E applied sciences

Article

Estimation of the Elastic Critical Resistance of the Braced Portal
Frame from the Lateral Torsional Buckling Condition of the Beam

Rafal Piotrowski

check for
updates

Academic Editor: Michele D’ Amato

Received: 2 October 2025
Revised: 15 November 2025
Accepted: 17 November 2025
Published: 26 November 2025

Citation: Piotrowski, R. Estimation of
the Elastic Critical Resistance of the
Braced Portal Frame from the Lateral
Torsional Buckling Condition of the
Beam. Appl. Sci. 2025,15,12531.
https:/ /doi.org/10.3390/
app152312531

Copyright: © 2025 by the author.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

Faculty of Civil Engineering and Architecture, Kielce University of Technology, 25-314 Kielce, Poland;
rafalp@tu.kielce.pl

Abstract

In this paper, a stability analysis was conducted of the lateral torsional buckling of the
beam of a braced portal frame. The elastic critical resistance (ECR) of the frame was
estimated for: (a) a volumetric 3D model (Abaqus/CAE 2017) including the interaction
of the component members (beam, columns) in welded corner joints and (b) a simplified
1D bar model (LTBeamN, v 1.0.3) including the parameters of elastic restraint (at support
nodes) for the so-called critical member extracted from the structure. In the case of the
analysed portal frame, the critical member that determines the lowest elastic critical load of
the frame was the transversely bent beam. The following parameters of the elastic restraint
of the beam in the support members were taken into account: (1) restraint against warping,
(2) restraint against lateral rotation, and (3) restraint against rotation in the bending plane
My. The paper demonstrates that the use of a simplified model can enable an efficient
and, from an engineering point of view, sufficiently accurate estimation of the ECR of
the analysed braced portal frame. The underestimation of the calculated elastic critical
resistance of the structure in the simplified 1D model (discrepancies of —10.3% to —18.8%)
is compensated for by the lack of the need to prepare a relatively complex volumetric 3D
model of the frame (Abaqus). Warping restraint, when neglected, reduces ECR by up to
25% for HEA300 columns.

Keywords: elastic critical resistance; elastic critical load; portal frame; lateral torsional
buckling of the frame beam

1. Introduction

One of the so-called eigenvalues of steel bar structures (e.g., frames or grillages) is
elastic critical resistance (ECR). This resistance can be measured by the elastic critical load
(ECL) that, when exceeded, causes a bifurcation of the equilibrium of the structure, i.e., the
structure loses its elastic stability.

The loss of spatial stability of steel bar structures can be considered on the level of
the entire structure (3D), e.g., frame [1-9], grillage [10-14] or dome [15-18], or on the
level of a critical member (1D) extracted from the structure, e.g., a column or beam, with
consideration of the degree of its elastic restraint in the nodes. The choice of the method
used to efficiently determine the elastic critical resistance of the structure largely depends
on its complexity, which affects the scale of the task. For structures that are simple in terms
of geometry and loads, e.g., flat structures, their ECR can be correctly determined using two
methods (i.e., in a spatial 3D system and on the level of an extracted 1D bar member), and
the independently determined ECLs can be compared with each other, as was confirmed,
for instance, in [10].
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Software based on the finite element method (FEM) can be used for a spatial (3D) and
comprehensive analysis of the stability of steel bar structures. A relatively accurate 3D
model of a steel structure can be prepared, for instance, in the Abaqus or ANSYS software.
In the case of Abaqus, it is possible to use volumetric [10,19,20] or shell [6,7,11,21,22] finite
elements to model the entire structure, including the detailed features of the structures of
joints (e.g., frames or grillages) at which the members of the system (beams, columns) are
connected. The topology of the joints, e.g., beam-to-column, in bar structures is crucial for
determining their elastic critical resistance, which was confirmed, for example, in [1-4]. For
some rigid connections, e.g., welded nodes, it is possible to obtain full continuity in the
transmission of cross-section forces (including bimoments) and displacements (including
warping). Structures with such joints can be classified as ‘fully continuous’ systems [23,24].

A relatively accurate stability analysis of steel bar structures, including flat por-
tal frames, can be performed using advanced, developed finite element formulations,
e.g., [2,25-27]. In [25] kinematic models to simulate the torsion warping restraint and
transmission at thin-walled frame joints were proposed. The proposed kinematic models
can be used in the stability analysis of frames using beam finite element models. It is
discussed how several connection configurations (unstiffened, diagonal-stiffened, box-
stiffened, diagonal/box stiffened) influence the torsion warping transmission between the
connected members. The obtained results were compared with the values obtained from
FEM simulations for the shell model (ANSYS software).

In [26,27] a finite element formulation for the analysis of flat frames with moment
connections was proposed. In the moment connections, a box-stiffened connection is used.
A simple characterisation the elastic warping behaviour of the connection was taken into
account, allowing for their good interaction with the beams’ finite elements. The proposed
solutions allow for taking into account the interactions between the beams and columns of
the frame. Good agreement of the results was obtained compared to the FEM simulations
for the shell model (Abaqus software).

In turn, in [2] it was proposed to determine the critical load of flat frames, including
portal frames, using the full beam formulation. The virtual work equation takes into
account nonconservative moments and conservative bimoment, which do not occur in
typical energy approaches, e.g., [27-31]. The proposed full beam formulation [2] together
with the consideration of the strain energy of the joints allows for the analysis of lateral
torsional buckling of flat frames. Formulas for consideration of strain energy in the plane
of the joint stiffener are presented, taking into account the frequently encountered types of
stiffening of welded frame corners (e.g., diagonal-stiffened, box-stiffened, diagonal /box-
stiffened). The obtained results were compared with the results of FEM simulation for the
shell model (ANSYS software) and the results obtained from typical energy approaches.
The high efficiency of the proposed full beam formulation in the stability analysis of flat
frames was confirmed.

A concise list of articles describing the development of methodologies for determining
critical loads, including critical loads for flat frames, is presented, among others, in [2,27].

Available finite element formulations allow for relatively accurate determination of
the elastic critical load for selected types of flat frames, including portal frames [2,27]. They
allow for taking into account the stiffness of the beam-column connection, which is very
important when determining the ECR of a structure. Their use, however, requires the
engineer to have experience in the often advanced numerical preparation of a model of the
analysed structure. In such a case, determining the elastic critical load of a frame, e.g., a
portal frame, will require much more time and may not be an easy task.

As mentioned earlier, the spatial loss of stability of the structure can also be considered
on the level of an extracted bar member (1D), e.g., a beam or column, which is the so-called
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critical member of the analysed system. In this case, when determining the elastic critical
resistance of the member, the conditions of its elastic restraint in the support nodes must be
taken into account. In the vast majority of cases, these are elastic restraints that have a non-
linear effect on the value of the determined ECL [21,32-36]. In the literature on the subject,
including [1,10,21,32,34,36—40], there are analytical formulas available that allow for the
estimation of selected parameters of the elastic restraint of the beam in the support nodes.
Once these parameters are known, the critical moment M, of lateral torsional buckling
of the beam can be determined numerically (e.g., in the LTBeamN software) and, in the
case of relatively simple loading diagrams, converted into the elastic critical load of the
member. Studies [10,41,42] confirm the efficiency and effectiveness of the determination of
bar ECR using this method. Based on the M,; of, e.g., a beam, the relative slenderness (ArT),
the reduction factor for lateral torsional buckling (1) and the lateral torsional buckling
resistance moment M}, rs can be determined [23].

However, it should be emphasised that for spatial steel structures (frames, grillages),
it is not always easy to extraction the so-called critical member (e.g., critical beam). This
is related, among other things, to the effect of mutual interaction of bars, which occurs
especially in fully continuous systems. Such segregation of structural members into the
critical bar and stiffening bars is fairly easy in simple systems. For instance, in study [10],
the authors determined the elastic critical load of an H-type simple beam grillage. In this
case, the critical beam was the transversely loaded coupling beam, elastically restrained in
supporting beams.

In this paper, a simplified method of estimating the critical load for a portal frame,
compared to the advanced ones, e.g., [2,27], is proposed. The proposed solution requires
the extracted of a critical member (1D) of the frame, which determines the loss of its spatial
stability, and the estimation of its elastic critical resistance, taking into account the elastic
restraint at the support nodes. The analysis takes into account a portal frame braced in its
plane, in which the transversely loaded element is a beam. The load was applied to the top
flange of the beam. The critical member of the analysed braced portal frame was extracted
based on numerical simulations of the spatial (3D) frame model in Abaqus (FEM). It was
found that for the assumed spans of the component members of the frame (beam, columns),
the types of cross-sections considered in the analysis and the transverse load applied to the
top flange of the beam, the critical member determining the lowest ECL of the frame was
the beam. The essentials of this analysis are discussed in further sections of this article.

When determining the elastic critical resistance of the beam, the parameters of its
elastic restraint in the welded corners of the frame were taken into account. The assumed
parameters (stiffnesses) were estimated based on the bar model and applied in the bar
model beam. In the stability analysis, the author considered the impact of: (a) the type of
cross-section of the bars (beam, column), (b) the length of the component bars of the frame
(beam, column), (c) the method of loading the beam.

It is obvious that the proposed simplified 1D method for estimating the elastic critical
resistance of a braced portal frame has its limitations compared to the exact solutions
proposed, e.g., in [2,27]. It does not allow for direct consideration of the physical behaviour
of the joint in the transmission of displacements, including warping, between connected
members. Its advantage, however, is the simplicity of engineering application. It requires
analytical estimation of the elastic restraint parameters of the critical member at the support
nodes. These parameters are then applied in commercial calculation software, such as
LTBeamN, to determine, for simple loading diagrams, the elastic critical load.

The purpose of this paper is to: (a) perform a numerical simulation of the behaviour of
a simple, braced portal frame within the elastic critical range, (b) investigate the possibility
of determining ECR in braced portal frames based on the analysis of the elastic stability
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of the critical beam, taking into account the parameters of its elastic restraint in the nodes
(simplified 1D model), (c) investigate whether a simplified 1D model with parameters for
elastic restraint of the critical member at the support nodes can replace/check/confirm the
ECR calculations of the frame based on a much more complex 3D model, (d) investigate
the influence of the elastic restraint against lateral rotation (rotation in the beam lateral
torsional buckling plane) on the ECL of the critical beam in the lack of members in the
plane of action of the elastic restraint, and (e) assess the impact of the change in columns
height on the elastic critical resistance of the frame from the condition of the lateral torsional
buckling of the beam.

2. Diagram of the Analysed Frame

The static diagram of the braced portal frame analysed in the paper is shown in
Figure 1a. It was assumed that the frame was braced in its plane (translation blockage) at
the height of the beam axis. In the direction perpendicular to the plane of the transverse
system, translation was blocked at the corners of the frame (B, C) and in the middle of
columns height (Figure 1a).

e =y 29

RTRRRETRTRRRRRTITRRRITRRRTNNN! ;
B 1 C f |
1 I <
4 L 1 ﬁ
N2 2/ ‘ =
) 2 QT
= SO (N s
|
Q 7777\77771‘
T Z Y h» fe
A X D c
A 0.
L 111
I-I % N
z i ‘
N P
N Y L ENEEAVAN
< P I
(@ (b)

Figure 1. (a) Static diagram of the analysed portal frame. (b) Construction details of corners B and C
of the frame. (1—beam, 2—column, 3—flat stiffener).

The B-C beam (Figure 1) was connected to A-B and D-C columns by welding (full
penetration butt welds). In corners B and C, the classic stiffening method was used,
i.e., flat stiffeners at the height of the beam flanges (Figure 1b). The stiffener thickness
(tp) was assumed to be equal to the beam flange (ff). It was assumed that the resistance
of the welds connecting the beam to the column was not lower than the resistance of the
connected members. This makes it possible to maintain full continuity in the transmission of
displacements, including warping, and the transmission of cross-sectional forces, including
bimoments. At this stage of the analysis, the author did not consider the influence of
post-welding stresses and strains in the welded corner joints B and C on the elastic critical
resistance (ECR) of the frame. It was assumed that A-B and D-C columns are fully fixed at
nodes A and D (Figure 1a).

In the analysis, the author considered two variants of beam cross-section, i.e., IPE300,
for the span L = 6 m, and IPE500, for the span L = 9 m. Two types of column cross-section
were adopted for each beam variant. For IPE300 (L = 6 m), the columns of the frame were
made of the IPE300 or HEA300 section. The author considered four variants of column



Appl. Sci. 2025, 15, 12531

50f26

height H = 3,4, 5 or 6 m. For IPE500 (L = 9 m), in turn, the author used columns made of
the IPE500 or HEA300 section. In this case, the author considered column heights H = 4.5,
6,7.5and 9 m.

The loading of the portal frame was applied to the top flange (zg = h;,/2) of the
B-C beam (Figure 1a). Three variants of the transverse load of the beam were considered:
(a) concentrated force (P,) at the midspan of the beam, (b) uniformly distributed load (g-)
along the beam, and (c) non-uniformly distributed load (g, 1) along the length of the beam
(triangle distributed load).

The geometric dimensions of the adopted cross-sections and their characteristics were
selected according to [43].

In the paper, it was assumed that in the corner joints B and C of the analysed braced
portal frame (Figure 1a) there is a fully continuous connection model [24], the behaviour
of which does not affect the analysis. In order to verify whether the adopted solution of
the joint structure (Figure 1b) meets this assumption, an appropriate classification was
carried out in accordance with EN 1993-1-8 [24]. Since the critical load was determined in
the elastic range, the connection was classified based on its rotational stiffness.

For the assumed parameters of the portal frame components, the welded single-sided
corner joints B and C (Figure 1b) were classified as rigid. The classification of beam-column
connection according to Eurocode [24] is given in Appendix A.

3. Estimation of the Parameters of the Elastic Restraint of Beam in the
Frame Corner

The analysed frame (Figure la) consists of three bar members, ie., A-B and
D-C columns and B-C beam. Elastic critical resistance (ECR) was determined for the spatial
(3D) frame model and for a critical member (1D) extracted from the structure, elastically
restrained in the support nodes. Based on numerical simulations performed in Abaqus
software (FEM), the author determined that for the adopted spans of the component mem-
bers of the frame (beams, columns) and the transverse gravitational load applied to the top
flange of the beam, the critical member determining the lowest ECL of the frame would
be the beam. The results of the numerical simulations based on which the critical member
was selected are included in further sections of this paper.

In this chapter, the author provides a method for estimating the parameters of the
elastic restraint of the B-C beam, the critical member of the braced portal frame (Figure 1a)
in the welded corner joints B and C, classified as rigid (cf. Table A1).

Figure 2a shows the analytical model of the B-C beam, extracted from the system
of the analysed frame (cf. Figure 1a). The welded connections used in joints B and C of
the frame ensure the elastic restraint of the beam against: (a) warping «,, of the support
cross-section (Figure 2b), (b) lateral rotation &, of the beam (Figure 2c), and (c) rotation of
the beam in the plane of its bending «, (Figure 2d), resulting from the susceptibility of the
columns to bending in the plane of the frame.

The stiffness of the elastic restraint «,, (Figure 2b) against warping expresses the value
of the bimoment B caused by a unit warping d¢/dx [21,33,44]:

o — —B
Y de/dx

1)

where B—bimoment in the support node, d¢/dx—warping of the beam cross-section.
Stiffness «,, (1) ranges from «,, = 0 for the full freedom of warping to a,, = oo, for
complete warping blockage.
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Figure 2. (a) Analytical model of the B-C beam. (b) Elastic restraint against warping «,, of the beam
cross-section at the support. (c) Elastic restraint against lateral rotation «; of the beam. (d) Elastic
restraint against rotation in the beam bending plane «,. (1—beam).

The elastic restraint against warping of the cross-section of the beam in joints B and
C is affected (Figure 1b) by the stiffness of the free torsion of the column (at the beam
cross-section height) [39] and the stiffness of the free torsion of flat stiffeners, restraining the
warping of the cross-section of the column. Stiffness of elastic restraint «,, is expressed as:

o = Glychgp +2GIzhg o (2)

where I; —Saint-Venant torsional constant of the column, G—Kirchhoff’s modulus,
hop = hy — try—theoretical height of beam cross-section at flange axes, ho, = he — t;c—
theoretical height of column cross-section at flange axes, I; = by t“;’, /3—torsional moment
of inertia of the flat stiffener. The remaining symbols are shown in Figure 1b.

The stiffness of elastic restraint «,, (Figure 2c) against the lateral rotation of the beam
in the support nodes (rotation about the z-z axis of the cross-section) expresses the value of
the bending moment M, caused by a unit lateral rotation (du/dx) [33]:

M,
= du/dx ®)

Ky

where M,—bending moment relative to the minor axis of the cross-section in the support
node, du/dx—rotation about the z-z axis in the support node.

Stiffness «y, (3) ranges from a;, = 0 for the full freedom of lateral rotation to a;, = o, for
complete lateral rotation blockage.

In the study, the author assumed that in corners B and C of the frame (Figure 1),
the rotation of the beam about the minor axis of its cross-section (z-z) corresponds to the
torsion of the column relative to its longitudinal axis (x-x). Such engineering simplification
was introduced because the conditions of a rigid beam—column connection between the
frame members were met. It was assumed that the torsion moment M, of the column
was equal to the bending moment M, of the beam. The torsion angle of the column was
determined as for a cantilever bar (fixed in nodes A and D), with the assumption that the
torsion moment acts at the point of its connection with the beam (node B, C). Its value
was determined according to [45], assuming no torsion blockage on the free end of the
cantilever bar (column). Note: The critical member of the frame is the beam, i.e., the column
is an elastic support for the beam, not the other way around. This assumption is consistent
with the idea of the so-called critical member and stiffening member given, for example,
in [46], in which the local stability of walls in thin-walled sections was analysed, taking
into account the conditions of elastic restraint of the component walls. The critical member
(with the lowest load-bearing capacity) is elastically restrained in the adjacent stiffening
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members. However, in the analysis of the stiffness of the stiffening member loaded with the
excitation reaction (from the critical member), a free support can be assumed at the point of
their connection [46]. In the case of thin-walled cross-section walls, an elastic restraint of the
critical plate in the stiffening plates was assumed, for which a free support was assumed
on the same edge. From an engineering point of view, the adopted analytical simplification
is a conservative approach.

After accounting for the formula for the column torsion angle [45], corresponding to
the lateral rotation of the beam du/dx about the minor axis of the cross-section, the stiffness
of the elastic restraint «;, can be formulated as follows:

&, = Gl/ (H (1 - W)) (4)

where H—column height, k = \/GI;/(El,)—lateral-torsional characteristic of the col-
umn, I, —warping constant of the column.

The stiffness of elastic restraint a, (Figure 2d) against the rotation in the bending plane
of the beam (rotation about the y-y axis of its section) expresses the value of the bending
moment M, caused by a unit rotation in the beam bending plane (dv/dx) [35]:

_ My
T dv/dx

Xy (5)
where M,—bending moment relative to the major axis of the cross-section in the support
node, dv/dx—rotation about the y-y axis in the support node.

Stiffness a, (5) ranges from «,, = 0 for the full freedom of rotation in the bending plane
to ay = oo, for its complete blockage.

For the analysed frame (Figure 1a), with the columns fixed in the support nodes A
and D, the elastic restraint against rotation in the beam bending plane (a;) in nodes B and
C caused by the elastic action of the columns can be expressed with the following formula:

oy = 4EL,./H (6)

where [, .—second moment of inertia in bending about the y-y axis of the column.
Formula (6) was written in the same manner as the one used in the classic Cross
method [47].
The practical calculations of the stiffness of elastic restraint a,,, &y, &, for the adopted
parameters of the analysed portal frame are given in the next chapter of the article.

4. Numerical Determination of the Critical Elastic Resistance of the
Portal Frame

Finite element method (FEM) was used to determine the elastic critical resistance of
the frame. The analysis was conducted for the volumetric model (3D), taking into account
the behaviour of the entire structure (cf. Figure 1a), and the bar model (1D), taking into
account the extracted B-C beam (critical member) and the parameters of its elastic restraint
in nodes B and C (cf. Figure 2a).

4.1. Volumetric 3D Model—Abaqus

The elastic critical resistance of the braced portal frame (Figure 1a) was determined
in the Abaqus software [48] based on finite element method (FEM). The spatial 3D model
of the frame was prepared using C3D8R volumetric finite elements (elements with eight
nodes, six degrees of freedom in each node). The numerical model takes into account the
physical stiffeners of the frame corner joints B and C (cf. Figure 1b). The modelled frame
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members (beam, columns and joints) were discretised using an FEM mesh with an average
mesh size of 20 x 20 x t/4 [mm] (t—wall thickness). The boundary conditions in A and
D joints accounted for the blockage of translation, rotation and warping of the support
cross-section of the column about its major axes of inertia. Such fixing conditions were
obtained by blocking the translation in three directions (U1 = U2 = U3 = 0) of the frontal
planes of the support cross-sections of the columns. In the corner joints B and C and at the
midspan of the A-B and D-C columns, horizontal translation was blocked (U1 = 0) in the
direction perpendicular to the plane of the transverse system of the frame. Also, horizontal
translation was blocked in joint C (U3 = 0) in the plane of the frame (cf. Figure 1a).

As already mentioned, the modelled portal frame members were discretised with an
FEM mesh with an average mesh size of 20 x 20 x t/4. When selecting the mesh size,
the results of 3D Abaqus numerical simulations performed for the grillages were taken
into account [10]. At that time, tests were carried out of the mesh size on the determined
ECR value. Since the analysed structures (portal frame, grillage) have similar geometric
parameters, when determining the ECR of the portal frame (Figure 1a), a mesh with the
same parameters as in the grillage was adopted [10].

Table 1 presents the results of additional verification of the mesh size for the FEM
model adopted in the work. For this purpose, a numerical model (C3D8R volumetric
elements) was prepared for the portal frame analysed in [27] using a 20 x 20 x {/4 [mm]
(t—wall thickness) mesh. From the simulation in Abaqus, the critical load P, of the frame
was obtained and compared (Table 1) with the values presented in [27].

Table 1. Comparison of elastic critical load P, of the portal frame [27].

Item Method of Determining Critical Load P., [kN] % [-]
I 11 III 1A%
Abaqus
1 (Element: C3D8R, mesh size: 20 x 20 x t/4, 246.98 -

number of elements: 48,264)

Finite element formulation [27]
2 (Element: SM-M [49], beam: 30 elements, 2324 —-5.9
column: 20 elements)
Abaqus [27]
(Element: B310S, beam: 30 elements, column: 20 elements)

3 245.4 —0.6

Small differences in the P, values (Table 1) allow us to conclude that for the mesh size
adopted in the work (20 x 20 x t/4), the obtained ECR values of the portal frame can be
treated as a reference.

The loading of the portal frame was applied in the middle of the width of the top
flange (z¢ = hy/2) of the B-C beam (Figure 1a). The load was applied in the form of (a) a
concentrated load at the midspan of the beam, modelled as a concentrated load applied
to one node of the mesh, (b) a uniformly distributed load along the length of the beam,
modelled as a concentrated load with a constant value applied to the nodes of the mesh
in the middle of the width of the flange, and (c) a non-uniformly distributed load with a
linearly variable value applied to mesh nodes in the middle of the width of the flange. The
method of modelling different parts of the structure for an example portal frame is shown
in Figure 3.
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Figure 3. A three-dimensional model of an example portal frame made in Abaqus software.

The calculation of the critical load was performed in the elastic range, using the
computational step of the buckling procedure.

As mentioned earlier, the elastic critical resistance was determined for the prepared
3D models of the portal frame. The ECR was also determined for a critical member (1D)
extracted from the structure, elastically restrained in the support nodes. The critical member
of the analysed frame is the member (beam, column) initiating its spatial loss of stability
at the lowest ECL value. In order to determine the critical member for the prepared 3D
models of the portal frame, the author conducted numerical simulations of the behaviour
of the structure in the elastic critical range. The analysis was conducted for the following
adopted parameters: (a) spans and types of cross-sections of frame component members
(beam, columns) and (b) variants of the transverse gravitational load applied to the top
flange of the frame beam.

Figure 4 shows the first four modes of the loss of stability of an example portal frame
obtained from numerical simulations of the 3D model of the structure. The frame whose
component members (beam, columns) were made of an IPE300 section was uniformly
loaded (g;) along the length of the beam with a transverse load applied in the middle
of the width of the top flange (zg = hy/2) of beam. The elastic critical loads (g;,r) were
determined taking into account the maximum column height (H) for this frame variant.
For such geometric parameters of the column, the column has the highest susceptibility
to buckling, which may cause it to be the causal member (critical member) of the spatial
loss of stability of the frame. Figure 4 shows the first four modes of frame stability loss and
their corresponding eigenvalues.

For the lowest value of the elastic critical load (g; 1) of the frame, corresponding
to the first mode of its spatial loss of stability (Figure 4), the critical member is the beam,
which results from its significant deformations. The ECR of the frame is determined by the
lateral-torsional mode of stability loss of the beam, elastically restrained in the columns,
in accordance with one half-wave of displacements with a shape close to a sinusoidal
function. Very slight deformations of the columns result from the continuity of deformation
in the joints.

A different situation was observed for the second eigenvalue (g, () of the portal
frame. In this case, the lateral torsional buckling of the beam took the form of two half-
waves of displacements, similar in shape to two half-waves of the sine function. For
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the second eigenvalue (g; (), the lateral-torsional deformations of the columns increase
(in comparison with those obtained for g; (1), but they still result from the continuity
of deformations in the joints. The column as a critical member of the analysed portal
frame does not appear until the third (g; ., 3) and fourth (g; ., 4) eigenvalue. In this case,
advanced lateral-torsional deformations of the columns occur, associated with lateral-
torsional deformations of the beam, but with much smaller amplitudes.

11 ¢,

IRERRRRIRERRRRRRRRRRERRIRTARRE] 1-1
Beam: IPE300 Q ;qz
Column: IPE300 o ‘?QL i)
L=6m, H=6m S
L I .
Mode: 1 Mode: 2 Mode: 3 Mode: 4

G oy = 34.924KN/m | 4,00 =12343kN/m | q,.,,=179.73kN/m |q,,,=208.34kN/m

Figure 4. Modes of the stability loss of an example portal frame modelled in the Abaqus software
(beam IPE300 - L = 6 m, column IPE300 - H = 6 m).

Table 2 contains example results of the numerical simulations of 3D models of the
portal frame. For a frame loaded uniformly (g;) along the length of the beam, the first four
eigenvalues are shown. Similarly to Figure 4, the elastic critical load (g; ) was determined
for the maximum columns height (H) in the individual frame variants. The author analysed
the spatial deformations of the 3D models (cf. Figure 4) for the first four eigenvalues of
the system to extraction the critical member (beam, column) responsible for initiating the
elastic loss of stability of the frame.

For the example frames (Table 2), the lowest value of the elastic critical load g, ¢ 1
(rows 1, 5,9, 13) is associated with the lateral-torsional loss of stability of the beam (critical
member), according to one half-wave of the sine function (cf. Figure 4). For the second
eigenvalue g, o2 (rows 2, 6, 10 and 14), the critical member of the frame is still the beam.
In this case, its spatial loss of stability has a course similar to two half-waves of the sine
function (cf. Figure 4). The second elastic critical load of the frame (rows 2, 6, 10 and 14)
is approx. 3.5 times greater than the first ECL (rows 1, 5, 9 and 13). It is only for the third
eigenvalue g, .3 that the column made of an IPE section (rows 3 and 11) becomes the
critical member of the frame (cf. Figure 4). For columns made of the HEA section (rows
7 and 15), even the third eigenvalue of the frame is determined by the lateral torsional
buckling of the beam. Columns made of wide flange sections (e.g., HEA) are characterised
by higher free and constrained torsional stiffness compared to columns made of narrow
flange sections (e.g., IPE). Consequently, using wide flange sections for the columns makes
it possible to obtain an increased spatial stiffness of the analysed portal frame and higher
ECR values of the structural system (cf. col. VI).
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Table 2. Comparison of the values of elastic critical resistance of the portal frame loaded uniformly.

) Beam Column Critical Load g ¢ [kN/m] acc. Abaqus (3D Model)
Item Load Diagram
L [m] H [m] Mode EigenValue Critical Member

I I I v \% VI VII

1 1 34.924 beam

2 IPE300 2 123.43 beam

3 H=6m 3 179.73 column

4 T IPE300 4 208.34 column

5 1 L=6m 1 49,550 beam

6 = A HEA300 2 186.88 beam

7 H=6m 3 389.89 beam

8 . 4 588.44 beam

9 I-1 1 41.212 beam

10 g, IPE500 2 143.74 beam

11 CHE H=9m 3 206.82 column

12 e IPE500 4 242.18 column

13 N L=9m 1 35.252 beam

14 HEA300 2 125.49 beam

15 H=9m 3 263.42 beam

16 4 425.88 beam

For the remaining variants of frame loading, i.e., P, and g, 7, a similar correlation was
found between the eigenvalue (4 1, 9z,cr.2, Gz,cr,3, Gz,cr,4) Of the elastic critical resistance
and the criteria for the extraction of the critical member of the system (beam, column).

An analysis of Table 2 and Figure 4 indicates that for the adopted static, geometric,
and load parameters of the analysed frames, the critical member determining the lowest
value of the critical load (g; 1) is the beam. Consequently, the elastic critical resistance of
the frame (Figure 1a) can also be determined for the bar model (1D) based on the critical
resistance of the beam, elastically restrained in the corners of the frame.

4.2. Bar 1D Model—LTBeamN

The elastic critical resistance from the condition of the lateral torsional buckling of the
beam of the analysed portal frame (Figure 1a) was also estimated using the bar model (1D)
in the LTBeamN software [50]. The software is based on thin-walled bar elements (FEM)
with seven degrees of freedom at the node.

The LTBeamN is a well-known engineering software that allows the determination
of the so-called critical moment (M) of lateral-torsional buckling for transversely loaded
mono- or bisymmetric beams. For simple static diagrams of beams, e.g., single-span beams
loaded with a single load type (e.g., P, 4z, 4z,7), Mcr determined from the calculations can
easily be converted into the critical load of the beam (e.g., P ¢+, 4z,cr, 92, 1cr)- The software
allows for taking into account, among others, complex conditions of elastic restraint of
beams in support nodes. In the default software settings, the analysed beams are discretized
using 100 bar (thin-walled) finite elements.

The elastic critical resistance of the analysed frame (Figure 1a) was determined based
on the critical resistance of the B-C beam (1D model), taking into account its elastic restraint
in nodes B and C (cf. Figure 2a). This critical resistance, in turn, was determined based on
M, determined using the LTBeamN software. According to the adopted static diagram of
the portal frame (Figure 1a), the B-C beam is braced in the longitudinal direction (blockage
of horizontal translation in node C) and secured in the support nodes (at the beam-column
contact) against displacement in the direction perpendicular to the plane of the analysed
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transverse system (blockage of horizontal translation in nodes B and C). The vertical
translation of the support nodes of the B-C beam is blocked by the A-B and D-C columns.
For the analysed B-C beam (Figure 2a), the parameters of elastic restraint (a.,, a0y, o)

in the support nodes (B, C) were estimated based on analytical Formulas (2), (4) and (6).

Table 3 provides a summary of the values of the above-mentioned parameters.

Table 3. Summary of estimated stiffnesses of the elastic restraint of the B-C beam for the assumed

geometric parameters of the portal frame.

Beam Column ay (2) oy (@) wy (6)
Item L [m] Profile H [m] [kNm3/rad] [kNm] [kNm/rad]

I I 11 v v VI VI

1 3 7.194 9.499 23,408.0
2 IPE300 4 7.194 6.100 17,556.0
3 L-6m  [E300 5 7.194 4477 14,044 8
4 6 7.194 3.534 11,704.0
5 3 24,530 55440  51,128.0
6 IPE300 4 24,530 32248  38346.0
7 L—6m  HEAS00 5 24,530 22269 30,6768
8 6 24.530 16909 25,5640
9 45 57.439 28051 89,9733
10 IPES00  (prenn 6 57.439 18028  67,480.0
11 L=9m 75 57.439 13236 53,9840
12 9 57.439 10450 44,9867
13 45 51.873 26391 340853
14 IPE500 6 51.873 16909 255640
15 L—9m  HEA300 75 51.873 12392 204512
16 9 51.873 9.774 17.042.7

Figure 5 shows the results of calculations from the LTBeamN software (elastic critical

load of an example beam B-C constituting the beam of a portal frame).

1 Mode of critical beam stability loss

elastic restraint in joint B, C

a,=7.

a, = 3.534kNm

194kNm?3/rad

a,=11,704.0kNm/rad

LTB Modes

Number of modes | 1

Bocka dagam
[IMBiocked (] NBlocked Calcuste

ode. pr

() vial force in global coordinates

i & u

MrnaxcrkNm]  x (Mmax) ] Nnaxor kNI 0) x (Nmax) ]

#..=30.74
M. =76.84kNm

Length Unit: [m] fem]

H=6m

11 q:
IRRRRRRRRR R RN RTTRRRRRRRRRRE)
B Ll IPE300 C
2 2
> >
s L=6m mD
I
lyqz load

q,=1kN/m

Figure 5. Elastic critical resistance and lateral torsional buckling mode for an example B-C beam
(beam IPE300 - L = 6 m, column IPE300 - H = 6 m) according to the LTBeamN software.
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The proposed 1D bar model (LTBeamN), taking into account the elastic restraint
parameters (., &y, &y) at the support nodes, requires checking the accuracy of the ECR
estimation of the beam representing the portal frame. For this purpose, the critical load of
the portal frame analysed in [2] was compared with the critical load estimated (according
to the 1D model) for the beam of this frame. The geometric and material parameters
of the frame analysed in [2] were taken from [27]. The analysed frame was loaded in
its plane with two concentrated forces applied at equal distances along the length of
the beam. The critical load P, of the frame [2] was determined taking into account the
advanced description of the full beam formulation, to which standard types of frame
corner stiffening, e.g., Box-stiffened, can be added. The obtained results [2] were compared
with the FEM simulation results for the shell model (ANSYS software) and the results
obtained from typical energy approaches. The high efficiency of the method proposed
in [2] was confirmed. Since the critical member of the frame, due to the applied loading
diagram, is the beam, it was decided to determine its P, using the proposed 1D bar
model (LTBeamN). Using the geometric parameters, including the Box-stiffened corner
type, and the material parameters of the portal frame [27], the parameters of the elastic
restraint of beam in the frame corners were estimated using Formulas (2), (4) and (6):
&, =12.506 kKNm? /rad, a;, = 11.517 kNm, a, = 12,264 kNm/rad. Taking into account the
beam length corresponding to the span of the portal frame [27], the critical load was
determined in the LTBeamN software: P, = 272.55 kN. The critical load determined in [2]
(Element: 7 DOF, beam: 30 elements, column: 20 elements) for the Box-stiffened corner type
is: Pcr = 280.4 kN. Using the proposed 1D bar model (LTBeamN), a comparable value of
the beam critical load was obtained, a difference of —2.8%, in relation to the frame critical
load value determined by the method proposed in [2]. The obtained discrepancies allow
us to conclude that for the proposed portal frame (Figure 1a) with a Box-stiffened corner
(Figure 1b), the critical load can be estimated using a 1D engineering bar model (LTBeamN).

5. Comparative Analysis of the Elastic Critical Resistance of the
Portal Frame

In this chapter, a comparative analysis of the elastic critical resistance of the frame,
determined using the Abaqus software (3D model), with the critical resistance of the
elastically restrained beam B-C, determined using the LTBeamN software (1D model), was
performed. For the 1D bar model, the elastic restraint parameters («., &y, &) in the nodes
resulting from the geometry of the frame structure (cf. Table 3) and the analysed transverse
load (concentrated force P,, uniform load g, triangular load g, ) applied to the top flange
(zg = hy/2) of beam B-C were taken into account.

In Table 4, the author compared the elastic critical resistance P, - of the structure
loaded with the concentrated force P, at the midspan of the B-C beam.

The values included in Table 4 indicate that the ECR (P, ;) of the portal frame deter-
mined for the model of the extracted critical beam (1D) and calculated using the LTBeamN
software (column VII) is smaller in comparison with the ECR determined in the Abaqus
software (column VI). The discrepancies in the results range from —11.4% (row 12) to
—17.5% (row 8).

Table 5 compares the values of the elastic critical resistance g, ¢, (rows 1-16) and gz T
(rows 17-32) of the frame structure, loaded uniformly g, or in a triangle g, r along the
length of the beam B-C, determined using the Abaqus and LTBeamN software. The results
are presented in a similar arrangement as in Table 4.
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Table 4. Comparison of the elastic critical resistance P; ¢, of the portal frame.

Column P, o [kN]
Item Load Diagram Beam Ab LTB N % [-]
L [m] ; aqus eam VII-VI
Profile HIml o5 Model) (1D Model)
I 11 I v v VI VII VIII
1 3 114.197 99.36 ~13.0
2 IPE300 4 110.988 96.69 ~129
3 L=6m IPE300 5 108.073 94.38 127
4 N 6 105.509 92.41 —124
5 1 3 142.481 120.56 —154
6 = IPE300 4 141.600 118.16 ~16.6
7 L=6m HEA300 5 140,271 11622 171
8 - L + 6 138.749 114.43 175
9 1 45 201.983 178.36 117
10 z IPE500 6 196.501 17348 117
P

1 f.or’“i’ L=9m IPE500 7.5 191.383 169.32 ~115
12 LN 9 186.814 165.59 114
13 - 45 180.048 158.92 —11.7
14 IPE500 6 174.537 152.87 _124
15 L=9m HEA300 7.5 169.975 14834 127
16 9 166.265 144.76 ~129

In the LTBeamN software (Table 5, column VII), the author obtained, similarly as
for the concentrated force P, (Table 4), smaller critical loads (g ¢+, 42 1,cr) of the frame in
comparison with the loads determined in the Abaqus software (Table 5, column VI). In this
case, the discrepancies in the results were in the range (column VIII) from —10.3% (row 9)
to —18.8% (row 24).

The discrepancies (Tables 4 and 5, column VIII) of the elastic critical loads (Py ¢r, §z,crs §2,T cr)
indicate that for the adopted geometric parameters of the portal frame (Table 3) loaded at
the height of the top flange of the beam (z¢ = h;,/2), the proposed method for the analytical
estimation of the stiffness coefficients of elastic restraint («,, (2), a;, (4) and &, (6)) of the B-C
beam (Figure 2a) in the frame system is moderately conservative and can be regarded as
satisfactory from the engineering perspective. Considering the estimated parameters a,, &
and &, in the LTBeamN software enables a relatively fast determination of the elastic critical
load without the need to prepare a complex volumetric solid numerical model of the portal
frame, e.g., in the Abaqus software. The proposed analytical-numerical solution (in the
1D model) produces lower (conservative) values of critical loads (P; ¢, 4z,¢r, §2,1,cr), from
—10.3% to —18.8% (cf. Tables 4 and 5), in comparison with the volumetric model according
to the Abaqus software. The underestimation of the elastic critical loads is caused, among
others, by the failure to take into account the spatial behaviour of individual details of
the corner joints B and C of the portal frame in the 1D model (Figure 1b). The spatial 3D
model of the frame (Abaqus software), prepared from volumetric finite elements, enables
full continuity in the transmission of displacements (deformations) between the members
connected in joints B and C. Moderately underestimated values of the determined critical
loads in the model of the extracted critical beam are a conservative estimation from the
perspective of engineering calculations.
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Table 5. Comparison of the elastic critical resistance q; ¢ or q; 1., of the portal frame.
Column qz,cr [kN/m]
. Beam qz,Tcr [kN/m] % [-]
Item Load Diagram
L [m] Profile H [m] Abaqus LTBeamN VII-VI
(3D Model) (1D Model)
I 11 I v v VI VII VIII
1 3 38.955 34.30 ~11.9
2 IPE300 4 37.492 32.90 —122
3 L=6m IPE300 5 36.119 31.72 ~122
4 T g 6 34.924 30.74 ~12.0
IEREEEIRIRIRRRERRIRIRIRERRININ]
5 1 3 51.501 44.07 144
6 = L IPE300 4 51.062 273 ~163
7 d L=6m HEA300 5 50.363 41.60 174
8 i . i 6 49.550 40.59 —18.1
9 L 45 45.903 41.16 ~103
10 z IPE500 6 44243 39.44 ~109
q

11 e L=9m IPES00 75 42.648 38.02 ~109
12 N 9 41212 36.82 ~107
13 45 39.134 34.74 112
14 IPE500 6 37,582 32.88 ~125
15 L=9m HEA300 75 36.295 31.52 ~132
16 9 35.252 30.49 ~135
17 3 77.304 67.39 ~12.8
18 IPE300 4 74.180 64.68 —128
19 L=6m IPE300 5 71.331 62.40 ~125
20 Cr 6 68.934 60.46 ~123
21 1] 3 102.760 86.54 —15.8
2 o ’ IPE300 4 101.530 83.93 ~17.3
23 L=6m HEA300 5 99.922 81.71 182
24 L i i 6 98.172 79.76 ~188
25 I 45 91.169 80.87 ~113
26 g . IPE500 6 87.574 77.52 ~115
27 T L=9m IPES00 75 84.266 74.77 ~113
28 < 9 81.344 72.45 ~109
29 45 77.622 68.44 —118
30 IPE500 6 74.429 64.79 ~13.0
31 L=9m HEA300 75 71.834 62.18 —134
32 9 69.752 60.19 ~13.7

Figure 6 shows exemplary curves of variation in critical loads P, , (Figure 6a) and
Gz,Tcrr Gz,cr (Figure 6b) of the frame as a function of the variable height of the columns
determined according to both models (3D, 1D). The critical loads were determined for the
loads applied at the height of the top flange (z¢ = h;/2) of the B-C beam.

Increasing the height of the columns (H) of the analysed portal frame (Figure 1a) causes
an essentially linear decrease in its elastic critical resistance from the condition of lateral
torsional buckling of the beam (Figure 6). For the IPE300 beam (L = 6 m) and the IPE300
columns (Figure 6a), the increase in column height (from 3 to 6 m) caused a decrease in P, ¢,
(continuous black line) by 7.6% (Abaqus software). For the HEA300 columns (continuous
red line), the author observed a decrease by 2.6%. For the IPES00 beam (L = 9 m), loaded
non-uniformly g, r or uniformly g, (Figure 6b), increasing the height H (from 4.5 to 9 m),
irrespective of the cross-section of the column, caused a decrease in the critical load by 10%
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Pz,cr [kN]
x
(@)

100

G- Ter [kN/m]
S

q z,cr [kN/ m]
&8

(Abaqus software). During the determination of the critical load according to the 1D model
in the LTBeamN software, the height of the columns (H) was considered in the parameters
of the elastic restraint &, according to (4) and «, according to (6) of the B-C beam in the
support nodes.

Beam IPE300 (L = 6m)

142.48
138.75
- M
120.56
- 20:‘ """"" D - -mmmmeeeeo *114.43
I — ———— e d0s.51 SOl TTASH0
: 92.41
-—e--1D
Column IPE300
—— 3D
--e-- 1D
(a) o qZ’mmgT -
Beam IPE500 (L =9m) Column IPE500
3D
1D
77 62 :.\ —-s Column H?I:ZSSOO
68.44 T Dbl D LT e e 69.75
60.19 --e--1D
. q; o
39.13%""=-===---- ettt e e 35.25 Column IPE500
34.74 30.49 3D
1D
. . . . . Column HEA300
T T T T 1 3D
45 6 7.5 9 Hm]
-—e--1D
(b)

Figure 6. Examples of critical load variation curves: (a) IPE300 beam loaded with concentrated force
P, (b) IPE500 beam loaded non-uniformly g, r or uniformly g,.

Table 6 compares the values of the elastic critical resistance of the B-C beam, elastically
restrained (wy, ®, &) in the support nodes (cf. Figure 2a), with the critical resistance of
the beam determined with consideration of: (a) elastic restraint against a;, and «,, (for
ay, = 0) and (b) elastic restraint against a, (for &, = &y, = 0). The B-C beam was loaded at the
height of the top flange (z; = h;,/2) with: (a) concentrated force P, applied at the midspan
of the beam, (b) load g, distributed uniformly, (c) load g, r distributed over a triangle. The
calculations were performed in the LTBeamN software.
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Table 6. Comparison of the elastic critical resistance of the B-C beam.

Column Critical Load acc. LTBeamN (1D Model)
. Beam Ko, O «
Item Load Diagram H Kers Kopy & wr v % [-] v % [-]
L m . wr Yur Yv
[m] Profile (m] (Table 3) (Table 3) VII-VI (Table 3) IX-VI
a, =0 Ky=06,;,=0
I I I v % VI VI VI X X
1 3 99.36 99.17 —02 89.57 —99
2 IPE300 oo 96.69 96.55 —0.1 87.32 97
3 L=6m 5 94.38 94.27 —01 85.35 —96
4 Hop 6 92.41 92.32 —0.1 83.62 —95
5 a2 g 3 12056 119.55 —08 94.03 —220
au I au [ —
6 w1 0 IPE300 oo 4 118.16 117.56 0.5 92.69 21.6
7 L=6m 5 116.22 115.76 —04 91.39 214
8 L1 6 114.43 114.06 ~03 90.19 212
— z
9 P, 45 178.36 177.94 —02 158.27 113
10 CRE IPES00 e 6 17348 173.18 —02 15421 111
1 o L=9m 75 169.32 169.07 —01 150.71 ~11.0
12 9 165.59 165.55 0.0 147.71 ~108
13 45 158.92 158.38 —03 142.73 —102
14 IPE500 6 152.87 152.50 —02 137.68 99
15 Legm TEAS0 55 148.34 148.06 —02 133.78 98
16 9 144.76 14453 —02 130.71 —9.7
17 3 34.30 3421 —03 30.40 114
18 IPE300 oo 4 32.90 32.83 —02 29.25 111
19 L=6m 5 31.72 31.67 —02 28.28 ~10.8
20 r 6 30.74 30.69 ~02 27.45 ~107
Tl g,
21 %\Em]ﬂmm]]]]]]]]{? 3 44.07 43.58 -1.1 32.74 —25.7
2 e "a,  IPE300 4 4273 4241 —0.7 32.02 —251
23 % B % | _gm HEA0D 5 41.60 4135 —06 31.34 247
24 11 6 40,59 40.39 ~05 30.72 —243
- z
25 q, 45 41.16 41.03 03 35.80 ~13.0
26 ST PES00  (ppsgy O 39.44 39.35 ~02 34.45 127
27 o L-=9m 7.5 38.02 37.95 —02 33.30 124
28 9 36.82 36.75 —02 3232 —122
29 45 34.74 34.60 04 30.80 113
30 IPE500 6 32.88 32.77 ~03 29.25 ~11.0
31 L-gm TIEA30 55 31.52 31.44 ~03 28.11 ~108
32 9 30.49 30.44 —02 27.24 ~107
33 3 67.39 67.23 —02 59.74 114
34 IPE300 e 64.68 64.55 —02 57.51 111
35 L=6m 5 62.40 62.29 —02 55.63 ~10.8
36 6 60.46 60.41 —01 54.03 ~106
T ﬂ qa; T
A S 3 86.54 85.59 —11 64.31 257
38 a1 @, IPE300 4 83.93 83.32 —07 62.88 —251
39 % % | _gm HEASD 5 81.71 81.24 —06 61.57 246
40 11 6 79.76 79.38 —05 60.36 243
— z
41 q,7 45 80.87 80.63 —03 70.37 —13.0
4 STy IPESO0 oo 6 77.52 77.36 —02 67.73 —126
43 o L=9m 75 74.77 74.65 ~02 65.48 124
44 9 72.45 72.32 —02 63.58 ~122
45 45 68.44 68.15 04 60.64 114
46 IPE500 6 64.79 64.61 —03 57.65 ~11.0
47 Legm HEASD o5 62.18 62.02 —03 55.44 ~10.8
48 9 60.19 60.07 —02 53.76 ~107
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Disregarding the impact (Table 6) of the elastic restraint against lateral rotation («; = 0)
of the B-C beam in the corner joints B and C of the frame (column VII) causes a negligibly
small decrease in the critical resistance of the beam (column VIII). In the vast majority
of cases, the decrease in critical load (Py,cr, §z,crs 42,T,cr) did not exceed 1.0%. In the case
of a flat portal frame (Figure 1a), this is mainly due to the lack of members transferring
the M, bending of the beam and located in the plane of action of the elastic restraint («;).
Moreover, the obtained results confirm the small influence of the torsional stiffness of the
A-B and D-C columns of the analysed portal frame (Figure 1a) on its critical resistance from
the condition of the lateral torsional buckling of the B-C beam.

The impact of the elastic restraint against lateral rotation («;) of the critical beam
in the support nodes on its elastic critical resistance is much greater in grillages [10]. In
structures of this category, the a, of the critical beam depends on the flexural stiffness of
the supporting beams. For a simple H-type grillage [10] with a critical beam coupling the
support beams, ignoring this parameter resulted in a decreas e in the ECR of the beam
by 25%.

When the impact (Table 6) of the elastic restraint against warping (., = 0) and elastic
restraint against lateral rotation («, = 0) of the B-C beam in corner joints B and C (column
IX) is also disregarded, the critical resistance of the beam decreases more significantly
(column X). For a frame made entirely of IPE300 sections (beam/columns), in most cases,
the decrease in critical load (Py,¢r, §z,crs §2,7,cr) did not exceed 11%. For the HEA300 column,
in turn, the critical resistance of the B-C beam decreased by 25%. The higher decrease in
the critical resistance of the IPE300 beam (column X) for the HEA300 columns (rows 5-8,
21-24, 37-40) in comparison with the IPE300 columns (rows 14, 17-20, 33-36) was caused,
among others, by the significant difference in the value of the moment of inertia for the
free torsion of the cross-section of the column (I; AF4300 ~ 4.11; [PE300) ysed to estimate
stiffness «,, (2). For the frame with the IPE500 beam and IPE500 columns (rows 9-12, 25-28,
41-44) or HEA300 columns (rows 13-16, 29-32, 45-48), the decrease in the critical resistance
of the B-C beam assuming «a,, = a; = 0 (column IX) did not exceed 13% (column X).

Table 6 does not show the elastic critical load of the B-C beam determined without the
impact of the elastic restraint against rotation &y in its bending plane. Considering &, =0
would be equivalent to assuming free support of the beam in bending about its major axis.
Such a static diagram of the beam is inconsistent with the diagram of the analysed braced
portal frame (Figure 1a). For the analysed B-C beam, it would also be incorrect to assume it
to be fully fixed, i.e., ay = 00, because the A-B and D-C columns do not permit to maintain
such a static diagram due to their susceptibility to bending M,. Consequently, to obtain
reliable results for the analysed beam, it is necessary to consider the coefficient of elastic
restraint a,. More information about the impact of the elastic restraint against the rotation
of the beam in its bending plane on the critical resistance has been included, in particular,
in paper [35].

As already mentioned, the analysis of the obtained critical loads (Table 6) for the
braced portal frame (Figure 1a) loaded at the height of the top flange (z; = /1;,/2) shows a
small influence of the stiffness &, on the ECR of the critical beam (column VIII). Omitting
this parameter of the elastic restraint of the B-C beam, i.e., assuming a, = 0, causes a
slight decrease in its critical load. In this case, the elastic critical resistance of the beam
depends mainly on the elastic restraint against warping («.,) and against rotation in the
beam bending plane (). For the analysed B-C beam, it was decided to determine, taking
into account the stiffness &, and &y, an important design parameter, namely the critical
moment (M) of lateral torsional buckling. M, («w, &y) was determined in the LTBeamN
software, taking into account &, and &, (Table 3), and estimated analytically according
to [35]. The determined critical moments are given in Appendix B (Table A2). The obtained



Appl. Sci. 2025, 15, 12531

19 of 26

discrepancies in the M/ («., &) values ranged from —5.2% to +0.3%. The obtained results
(Table A2) allow us to conclude that for selected loading diagrams of a flat portal frame,
the critical moment of lateral torsional buckling of the beam can be estimated, taking into
account the stiffnesses &, and ay, using [35].

Figure 7 shows a comparison of the elastic critical load g, ¢+ determined for the frame
consisting of an IPE300 beam and HEA300 columns. The frame was loaded uniformly (g-)
at the height of the top flange of the beam (z¢ = h;,/2). Figure 7 was prepared based on the
values included in Tables 5 and 6.

Beam IPE300 (L = 6m), Columns HEA300 —e— Abaqus

60 =
- 51.50 51.06 50.36 49.55
—0 =
44.07 - 42.73 41.60 40.59
_ 40 (4358 42.41 41.35 4039 L -
z ) i LTBeamN
z 3274 & 32.02 31.34 $3072 =
& 20 |
& -, a,Qq,
10 — av/ am’ au = 0

——a,a,=a,=0

0 : : : : !
3 4 5 6 Hlm]

Figure 7. Comparison of the elastic critical load g; ¢ of an example frame.

Considering the stiffnesses «,, a, and &, (red line) in the LTBeamN software (Figure 7)
made it possible to determine the elastic critical load of the frame, from the condition of
the lateral torsional buckling of the beam, in a conservative manner relative to the Abaqus
software (black line). The percentage differences between the g, .+ values range from —14.4
to —18.1%. By considering (in the LTBeamN software) only the stiffness &, (2, = &y = 0), the
author obtained a reduction in the critical load of the beam by approx. —25% (green line)
relative to its full elastic restraint (red line). In comparison with the full 3D model (Abaqus
software—black line), in turn, the reduction in elastic critical resistance was approx. —37%
(green line, LTBeamN software). Such underestimation of the elastic critical resistance of
the frame (beam) does not contribute to its economical and optimal design.

6. Summary and Conclusions

In this paper, a stability analysis was carried out for the lateral torsional buckling of
the beam of a braced portal frame (Figure 1a). The elastic critical load was determined
for: (a) a volumetric 3D model (Abaqus software) and (b) a 1D bar model (LTBeamN
software). The simplified model included a critical member extracted from the structure, in
this case a beam and the parameters of its elastic restraint in the support nodes (i.e., in the
beam—column joint).

In the analysis, it was assumed that the loaded member was the beam. The transverse
load was applied only to the top flange (zg = h;,/2) of the B-C beam (Figure 1a). The
assumed location of the transverse load of the beam is often encountered in engineering
practice. Other variants of the load application point ordinate, including the centre of
gravity or the bottom flange of the beam, will be the subject of further studies.

The results (Tables 4 and 5) indicate that for the simplified model (for the critical
beam), the accuracy of determination of the elastic critical load of the B-C beam in the
LTBeamN software, while considering the elastic action of the support nodes, is sufficient
from an engineering perspective. The underestimation of the elastic critical resistance of
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the structure, ranging from several to over a dozen percent, is compensated for by the lack
of need to prepare the volumetric 3D model of the frame (Abaqus software). The underes-
timation of the elastic critical load of the beam (1D model) results from: (a) a simplified
form of formulas for the parameters of the elastic restraint of the beam in the frame corners,
which results from the ‘bar” consideration (i.e., reduced to the cross-section axis) of the
boundary conditions of the elastic restraint and (b) the lack of physical consideration of the
complex interaction between frame members in the joint area (interaction of the component
walls of the cross-section, stiffener details, etc.). A more accurate determination of the
parameters of the elastic restraint of the beam at the frame corners will require taking into
account additional factors, which may significantly complicate the calculation model. The
author anticipates further research on improving the form of analytical formulas for elastic
restraint parameters.

In the case of the analysed portal frame, there is an essentially linear dependence
(Figure 6) between the increase in frame column height and the decrease in its elastic critical
resistance from the condition of the lateral torsional buckling of the beam. Doubling the
height of the columns resulted in a several percent decrease in the elastic critical load.

In the case of the analysed portal frame (Figure 1a), in which columns A-B and D-C
are made of open cross-sections profiles (I, H), the influence of the elastic restraint of lateral
rotation («,) of beam B-C in the support nodes on its ECR is negligible (Table 6). This is due
mainly to the lack of members transferring the M, bending of the beam and located in the
plane of action of the elastic restraint. Additionally, the considered column cross-sections
(I, H) are characterised by relatively low torsional stiffness. In the case of a frame with
slender columns, the influence of the elastic lateral rotation restraint («,) of the beam at
the support nodes on its ECR will be even smaller. In this case, the restrained torsional
stiffness of the column decreases, which results from the increase in the distance between
the frame corner (beam—column joint) in relation to the full restraint against warping in
the frame support node. The extension of the portal frame into more complex structural
systems, e.g., a spatial frame, will result in an increase in the value of the &, coefficient,
because there will be members transferring bending and located in the plane of action of the
elastic restraint. In the opinion of the author of this paper, during the determination of the
ECR of the beam (in the LTBeamN software) for a typical flat portal frame, it is possible to
disregard the impact of the elastic restraint against the lateral rotation («;) of the beam in its
support nodes (in the corners of the frame) to simplify engineering calculations. However,
this situation is different from grillage structures, where the restraint against the lateral
rotation of the critical beam depends on the flexural stiffness and the number of supporting
beams. For a simple H-type grillage [10] with a critical beam coupling the lateral support
beams, ignoring this nodal parameter resulted in a decrease in the ECR of the beam by 25%.
Disregarding the impact of the elastic restraint against the warping («.,) of the support
cross-section of the B-C beam, in turn, resulted—for the selected geometric parameters of
the portal frame—in a decrease in its critical resistance by 25% (Table 6). Consequently,
it is reasonable to consider this support parameter when determining the critical load
of the beam. Disregarding it could result in an excessively conservative selection of the
cross-section of the B-C beam and, consequently, a less economical design of this class of
portal frame.

General note: The value of the a,, parameter is influenced by the geometry of the
structural system (e.g., flat frame, spatial frame, grillage) in the form of the presence or
absence of members transferring bending and located in the plane of the elastic restraint (in
the case of a grillage ,, is significant, but not for a flat frame because there are no members
transferring bending and located in the plane of the elastic restraint).
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The numerical tests carried out for typical braced portal frames made of open cross-
section profiles (I, H) and loaded at the height of the top flange of the beam allowed us
to conclude that: (a) the ECR of the frame can be estimated based on the ECR of the
critical beam, taking into account the parameters of its elastic restraint at the welded frame
corners (simplified 1D bar model), (b) the influence of the elastic restraint of beam (critical
member) on the lateral rotation («;) in the welded 2D frame corner is negligible and can be
neglected to simplify the calculations, (c) the critical moment of lateral torsional buckling
of the beam (critical member) for the analysed load diagrams (Table 6) can be estimated
according to [35], and (d) for the adopted geometric parameters of the braced portal frame
(beam/column cross-sections, span L, height H), in most cases there is a relationship of the
resistance following ECR1D ~ 0.87ECR3D (in the case of the frame with beam—IPE300
and column—HEAS300, the relationship was found at the level of ECR1D ~ 0.81ECR3D).

It should be noted that the elastic critical resistances of the portal frame, on the basis of
which the conclusions were presented, were determined and estimated using the following
assumptions: (1) the portal frame is braced in its plane (at corner C) and in the direction
perpendicular to its plane (at corners B and C and at half the height of columns A-B and
D-C), (2) the columns are fully fixed at nodes A and D, (3) the transverse load of the
frame was applied to the top flange (z¢ = 1, /2) of the B-C beam, (4) three common loading
diagrams are taken into account (P, 4z, 4z 1), (5) the beam and columns are made of hot-
rolled bisymmetrical I-beams (cross-sections of class no higher than 3 [23]), and (6) the
adopted geometric dimensions of the frame meet the condition H = (0.5 + 1)L.

The adopted assumptions constitute a limitation of the simplified 1D model (Figure 2a)
proposed in the paper for estimating the ECR of a portal frame from the beam lateral
torsional buckling condition. In the 1D solution proposed in this paper, it was assumed
that the beam over its entire span (i.e., between the column axes, Figure 1a) is modelled by
a single bar element. In fact, this model describes well the behaviour of the beam along the
length between the inner flanges of the columns. However, the beam fragments near the
supports (already within the connection) are complex plate-wall elements characterised by
a more complex state of deformation and stress distribution.

Such an assumption, i.e., adopting a bar model over the entire beam span (i.e., between
the column axes), significantly simplifies the 1D calculation model. On the other hand, the
adopted solution does not allow for direct consideration of the physical behaviour of the
joint (built from shields and plates) in the transfer of deformations between the connected
members (beam—column), replacing it with an analytical estimate of the stiffness reduced
to the axis of the bar element.

The stability analysis performed is a starting point for the analysis of the elastic stability
of more complex structural systems (frames, grillages), with consideration of the interaction
of the component members. The next stage of the research will be: (a) development
of a procedure for extracting the critical member in more complex bar structures and
(b) estimation of the ECR of the system from the condition of lateral torsional loss of stability
based on the ECR of the extracted critical member (taking into account the parameters of
its elastic restraint in the remaining part of the structure).

Funding: The APC was financed by the research subsidy entitled ‘Loss of stability and load-bearing
capacity of single- and double-branch thin-walled steel members’ with number 02.0.22.00/1.02.001
SUBB.BKKB.25001.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Data will be available upon request.



Appl. Sci. 2025, 15, 12531

22 of 26

Conflicts of Interest: The author declare no conflict of interest.

Nomenclature

Koy elastic restraint against warping in the support node

oy elastic restraint against lateral rotation in the support node

oy elastic restraint against rotation in the beam bending plane in the support node
B bimoment in the support node

de/dx  warping of the beam cross-section

M, bending moment in the support node

du/dx  rotation about the z-z axis in the support node

My bending moment in the support node

dv/dx  rotation about the y-y axis in the support node

P, concentrated force load at the midspan of the beam

gz uniformly distributed load along the beam

qz,T non-uniformly distributed load along the length of the beam

P e elastic critical load—concentrated force load

Gz,cr elastic critical load—uniformly distributed load

gz e  elastic critical load—non-uniformly distributed load

L beam span

ho b theoretical height of beam cross-section at flange axes

H column height

ho,c theoretical height of column cross-section at flange axes

Lyc second moment of inertia in bending about the y-y axis of the column
It ¢ Saint-Venant torsional constant of the column

Loc warping constant of the column

k lateral-torsional characteristic of the column

I torsional moment of inertia of the flat stiffener

E Young’s modulus

G Kirchhoff’s modulus

Sj ini the initial stiffness of the connection

kq factor accounting for the stiffness of the column web panel in the shear zone
ko factor accounting for the stiffness of the column web in the compression zone
ks factor accounting for the stiffness of column web in the tension zone
Ave shear area of the column

B transformation factor

z lever length

I second moment of area of the cross-section beam

Appendix A

Classification of beam—column connection according to Eurocode.
In the case of welded single-sided corner joints (Figure 1b), the initial stiffness of the
connection S]-,im- is determined using the formula [24]:

1
Siini = EZ*/Y_ 0 (A1)
1' 1

where E—Young’s modulus, z = h, — t;,—lever length, k;/—stiffness factor of the i-th
component of the connection. The remaining symbols are shown in Figure 1b.

For the analysed joint type (Figure 1b), the standard [24] recommends taking into
account three reliable stiffness factors: (a) k; factor accounting for the stiffness of the column
web panel in the shear zone, (b) k; factor accounting for the stiffness of the column web
in the compression zone, (c) k3 factor accounting for the stiffness of column web in the
tension zone. The applied flat stiffeners of the joint (Figure 1b), according to [24,51], make



Appl. Sci. 2025, 15, 12531

23 of 26

it possible to disregard the susceptibility of the column web in the compression zone
(ko = o) and tension zone (k3 = o). However, it is necessary to consider the factor ky, i.e.,
column web panel stiffness in the shear zone, which can be determined using Formula (A2)
according to [24]:

ki = 0.38Ayc/(Bz) (A2)

where Ayc = Ac — 2bpctre + (tw,c + 27c)t;—shear area of the column, Ac—column cross-
section area, f ~ 1—transformation factor [24], z = h, — tf,—lever length. The remaining
symbols are shown in Figure 1b.

To classify a connection with respect to rotational stiffness, it is necessary to compare
the initial stiffness of the connection S; ;,; (A1) with the limit stiffnesses specified in [24].
In the case of elastic analysis of a structure, the rigid connections, i.e., fully continuous
connections, require the fulfilment of the following criterion:

Sjini = kpEly/ Ly (A3)

where [;—second moment of area of the cross-section beam (I, = I ), L,—beam span
between column axes (L, = L), k,—factor. Since the frame is braced in its plane, factor
ky = 8 [24].

Table Al compares the determined initial stiffnesses of the connections §; ;,;; (A1)
with the stiffnesses determined from Formula (A3), for the adopted frame parameters
(beam/column cross-section, beam span, column height).

Table A1l. Classification of joints B and C due to rotational stiffness according to [24].

Item ]ze[?:]l Column [15(11’\1{;;1;23] klffﬁ’gj;:g‘]?’) Type of Connection Type of Framing
I II I v \Y% VI VII
1 IPE300 IPE300 59,230.59 23,408.00 rigid continuous
2 L=6m HEA300 87,176.18 23,408.00 rigid continuous
3 IPE500 IPE500 233,178.42 89,973.33 rigid continuous
4 L=9m HEA300 145,613.53 89,973.33 rigid continuous
Appendix B

Comparison of the critical moment Mc(«, a,) of lateral torsional buckling of B-C
beam was determined using the LTBeamN (FEM) software and estimated analytically
according to [35].

The procedure for determining the critical moment of lateral torsional buckling of the
B-C beam in the LTBeamN software is the same as the procedure for determining its ECR
(compare Section 4.2).

Analytical estimation [35] of the critical moment of lateral torsional buckling of B-C
beam consists of determining (a) indexes of elastic restraint «,, and «, (based on &, and
y) of the beam, (b) critical moments M., 4(x,, k, = 0) for a simply supported beam, and
My u(xw, %, = 1), for a bilaterally fixed beam, (c) coefficient of interaction #(x,), (d) critical
moment M, (Ko, Ky).

Table A2 compares the critical moments of lateral torsional buckling of B-C beam
determined in the LTBeamN software with the moments estimated according to [35].
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Table A2. Comparison of the critical moment of lateral torsional buckling of B-C beam.

Critical Moment M, («,, &) of B-C Beam

. Beam Column [kNm]
Item Load Diagram .
L[m] Profile H LTBeamN Analytical % [-]
[m] Estimation [35] VII-VI
I I I v v VI VII VIII
1 3 89.25 88.02 14
2 IPE300 4 90.52 88.78 ~19
3 L=6m IPE300 5 91.50 89.45 22
4 6 92.32 90.05 25
11, P,
5 o) 2, 3 98.87 99.14 0.3
6 @~ @, IPE300 HEA300 4 99.84 99.58 —03
7 L=6m 5 100.73 100.00 —07
8 L1 6 101.48 100.39 11
z
9 P, 45 240.22 236.96 14
10 o Ty IPE500 6 24353 238.95 ~19
11 = s L=9m IPES00 75 246.15 24071 22
12 9 24833 24228 24
13 45 249.02 242.72 25
14 IPE500 6 251.87 24553 25
15 L-=9m HEA300 7.5 253.82 24776 24
16 9 255.11 249,56 22
17 3 82.10 79.96 26
18 IPE300 4 73.87 71.87 27
19 L=6m IPE300 5 7546 7342 o7
20 6 76.73 74.69 _27
11 g,
21 ;m\gﬂmmm@ﬁi’ 3 117.30 115.95 -1.2
22 a1 a, IPE300 4 110.39 108.93 -1.3
23 L=6m HEA300 5 104.18 10271 14
24 LI 6 98.61 97.15 ~15
z
25 q, 45 22155 216.10 25
26 ST IPE500 6 199.22 194.16 25
27 = L=9m IPE500 75 203.42 198.26 —25
28 9 206.73 201.65 25
29 45 209.62 204.59 24
30 IPE500 6 214.15 209.58 21
31 L=9m HEA300 75 21730 213.15 19
2 9 219.61 215.83 _17
33 3 92.20 87.60 —50
34 IPE300 4 82.30 78.58 45
35 L=6m IPE300 5 76.71 7440 30
36 e 6 78.05 75.85 28
37 ?}mﬂ:ﬂmﬂ%@ 3 13432 12732 52
38 a1 a, IPE300 4 125.57 119.50 48
39 L=6m HEA300 5 117.83 112,55 45
40 I-1 6 111.00 106.36 —42
z
41 qz7 45 248.79 236.71 49
) STy IPE500 6 221.93 212.26 44
43 = L=9m IPES00 7.5 206.85 20088 29
44 9 210.24 204.75 26
45 45 213.29 20831 23
46 IPE500 6 217.99 213.85 ~19
47 L=9m HEA300 75 221.14 217.75 15
48 9 22350 220.63 13
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