component
v pressure vessel
w water
Superscripts
Symbol Description
0 property of a pure element
Acronyms
Symbol Description
2RO-DSPRO  two-pass reverse osmosis with dual-stage pressure-retarded osmosis
AL-DS active layer draw side
AL-FS active layer feed side
CECP concentrative external concentration polarization
cicre concentrative internal concentration polarization
CMS centrifugal membrane separation
CP concentration polarization
CRO centrifugal reverse osmosis
DECP dilutive external concentration polarization
ECP external concentration polarization
ICP internal concentration polarization
PRO pressure-retarded osmosis
RO reverse osmosis

RSF

reverse solute flux



Appl. Sci. 2025, 15,1312

16 of 25

V%—i—RTln(

Appendix A
Appendix A.1. Analytical Method for Obtaining the Solution—Diffusion Model

In [21], the authors use an energy balance method and Fick’s law to obtain the solution-
diffusion model. The authors consider that the chemical potential of the i-th element in a
solution y; mainly comprises a concentration component and a convective component.

pi=p +RT l”(zl l) + 0 (P; — Pogt ) (A1)

1 1
where R is the gas constant, T is the temperature, 7 is the activity coefficient, C is the
concentration, M is the molecular weight, p is the molecular density, ¥ is the molar volume,
and P is pressure. The superscript 0 denotes that the quantity corresponds to a pure
substance, the subscript i denotes the i-th element in a solution, and the subscript sat refers
to the saturation vapor pressure.

Figure A1 shows a membrane in an osmotic process. It shows the parameters necessary
to establish a difference between the chemical potential of the bulk of the feed and draw
solutions (ypy and ) and the chemical potential on the area near the membrane (ypy,
and yrpp).

Now, for the draw solution side, regarding the velocities, concentrations, and pressures
between the bulk of the feed and draw solutions and these parameters in the area near the
membrane, considering a closed system that has no losses, the chemical potential should
remain balanced. We have, then, the following equation: ypy, = ppy-

Draw Feed
Solution Solution
Cob
Ubb Urm Urb
velbb CFm
PDb PFm
velrm Crb
Solvent velrh
X Flux
» Solute
Flux
e PFb
) =
— »
r 4
Figure A1. Schematic of the chemical potential components in an osmotic process.
’)’DbCDh ~ _ .0 I ’YDmCDm ~
+ 1/Db(PDh - Psat,Db) = HD +RTIn + VDm(PDm - Psat,Dm) (AZ)
PDp" Dy PDmMDm

where subscripts D and F correspond to quantities in the draw and feed solution, and the
subscripts b and m correspond to the zone near the membrane and the zone.
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From Equation (A2), when considering that the water is an incompressible fluid and
that the membrane is a solid dense element (Ppy, = Pp,,,, Opy = Opm), we arrive at the
following expression:

Cpm = Cpp Gp (A3)

where the auxiliary variable Gp is defined as follows:

G — Db Crp
o = Db “Fb
Ypm Cpy

Similarly, when we perform an energy balance at the feed solution, we have the
following: y,, = pFb.

C . C .
]/l% +RT 11’1(;:1:”1:> +VFb(PFb - Psut,Fb) = ,”% +R Tln(;:mml;rn> + 1/Fm(PFm - Psat,Fm) (A4)
mMFm

In this case, in addition to the considerations related to volumes and liquid incom-
pressibility, we consider that Pr,, = Ppy, and after rearranging expression (A4), we obtain
the following equation:

Cgm = Cgp, Gr e_%(PDb—PPb) (A5)

where the auxiliary variable Gr is defined as follows:

Gp = Db Crp
Yom Cpp

We have, then, a semipermeable membrane like the one presented in Figure Al. If it is
considered that the solvent flow on its majority is due to the diffusive effect, we make use
of Fick’s law and arrive at the following expression:

_Dw
Ju =

(CDm - CFm) (A6)

where [ is the length of the cross-section of the membrane, and D, is the diffusivity of the

water. When we replace Equations (A3) and (A5) in Equation (A6), we obtain the following;:

Dy IE (Ppy—Prp)

Ju = = ( Cow Gp — Cpy G e (Por=Po (A7)

Up to this point, we have considered a generic osmotic process. If in Equation (A7),

we consider the point of interest when the pressure potentials match each other (AIT = AP)
and the solvent flux becomes zero (] = 0),

Cr = Cpb %‘; R (A1) (A8)

If we replace Equation (A8) in Equation (A7) and simplify, we arrive at

Jo = w (1 _ effT(AH—PDbJrPFh)) (A9)

Now, if in Equation (A9), we consider the definition of an exponential function (ex ~ 1
+ x for —1 < x < 1), we could write

_ DuwCpy Gp UF

Jw IRT

(A1 — Ppy + Pry) (A10)
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Finally, Equation (A10) can be written as
Jw = A(AIT — AP) (A11)
where D Co G o
w 1%
A= Dulplotr
All=(Cpm — Crm) (A12)

AP = (Ppy— Prp)

Equation (A11) is the equation that describes the solution—diffusion model that has

been traditionally used in osmotic processes.

Appendix A.2. Short Review on Research Work with Solution—Diffusion-Based Models

Table Al. Some of the most representative mathematical models for pressure-retarded osmosis over

the years.

Reference

Objective

Osmotic
Process

Type of
Membrane

[22]

Considers the asymmetry between the semipermeable
membrane and the porous support structure.

PRO

Hollow
Fiber

[23]

Considers a more general case where the net flux in the
transition zone due to the concentration in the support layer
is nonzero.

PRO

Hollow
Fiber

[24]

Proposes a two-parameter water transport equation to
represent the permeation due to osmotic pressure and the
permeation due to applied pressure on the
high-concentration side.

PRO

Hollow Fiber

Defines the effective osmotic pressure by considering
internal concentration polarization. They propose a
simplified model when the feed is distilled water.

PRO

Flat Sheet

[25,26]

Conducts studies exploring the effects of internal
concentration polarization (ICP) and external concentration
polarization (ECP). They explore the effects of membrane
orientation AL-FS and AL-DS.

PRO, FO

Flat Sheet

[27]

Presents an equation for the water flux that includes terms
for external concentration polarization of dilution (DECP)
and internal concentration polarization of concentration
(CICP). In this equation, all terms can be measured or
calculated, and it was validated with experimental results.

PRO

Flat Sheet

[28]

Suggests that the volumetric and solute permeability
coefficients, A and B, along with the parameter S, can
describe the osmotic efficiency of a membrane. Equation
system to simulate PRO module

PRO

Flat Sheet

[29]

Presents expressions for the water flux are presented as a
logarithmic function, directly proportional to the mass
transfer factor in the porous substrate. They include an

expression to calculate the concentration at any point in a

modified spiral-wound module for PRO.

PRO

Flat Sheet
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Table Al. Cont.

Osmotic

Reference Objective
Process

Type of
Membrane

Includes in their mathematical analysis a transition zone to
[30] characterize the impact of DECP. They include the effects of PRO
CICP, DECP, and reverse salt flux.

Flat sheet

Uses cylindrical coordinates in their model to facilitate the
[31] understanding of variations in system behavior due PRO
to geometry.

Hollow
Fiber

Expressions for the water flux in logarithmic form are
provided for the configurations (AL-DS) and (AL-FS). Both
[32] equations consider the parameters A and B as constants; PRO
however, these can change under the effects of deformations
caused by operating parameters.

Flat Sheet

Analyses the influence of spacers on the performance of
PRO. They define the term “shadow effect”, taking into
account ICP, ECP, and reverse solute diffusion and
comparing with experimental results.

[33] PRO

Flat Sheet

They propose a total mass transfer coefficient that is
composed of the mass transfer coefficients within the
support layer, outside the support layer, and outside the
active layer.

[34] PRO

Flat sheet

Analytical solution to the differential equations governing
[35] the electrically coupled transport of three different ions PRO
through membrane barrier layers.

Flat Sheet

They drew a parallel between heat exchangers and PRO
processes, considering the latter as mass exchangers. They
[36] define the recovery ratio, RR; the mass flux ratio, MR; the PRO
osmotic pressure ratio, SR; and the mass transfer unit
number, MTU.

Flat sheet

A mathematical model for mass transport in PRO that
considers mass transfer processes in the environments near
[37,38] the membrane, as well as in the active layer and support PRO
layer. The author begins by formulating solute flux for the
four defined environments.

Flat Sheet

The solution-diffusion/pore flow/fluid resistance model.
According to this model, the total resistance of the system to
[39] the transfer of solvent A is the sum of two resistances PRO
connected in series: the resistance of the membrane material
(Am) and the resistance of the solution (As).

Flat Sheet

Considers the effect of ICP and ECP on both sides and the
effect of reverse salt flux. The model was validated using
lab-scale experiments and extended large-scale
PRO membranes.

[40] PRO

Flat Sheet.

Presents a mathematical model of
solution—diffusion—convection (SDC), in which they consider
the solute flux independently in the five interfaces that make

up the system, which are the layers of the external
environment, the active layer, the support layer, and a
cake layer.

[41] PRO

Flat Sheet

Evaluates the configurations AL-DS and AL-FS considering
[42] the costs of pretreatment and conclude that AL-FS could be PRO
better for Feed solutions prone to fouling like wastewater

Flat Sheet
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Table A1. Cont.
- Osmotic Type of
Reference Objective Process Membrane
Presents equations for the volumetric flow considering the
[43] membrane orientation, DECP, and CECP and evaluates the PRO Flat Sheet
model against experimental data.
Presents a mathematical model of a scale-up PRO process
[44] capable of considering the increase in process scale and the PRO Flat Sheet
detrimental effects, like CICP, DECP, and RSF.
Presents an analog electric circuit model representing PRO.
[45] The model considers RSF, CICP, and salt storage capacity PRO Flat Sheet
of water.
Presents equations for a simplified square channel counter Tubular
[46] flow configuration. Present an equation for the diffusional PRO Membrane
resistance with pure water as feed solution and AP = 0.
Presents a model for an integrated seawater reverse osmosis
(SWRO) and pressure-retarded osmosis (PRO). It considers
[47] components such as the SWRO unit, energy recovery device SWRO- PRO Flat Sheet
(ERD), PRO unit, high-pressure and low-pressure pumps,
turbine, and others.
Model for forward osmosis (FO) and pressure-retarded
osmosis (PRO) based on irreversible thermodynamics (IT),
specifically the Spiegler-Kedem (SK) model. This model
includes three phenomenological parameters: the hydraulic
[48] permeability A, the solute permeability B, and a reflection FO, PRO Flat Sheet
coefficient o that represents the convective effects or
coupling effects in mass transport in the active layer of
the membrane.
Presents equations for flat sheet, hollow fiber, and Hilngvihlsgér
[49] double-skinned hollow fiber membranes, considering PRO .
. . Dou- ble Skinned
membrane orientation, DECP, and CICP. .
Hollow Fiber
Presents one-dimensional (1D) analytical equations for a
parallel flow configuration in pressure-retarded osmosis
[50] (PRO) exchangers by using actual brine and feed salinity PRO Flat Sheet
values from the Kuwait desalination industry. Uses mass
transfer units.
Proposes a model to represent the difference between
[51] experimental and theoretical water flow and explain this PRO Flat Sheet
difference with cavitation.
Proposes a model that considers cavitation and
[52] independence between the effects of feed and draw PRO Flat Sheet
hydraulic pressures.
53] Depicts the limitations of a stand-alone PRO process and the PRO- RO Flat Sheet,
effectiveness of a RO-PRO hybridized process. Hollow Fiber
Presents a model that describes an osmotic power station. It
considers the relevant water and salt flows in the system. It
[54] also accounts for irreversible losses in the flow across the PRO Flat Sheet

membrane as well as through the membrane unit, and in the
surrounding pump-turbine system.
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Table Al. Cont.

Reference

Objective

Osmotic
Process

Type of
Membrane

[55]

Presents models for scaled-up dual-stage PRO power plants
compared to a single-stage PRO system with the same
membrane area. These models consider the pressure and

flow drop as well as the salinity change along the membrane.

A thermodynamic analysis addresses the sources for
irreversible losses and the contribution from each source.

PRO

Flat Sheet

[56,57]

Presents a simulator for PRO. The authors conduct various
tests exploring the economic feasibility in terms of energy
recovery for a PRO system. The simulator uses an electrolyte
equation of state to obtain a more accurate calculation of
osmotic pressures.

PRO

Flat Sheet

[58]

Studies the effects of mechanical stresses on the transport
properties of thin-film composite (TFC) membranes used in
osmotic processes. They propose a deformation coefficient
that, when integrated into the solution—-diffusion model,
allows for representing the dependence of solute flux on the
applied pressure, as has been observed experimentally.

PRO

Flat Sheet

[59]

Studies PRO using organic draw solutions at different
temperatures and compares them with the results of NaCl as
a draw solution. Their results indicate that organic salts
allow one to obtain increased energy at higher temperatures
coupled with lower reverse salt flux when compared
to NaClL

PRO

Flat Sheet

[60]

Simulates hybrid FO-RO and RO-PRO systems. Studies
cross-flow and channel dimensions in spiral-wound
modules. Defines a multi-stage recharge configuration for
hybrid systems.

FO-RO, RO- PRO

Flat Sheet

[61]

Implemented an engineering-scale system for seawater
desalination by reverse osmosis (RO) coupled with a PRO
system (SWRO-PRO) to analyze the feasibility of PRO as an
energy recovery element in RO. In this work, the authors
propose a model they call solution—diffusion with defects
(SDWD), in which the equations include a term to represent
the volumetric fluxes and solute fluxes due to existing
defects in the membranes.

SWRO- PRO

Flat Sheet

[62]

Compares the linear van "t Hoff approach to the solutions

using an OLI stream analyzer, which gives the real osmotic

pressure values for various dilutions of NaCl solutions for

FO and PRO. Compares the results from their model with
experimental results.

FO, PRO

Flat Sheet

[63]

Investigates the significance of the energy generated by
dual-stage pressure-retarded osmosis (DSPRO) from a
reverse osmosis (RO) brine stream. The results demonstrate
the potential of integrating the two pass RO with the DSPRO
to reduce desalination’s energy consumption and
environmental impacts.

2RO- DSPRO

Flat Sheet

[64]

Presents a module-scale model for spiral-wound membranes
considering the dilution of high-salinity draw solutions
along the spiral-wound module. The model explores the
effects of the spiral-wound module glue line over the
power density.

PRO

Flat Sheet
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Table Al. Cont.

c . Osmotic Type of
Reference Objective Process Membrane
Investigates the concept of using heat to thermally enhance
pressure-retarded osmosis for improved energy recovery
[65] from salt gradients. It is found that although operation at PRO Flat Sheet

higher temperatures may yield higher power, operation at
low temperatures of 30cC may represent a more effective
use of thermal energy.

Investigates the effects of intrinsic membrane parameters on
[2] DECP during FO.In particular, the Peclet number is utilized FO, Flat Sheet
to evaluate the degree of DECP.

Explores the concept of high pressure with hypersaline
solutions for a hybrid SWRO system. This work states that it
is possible to achieve high power densities with a mix of
[66] seawater as a feed solution and hypersaline water as a draw SWRO- Flat Sheet
solution. This increments the requirements for the structural
parameters of the membrane and increments the negative
effects of CICP.

Presents a 1-dimensional model of a spiral-wound
membrane module in a counter-current flow configuration

[671 and assesses the impact of feed solution pretreatment on the PRO Flat Sheet
energy output.
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