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Abstract

Flexible-joint robots (FJRs) offer safety and energy efficiency in collaborative tasks, yet
achieving high-precision tracking remains challenging under strict state and safety con-
straints due to elastic coupling, model mismatch, and external disturbances. To address this
issue, this paper proposes a safe and disturbance-compensated model predictive control
(SDC-MPC) method that integrates model predictive control (MPC) with a disturbance
observer (DOB) to estimate and compensate lumped uncertainties and disturbances in
real time. To enforce safety, a control barrier function (CBF) is incorporated as an online
inequality to maintain forward-invariance safety constraints. The method adapts safety
margins to disturbances and allows soft relaxations of constraints when necessary, thereby
ensuring feasibility under strong disturbances. A discrete-time implementation makes
the approach suitable for real-time applications. Experiments on a single-joint platform
demonstrate improved tracking performance and robustness.

Keywords: flexible-joint robots (FJRs); model predictive control (MPC); disturbance
observer (DOB); control barrier functions (CBFs); safety-constrained control

1. Introduction
With the continuous development of robotics technology, the application of flexible-

joint robots (FJRs) in collaborative manufacturing and human–robot interaction scenarios
has gradually increased. Compared with rigid-joint counterparts, FJRs offer significant
advantages in terms of safety and energy efficiency due to their low mass, low output
impedance, and inherent compliance [1,2]. These properties mitigate impact forces dur-
ing physical contact, enable safer power-assisted operation, and reduce actuator effort in
long-duration tasks where thermal and energy budgets are tight. However, the elastic
transmission simultaneously introduces non-collocation between sensing and actuation,
additional elastic modes, and pronounced motor–link coupling, rendering the closed-loop
behavior higher-order and potentially non-minimum-phase [3]. Furthermore, practical
effects—such as Coulomb/viscous friction, gear backlash, parameter drift caused by tem-
perature and wear, and unknown external loads—can excite resonant peaks and trigger
oscillations, thereby undermining both tracking performance and damping effectiveness [4].
Consequently, achieving high-precision position tracking while rigorously enforcing state
and safety constraints (e.g., joint/deflection limits, torque/velocity bounds, and human-
proximity envelopes) has become a central and persistent challenge in FJR control.
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To address these challenges, a variety of control strategies have been proposed, includ-
ing robust control [5,6], sliding-mode control [7,8], adaptive control [9,10], backstepping
control [11], and LQR control [12]. Among these, model predictive control (MPC) stands
out as a classical optimization-based framework that predicts the system’s future evolution
and computes control inputs via online finite-horizon optimization [13]. MPC naturally in-
corporates multivariable couplings and explicit state/input constraints and has been widely
applied to FJR trajectory tracking and performance trade-offs (e.g., balancing accuracy
against actuation effort and deflection suppression) [14–16]. Nevertheless, in practice, MPC
faces two persistent limitations: (1) sensitivity to model mismatch and disturbances, where
even small unmodeled elastic dynamics or load variations propagate into prediction errors,
shrinking the feasible set and jeopardizing recursive feasibility and constraint satisfaction;
and (2) fragility in constraint handling, where hard constraints may become infeasible
under perturbations, while straightforward softening or conservative tightening strategies
either weaken safety semantics or induce excessive conservatism without guarantees of
inter-sample invariance [17]. These issues are exacerbated in FJRs, as lightly damped
flexible modes amplify modeling errors across the prediction horizon and degrade the
reliability of terminal ingredients (terminal set/cost) typically used to ensure stability.

To address the first issue, researchers have combined disturbance observers (DOBs)
with MPC, yielding DOB-based strategies that improve steady-state accuracy, disturbance
rejection, and oscillation suppression for FJRs and flexible actuators, as verified in both
simulations and hardware [18–20]. Integrating disturbance estimates into the predictive
model enables offset-free tracking and reduces bias within the optimizer; alternatively,
disturbance-aware constraint tightening can preserve feasibility under bounded perturba-
tions [21,22]. In practice, however, DOB design introduces a trade-off between bandwidth
and robustness: a high observer bandwidth accelerates disturbance cancellation but risks
amplifying measurement noise and exciting elastic modes, whereas a conservative design
may leave residual bias that the MPC must accommodate. Moreover, even with DOB
compensation, vanilla MPC lacks a principled mechanism to certify state-space safety
under fast, large transients or parameter drifts, and transient infeasibility can still arise
when the optimization and the safety filter are not explicitly coordinated.

As safety considerations become paramount in robotic control, control barrier func-
tions (CBFs) have emerged as a unified and computationally tractable formalism to encode
forward-invariant “no-go” sets [23]. CBF constraints minimally modify a nominal con-
troller to prioritize safety while preserving performance whenever possible. In robotics,
CBFs have been extended to higher-order (relative-degree) formulations suitable for me-
chanical systems, to measurement- and parameter-robust variants that tolerate estimation
error, and to discrete-time implementations compatible with digital controllers; they have
been applied to joint-limit enforcement, velocity/force constraints, singularity avoidance,
and human–robot safety envelopes [24–26]. Yet, directly imposing CBF constraints in the
presence of strong disturbances or model mismatch can still cause conservatism (over-
tight safety margins that unnecessarily restrict motion) or transient infeasibility (when
estimated margins are insufficient). Although existing decoupled architectures have made
progress in either disturbance rejection (e.g., MPC + DOB [27,28]) or safety enforcement
(e.g., MPC + CBF [29,30]), these two mechanisms often conflict: aggressive compensation
from a DOB may push the system towards safety boundaries, while a disturbance-unaware
CBF may impose overly conservative constraints, thereby negating the performance gains
intended by the disturbance rejection. This disconnect motivates a tighter integration in
which safety margins adapt online to estimation quality and predicted transients.

To address these issues, and to fill the gap in FJR control regarding a unified framework
that effectively coordinates disturbance rejection with formal safety guarantees—thereby



Appl. Sci. 2025, 15, 13238 3 of 20

overcoming the difficulty of balancing high-precision tracking and strict safety con-
straints under significant model uncertainty—this paper proposes a safe and disturbance-
compensated MPC (SDC-MPC) method that integrates DOB and CBF within a single,
coherent framework. The approach fuses predictive optimization, disturbance compensa-
tion, and formal safety enforcement to realize efficient, robust, and safe control for strongly
coupled, strictly constrained FJR systems. The key innovations are: (1) an MPC architec-
ture enhanced with a disturbance observer to mitigate model mismatch and unknown
inputs, enabling offset-free tracking and improved modal damping without sacrificing
noise robustness; (2) a CBF-based safety enforcement mechanism tailored to the predictive
model so that safety constraints remain satisfied even under strong disturbances and un-
certainties; (3) estimation-driven safety margins and judicious soft-constraint mechanisms
that adapt to observer confidence and predicted transient severity, alleviating infeasibility
while preserving clear safety semantics; and (4) a discrete-time realization designed for
sampled-data implementation with real-time feasibility on embedded targets. Through
simulations and hardware experiments, the method demonstrably improves disturbance
rejection and tracking accuracy while rigorously maintaining safety constraints, including
during fast contact transients and under parameter drift.

To facilitate a clear understanding of the paper’s structure, the remainder is organized
as follows. Section 2 introduces the single-joint FJR dynamic model that forms the basis
for controller design and analysis, including the motor–link coupling and joint elasticity
that drive the need for safety-aware prediction. Section 3 presents the proposed SDC-MPC
scheme, detailing the DOB design, the CBF construction, and their integration within the
predictive optimization, together with the discrete-time implementation aspects required
for real-time deployment. Section 4 validates the approach on a single-joint platform with
experiments targeting tracking accuracy, disturbance rejection, oscillation damping, and
constraint satisfaction under representative perturbations. Section 5 provides a critical
analysis of the mechanisms driving the performance enhancements and discusses the
limitations of the proposed method, including scalability and modeling assumptions.
Finally, Section 6 concludes the paper and outlines potential extensions to multi-joint
systems and interaction-rich tasks.

2. Flexible Joint Robotic Arm Dynamic Model
This section develops a physics-based dynamic model for a single-link flexible-joint

robotic arm. Coordinates and gear–spring relations are specified together with standard
modeling assumptions. Based on the kinetic/potential energies and Lagrange’s equations,
the true-parameter equations of motion are obtained; a controller-oriented nominal form is
then produced by introducing the nominal motor inertia J0 and decomposing disturbances
into a motor-channel matched term d1 and a link-channel unmatched term d2. An equiva-
lent continuous-time state-space representation is finally presented to support subsequent
estimation and control designs (e.g., DOB, MPC, and CBF).

2.1. Coordinates, Gear Ratio, and Modeling Assumptions

A single-link flexible-joint robotic arm is considered (the physical setup is depicted in
Figure 2), where a rotary motor drives the link through a reduction gear and a torsional
spring. Denoting the motor-side angle (pre-gear) by θ, the link-side angle by q, and the gear
ratio by Nm > 0, the post-gear motor output angle equals θ/Nm. The spring deflection is

δ ≜
θ

Nm
− q (1)
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The following assumptions are adopted: (i) the motor rotor and the link are rigid
with inertias Jm and Im; (ii) the joint elasticity is linear with stiffness Km; (iii) the gear is
ideal and power invariance holds; (iv) gravity, friction, and external torques are modeled
as generalized forces or lumped into disturbances; (v) the operating range ensures small
elastic deflection validating linearization.

2.2. Energy Functions and Lagrange Equations

With θ and q as generalized coordinates, the kinetic and potential energies are:

T =
1
2

Jm θ̇2 +
1
2

Im q̇2

V =
1
2

Km

( θ

Nm
− q

)2 (2)

For an ideal gear, the elastic torque on the link and its reflection to the motor side satisfy

τℓ = Km

( θ

Nm
− q

)
(3)

τm =
1

Nm
τℓ =

Km

N2
m

θ − Km

Nm
q (4)

Lagrange’s equations with nonconservative generalized forces Qθ and Qq read

d
dt

(∂T
∂ξ̇

)
− ∂T

∂ξ
+

∂V
∂ξ

= Qξ , ξ ∈ {θ, q} (5)

Specifying the generalized forces by

Qθ = u + ∆, Qq = Γq (6)

and noting
∂V
∂θ

=
Km

N2
m

θ − Km

Nm
q

∂V
∂q

= − Km

Nm
θ + Kmq

(7)

one obtains the true-parameter equations of motion:

Jm θ̈ +
Km

N2
m

θ − Km

Nm
q = u + ∆ (8)

Im q̈ − Km

Nm
θ + Kmq = Γq (9)

which are equivalently written as

θ̈ = − Km

JmN2
m

θ +
Km

JmNm
q +

1
Jm

u +
1
Jm

∆ (10)

q̈ =
Km

ImNm
θ − Km

Im
q +

1
Im

Γq (11)
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2.3. Nominal-Inertia Rewriting and Disturbance Decomposition

Introducing a nominal motor inertia J0 and adding/subtracting 1
J0

u in (10), while
keeping the stiffness gains in terms of J0, yields

θ̈ = − Km

J0N2
m

θ +
Km

J0Nm
q +

1
J0

u +
(

1
Jm

− 1
J0

)
u + 1

Jm
∆︸ ︷︷ ︸

d1

(12)

By defining the link-side unmatched disturbance d2 ≜ 1
Im

Γq, the nominal two-channel
disturbance model is 

θ̈ = − Km

J0N2
m

θ +
Km

J0Nm
q +

1
J0

u + d1

q̈ =
Km

ImNm
θ − Km

Im
q + d2

(13)

with the matched disturbance

d1 =
(

1
Jm

− 1
J0

)
u + 1

Jm
∆ (14)

where d1 enters the motor channel whereas d2 acts on the link dynamics.

2.4. State-Space Representation

Defining x1 = θ, x2 = θ̇, x3 = q, x4 = q̇, and x = [x1, x2, x3, x4]
⊤, the continuous-time

model reads {
ẋ = Acx + Bcu + Bdcd

y = Ccx
(15)

where d =
[
d1, d2

]T
and the system matrices are given without numbering as

Ac =


0 1 0 0

− Km
J0 N2

m
0 Km

J0 Nm
0

0 0 0 1
Km

Im Nm
0 −Km

Im
0

, Bc =


0
1
J0

0
0

, Bdc =


0 0
1 0
0 0
0 1

, Cc =
[
1 0 0 0

]

3. Safe and Disturbance-Compensated MPC Design
3.1. Disturbance Observer Design

This subsection presents a disturbance observer (DOB) based on the forward Euler
discrete-time model derived from Equation (15):

x(t + 1) = Ax(t) + Bu(t) + Bdd(t)

y(t) = Cx(t)
(16)

where t denotes the sampling instant and Ts is the sample time. The matrices are given as

A =


1 Ts 0 0

− KmTs
Jm N2

m
1 KmTs

Jm Nm
0

0 0 1 Ts
KmTs
Im Nm

0 −KmTs
Im

1

, B =


0
Ts
Jm

0
0

, Bd =


0 0
Ts 0
0 0
0 Ts

, C =
[
1 0 0 0

]
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To encode the slow variation of d(t), the augmented state xa(t) ≜

[
x(t)
d(t)

]
and the

augmented model are considered

xa(t + 1) = Aaxa(t) + Bau(t)

y(t) = Caxa(t)
(17)

where

Aa ≜

[
A Bd

0 I

]
, Ba ≜

[
B
0

]
, Ca ≜

[
C 0

]
and the disturbance is modeled as d(t + 1) = d(t)

A Luenberger-type observer for (17) is designed as

x̂a(t + 1) = Aa x̂a(t) + Bau(t) + La
(
y(t)− Ca x̂a(t)

)
(18)

with x̂a(t) =

[
x̂(t)
d̂(t)

]
and a structured gain La ≜

[
0
L

]
. Expanding Equation (18) leads to

x̂(t + 1) = Ax̂(t) + Bu(t) + Bdd̂(t)

d̂(t + 1) = d̂(t) + L
(
y(t)− Cx̂(t)

) (19)

Using y(t) = Cx(t) and Equation (19), the DOB takes the compact form{
z(t + 1) =

(
I − LBd

)[
z(t) + Lx(t)

]
− L

[
Ax(t) + Bu(t)

]
d̂(t) = z(t) + Lx(t)

(20)

where z(t) is an auxiliary state and L is the observer gain matrix
Define the observer error eob(t) = d(t) − d̂(t). The dynamics of the disturbance

observer error can then be expressed as

eob(t + 1) = d(t + 1)− d̂(t + 1)

= d(t + 1)− z(t + 1)− Lx(t + 1)

= d(t + 1) + LBd(z(t) + Lx(t)) + L(Ax(t) + Bu(t))− L(Ax(t) + Bu(t))

− LBdd(t)− z(t)− Lx(t)

= d(t + 1) + LBd(z(t) + Lx(t)− d(t))− z(t)− Lx(t)

= d(t)− d̂(t) + LBd(d̂(t)− d(t))

= (LBd − I)eob(t)

Therefore, as long as an appropriate L is chosen, the observer error d̂ − d will asymp-
totically converge to zero.

3.2. Control Barrier Function Design

In this section, a design of a control barrier function (CBF) is presented to enforce
the state constraint objective. The CBF is designed to ensure that the robot’s joint angles
remain within safe operating limits, preventing collisions or mechanical damage. The CBF
is defined as follows:

h = ȳ − y = ȳ − Cx (21)
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where ȳ represents the upper bound of the system output. Based on this CBF, the safe set S
is defined as

S = {x | h(x) ≥ 0} (22)

which ensures that the system stays within the desired safe operating region.
To guarantee that the safe set S is forward invariant, and thus the safety of the system

is preserved, it is required that the time derivative of h satisfies

ḣ = ˙̄y − Cẋ = ˙̄y − C
(

Acx + Bcu + Bdcd̂
)
≥ −α(h) (23)

where α(h) belongs to the K-class. For simplicity, let α(h) = γh with γ > 0. Since the
controller is implemented on the discrete-time model, the derivative condition (23) is
enforced via the forward difference:

∆h(x(t), u(t)) = h(x(t + 1))− h(x(t)) ≥ −γh(x(t)) (24)

Using h(x) = ȳ − Cx and the discrete model x(t + 1) = Ax(t) + Bu(t) + Bdd̂(t), the
one–step increment of h is

h(x(t + 1))− h(x(t)) = ȳ(t + 1)− C
[
Ax(t) + Bu(t)

+ Bdd̂(t)
]
−

[
ȳ(t)− Cx(t)

] (25)

For the present output choice C = [1 0 0 0], one has CB = 0, so the one–step discrete
CBF does not directly constrain u(t). A discrete high–order CBF with relative degree two is
therefore adopted.

Define the first and second forward differences

h1(t) ≜ h
(
x(t + 1)

)
+ ρ1h

(
x(t)

)
(26)

h2(t) ≜ h
(
x(t + 2)

)
+ ρ2h1(t) (27)

with design parameters ρ1, ρ2 ∈ (0, 1]. Enforcing h2(t) ≥ 0 yields an affine inequality in the
decision variables. Using

x(t + 2) = A2x(t) + AB u(t) + B u(t + 1) +
(

ABd + Bd
)
d̂(t)

together with h = ȳ − Cx, one obtains

ȳ(t + 2)− CA2x(t)− C(ABd + Bd)d̂(t)

+ ρ2

[
ȳ(t + 1)− CAx(t)− CBdd̂(t)

+ ρ1
(
ȳ(t)− Cx(t)

)]
≥ CAB u(t) + CB u(t + 1)

(28)

Since CB = 0, Equation (28) reduces to a scalar bound on u(t):

ȳ(t + 2)− CA2x(t)− C(ABd + Bd)d̂(t)

+ ρ2

[
ȳ(t + 1)− CAx(t)− CBdd̂(t) + ρ1

(
ȳ(t)− Cx(t)

)]
≥ CAB u(t)

(29)
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For the present model in (16), CAB = T2
s /Jm > 0. Hence it is convenient to define the

explicit input bound:

βCBF ≜
1

CAB

{
ȳ(t + 2)− CA2x(t)− C(ABd + Bd)d̂(t)

+ ρ2
[
ȳ(t + 1)− CAx(t)− CBdd̂(t) + ρ1

(
ȳ(t)− Cx(t)

)]} (30)

and impose
u(t) ≤ βCBF (31)

3.3. Model Predictive Controller Design

This subsection formulates a model predictive controller (MPC) designed to achieve
offset-free tracking, which ensures that the steady-state error between the system’s output
and the reference trajectory converges to zero [13]. In offset-free MPC, the controller com-
pensates for disturbances and modeling errors, ensuring that the system output stays on
target despite these factors. Over the prediction horizon, system parameters and the distur-
bance are assumed constant. The prediction is initialized with the current measurements,
i.e., x0 = x(t) and d0 = d̂(t). The prediction model is defined as:{

xk+1 = Axk + Buk + Bdd̂k

yk = Cxk
(32)

where k denotes the prediction step.
The first-step prediction reads:{

x1 = Ax0 + Bu0 + Bdd̂0

y1 = Cx1
(33)

and the N-th step prediction is xN = AN x0 + AN−1Bu0 + AN−2Bu1 + · · ·+ BuN−1 +
N
∑

i=1
Ai−1Bdd̂0

yN = CxN

(34)

Stacking the predicted outputs over the horizon yields the compact relation

Y = Mx0 + WU + Φd̂0 (35)

with Y =
[
yT

1 yT
2 . . . yT

N
]T and U =

[
uT

0 uT
1 . . . uT

N−1
]T , where

M =


CA
CA2

...
CAN

, W =


CB 0 · · · 0

CAB CB · · · 0
...

...
. . .

...
CAN−1B CAN−2B · · · CB

, Φ =



1
∑

i=1
CAi−1Bd

2
∑

i=1
CAi−1Bd

...
N
∑

i=1
CAi−1Bd


.

The offset-free MPC objective penalizes the output tracking error and the deviation of
the control sequence from a steady-state sequence constructed for the target (xr, yr) and
the current disturbance estimate:

J = [Yr − Y]TQ̄[Yr − Y] + [Us − U]T R̄[Us − U] (36)
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where Yr = [yr yr · · · yr]
T and

Us = W+
[
Yr − Mxr − Φd̂0

]
. (37)

The block-diagonal weights are

Q̄ =


Q

Q
. . .

F

, R̄ =


R

. . .
R

,

with Q, R denoting stage weights and F the terminal weight obtained from

F = AT FA − AT FB
(

BT FB + R
)−1

BT FA + Q. (38)

Substituting Equation (35) into (36) and discarding constant terms that do not affect
the optimizer gives the quadratic form:

J = GTU +
1
2

UT HU (39)

where
G = −2

{
WTQ̄

[
Yr − Mx0 − Φd̂0

]
+ R̄TUs

}
,

H = 2(WTQ̄W + R̄).

Together with actuator bounds and the CBF-induced input bound enforced at
each step, {

umin ≤ uk ≤ umax

uk ≤ βCBF
,

the resulting MPC problem becomes

min
U

J = GTU + 1
2 UT HU

s.t.


I
...
I

umin ≤ U ≤


I
...
I

min{umax, βCBF}
(40)

which is a convex quadratic program under Q ⪰ 0 and R ≻ 0. The schematic of the
proposed disturbance-compensated model predictive control (SDC-MPC) method is shown
in Figure 1.

Cost FunctionCost Function

Output predictionOutput prediction

( )x k

Disturbance estimation

Optimization problem

Output Prediction

DOBDOB

FJR system
[ ] [ ] [ ][ ]

TT

r r s sJ Y Y Q Y Y U U R U U= - - + - -

ˆ( ) ( )Y Mx t WU d t= + +F

Y

CBFCBFCBF

( ) CBFu t b£

CBF

( ) CBFu t b£

ˆ( )d t

CBF

( )u tG £ £ ¡

( )u t
ry

( )y tCost FunctionCost Function

Output predictionOutput prediction

( )x k

Disturbance estimation

Optimization problem

Output Prediction

DOBDOB

FJR system
[ ] [ ] [ ][ ]

TT

r r s sJ Y Y Q Y Y U U R U U= - - + - -

ˆ( ) ( )Y Mx t WU d t= + +F

Y

CBFCBFCBF

( ) CBFu t b£

CBF

( ) CBFu t b£

ˆ( )d t

CBF

( )u tG £ £ ¡

( )u t
ry

( )y t

Figure 1. Control block Diagram of SDC-MPC.
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To establish closed-loop stability and offset-free tracking, Equation (40) is equivalently
written as:

min
u0,··· ,uN−1

∥xN − x̄t∥2
F +

N−1

∑
k=0

∥xk − x̄t∥2
Q + ∥uk − ūt∥2

R

s.t. Γ ≤ uk ≤ Υ, k = 0, 1, · · · N

xk+1 = Axk + Buk + Bddk

dk+1 = dk

x0 = x(t)

d0 = d̂(t)

(41)

where Γ = umin, Υ = min{umax, βCBF}, and x̄t, ūt are the steady-state targets obtained from[
A − I B

C 0

][
x̄t

ūt

]
=

[
−Bdd̂(t)

yr

]
. (42)

Theorem 1. Assuming that the MPC (41) is always feasible and the constraints are continuously
satisfied, the steady-state error converges to zero, i.e., y∞ = yr.

Proof. First, according to Section 3.1, the prediction error satisfies

eob(t + 1) = Θobeob(t) (43)

where Θob = (LBd − I) is Hurwitz under a suitable L.
As t → ∞, the prediction model (32) yields[

A − I B
C 0

][
x∞

u∞

]
=

[
−Bdd̂∞

y∞

]
. (44)

Together with Equation (42), this implies[
A − I B

C 0

][
δx∞

δu∞

]
=

[
0

y∞ − yr

]
(45)

where δx∞ = x∞ − x̄∞ and δu∞ = u∞ − ū∞.
Define δxk = xk − x̄t and δuk = uk − ūt; then yk − yr = Cδxk. Problem (41) becomes

min
δu0,··· ,δuN−1

∥δxN∥2
F +

N−1

∑
k=0

∥δxk∥2
Q + ∥δuk∥2

R

s.t. δxk+1 = Aδxk + Bδuk, δx0 = x(t)− x̄t.

(46)

Solving this problem yields δu∗
0 = kMPCδx0 = u(t)− ūt, hence

u(t) = kMPCδx0 + ūt (47)

with kMPC = (R + BT FB)−1BT FA.
Letting ec(t) = x(t)− x̄t, one obtains:

ec(t + 1) = x(t + 1)− x̄t+1

= Ax(t) + Bu(t) + Bdd(t)− x̄t+1

= (A + BkMPC)ec(t) + Bdeob(t)

(48)
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where Θc = A + BkMPC is Hurwitz. Therefore,[
ec(t + 1)
eob(t + 1)

]
=

[
Θc Bd

0 Θob

][
ec(t)
eob(t)

]
. (49)

It follows that the closed-loop state matrix

[
Θc Bd

0 Θ

]
is Hurwitz, so ec(t) → 0.

Since y(t) − yr = C(x(t) − x̄t) = Cec(t), the tracking error converges to zero and thus
y∞ = yr.

4. Experimental Results
This section evaluates three controllers—traditional MPC, LQR + CBF, and the pro-

posed SDC-MPC —in two scenarios: (i) persistent parametric uncertainty and (ii) exter-
nal disturbances injected at a known time. Safety constraints are imposed on the joint
angle; performance is assessed by angle-tracking accuracy, safety satisfaction, and angular-
velocity smoothness.

The experimental platform parameters and nominal MPC weights are as stated pre-
viously (Figure 2). The control algorithms were implemented using MATLAB/Simulink
(version 2022b, MathWorks, Natick, MA, USA). The relevant parameters of the experimen-
tal platform are Jm = 0.54 × 10−3 kg · m2, Nm = 1 and Km = 38.5 Nm/rad, and the setup
is shown in Figure 2. The controller parameters were rigorously tuned based on system
dynamics and performance trade-offs. The prediction horizon was set to N = 10 to bal-
ance the capability of capturing dominant transient dynamics (specifically flexible modes)
against the computational load required for real-time execution. The weighting matrices
were selected as Q = 10,000 and R = 0.001; this high Q/R ratio prioritizes high-precision
position tracking while permitting sufficient control authority to actively damp elastic oscil-
lations within actuator limits. Finally, the DOB pole was placed at p = −100 following the
bandwidth separation principle: this setting ensures the observer converges significantly
faster than the outer motion control loop to effectively estimate time-varying disturbances,
yet remains limited in bandwidth to prevent the amplification of high-frequency sensor
noise. All quantitative results reported in this section represent the average performance
metrics derived from three independent experimental trials to ensure statistical reliability.

MATLAB/Simulink

QPID BoardPMSM Drives Load System

PC

PMSM Torque Transducer Load

Figure 2. Experimental setup diagram.
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4.1. Tests Under Persistent Parametric Uncertainty

Parametric uncertainty (e.g., inertia mismatch) is present throughout the tests. From
a control viewpoint, such mismatch alters the effective inertia ratio and shifts the flexible
mode, which tends to magnify boundary approaches when tracking near constraints.
Controllers that do not tightly couple prediction, safety enforcement, and bias compensation
are prone to either conservative tracking or boundary grazing.

Experiment 1 (angle constraint 0.5 rad). As a baseline, LQR designs a linear state-
feedback for a linearized model and is paired with a CBF to enforce safety [12]. SDC-MPC
achieves the smallest tracking error while strictly respecting the safety band. Quantitatively,
Table 1 presents a comprehensive statistical analysis. In terms of safety, the maximum
absolute error (MAE) is 0.051 rad for SDC-MPC, significantly lower than 0.151 rad for
MPC and 0.300 rad for LQR + CBF. Moreover, SDC-MPC achieves the lowest root mean
square error (RMSE) of 0.019 rad and integral absolute error (IAE) of 0.032 rad·s, indicating
that it maintains the highest average tracking precision and minimal cumulative deviation
throughout the task. The zoomed view shows visibly smaller excursions near the boundary
for SDC-MPC, indicating tighter safety enforcement.

The advantage comes from the way SDC-MPC embeds the CBF into the predictive
optimization: the barrier constraint continuously re-shapes the admissible set so that
candidate trajectories avoid unsafe neighborhoods, while the DOB reduces the effective
model bias seen by the optimizer. As a result, the controller does not need to “fight” the
mismatch with aggressive inputs; instead, it anticipates and moderates the motion, yielding
both lower peak error and a clear safety margin in Figure 3.

With the 0.5 rad bound, SDC-MPC balances tracking and safety best, delivering the lowest
peak error and the most conservative distance-to-boundary without sacrificing responsiveness.
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Figure 3. Parametric uncertainty, angle constraint 0.5 rad. (a) Overall angle; (b) Zoomed angle.

Table 1. Performance Statistics under Parametric Uncertainty (MAE: Max Absolute Error; MVF: Max
Velocity Fluctuation).

Method
Tracking Error

MVF (rad/s)
RMSE (rad) MAE (rad) IAE (rad·s)

MPC 0.055 0.151 0.118 14.019
LQR + CBF 0.112 0.300 0.245 21.177
SDC-MPC 0.019 0.051 0.032 8.732

Experiment 2 (angle constraint 0.45 rad). Under the tighter bound, SDC-MPC contin-
ues to enforce the constraint most effectively, with the smallest excursions near the limits
and visibly faster recovery in the zoomed view.
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Tight constraints accentuate the non-minimum-phase tendency of elastic joints: even
modest overshoot can push the deflection towards the boundary. By coordinating predic-
tion, barrier enforcement, and DOB compensation, SDC-MPC shapes the input to avoid
exciting the flexible mode when close to the limit, hence the smaller excursions and faster
re-convergence observed in Figure 4.

With a 0.45 rad bound, SDC-MPC preserves a clear safety buffer and shortens the
transient, maintaining constraint satisfaction despite the reduced feasible set.
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Figure 4. Parametric uncertainty, angle constraint 0.45 rad. (a) Overall angle; (b) Zoomed angle.

Velocity responses (uncertainty). Across both constraints, SDC-MPC yields the
smoothest dynamics and the lowest peak velocity, whereas LQR + CBF exhibits the largest
fluctuations; MPC is intermediate.

Velocity smoothness reflects how effectively the controller damps the flexible mode
while tracking. By compensating lumped bias via DOB and discouraging unsafe motions
via CBF, the optimizer avoids high-gain “chasing” behavior, resulting in lower peaks and
quicker decay in Figure 5.

SDC-MPC consistently reduces peak velocities and shortens damping time, indicating
stronger elastic-mode suppression under persistent mismatch.
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Figure 5. Angular-velocity responses under persistent parametric uncertainty. (a) With 0.5 rad
constraint; (b) With 0.45 rad constraint.

4.2. Tests Under External Disturbances (Injected at t = 1.6 s)

Two groups are conducted with a disturbance injected at t = 1.6 s (Figure 6). The
focus is anti-disturbance capability while maintaining safety. The disturbance excites the
flexible mode and challenges both compensation and constraint handling. To rigorously
test robustness, a step torque disturbance with a magnitude of 6.66 N · m was generated



Appl. Sci. 2025, 15, 13238 14 of 20

by the load motor and injected into the link side. This intentional perturbation emulates
a sudden collision or payload change, creating a challenging scenario for stability and
constraint enforcement.

Group 1. SDC-MPC exhibits the smallest post-disturbance deviation and the fastest
resettling in the angle response, while LQR + CBF shows the largest overshoot and oscilla-
tions; MPC is intermediate.

Immediately after the disturbance, uncompensated bias and aggressive recovery can
amplify oscillations. SDC-MPC jointly limits unsafe excursions (CBF) and compensates the
disturbance (DOB) within the horizon, steering the state back without boundary grazing.
This explains the reduced peak and faster settling in the zoomed trajectory.

After t = 1.6 s, SDC-MPC achieves the smallest angle excursion and quickest recovery
while preserving the safety margin; MPC is moderate, and LQR + CBF is most sensitive.
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Figure 6. External disturbance (Group 1): angle tracking. (a) Overall; (b) Zoomed around t = 1.6 s.

Group 2. The same ordering holds: SDC-MPC achieves the smallest excursion imme-
diately after the disturbance and the most rapid recovery; MPC is moderate; LQR + CBF is
most sensitive.

Repeating the disturbance under a different operating instance confirms that the
advantage is systematic rather than incidental. The combined DOB–CBF mechanism
yields smaller peaks regardless of initial phasing, indicating robust rejection and con-
straint maintenance.

The second run reproduces the same ranking with lower peaks and faster decay for
SDC-MPC, consolidating the anti-disturbance evidence.

Velocity responses under disturbances. Plotted together below, the two groups
confirm that SDC-MPC suppresses speed spikes most effectively; MPC is moderate; LQR +
CBF exhibits the largest peaks.

The peak speed after the disturbance is a sensitive indicator of rejection. By attenuating
the lumped disturbance in prediction and constraining unsafe transients, SDC-MPC limits
the initial spike and accelerates damping, consistent with the angle-domain findings.

In both groups, SDC-MPC yields the lowest peak speed and the fastest decay, showing
the strongest suppression of disturbance-induced oscillations while preserving safety
(Figures 7 and 8).
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Figure 7. External disturbance (Group 2): angle tracking. (a) Overall; (b) Zoomed around t = 1.6 s.
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Figure 8. Angular-velocity under external disturbances (injected at t = 1.6 s). (a) Group 1; (b) Group 2.

4.2.1. Quantitative Summary

Peak angle deviation and peak speed fluctuation near t = 1.6 s are summarized in
Table 2. Both groups show a consistent ranking, with SDC-MPC achieving the lowest peaks
while ensuring constraint satisfaction. Additionally, the settling time (time to recover to
steady state) is introduced to quantify rejection speed. As shown, SDC-MPC settles in
approximately 0.15 s, less than half the time of MPC (0.32 s), demonstrating a decisive
advantage in restoring equilibrium.

Table 2. Performance Statistics under External Disturbances (MAD: Max Angle Deviation; MSF: Max
Speed Fluctuation; ST: Settling Time).

Metric MPC LQR + CBF SDC-MPC

Group 1
MAD (rad) 0.165 0.300 0.055
MSF (rad/s) 13.5 19.5 8.5
ST (s) 0.32 0.55 0.15

Group 2
MAD (rad) 0.170 0.305 0.056
MSF (rad/s) 13.7 19.8 8.6
ST (s) 0.33 0.56 0.16



Appl. Sci. 2025, 15, 13238 16 of 20

4.2.2. Real-Time Feasibility

To ensure the applicability of the proposed method in real-world scenarios, the com-
putational load was logged during the experiments. The average computation time per
MPC iteration was recorded at 6.66 ms. This duration is well within the system’s sampling
interval, confirming that the added complexity of the DOB and CBF constraints does not
compromise the real-time performance of the SDC-MPC framework on the target hardware.

4.3. Parameter Sensitivity Analysis

To empirically validate the parameter selection discussed earlier, a sensitivity analysis
was conducted regarding the prediction horizon N and the DOB bandwidth p. Table 3
summarizes the performance trade-offs based on the average of three experimental trials.
It is observed that increasing N from 5 to 10 significantly reduces the tracking RMSE by
capturing slower flexible modes, whereas further increasing N to 20 yields diminishing
returns in accuracy but nearly doubles the computation time. Similarly, a moderate DOB
pole (p = −100) provides the best balance between disturbance rejection (low MAE) and
noise amplification (low velocity fluctuation), validating the chosen tuning.

Table 3. Sensitivity Analysis of Controller Parameters (Average of 3 Trials).

Parameter Setting RMSE (rad) MVF (rad/s) Comp. Time (ms)

Impact of Prediction Horizon (N)
N = 5 (Short) 0.035 9.2 3.1
N = 10 (Nominal) 0.019 8.7 6.7
N = 20 (Long) 0.018 8.6 14.2

Impact of DOB Pole (p)
p = −50 (Slow) 0.028 5.1 6.7
p = −100 (Nominal) 0.019 8.7 6.7
p = −200 (Fast) 0.017 15.3 6.7

In summary, the experiments demonstrate that the proposed SDC-MPC consistently
strengthens safety-constraint satisfaction and robust tracking under both persistent para-
metric uncertainty and injected external disturbances. Compared with the baselines (MPC
and LQR + CBF), it exhibits smaller boundary excursions, smoother velocity transients, and
faster recovery without compromising stability, highlighting its suitability for flexible-joint
robots operating in interaction-rich, safety-critical scenarios.

5. Discussion
The experimental results presented in Section 4 demonstrate that the proposed SDC-

MPC framework significantly outperforms standard MPC and baseline safety schemes in
terms of tracking accuracy, disturbance rejection, and constraint satisfaction. This section
analyzes the underlying mechanisms driving these improvements, compares the findings
with existing literature, and critically discusses the limitations of the current study.

5.1. Comparative Analysis with Recent Frameworks

To explicitly position the proposed method within the recent literature, Table 4 summa-
rizes the key structural differences between SDC-MPC and existing decoupled architectures.
We evaluate four critical architectural attributes: disturbance compensation (DC), which
indicates the presence of an active observer; formal safety (FS), denoting the use of control
barrier functions; disturbance-aware safety (DAS), representing the adaptive coupling
between estimation and constraints; and feasibility assurance (FA), referring to mecha-
nisms that prevent solver failure. While recent DOB-based approaches [19,20] focus on
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DC and CBF-based methods [25,26] prioritize FS, they typically treat these objectives in
isolation (DAS: No). The proposed SDC-MPC distinguishes itself by introducing a DAS
mechanism, where the estimated disturbance directly modulates the CBF constraints. This
unique coupling allows the system to maintain strict safety under varying loads with-
out the excessive conservatism found in robust MPC or the feasibility issues common in
hard-constrained schemes.

Table 4. Comparison of Control Frameworks for FJRs (DC: Disturbance Compensation; FS: Formal
Safety; DAS: Disturbance-Aware Safety; FA: Feasibility Assurance).

Framework DC FS DAS FA

MPC + DOB [19,20] Yes No No Hard
MPC + CBF [25,26] No Yes No Filter-Dep.
Robust MPC Worst-Case Yes Fixed Conservative
SDC-MPC (Ours) Yes Yes Yes Soft

5.2. Mechanism of Performance Enhancement

The superior performance of SDC-MPC can be attributed to the tight coupling between
disturbance estimation and safety enforcement. In conventional decoupled approaches
(e.g., MPC + DOB without disturbance-aware safety, or MPC+CBF without disturbance
compensation), a conflict often arises: the DOB attempts to cancel external forces by de-
manding aggressive torques, which may drive the system towards state limits, subsequently
triggering the safety filter to abruptly cut off inputs. This “fighting” effect leads to the
oscillations observed in the LQR + CBF baseline.

In contrast, SDC-MPC integrates the estimated disturbance d̂ directly into the predic-
tive model used by the CBF mechanism (via the βCBF constraint). This allows the controller
to anticipate the trajectory deviation caused by the load and the necessary safety margin
adjustment simultaneously. Consequently, the solver finds an optimal path that compen-
sates for the disturbance within the safe set, rather than reacting to safety violations after
they occur. This structural advantage explains the reduced settling time and lower MAE
observed in Table 2.

5.3. Limitations and Future Work

While the proposed method shows promise, several limitations inherent to the current
study must be acknowledged to provide a balanced perspective for future research.

5.3.1. Scalability to Multi-Joint Systems

The current validation is conducted on a single-link flexible-joint manipulator. While
this setup effectively isolates the fundamental challenges of elasticity and motor-link
coupling, extending the method to multi-degree-of-freedom (multi-DOF) robots introduces
complex nonlinearities, such as Coriolis and centrifugal forces, which are coupled across
joints. Although the theoretical formulation of DOB and CBF can be extended to multi-
variable systems, the computational load for the MPC solver will increase quadratically.
Future work will investigate efficient solvers (e.g., explicit MPC or warm-started SQP) to
maintain real-time feasibility for multi-joint platforms.

5.3.2. Modeling Simplifications

The dynamic model derived in Section 2 assumes linear joint elasticity and ignores
nonlinear friction phenomena (e.g., the Stribeck effect) or hysteresis in the harmonic drive.
In practice, gear transmission often exhibits nonlinear stiffness and backlash. Although the
DOB effectively lumps these unmodeled dynamics into the disturbance term d1, relying
entirely on the observer for significant structural nonlinearities may degrade the prediction
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horizon’s accuracy. Integrating data-driven friction models or nonlinear stiffness curves
into the prediction model could further enhance performance.

5.3.3. Noise Sensitivity and Bandwidth Trade-Off

The efficacy of SDC-MPC relies heavily on the quality of the disturbance estimate.
As noted in the parameter tuning, a high-bandwidth DOB (p = −100) allows for fast
disturbance tracking but risks amplifying measurement noise. In the experiments, high-
precision encoders were used; however, in industrial settings with lower-resolution sensors
or significant electromagnetic interference, the noise amplified by the differentiation in the
observer could lead to chattering in the control input. This necessitates a careful trade-off
between disturbance rejection speed and noise robustness, or the adoption of advanced
filtering techniques (e.g., Kalman Filter-based DOB) in noise-prone environments.

6. Conclusions
This paper addressed the conflict between high-precision tracking and strict safety

enforcement in flexible-joint robots (FJRs) by proposing the SDC-MPC framework, which
unifies disturbance observation and control barrier functions within predictive optimization.
Comprehensive experiments on a hardware platform demonstrated that the proposed
method significantly enhances robustness and safety compared to decoupled architectures.
Quantitatively, SDC-MPC reduced tracking RMSE by over 65% compared to standard MPC
and halved the settling time under external shock loads to approximately 0.15 s, all while
rigorously maintaining safety constraints during fast transients. Practically, these results
imply that FJRs can operate closer to their physical limits with higher reliability, which is
critical for efficiency in collaborative manufacturing and interaction-rich scenarios.

Despite these advancements, the current study is limited to a single-joint configuration
with linearized elasticity assumptions, which may not fully capture the complex multi-body
couplings and nonlinear transmission effects (e.g., hysteresis) present in full-scale manip-
ulators. Consequently, future research will focus on three key directions: (1) extending
the framework to multi-degree-of-freedom systems with coupled nonlinear dynamics;
(2) incorporating data-driven friction and stiffness models to further reduce prediction bias;
and (3) investigating efficient numerical solvers, such as explicit MPC or warm-started SQP,
to ensure real-time feasibility as the system dimension increases.
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