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Abstract

The article presents the results of a study on the energy efficiency of torque-flow pumps
with a particular focus on isolating the efficiency of the vortex operating process. The rele-
vance of the topic is determined by the complexity of describing the combined operating
process, which includes both blade and vortex components, the latter of which has remained
insufficiently studied until now. The research aimed to improve the accuracy of predicting
the efficiency of torque-flow pumps by analytically determining the effectiveness of the
vortex operating process over the full range of specific speed coefficients. The study em-
ployed empirical data from bench tests of prototype pumps, supplemented by well-known
empirical methodologies. To construct analytical dependencies, a Lagrange interpolation
polynomial with equally spaced nodes in the range ns = 10-220 was applied. This made it
possible to obtain generalized functions for the efficiency of torque-flow pumps, centrifugal
(blade) pumps, and, for the first time, to determine the complete characteristic of the vortex
operating process efficiency. The proposed interpolation method reproduces the empirical
efficiency characteristics with an accuracy better than 1.1-1.2%, enabling reliable prediction
of the intrinsic vortex process efficiency across the entire range of specific speeds. It was
established that the maximum value of the vortex operating process efficiency is 66.6%
at n;, while the optimal operating range of the pumps corresponds to n; = 70-140. The
practical significance of the obtained results lies in their applicability for pump design and
optimization for the transportation of liquids containing inclusions, as well as in ensuring
higher accuracy of engineering calculations without the need for extensive experimental
testing. The importance of the study is further emphasized by its contribution to achieving
the United Nations Sustainable Development Goals, particularly in the areas of energy
efficiency, industrial innovation, and resilient infrastructure.
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1. Introduction

Improving the energy efficiency of hydraulic machines is one of the leading direc-
tions in modern mechanical engineering [1]. Among them, torque-flow (Figure 1) pumps
occupy a special place, as they combine the properties of centrifugal and vortex ma-
chines and are capable of handling liquids containing a significant amount of solid in-
clusions [2]. This makes them promising for applications in the chemical, o0il, food, and
municipal industries [3].

Figure 1. Torque-flow pump (TFP) of TURO type.

At the same time, the operating process in torque-flow pumps has a complex nature,
consisting of blade and vortex components that differ significantly in their mechanisms of
energy transfer [4]. The vortex component remains the least studied, despite its substantial
influence on the overall efficiency of pumps of this type [5]. Traditionally, the assessment
of energy efficiency is based on empirical graphical dependencies, which are characterized
by increased error in the extreme ranges of specific speed [6]. This limits the possibilities
for prediction and complicates the design of new pumps [7].

Therefore, the development of analytical methods capable of separating the vortex
contribution to the pump efficiency is of key importance [8]. Interpolation techniques,
particularly the Lagrange polynomial, provide a suitable mathematical tool for constructing
generalized efficiency dependencies over a wide range of specific speeds [9].

Torque-flow pumps are widely used in conditions where conventional centrifugal
pumps cannot maintain sufficient reliability due to contamination of the pumped liquid [10].
Therefore, accurately predicting their efficiency at the design stage is essential, as it re-
duces the need for extensive experimental testing and accelerates the development of new
pump prototypes [11].

The quantitative determination of the vortex operating-process efficiency remains
an unresolved problem, as previous studies provided only approximate values near the
optimal specific-speed region [12,13]. Establishing the complete efficiency characteristic
nop(ns) over the full specific-speed range addresses this gap and enables a comprehensive
assessment of the vortex contribution to the overall pump performance. This result provides
an analytical foundation for further optimizing the torque-flow pump flow passages.

The relevance of improving pump efficiency also extends to broader sustainability
goals. This research aligns with several United Nations Sustainable Development Goals,
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including SDG 7 (“Affordable and Clean Energy”), SDG 9 (“Industry, Innovation and
Infrastructure”), and SDG 12 (“Responsible Consumption and Production”), as more
accurate efficiency prediction supports the development of energy-efficient, reliable and
resource-efficient pumping systems [14].

2. Literature Review

Studies of pump energy efficiency traditionally distinguish between hydraulic, vol-
umetric, and mechanical components [15]. For centrifugal and axial pumps, extensive
experimental and theoretical data have established well-known empirical efficiency correla-
tions as functions of specific speed [16,17]. Torque-flow pumps differ fundamentally from
these machines, as their operating process combines a blade component with a vortex com-
ponent generated in a recessed flow passage [18-21]. While the blade mechanism is similar
to that of centrifugal pumps, the vortex mechanism is governed by viscous energy transfer
within a toroidal vortex, making its analytical description considerably more complex and
limiting existing studies mainly to empirical determination of total pump efficiency [22].

One of the most commonly used approaches to evaluating torque-flow pump efficiency
relies on graphical correlations obtained from large empirical datasets [23]. However, this
method exhibits significant limitations: the error in the extreme specific-speed ranges
(ns <70 and n5 > 140) can exceed 5%, leading to noticeable discrepancies between predicted
and experimentally measured efficiencies [18,24,25]. As a result, accurate design based
on such correlations is feasible only within a narrow range of specific speeds, typically
ns =70-120.

Previous studies [26,27] indicate that the vortex component plays a decisive role in
shaping the overall efficiency characteristic of torque-flow pumps. However, its separate
quantitative description is still lacking. To address this gap, modern prediction approaches
increasingly rely on interpolation and approximation techniques [28], which enable the
generalization of empirical data into analytical dependencies suitable for mathematical
analysis, engineering calculations, and CFD-based design frameworks [29,30].

Thus, despite considerable progress in studying the overall efficiency of torque-flow
pumps, the separate quantitative identification of the vortex operating-process efficiency
remains unresolved. This gap defines the scientific novelty of the present work, which aims
to establish the analytical dependence #op(1;) across the full range of specific-speed values.

The study aims to improve the accuracy of predicting the efficiency of torque-flow
pumps by analytically determining the effectiveness of the vortex working process over
the full range of specific speed coefficients. For this purpose, an interpolation approach
was applied, which enables the transition from empirical graphical dependencies to mathe-
matically substantiated functions.

To achieve this aim, the following tasks were set:

1.  To analyze the existing methodologies for determining the efficiency of torque-flow
pumps and to justify the feasibility of applying interpolation methods.

2. To construct analytical interpolation dependencies of the efficiency of torque-flow
pumps #7rp(ns) and centrifugal pumps 77pp(11s) based on specific speed 1, using initial
computational and experimental data.

3.  Todevelop a methodology for isolating the efficiency of the vortex operating process of
torque-flow pumps 17op(115) by comparing the efficiency dependencies of torque-flow
nep(ns) and centrifugal (blade) pumps 77pp(115) to specific speed n;.

4. To determine the complete characteristic of the efficiency of the vortex operating pro-
cess of torque-flow pumps 7op(n;) within a wide range of specific speeds 15 = 10-220.

5. To establish the optimal range of specific speed in which the maximum values of
vortex process efficiency are achieved.
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6. To evaluate the practical significance of the obtained dependencies for the design,
optimization of geometry, and determination of operating modes of torque-flow
pumps operating under complex fluid transportation conditions.

3. Materials and Methods

To improve the accuracy of predicting the energy efficiency of torque-flow pumps, an
interpolation approach was applied, which enables the transition from empirical graphical
dependencies to an analytical form [31].

The empirical efficiency data used in this study were not obtained from new experi-
ments but were taken from previously published works by the authors [2,5,12,13]. These
studies provide detailed descriptions of the pump prototypes, the hydraulic test bench,
and the measurement accuracy in accordance with ISO 9906:2012 [32].

The original experiments were performed on a closed-loop laboratory test bench
equipped with a variable-speed electric drive (+0.2% accuracy), an electromagnetic flowme-
ter (£0.5%), calibrated pressure transducers (£0.3%), and a digital power meter (£1%).
Each operating point was averaged over multiple repeated measurements to ensure
statistical reliability.

In the present work, these empirical datasets are used solely as validated reference
points for constructing interpolation curves. Since the focus of this study is the analyt-
ical reconstruction of efficiency characteristics, a detailed experimental campaign is not
repeated here; instead, the previously validated empirical data serve as the foundation for
interpolation-based modeling.

The initial data on the efficiency of torque-flow pumps, #rp(ns), were obtained using
the well-known TURO design methodology for torque-flow pumps [33], as well as based
on empirical data from bench tests of prototype torque-flow pumps conducted under
laboratory conditions. This made it possible to form a computational basis for interpolation
approximation and ensured higher reliability of the model.

The use of graphical efficiency charts may introduce an error exceeding 5%, due to the
subjective nature of visual reading and selection of interpolation points [28,31]. This effect
is particularly pronounced in the operating regions where the pump efficiency changes
sharply with specific speed changing (15 < 80 and ns > 140). Considering this, the Lagrange
interpolation method was applied as a more accurate analytical approach.

The general form of the interpolation function is expressed as:

L(ns) = ;}’7:’ li(ns), 1)

where #;,—is the value of the function at point x;, /;(x) is the fundamental Lagrange polyno-
mial (basis polynomial), ns—pump specific speed coefficient.
The fundamental Lagrange polynomial is defined as:

n Mg — Mgj

Ling) = JI —— 2

i=0 j#i Msi ~ s
with the following property:
0,if j#1i;

In this study, the pump specific speed 1; (dimensionless) is defined at the best efficiency
point (BEP) as:
e — 3.651/Q

s , (4)
H

Wl
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where H—the pump head, m; Q—the pump flow rate m®/h; n—the pump shaft rotational
speed, rpm.

To construct the interpolation function, equally spaced interpolation nodes were
chosen: 159 = 10, n51 = 80, s = 150, and 1 = 220. In this way, an analytical dependence of the
efficiency of torque-flow pumps, #7rp(15), was obtained for the full range of specific speeds.

In parallel, using the same scheme, an interpolation function was constructed for the
efficiency of centrifugal (blade) pumps #pp(115), with the initial values based on the classical
decomposition of efficiency (hydraulic, volumetric, and mechanical).

Since the direct experimental determination of the efficiency of the vortex operating
process (op) is impossible, it was evaluated indirectly. In the first approximation, without
considering volumetric losses, it was defined as:

TFP
nor = 2L, ©)
18P
and with the inclusion of volumetric losses, which are characteristic of centrifugal pumps
but absent in torque-flow pumps:

NTEP 6)

or = 1BP 1NV BP

where 7y pp represents volumetric losses that occur due to leakage of the flow through the
front shroud of the impeller from the outlet region to the inlet region.

Refined calculations were carried out by constructing a dedicated interpolation func-
tion for 17op(ns) using the same nodes. The general form of the refined function is:

3
nop(ns) = Y nop(nsi)li(ns), 7)
i=0

where n,; € {10, 80, 150, 220}.

The obtained dependencies enable the determination of the efficiency of torque-flow
pumps and the isolation of the contribution of the vortex working process across a wide
range of specific speeds (n; = 10-220) with accuracy that meets the requirements for
engineering calculations.

The step-by-step procedure of interpolation-based prediction of efficiency is shown
in Figure 2.
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Input data:

nrer(ns); nee(ms)

Preprocessing: W No
1. ns range 10-220; <
2. Selecting interpolation nodes J
A
Lagrange interpolation: Estimation (4), (5):
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nrep(ng) = —[ ﬁ Nop(Ns) = 1_[ R
i=0j=i 5J iZ0 j=i Ng — Ng;
Base OP efficiency: Validation and error check:
N1Ep 1. Interpolation error < 5%?
Nop =
Nsp 2. Note ns:= X outlier
Yes
A

Analysis and interpretation:
1. max{nor(ns)} at ns = X;
2. Optimal ns: min <ns < max

Output data:
Closed-form nor(ns),

design recommendations

Figure 2. Flowchart of the interpolation-based procedure for predicting the efficiency of torque-flow
pumps with iterative accuracy validation.

4. Results
4.1. Determination of Analytical Dependence for Torque-Flow Pumps

As a result of the calculations, interpolation dependencies of the efficiency (1) were
constructed for torque-flow pumps 11rp(n;), centrifugal pumps #pp(1s), and a separate
indicator of the energy efficiency of the vortex operating process 1op(1;).
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Based on the initial empirical data and the Lagrange interpolation polynomial, the func-
tion yrp(ns), was obtained, which reproduces the known graphical dependence (Figure 3)
with high accuracy:

rrp(1s) = 9.281-107 81,3 + 5.824-10 51,2 + 9.543-10 31, + 0.0593 (8)
1

0.6

05 /g/‘r\/ —"\\/\v

o o
No
\\
0.4 N
N
> Ny
E
5 0.3
=
0.2 /
0.1
0
10 60 110 160 210
nS
—e— Grafical Analytical

Figure 3. Comparison of the results of the graphical method (blue line) and the interpolation
calculation (red line) for the efficiency of a torque-flow pump #1rp(ns).

Notably, the efficiency curves used in this study (Figure 3) do not correspond to a
single pump but represent a generalized dependence #(1;), obtained empirically in previous
works for a wide range of torque-flow pump designs. Therefore, the present interpolation
does not rely on specific dimensional parameters (Q, H, and 1), but on the dimensionless
specific speed 15, which allows determining the theoretically achievable vortex operating
process efficiency in a generalized form.

The comparison of values (Table 1) showed that the discrepancy between the graphical
and analytical determinations does not exceed 1.1% in most cases, except in the zone of
ns = 30, where an increased deviation (~5.6%) was observed. This deviation may be ex-
plained by the sharp increase in hydraulic and dissipative losses at such low specific speeds,
particularly when the pump operates at flow rates significantly below its best efficiency
point (Q < Qggp), as reported in recent experimental and numerical studies [34,35].

Thus, the interpolation dependence (7) can be used as an analytical analog of the
graphical method, suitable for calculations in the range n; = 10-220.

4.2. Determination of Analytical Dependence for Centrifugal Pumps

A similar approach was applied to single-stage centrifugal (blade) pumps, whose
initial values were formed according to the classical dependencies of hydraulic, volumetric,
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and mechanical efficiency. The dependence of the efficiency of centrifugal (blade) pumps
1p(ns) is represented by the following equation:

nep(ns) = 8.166-10 81> + 3.835-10 1% 4 5.91-10 3n, 4 0.522.

Table 1. Dependence of the efficiency of torque-flow pumps #1rp(ns) on the specific speed of the
pump in the range ns = 10-220.

Efficiency of the Torque-Flow Pump, #

e Difference . .
fi %
Specific Speed, n; Graphical Method Lagran‘ge (Dimensionless) Relative Difference, %
Interpolation (7)

0 0 0.0593 0.0593 -

10 0.149 0.1490 0 0
20 0.2375 0.2276 -0.0099 —4.2
30 0.3133 0.2957 -0.0176 5.6
40 0.3710 0.3538 -0.0172 -4.6
50 0.4155 0.4024 -0.0131 -3.1
60 0.4500 0.4422 —0.0078 -1.7
70 0.4775 0.4737 -0.0038 -0.8

80 0.4975 0.4975 0 0
90 0.5120 0.5140 0.0020 0.4
100 0.5220 0.5240 0.0020 0.4
110 0.5265 0.5278 0.0013 0.2
120 0.5250 0.5261 0.0011 0.2
130 0.5180 0.5195 0.0015 0.3
140 0.5075 0.5084 0.0009 0.2

150 0.4935 0.4935 0 0
160 0.4765 0.4753 -0.0012 -0.3
170 0.4570 0.4543 -0.0027 -0.6
180 0.4350 0.4312 -0.0038 -0.9
190 0.4106 0.4064 -0.0042 -1.0
200 0.3847 0.3806 -0.0041 -1.1
210 0.3565 0.3542 -0.0023 -0.6

220 0.32 0.3279 0 0

Note: green color—grid nodes by Lagrange interpolation polynomial.

The reference centrifugal-pump efficiency #pp(ns) corresponds to the generalized
characteristic of classical single-stage pumps equipped with a closed impeller, as commonly
presented in pump-design literature. In contrast, torque-flow pumps employ a semi-open
impeller operating in a recessed free-vortex chamber, which forms the toroidal vortex
responsible for the vortex operating process analyzed in this study.

The analytical description reliably reproduces the behavior of real pumps; the differ-
ence between the curves does not exceed 1.2% in the range ns = 70-220 (Figure 4).
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Figure 4. Comparison of the efficiency of centrifugal pumps: calculated data (blue line) and analytical
interpolation function (red line).

The calculation results (Table 2) show that the analytical function 775p(#;) accurately
approximates the initial data. The discrepancy in most points does not exceed 1.2%. This
confirms the correctness of using the interpolation approach for blade pumps as well.

The polynomial representation of 17pp(11s) was selected to provide a smooth analytical
reference for the hydraulic (blade) component of efficiency. This form allows the deter-
mination of the intrinsic vortex-process efficiency #op(#s) by dividing the generalized
torque-flow pump efficiency #7rp(ns) by the baseline hydraulic efficiency of a classical
centrifugal pump at the same specific speed #pp(71s).

Table 2. Dependence of the efficiency of centrifugal (blade) pumps 17pp(15) on the specific speed of
the pump ns = 10-220.

Efficiency of the Torque-Flow Pump,

. Difference . .
fi %
Specific Speed, ns Graphical Method Lagran.ge (Dimensionless) Relative Difference, %
Interpolation (8)
10 0.578 0.578 0 0
20 0.681 0.626 -0.055 -8.1
30 0.719 0.667 -0.052 -7.2
40 0.745 0.703 -0.043 -5.7
50 0.762 0.732 -0.029 -39
60 0.774 0.757 -0.017 -2.3
70 0.784 0.776 —-0.008 -1.0
80 0.792 0.792 0 0
90 0.798 0.803 0.005 0.6
100 0.803 0.812 0.008 1.0
110 0.808 0.817 0.009 1.1
120 0.812 0.820 0.008 1.0
130 0.816 0.822 0.006 0.8
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Table 2. Cont.

Efficiency of the Torque-Flow Pump,

g Difference . .
S ficS d, . . 7 %
pecific Speed, ng Graphical Method Lagran-ge (Dimensionless) Relative Difference, %
Interpolation (8)
140 0.819 0.822 0.004 0.4
150 0.822 0.822 0 0
160 0.824 0.821 -0.003 04
170 0.827 0.820 -0.007 -0.8
180 0.829 0.820 -0.009 -1.1
190 0.831 0.821 -0.010 -1.2
200 0.833 0.824 -0.009 -1.1
210 0.834 0.829 -0.006 -0.7
220 0.836 0.836 0 0

Note: green color—grid nodes by Lagrange interpolation polynomial.

4.3. Isolation of the Efficiency of the Vortex Operating Process

The working process of vortex pumps in torque-flow pumps has a complex nature,
and their efficiency cannot be determined directly by experimental methods. Therefore, it
was evaluated by comparing the efficiency of torque-flow pumps #7rp(11s) and centrifugal
(blade) pumps #pp(n;) under similar operating conditions (equal specific speed).

Calculations based on dependencies (4) and (5) made it possible to construct the depen-
dence of the efficiency of the vortex operating process of torque-flow pumps, 77op(11s), on
the specific speed (Table 3). The analysis of these data allows several important conclusions
to be drawn.

The dependence of the efficiency #1rp(ns) of torque-flow pumps and the efficiency of
the vortex operating process #op(11s) on the specific speed ns (Figure 5) demonstrates that
it is precisely the vortex process that determines the shape of the overall pump efficiency
curve. The maximum #op(ns) is achieved at ns ~ 100, while the optimal operating range of
pumps is ns = 70-140.

The maximum efficiency of the vortex working process of free-vortex pumps 7op(11s)
is 0.666 (64.6%) at ns = 100. It is in this mode that the energy of the vortex process is
transferred to the flow with the least losses.

The optimal specific speed range for the effective operation of the vortex operating
process is within ns = 70-140. During this interval, the value of the efficiency of the
vortex operating process of the torque-flow pump, #op(#s), confirms the previously known
value of 0.63, which can be considered one of the key elements of the scientific novelty of
this study.

When the specific speed, 75, is reduced to values less than 70 or increased to values
greater than 140, a significant decrease in efficiency is observed. Thus, at the specific speed
ns = 220, the efficiency of the vortex operating process of the torque-flow pump 7 op(1s) is
only 0.40, i.e., more than 25% is lost relative to the maximum. This results in a decrease of
5% or greater in the overall efficiency of the pump.
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Figure 5. Dependence of the efficiency of torque-flow pumps #1rp(15) (red line) and the efficiency of

the vortex working process #op(1;) (blue line) on the specific speed #s.

Table 3. Dependence of the efficiency # of the vortex operating process of torque-flow pumps 1op(1s)
on the specific speed of the pump n; = 10-220.

Efficiency of the Vortex Operating Process, #op

Specific Speed, n; - -
Not Including 7y gp (4) Including 7y gp (5)

0 0.297 0.341
10 0.364 0.397
20 0.443 0.475
30 0.504 0.533
40 0.550 0.577
50 0.585 0.611
60 0.610 0.635
70 0.629 0.652
80 0.640 0.662
90 0.646 0.666
100 0.646 0.665
110 0.641 0.659
120 0.632 0.649
130 0.618 0.634
140 0.601 0.615

150 0.579 0.592
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Table 3. Cont.

Efficiency of the Vortex Operating Process, 7op

Specific Speed, n; - -
Not Including 5y gp (4) Including 5y gp (5)
160 0.554 0.566
170 0.526 0.537
180 0.495 0.505
190 0.462 0471
200 0.428 0.436
210 0.297 0.341
220 0.364 0.397

Note: green color—grid nodes by Lagrange interpolation polynomial.

5. Discussion

The obtained results confirmed the key role of the vortex operating process in shaping
the energy efficiency of torque-flow pumps. The interpolation approach made it possible
not only to reproduce the known graphical dependencies but also to isolate the contribution
of the vortex component, which was previously available only in qualitative assessments.

The obtained vortex-efficiency curve 5op(n;) demonstrates a characteristic structure
that reflects the internal hydrodynamic mechanisms governing the recessed-vortex flow in
torque-flow pumps. At low specific-speed values (15 < 70), the efficiency increases with
ng because the toroidal vortex inside the recessed chamber is only beginning to form. In
this regime, the swirl induced by the rotating blade system is insufficient to generate a
fully coherent recirculating structure. The flow is characterized by weak, irregular vortex
patterns and local secondary motions, resulting in relatively high viscous losses. As the
specific speed increases, the shear interaction between the blade wake and the recirculating
zone intensifies, leading to a more stable and centered vortex core. This flow reorganization
reduces dissipation and enhances the viscous entrainment mechanism responsible for
energy transfer within the vortex chamber, which explains the monotonic rise of 77op(1s) in
the low-speed region.

The maximum efficiency, observed at approximately n; ~ 100, corresponds to the
regime in which the toroidal vortex achieves its highest coherence and stability. In this
region, the rotational momentum imparted by the impeller matches the natural precession
and circulation dynamics of the vortex core. As a result, the vortex remains axisymmetric,
the shear layers are well-defined, and the majority of energy transfer occurs through
organized viscous entrainment rather than through turbulent dissipation. This balance
between imposed swirl and natural vortex dynamics yields the fundamental optimum of
the vortex operating process and explains the peak value of 17op(11;).

Beyond #n; > 140, the efficiency begins to decline due to the onset of flow instabilities
and enhanced turbulent dissipation. Excessive swirl leads to an over-energy input into
the recirculating flow, which destabilizes the vortex core and may trigger phenomena
such as precession, vortex breakdown, or interaction between the vortex and the chamber
walls. The shear layers become thicker and more chaotic, and secondary vortical structures
emerge, all of which contribute to increased energy losses. At high specific speeds, the
proportion of energy converted into useful head decreases, while the proportion dissipated
through turbulence and viscous friction increases, producing the descending branch of the
op(ns) curve.

A comparison with centrifugal-pump efficiency characteristics highlights the funda-
mental difference between the two machine types. In classical centrifugal pumps, the
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efficiency curve is primarily governed by blade incidence, slip, and secondary losses, which
typically produce a smooth increase, a plateau near the best-efficiency point, and a decline
associated with flow separation or cavitation. In torque-flow pumps, the dominant mech-
anism is the behavior of the toroidal vortex, which introduces a stronger dependence on
internal flow coherence and stability. The bell-shaped form of the #op(#5) curve is therefore
a direct consequence of the physics of the recessed-vortex system: efficiency rises as the
vortex forms, peaks when the vortex is most coherent, and falls as the vortex becomes
unstable and dissipative under excessive swirl.

This physical interpretation demonstrates that the efficiency of torque-flow pumps
is intrinsically linked to the stability of the internal vortex structure, rather than solely to
blade loading, as in centrifugal pumps. Consequently, the analytically reconstructed vortex-
efficiency curve obtained in this study not only represents a mathematical result but also
provides an essential hydrodynamic insight into the operation of torque-flow pumps. Such
understanding forms a foundation for optimizing the geometry of the recessed chamber,
selecting appropriate specific-speed ranges, and improving the predictive accuracy of
design methodologies.

To evaluate the accuracy of the proposed analytical model, a quantitative error analysis
was performed by comparing the Lagrange-interpolated efficiency values with empirical
reference data obtained from previous experimental studies [2,5,12,13]. For torque-flow
pumps, the maximum deviation between the interpolated curve #7pp(1;) and the empirical
values does not exceed 1.1% within the range ns = 70-220, except for the low-speed region
around n; = 10-60, where the discrepancy reaches approximately 5.6% (Table 1). This
deviation is attributed to the steep local slope of the efficiency characteristic in this region,
where even minor uncertainties in the original graphical data may lead to amplified
interpolation errors.

For centrifugal pumps, the analytical function #pp(ns) exhibits similarly high accuracy,
with a deviation remaining below 1.2% for ns > 70. However, slightly higher differences are
observed at very low specific speeds (Table 2). These results indicate that the interpolation-
based model provides a reliable analytical representation of both centrifugal and torque-
flow pump efficiencies over a wide operating range.

The potential sources of error in the reconstructed efficiency curves include:

(1) uncertainties in the empirical datasets obtained initially from laboratory measurements;

(2) digitization-related variations inherent to graphical efficiency curves from the literature;

(3) the sensitivity of Lagrange interpolation to points located in regions with steep
efficiency gradients;

(4) the assumptions associated with separating centrifugal and vortex contributions using
ratio-based definitions.

Despite these factors, the observed interpolation errors remain small and within the
acceptable range for engineering modeling, confirming the robustness of the analytical
approach used in this study.

The peak efficiency of the vortex process (17op ~ 0.666 at 15 = 100) indicates an optimal
balance between the blade and vortex mechanisms of energy transfer. In this regime, the
toroidal vortex forms a “liquid blade” that minimizes losses due to shear deformation and
viscous friction. The results are in good agreement with previously known data [13,23],
which confirms the correctness of the applied interpolation approach.

The optimal operating zone (70 < ns < 140) reflects the balance between two extreme
regimes. At low specific speed values, the vortex is formed insufficiently intensively,
reducing its contribution to the total efficiency. In the case of high ns values (more than 140),
on the contrary, dissipation intensifies, and secondary flows develop, leading to a rapid
increase in hydraulic losses.
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Although the intrinsic vortex-process efficiency 1op(ns) was reconstructed using La-
grange interpolation, the resulting curve can also be approximated with a low-order
polynomial for engineering use. Such a polynomial may serve as a convenient predictive
tool during the preliminary design stage, where the target specific speed is known and the
designer must determine feasible impeller dimensions. In this context, 7op(1;) provides
an upper limit for the theoretically achievable efficiency of a torque-flow pump and can
be used as a constraint when choosing geometric parameters or comparing alternative
design concepts.

Of particular interest is the comparison with centrifugal pumps [31]. Even though
#7pp shows a smooth growth and reaches high values over a wide range of specific speeds,
it is the vortex component in torque-flow pumps that determines the characteristic “bell-
shaped” efficiency characteristics of 771rp(15). This confirms the hypothesis that the vortex
mechanism dominates in shaping the energy efficiency of this type of hydraulic machine.

From a practical point of view, the obtained dependencies enable the determina-
tion of a reasonable operating range for designing torque-flow pumps. Using machines
with ng = 70-140 ensures stable efficiency when transporting liquids with solid inclusions,
whereas operation outside this interval results in a decrease in overall efficiency by 5%
or more. This makes the interpolation methodology a valuable tool for practical pump
engineering, where accurate analytical approaches have been lacking to date.

The scientific novelty of this study lies in the fact that, for the first time, not only ap-
proximate values of the efficiency of the vortex operating process at the best efficiency point
(ns = 100) were obtained, but also the complete characteristic #7op(115) over the entire range
of specific speeds. This enables the quantification of the vortex mechanism’s contribution
under any pump operating condition, not just at the maximum efficiency point.

The practical significance of this result lies in the creation of an analytical basis for
designing free-vortex pumps [36] with predictable energy efficiency indicators. Previously,
engineers relied only on experimental graphs, which had significant errors outside the
optimal range. Now, it is possible to apply analytical functions in software tools to optimize
the geometry of flow passages, select operating modes, and perform preliminary efficiency
assessments without the need for numerous experimental tests [37].

In addition, the obtained dependencies are of great importance for applied tasks, such
as transporting liquids with a high content of solid inclusions, operating under variable
loads, and designing pumping systems for the chemical, oil, and gas industries [38]. The
ability to account for the real contribution of the vortex operating process at any specific
speed opens the way to increasing the reliability and durability of pumping equipment.

Thus, the results of the study confirm the need to focus on medium values of the
specific speed when designing advanced torque-flow pumps [39], as well as open up
opportunities for further optimization of flow passage geometry based on the refined
dependencies #op(1s).

It should be emphasized that the idealized operating framework adopted in this study
was chosen deliberately in order to isolate the intrinsic efficiency of the toroidal vortex
operating process. In a real torque-flow pump, the measured efficiency always contains
contributions from mechanical, volumetric, leakage, and, in many cases, particle-induced
losses, which cannot be experimentally separated from the vortex component. By removing
these effects, the present analysis provides a baseline torque-flow pump operating process
characteristic 7pop(n;) that reflects the underlying hydrodynamic mechanism in its pure
form. This intrinsic dependence may subsequently be combined with additional loss
models to reconstruct the complete efficiency of a real torque-flow pump. Therefore, the
analytical characteristics derived in this work should be interpreted as a foundational
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layer for further studies, including the incorporation of off-design operation (Q < Qggp),
multiphase and slurry effects, and mechanical dissipation.

6. Conclusions

In this study, an analytical approach is proposed for the first time to determine the
efficiency of a torque-flow pump and its vortex operating process, #op(s), based on the
Lagrange interpolation polynomial. This made it possible to move from graphical estimates
to an exact mathematical description.

The obtained interpolation dependencies #1rp(115) and #pp(n;) reliably reproduce the
known computational and experimental data. The maximum discrepancies between the
analytical and initial values do not exceed 1.1-1.2%, which meets the required accuracy for
engineering calculations.

For the first time, the complete characteristics of the efficiency of the vortex working
process were obtained for the entire range of specific speeds, n; = 10-220. Previously, such
data were available only for selected optimal operating ranges of pumps.

It was established that the maximum efficiency of the vortex working process #op(1s)
of torque-flow pumps is 0.666 (66.6%) at a specific speed of n; = 100. The optimal operating
range of specific speed is 70 < n; < 140, where #pp remains close to the maximum value
of 66.6%.

It was shown that a decrease in energy efficiency accompanies pump operation outside
this range: for values of specific speed ns < 70 and ns > 140, the drop in #op(ns) is 3.3% or
more, resulting in a reduction in overall pump efficiency of at least 5%.

The practical significance of the obtained results lies in the possibility of using the
analytical dependencies #1rp(ns), pp(11s) and #op(ns) in the design of new pumps, opti-
mization of their geometry and operating ranges, as well as in the modeling of pumping
systems under demanding operating conditions (transport of liquids with solid inclusions,
variable loads, etc.).

Author Contributions: Conceptualization, V.K.; methodology, VK. and LP; software, M.O. and S.W,;
validation, VK. and M.O.; formal analysis, I.P., M.O. and S.W.; investigation, VK., LP.,, A K. and
M.M,; resources, V.K,; data curation, VK., A.K. and M.M.; writing—original draft preparation, V.K.
and LP; writing—review and editing, M.O. and S.W.; visualization, V.K.; supervision, I.P.; project
administration, I.P,; funding acquisition, M.O. All authors have read and agreed to the published
version of the manuscript.

Funding: The authors acknowledge the project SBAD, funded by the Ministry of Science and Higher
Education of Poland.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on request from the:
v.kondus@pgm.sumdu.edu.ua.

Acknowledgments: The research was realized within the project “Fulfillment of Tasks of the Perspec-
tive Plan of Development of a Scientific Direction “Technical Sciences” at Sumy State University”
(State Registration no. 0121U112684). The authors also appreciate the support of the Public Union
“Sumy Machine-Building Cluster of Energy Efficiency” throughout this research.

Conflicts of Interest: The authors declare no conflicts of interest.



Appl. Sci. 2025, 15, 12395 16 0f 17

References

1.  Kumar, J.; Gopi, S.; Amirthagadeswaran, K. Redesigning and numerical simulation of gating system to reduce cold shut defect in
submersible pump part castings. Proc. Inst. Mech. Eng. Part E ]. Process Mech. Eng. 2023, 237, 971-981. [CrossRef]

2. Gusak, O.; Krishtop, I.; German, V.; Baga, V. Increase of economy of torque flow pump with high specific speed. IOP Conf. Ser.
Mater. Sci. Eng. 2017, 233, 012004. [CrossRef]

3. Machalski, A.; Skrypacz, J.; Szulc, P.; Blonski, D. Experimental and numerical research on influence of winglets arrangement on
vortex pump performance. J. Phys. Conf. Ser. 2021, 1741, 12019. [CrossRef]

4. Rogovyi, A.; Ren, Q.; Wang, X.; Timchenko, Y. Improvement of dimensions and characteristics of the vortex chamber pump for
coal-water medium delivering. Bull. Natl. Tech. Univ. KhPI Ser. Hydraul. Mach. Hydraul. Units 2024, 1, 16-23. [CrossRef]

5. Panchenko, V.; Ivchenko, A.; Dynnyk, O.; Drach, O. Increasing the technical level of a torque flow pump by changing the
geometry of a flowing part. Technol. Audit. Prod. Reserves 2018, 3, 10-21. [CrossRef]

6. Ramez, A.; Al-Hakimi, W.; Perozo, N.; Jaeger, P. Real-time liquid rate and water cut prediction from the electrical submersible
pump sensors data using machine-learning algorithms. ACS Omega 2023, 8, 12671-12692. [CrossRef]

7. Ivchenko, O.; Andrusiak, V.; Kondus, V.; Pavlenko, L.; Petrenko, S.; Krupiniska, A.; Wlodarczak, S.; Matuszak, M.; Ochowiak, M.
Energy Efficiency Indicator of Pumping Equipment Usage. Energies 2023, 16, 5820. [CrossRef]

8.  Antonenko, S.; Sapozhnikov, S.; Kondus, V.; Chernobrova, A.; Mandryka, A. Creation a universal technique of predicting
performance curves for small-sized centrifugal stages of well oil pump units. J. Phys. Conf. Ser. 2021, 1741, 012011. [CrossRef]

9. Lin, P; Zheng, Y.; Long, Y.; Qiu, W.; Zhu, R. Study on the Influence of Pump Performance Curve Fitting and Seal Ring Wear on
Pump Intelligent Monitoring. Processes 2025, 13, 1529. [CrossRef]

10. Andrenko, P.; Grechka, I.; Khovanskyy, S.; Rogovyi, A.; Svynarenko, M. Improving the technical level of hydraulic machines,
hydraulic units and hydraulic devices using a definitive assessment criterion at the design stage. J. Mech. Eng. 2021, 18, 57-76.
[CrossRef]

11.  Shi, Y;; Sheng, B.; Zhu, J.; Chen, G.; Zhang, T.; Luo, R. A Human-Centric Design Method for Industrial Centrifugal Pump Based
on Digital Twin. Processes 2024, 12, 42. [CrossRef]

12.  Panchenko, V.; German, V.; Ivchenko, O.; Ryasnaya, O. Combined operating process of torque flow pump. J. Phys. Conf. Ser. 2021,
1741, 012011. [CrossRef]

13.  Krishtop, I. Creating the flowing part of the high energy-efficiency torque flow pump. East. Eur. . Enterp. Technol. 2015, 2, 31-37.
[CrossRef]

14. Transforming Our World: The 2030 Agenda for Sustainable Development. Available online: https://sdgs.un.org/2030agenda
(accessed on 20 August 2025).

15.  Andrusiak, V.O.; Lugova, S.O.; Medvid, S.A.; Tkach, P.Y.; Rudenko, A.A. Effect of front impelle seal leakages on centrifugal stage
characteristics. J. Phys. Conf. Ser. 2021, 1741, 012036. [CrossRef]

16. Arocena, V.M.; Abuan, B.E,; Reyes, ].G.T.; Rodgers, P.L.; Danao, L.A.M. Numerical investigation of the performance of a
submersible pump: Prediction of recirculation, vortex formation, and swirl resulting from off-design operating conditions.
Energies 2021, 14, 5082. [CrossRef]

17.  Sun, Z.; Wang, L.; Ge, H.; Yuan, H.; Tang, F. Experiment on pressure pulsation in impeller of large submersible tubular pump.
Trans. Chin. Soc. Agric. Mach. 2023, 54, 155-160. [CrossRef]

18. Gerlach, A.; Thamsen, P.; Wulff, S.; Jacobsen, C. Design Parameters of Vortex Pumps: A Meta-Analysis of Experimental Studies.
Energies 2017, 10, 58. [CrossRef]

19. Rogovyi, A.; Korohodsky, V.; Medviedeyv, Y. Influence of Bingham fluid viscosity on energy performances of a vortex chamber
pump. Energy 2021, 218, 119432. [CrossRef]

20. Rogovyi, A.; Krasnikov, S.; Lomeiko, O.; Svynarenko, M. Optimal geometrical dimensions of drainless vortex chamber ejector
of homogeneous medium. In Advanced Manufacturing Processes VI, Springer: Berlin/Heidelberg, Germany, 2025; pp. 97-106.
[CrossRef]

21. Quan, H.; Chai, Y,; Li, R;; Guo, ]. Numerical simulation and experiment for study on internal flow pattern of vortex pump. Eng.
Comput. 2019, 36, 1579-1596. [CrossRef]

22. Rzhebaeva, N.K.; Rzhebaev, E.E. Calculation and Designing of Centrifugal Pumps: Study Guide; Sumy State University: Sumy,
Ukraine, 2016; 205p, Available online: https://essuir.sumdu.edu.ua/handle/123456789 /44432 (accessed on 20 August 2025).

23. Tverdokhleb, I.; Semenov, A.; Ivanyushin, A.; Niemtsev, O.; Rudenko, A. Creating a standard size range as one of the factors
reducing production time of modern pumping equipment. Appl. Mech. Mater. 2014, 630, 137-142. [CrossRef]

24. Kondus, V.; Pavlenko, I.; Kulikov, O.; Liaposhchenko, O. Development of a High-Rotational Submersible Pump for Water Supply.
Water 2023, 15, 3609. [CrossRef]

25. Krishtop, I; German, V.; Gusak, A.; Lugova, S.; Kochevsky, A. Numerical Approach for Simulation of Fluid Flow in Torque Flow

Pumps. In Applied Mechanics and Materials. Trans. Tech. Publ. Ltd. 2014, 630, 43-51. [CrossRef]


https://doi.org/10.1177/09544089221142185
https://doi.org/10.1088/1757-899X/233/1/012004
https://doi.org/10.1088/1742-6596/1741/1/012019
https://doi.org/10.20998/2411-3441.2023.2.02
https://doi.org/10.15587/2312-8372.2018.135773
https://doi.org/10.1021/acsomega.2c07609
https://doi.org/10.3390/en16155820
https://doi.org/10.1088/1742-6596/1741/1/012011
https://doi.org/10.3390/pr13051529
https://doi.org/10.24191/jmeche.v18i3.15414
https://doi.org/10.3390/pr12010042
https://doi.org/10.1088/1742-6596/1741/1/012022
https://doi.org/10.15587/1729-4061.2015.39934
https://sdgs.un.org/2030agenda
https://doi.org/10.1088/1742-6596/1741/1/012036
https://doi.org/10.3390/en14165082
https://doi.org/10.6041/j.issn.1000-1298.2023.04.014
https://doi.org/10.3390/en10010058
https://doi.org/10.1016/j.energy.2020.119432
https://doi.org/10.1007/978-3-031-82746-4_9
https://doi.org/10.1108/EC-09-2018-0420
https://essuir.sumdu.edu.ua/handle/123456789/44432
https://doi.org/10.4028/www.scientific.net/AMM.630.137
https://doi.org/10.3390/w15203609
https://doi.org/10.4028/www.scientific.net/amm.630.43

Appl. Sci. 2025, 15, 12395 17 0f 17

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Gao, X,; Shi, W,; Zhang, D.; Zhang, Q.; Fang, B. Optimization design and test of vortex pump based on CFD orthogonal test.
Nongye Jixie Xuebao/Trans. Chin. Soc. Agric. Mach. 2014, 45, 101-106.

Rogovyi, A.; Korohodskyi, V.; Neskorozhenyi, A.; Hrechka, I.; Khovanskyi, S. Reduction of Granular Material Losses in a Vortex
Chamber Supercharger Drainage Channel. In Advances in Design, Simulation and Manufacturing V. DSMIE 2022. Lecture Notes in
Mechanical Engineering; Springer: Cham, Switzerland, 2022; pp. 218-226. [CrossRef]

Wu, Y,; Wu, D.; Fei, M,; Xiao, G.; Gu, Y.; Mou, J. The Estimation of Centrifugal Pump Flow Rate Based on the Power-Speed Curve
Interpolation Method. Processes 2022, 10, 2163. [CrossRef]

Arocena, V.M.; Abuan, B.E.; Reyes, ].G.T.; Rodgers, P.L.; Danao, L.A.M. Reduction of Entrained Vortices in Submersible Pump
Suction Lines Using Numerical Simulations. Energies 2020, 13, 6136. [CrossRef]

Dehnavi, E.; Bakir, F; Danlos, A.; Kebdani, M. Numerical Analysis of Distance Effect between Inducer and Centrifugal Impeller
in Independent Rotational Turbopump in Co-rotating and Counter-rotating Mode. In Proceedings of the European Conference on
Turbomachinery Fluid Dynamics and Thermodynamics, ETC, Budapest, Hungary, 24-28 April 2023.

Lavri¢, H.; Drobni¢, K.; Figer, R. Model-Based Assessment of Energy Efficiency in Industrial Pump Systems: A Case Study
Approach. Appl. Sci. 2024, 14, 10430. [CrossRef]

ISO 9906:2012; Rotodynamic Pumps—Hydraulic Performance Acceptance Tests—Grades 1, 2 and 3. International Organization
for Standardization: Geneva, Switzerland, 2012.

Kondus, V.; Kotenko, A. Investigation of the impact of the geometric dimensions of the impeller on the torque flow pump
characteristics. East. Eur. ]. Enterp. Technol. 2017, 1, 25-31. [CrossRef]

Zhang, Y.-L.; Li, W.-G. A precisive calculation method of volumetric and hydraulic efficiency of centrifugal pumps. Phys. Fluids
2023, 35, 077104. [CrossRef]

Yan, W.; Zhu, D.; Tao, R.; Wang, Z. Analysis of the Flow Energy Loss and Q-H Stability in Reversible Pump Turbine as Pump with
Different Guide Vane Opening Angles. Water 2022, 14, 2526. [CrossRef]

Kovaliov, I.; Ratushnyi, A.; Dzafarov, T.; Mandryka, A.; Ignatiev, A. Predictive vision of development paths of pump technical
systems. J. Phys. Conf. Ser. 2021, 1741, 012002. [CrossRef]

Kondus, V.; Ciszak, O.; Zhukov, A.; Mushtai, M.; Polkovnychenko, V,; Krugliak, A. Development of a self-cleaning mechanism for
torque-flow pumps. J. Eng. Sci. 2024, 11, F17-F26. [CrossRef]

Dehghan, A.; Shojaeefard, M.; Roshanaei, M. Exploring a new criterion to determine the onset of cavitation in centrifugal pumps
from energy-saving standpoint; experimental and numerical investigation. Energies 2024, 293, 130681. [CrossRef]

Bhattacharjee, P.; Hussain, S.A.IL; Dey, V. Failure mode and effects analysis for submersible pump component using proportionate
risk assessment model: A case study in the power plant of Agartala. Int. J. Syst. Assur. Eng. Manag. 2023, 14, 1778-1798.
[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1007/978-3-031-06044-1_21
https://doi.org/10.3390/pr10112163
https://doi.org/10.3390/en13226136
https://doi.org/10.3390/app142210430
https://doi.org/10.15587/1729-4061.2017.107112
https://doi.org/10.1063/5.0155675
https://doi.org/10.3390/w14162526
https://doi.org/10.1088/1742-6596/1741/1/012002
https://doi.org/10.21272/jes.2024.11(2).f3
https://doi.org/10.1016/j.energy.2024.130681
https://doi.org/10.1007/s13198-023-01981-6

	Introduction 
	Literature Review 
	Materials and Methods 
	Results 
	Determination of Analytical Dependence for Torque-Flow Pumps 
	Determination of Analytical Dependence for Centrifugal Pumps 
	Isolation of the Efficiency of the Vortex Operating Process 

	Discussion 
	Conclusions 
	References

