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Abstract

Ensembling techniques are viewed as a promising machine learning tool to resolve issues
arising from the monolithic nature of deep neural networks. In this paper, we consider
pairwise coupling models built from neural networks, which is a special kind of ensemble.
These models promise to provide much needed modularity in classification models em-
ploying deep networks. In order to be practical, pairwise coupling models have to have
comparable memory and speed requirements to commonly used architectures. In this
paper, we propose novel architectures that address this key problem of pairwise coupling
models. We show that the classification accuracy of the resulting pairwise coupling models
matches the original network, while exceeding the original network’s pairwise accuracy.
The introduction of these pairwise models brings additional benefits. First, they allow
for much less expensive uncertainty predictions. Secondly, their modularity allows for
the fine-tuning of classification accuracy. Both of these benefits can be viewed as relat-
ing to the larger topic of improving the explainability as well as the modularity of deep
neural networks.

Keywords: convolutional neural network; classification model explainability; Bayes
covariant method; abstaining classifier

1. Introduction

Deep convolutional neural networks [1] have emerged as a very powerful type of
classification model that is finding applications across diverse fields. A typical neural
network model has many millions of parameters embedded in a deep multilayer structure,
making them very opaque classifiers whose inner workings are poorly understood. The
lack of explainability of deep neural networks is viewed as a major weakness. However,
one should note that explainability is a multifaceted phenomenon [2—4]. Let us consider
several examples illustrating distinct viewpoints regarding explainability.

Deep neural networks are considered for use in scenarios that may result in fatalities.
The severe malfunctioning of a system comprising a neural network, such as the unfortunate
fatality caused by Uber Autonomous in Arizona, will have negative impacts on the public’s
acceptance of Al technologies. Therefore, as well as for legal reasons, it is important to
perform precise analyses, ideally with the identification of the root cause, of why such
misprediction occurred. We call this requirement post hoc explicability. Such analysis may
take many forms, e.g.,

Appl. Sci. 2025, 15, 12007

https:/ /doi.org/10.3390/app152212007


https://doi.org/10.3390/app152212007
https://doi.org/10.3390/app152212007
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/applsci
https://www.mdpi.com
https://orcid.org/0000-0002-8140-241X
https://orcid.org/0000-0002-4815-3933
https://orcid.org/0000-0002-5510-5585
https://doi.org/10.3390/app152212007
https://www.mdpi.com/article/10.3390/app152212007?type=check_update&version=1

Appl. Sci. 2025, 15, 12007

2 of 20

¢ One may investigate which particular sample(s) in the training dataset inspired the
network to make a prediction, an early example of which is [5], where the authors
compared activations with those in the training dataset;

¢ One may be curious which part of the classified image led the CNN to make its
classification decision—typically visualized using a heatmap, as in [6-8].

Another approach involves analyzing the inner workings of a neural network. An
example of this is the interpretation of receptive fields of neurons, especially in early levels
of deep networks [9]. It would be better still to have explainability in development, when
one may use the insights provided about the classification system to change it in order
to prevent possible malfunctions (mispredictions) during system deployment. However,
the complete retraining of a large network is often too costly, especially since there is no
guarantee that it will bring about the desired improvement. It is therefore desirable to
only perform incremental improvement of the system, so that most of the training effort
is retained. However, in standard neural networks, it is next to impossible to identify the
subset of weights or the substructure of a large network that causes erroneous predictions.
One solution would be establishing modularity in the classification system of the kind
traditionally provided by ensembles in machine learning [10]. The absence of modularity in
neural network has long been a recognized problem [11], but only recently have ensemble
methods (with a mixture of experts [12]) found their place among industrial strength deep
network systems [13].

Given the complex nature of explainability and its varied benefits, one may expect
that engineering explainability into classification systems entails costs and poses hurdles
during model development. In this paper, we examine these tradeoffs for a class of models
constructed by means of pairwise coupling (an ensembling technique) from convolutional
neural networks. The modularity of these models is especially suitable for studying
explainability facets occurring when one restricts classification to a smaller subset of classes.

Medicine abounds with the need for explainable classification systems [14,15]. Let
us describe a novel facet of explainability applicable in the medical field. Consider the
case of a physician specialist who is being assisted by a system employing a convolutional
neural network in diagnosis based on patient data (e.g., X-ray, MRI, or histology data). A
convolutional neural network may arrive at a class prediction, while the specialist may feel
that a different class is the correct one. Having narrowed the set of possibilities to this pair
of classes (that preferred by the physician and that preferred by the network), it would be
helpful for the classification system to provide the most precise prediction possible given
that there are only two classification outcomes under consideration. An improvement is not
possible in classification systems that exhibit independence of irrelevant alternatives (see
Section 2.3) e.g., multinomial (softmax) regression, but if an improvement is possible, we
say that a system exhibits enhanced pairwise explainability. This explainability is present
in pairwise coupling models by design.

As we will show, pairwise coupling models can provide a benefit even in traditional
explainability areas, namely uncertainty quantification [16,17]. Neural networks are af-
fected by multiple randomness effects—from initialization through random dropout layers
to the random ordering of training samples in batches. This prediction randomness is rarely
explained to the end user, mainly because it would be costly to train many networks to
obtain meaningful measures of randomness for the predictions. We shall say that systems
providing an explanation of the stochasticity of predictions have uncertainty quantification.

The remainder of this paper is organized as follows. In Section 2, we will review
principles of the pairwise coupling methodology. In Section 3, we will provide experimental
details including a description of convolutional network architectures. In Section 4, we
examine pairwise explainability through an evaluation of the pairwise accuracy of networks
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trained in a pairwise manner. In Section 5, we will evaluate multi-class accuracy of
models built from networks trained in a pairwise manner. In Section 6, we will illustrate
explainability in development using the concept of incremental improvement based on
errors in the confusion matrix. In Section 7, we will illustrate uncertainty quantification by
constructing many classification models in order to estimate the uncertainty of a prediction.
Open research questions are discussed in the conclusion (Section 8).

2. Review of Pairwise Coupling

In this section, we outline the pairwise coupling classification methodology, proceed-
ing from general definitions through historic motivation (SVM multi-class classification) to
presenting state-of-the-art methods.

2.1. Classification Generalities

A (hard) classification problem can be defined as the search for a classifier function
f : X — C mapping classified objects to a finite set C of dependent categories (classes)
C ={Cy,...C.} [18]. When ¢ = 2, we speak of a binary classifier.

Often, one solves this problem by solving the soft classification problem first. This
involves finding a posterior approximating predictor function f : X — [0, 1]¢, where c is
the cardinality of the set C. If f(x) = (f1(x),..., fe(x)), then the prediction is

flx) = arggl;gﬁ(x)-

The main reason for this detour is that it is convenient to optimize a smooth cost function
of a parametric classification model using a gradient descent method. Such a gradient
search underlies many machine learning methods, ranging from logistic regression to
neural networks.

2.2. Motivation for Pairwise Coupling

A notable exception which does not fit the soft classification approach is the support
vector machine model (SVM), a non-parametric classification technique very popular
since the late 20th century [19,20]. The SVM model divides the feature space (or its
higher-dimensional embedding via a kernel) into two subsets using a hyperplane, which is
found by solving a quadratic programming problem. The innovative concept of bisection
presented by SVM poses a problem for multi-class classifications problems (when ¢ > 2),
because there is no obvious generalization of the quadratic programming problem to more
than two classes. A methodology was thus developed that entails three major steps.

The first step is the adoption of one-on-one classification paradigm. This paradigm
is characterized by requiring the creation of all possible pairwise SVM classifiers f%/
which are able to distinguish between the two classes C; and C; only. There are two
immediate advantages to doing so. Since the model requires training only a portion of
overall multiclass data, each pairwise classifier is easier to train. Moreover, each two-class
dataset is more likely to be balanced, which would not be the case if one opted for a
one-vs.-rest approach [21].

The second step is converting the hard classification model £/ to a soft classification
model f¥ by fitting a sigmoid function for each model. This was proposed in the work of
J. Platt [22]. A subtle point in his approach was the adoption of uninformative priors on
the labels, which avoids the overfitting problems associated with logistic regression.

The third step is known in the literature as the pairwise coupling approach [23,24],
which converts the set of pairwise predictions provided by f/ to a final multi-class
posterior prediction.
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2.3. Relationship Between Pairwise Likelihoods and Multi-Class Likelihoods

To understand pairwise coupling’s underlying principles, it is worthwhile to consider
its “reverse” first. Suppose we are given a soft classifier which produces a class posterior
vector p(x) = (p1(x),...,pc(x)) for a sample x. Given such a classifier and a pair of classes
i,jwith1 <1i,j < ¢, one may construct a set of soft binary (i.e., two-class) classifiers Bij,
which we call the IIA restrictions of p.

This name is inspired by the axiom of independence of alternatives (IIA). In individual
choice theory, the IIA axiom states that if an alternative x is preferred from a set T, and x is
also an element of a subset S of T, then x should also be the preferred choice from S.

The IIA restriction classifier quantifies this principle. Its likelihoods are such that the
relative likelihood ratio of classes i and j is the same as in the presence of the rest of the

alternatives. Thus, the IIA restriction classifier B;; outputs the posterior distribution

p(Ci) p(Cj)

—_—— —————
) = (- 20 B ) (1)
pi(x) + pj(x)" pi(x) + pj(x)

which is the unique two-class probability distribution on {C;, C;} for which the relative
likelihood of classes is p;(x)/p;(x).

The ratios in Equation (1) may produce singular results if both p;(x) and p;(x) are
simultaneously zero. We note that this singularity is avoided for a typical convolutional
neural network, where the output of the softmax layer cannot produce a zero posterior for
any class.

Thus, given multi-class prediction p(x), we may construct the matrix of
pairwise likelihoods:

0 1’12(9{) e rlc(x)
R(x) = 721:(36) 0 . ch:(x) , o
ra(x)  rec1p(x) ... 0

In this paper, we adopt the convention that on the diagonal of a matrix of pairwise
likelihoods, there are always zeros. Then, the matrix of pairwise likelihoods has all entries
in the interval [0, 1] and satisfies

01 ... 1
R(x)+R(x)=[1 0 ... 1]. 3)
11 0

An important fact is that the mapping © : p(x) — R(x) does not lose any information.

Lemma 1. The nonlinear mapping p(x) — R(x) is injective on the set of nonvanishing posteriors.
In fact, if p;(x) # O for all i, then it is possible to reconstruct p(x) from any column or any row of
the pairwise likelihood matrix.

Proof. See, e.g., [25] or [26]. O

2.4. Pairwise Coupling Methods

By a pairwise coupling method, we mean any method mapping the set of non-negative
matrices R = (r;;) satisfying (2) to the set of probability distributions on c classes. We
say that a pairwise coupling method is regular if it inverts the map ® from the matrix
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from multi-class posteriors p(x) to the corresponding pairwise likelihood matrix R(x).
Thus, if a regular pairwise coupling method is given a matrix of pairwise likelihoods
constructed from a multi-class vector p by (1) and (2), the method should yield the original
multi-class distribution.

The requirements for regular pairwise coupling are rather weak, because the map-
ping is prescribed only on the 7 — 1 dimensional subspace of the (n?> — 1) /2 dimensional
parameter space of matrices satisfying (2). Therefore, there exist many different regular
coupling methods.

In our work, we opted to use two regular pairwise coupling methods: the Wu-Ling—
Wen method [27] and the Bayes covariant method [28]. The former is used in the popular
LIBSVM library [29], while the latter has been proven to be a unique method satisfying
additional hypotheses [28].

2.4.1. Wu-Ling-Weng Method

This method defines an optimization objective é, as follows:

K
Gy :=min) Y (rypj—1jipi)’? 4
Poisljj

From the definition, it is immediately clear that the functional is non-negative. Moreover, it
is zero on the image of map ® : p(x) — R(x) because from (1), we have

PiPj

Pt jiPi (5)

Tijpj =
Optimizing J; is also numerically efficient. Since the functional is a quadratic function of
pi, it is possible to reduce optimization to solving a set of linear equations.

2.4.2. Bayes Covariant Coupling

We proposed this method in our work [28]. The underlying idea is geometric. Let us
call the variety of pairwise likelihood matrices (i.e., the image of map ®) the Bradley-
Terry manifold. This method starts by mapping the matrix of pairwise likelihoods
coordinatewise via

1

9,']' T Hlog( —1> (6)
Tij

In the new coordinate space, the Bradley—Terry manifold becomes a linear subspace, and

the method is simply the orthogonal projection on the subspace.

2.4.3. Other Pairwise Coupling Methods

Let us briefly outline other coupling methods which have been proposed in the
literature. In their comprehensive study of pairwise coupling Hastie and Tibshirani [23]
introduce a coupling method that optimizes a functional derived from Kullback-Leibler
divergence. The work of Zahorian and Nossair [30] on the classification of vowels using
neural networks introduces another coupling method. Regular pairwise methods based on
reverting map © in a columnwise manner have been proposed in [25,26]. Also, Wu, Lin, and
Weng studied another coupling method based on a quadratic functional of posteriors [27].

2.5. Numerical Stability of Coupling Methods

Some coupling methods have numerically unstable behavior near the boundary of
the space of possible pairwise likelihood matrices. For instance, Bayes covariant coupling
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suffers from this problem, since the mapping 6;; in (6) is singular at the limit points zero
and one.
In our work [28], we proposed two ways to deal with such instability:

e  Start by choosing a small threshold % > T > 0 and then force individual pairwise like-
lihoods 7;; to lie in the interval [, 1 — 7] by replacing them with min(1 — 7, max(z,7;;))
if necessary;

*  Choose a small threshold % > p > 0 and remove from consideration any class c for
which there is ¢’ such that . < p, i.e., remove all rows and columns from the pairwise
likelihood matrix that correspond to such classes. Then apply the coupling method
to the possibly smaller matrix of pairwise likelihoods. Finally, convert the posterior
probability distribution to the full set of classes, for instance by extending with zero.

3. Methods

The models built by means of pairwise coupling need to be built from binary classifiers.
In this section, we describe the dataset used, the three classes of convolutional neural
networks employed as binary classifiers (micro-models, mini-models and macro-models),
and the baseline multi-class networks which we used for comparison.

3.1. Dataset

We used the Fashion MNIST (FMNIST) dataset [31], which has been suggested [31] to
be a better starting point for examining computer vision classification methods compared
to the historically more popular MNIST dataset [32]. Moreover, the small size of this
dataset resulted in short training times and thus in a low environmental impact for our
experiments, an increasingly important societal consideration [33]. The overall training
and test data sizes (60,000 and 10,000, respectively) are identical to those for MNIST. There
are 10 classes, as shown in Table 1, evenly distributed in the dataset.

Table 1. Classes in the Fashion MNIST dataset.

@)
3
o
7
n

Description

T-shirt/top
trouser
pullover
dress
coat
sandal
shirt
sneaker
bag
ankle boot

O OO UTk WM~ O

3.2. Baseline Networks

To create our baseline model (model F in Figure 1), we used the Keras example CNN
originally designed for the MNIST dataset (model M in Figure 1). The only structural
difference is that we replaced dropout layers with batch normalization layers. There are
two reasons for this adaptation:

e The optimal probability of dropout may vary depending on the task. The values
chosen for MNIST task may not be suitable for the Fashion MNIST task, and in this
work we did not plan to perform any hyperparameter tuning.

e In the most recent survey on dropout methods [34], it is stated that dropout is not
necessary for convolutional networks, and batch normalization is sufficient [35,36].
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Overall, we trained 32 instances Fy, ..., F51 of networks based on the F architecture,
whose weights were later used in the initialization of the binary classifiers.

Keras MNIST network
architecture M

input layer

baseline network
architecture F

macro-network
architecture E

input layer
(,28, 28, 1) (,28, 28, 1) (,28, 28, 1)
(,26, 26, 32) (,26, 26, 32) (,26, 26, 32)
(.24, 24, 64) (.24, 24, 64) (.24, 24, 64)

maxpooling_2d

maxpooling_2d

maxpooling_2d

(,12, 12, 64) (,12, 12, 64) l(,12, 12, 64)
batch_normalization
(,12, 12, 64) (,12, 12, 64) (,12, 12, 64)

flatten

flatten

flatten

(,9216) (,9216) (,9216)
=]
(,128) (,128) (,128)
(,128) (,128) l (,128)

softmax_10

(,10)

]
!

softmax_10

(,10)

softmax_2

(2

micro-networks
architectures a-d

input layer

(.28, 28, 1)

(.26, 26, 32)

(,24, 24, 64)

mini-networks
architectures A-D

input layer

(.28, 28, 1)

(,26, 26, 32)

(,24, 24, 21)

maxpooling_2d maxpooling_2d
l (,12, 12, 64) l (12,12, 21)

batch_normalization

(,12, 12, 16) (12,12, 21)

flatten flatten

(,3024)

(,42)

batch_normalization

(,10) (,42)

2-class GLM 2-class GLM
(2

(2

batch_normalization

Figure 1. Schemas of feedforward CNN networks used for experiments, as well as the prototype
network architecture from the Keras library. Tensor shapes below each box indicate the layer’s output
shape. A red color indicates that layers” weights were copied from the baseline model with the F
architecture and were fixed throughout training. A green color indicates that the layers” weights were
copied from the baseline model with the F architecture but were not fixed during training. The final
two-class general linear model (GLM) layer in architectures a-d, A-D was either logistic regression
or the GLM model with a complementary log-log link function.
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3.3. Architectures for Binary Models

We examined 9 different feed-forward architectures for binary models, which we
describe in this section. Roughly in increasing size order, these architectures were micro-
models (Section 3.3.1, see also architectures a — d in Figure 1), mini-models (Section 3.3.2,
architectures A — D in Figure 1), and macro-models (Section 3.3.3, architecture E in Figure 1).
For all of them, we trained 32 different networks, each partially initialized with the weights
of the corresponding baseline network F; (i < 32).

3.3.1. Binary Micro-Models

In Section 5, we will compare models built using pairwise coupling methods with the
baseline model. It is desirable to use models with the same number of training parameters. Since
a complete pairwise-coupled model requires 45 binary classifiers, individual binary classifiers
have to be rather small. Namely, since the model G of the network has 1,200,650 parameters,
individual binary classifiers should have ~1,200,650/45 ~ 26,681 parameters. It is quite chal-
lenging to achieve good performance with a convolutional network that small. A natural first
step is to reduce the number of neurons (convolutions) in individual layers. However, based
on our previous experience with share-none architectures [37], we felt that two additional
alterations were needed:

*  Reducing the number of 2D maps by using 1 x 1 convolution.

¢  Sharing weights among individual pairwise classifiers. Thus, the first two layers of
the binary classifiers had identical weights copied from the corresponding baseline
network. These weights were not trainable.

The difference among the four variants of the micro-networks were as follows.

Networks a and b were trained with the softmax layers as the final layer. Networks ¢
and d used the generalized linear model (GLM) model with a complementary log-log link
function, which is considered more suitable in cases of non-symmetric distributions [38].

Networks 4 and ¢ employed binary encoding of the dependent variable. Encoding of
the dependent variable in networks b and d was altered to € instead of 0 and 1 — € instead
of 1 with € = 1/ (size of the training set) in an attempt to achieve the following:

*  Mimicthe use of J. Platt’s uninformative prior in SVMs;
*  Avoid numerical instabilities in pairwise coupling, as explained in Section 2.5.

3.3.2. Binary Mini-Models

A complete model built using pairwise coupling from binary micro-models has the
same number of parameters as the baseline model. However, it is much easier to train,
since each pairwise training dataset has ¢/2 = 5 times less data in it compared to the full
Fashion MNIST dataset. We can roughly estimate that the complexity of training one epoch
of a network is proportional to the product of the number of weights and the number
of training samples. Since each pairwise micro-model has c(c — 1)/2 fewer parameters,
the complete arithmetical complexity to run the same number of epochs for all c(c —1)/2
networks is about ¢/2 = 5 times lower compared to the baseline model.

We therefore also investigated pairwise coupling models, termed mini-models, that
have approximately the same total arithmetical training complexity as the baseline model,
although they have more parameters. The underlying binary mini-networks have c/2 times
more parameters than micro-networks, or equivalently, (¢ — 1) times fewer parameters
than the baseline networks. Their architecture is shown in Figure 1.

Analogously to the case of micro-models, we used 4 flavors of this architecture. The
models A, B used softmax as the final layer, whereas the models C, D used a complementary
log-log GLM model. The models A, C used standard binary encoding of the class variable,
whereas the models B, D used the same encoding as for the models b, d.
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3.3.3. Binary Macro-Models

We also included models of type E, as shown in Figure 1, whose architecture is
identical to the baseline model F except for the final layer, which is not a 10-class softmax
layer, but rather a 2-class softmax layer. The models are initialized with the weights of the
corresponding F model, but all weights are left trainable.

3.4. Evaluation Metrics

For evaluation, we used two metrics. First, the multi-class accuracy is defined as

Number of correctly predicted samples
Number of all samples ’

Classification accuracy =

We also used the pairwise accuracy metric. For a soft classifier which assigns posterior
distribution p(x) = (py, ..., px) over K classes, this is defined as the mean of the (multi-
class) accuracies for IIA restrictions to all pairs of classes, as defined by (1).

3.5. Other Details

Multi-class networks were trained using a batch size of 128, whereas for binary models,
we decreased the batch size to 32. The number of epochs was 12 in all cases.

In all cases, we used the AdaDelta stochastic gradient optimizer with standard settings
and cross-entropy as the optimization criterion.

Finally, Table 2 shows the parameter counts for all networks used.

Table 2. Sizes of network architectures.

Number of

. . L. Total Trainable Non-Trainable

Architecture Prediction
Parameters Parameters Parameters

Classes

a,b 2 42,968 24,132 18,836
c, d 2 42,957 24,121 18,836
A,B 2 133,777 133,331 446
C,D 2 133,734 133,288 446
E 2 1,199,618 1,199,234 384
F 10 1,200,650 1,200,266 384

4. Evaluation of Pairwise Accuracy

In Section 1, we introduced the concept of pairwise explainability. This concept refers
to the situation where we are confident that only two possible predictions are possible and
we desire the best possible prediction by a convolutional neural network. Of course, one
may obtain a two-class prediction by taking the IIA restriction of a multi-class classifier.
But is it possible to obtain better results by training specialized binary networks on only
two classes?

In this section, we present the answers to this question for the binary architectures
described in Section 3.

4.1. Influence of Architecture

In Figure 2, we plot boxplots for the average pairwise performance over 32 training epochs
for each architecture.
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Figure 2. Average pairwise accuracy for architectures a — d and A — F over 32 trials. The horizontal
line indicates the mean pairwise accuracy for the architecture F.

From this figure, we see the obvious trend that with increasing size, the convolutional
networks perform better. The key point is that all mini-architectures A — D (as well as the
macro-architecture E) perform better than (the IIA restrictions of) the standard multi-class
network (architecture F). On the other hand, all micro-networks of types a — d perform
worse than the multi-class network.

4.2. Detailed Performance by Pairs of Classes

We also plot the pairwise accuracy for each pair of classes in Figure 3. From this
figure, it is clear that only a handful of pairs of classes show uneven performance
among architectures:

e  (Coat/shirt;

e  Dress/coat;

¢ Dress/shirt;

e  Pullover/coat;
e  Pullover/shirt;
e  T-shirt/shirt.

Again, as observed above, it is the size of the architecture that is the primary factor
affecting the pairwise accuracy. Moreover, the results strongly suggest that not all decision
boundaries are equally difficult to find, and thus in multi-class pairwise-coupled models,
varying learning capacity (i.e., the number of trainable parameters) is likely needed to
construct an optimal two-class classifier.
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sneaker, boot t=shirt, bag t=shirt, boot t=shirt, coat t=shirt, dress

1.00-
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090
0.85-

t=shirt, pants  t-shirt, pullover t-shirt, sandal  t-shirt, shirt t-=shirt, sneaker

1.00
0 90 -
0.85- wlnllal. A

aAbBcCdDE aAbBcCdDE aAbBcCdDE aAbBcCdDE aAbBcCdDE
net

Figure 3. Average pairwise accuracy of individual architectures for all possible pairs of classes. The
black horizontal line indicates the mean accuracy of architecture F.

5. Multi-Class Accuracy of Models Built via Pairwise Coupling

In the previous section, we concentrated on the question of whether pairwise accuracy
can be improved by training a network with only two classes. We found that for mini-
networks, the answer is yes. In this section, we investigate whether this improvement
translates to better multi-class accuracy in pairwise coupling models. There is even the
possibility that despite the inferior pairwise performance of micro-networks compared
with the baseline model, using pairwise coupling may repair their pairwise mispredictions,
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and thus the multi-class models built from micro-networks using pairwise coupling could
be more accurate that the baseline model. This effect, which we term coupling recovery,
was examined based on synthetic datasets in [23,27].

5.1. Preliminaries

In order to build the multiclass models from pairwise ones, we need to take into
account a couple of additional factors. The first is that in addition to architecture, one needs
to choose a coupling method. As indicated in Section 2.4, we are going to use two coupling
methods, namely the canonical Wu-Ling-Weng method and the Bayes covariant method.
Additionally, the Bayes covariant method is not numerically stable, meaning that one needs
to choose a way to avoid numerical singularities. We will use the first method outlined
in Section 2.5. In order to do this, one needs to choose a threshold % > 17 > 0, and we
opted for the value T = 1073. We illustrate the suitability of this value by plotting the
accuracy of predictions for four different pairwise coupling models based on the A network
architecture, as shown in Figure 4.

0.926 -

0.924 + -

accuracy

0.922 + L

0.920 + -

0.918 + L

T T T T T
10"-6 10"-5 10"-4 10"-3 10"-2 10M-1

threshold of the coupling method
Figure 4. The accuracies of four different pairwise coupling models built from the A architecture and
using the Bayes covariant coupling method with the given threshold .

5.2. Statistical Analysis

Let us start by calculating the average multi-class accuracies for each architecture—coupling
method pair, as shown in Table 3.

The mean multi-class accuracy of the baseline model is 0.923. which shows that
only some mini-models may outperform the baseline. We evaluated paired f-tests and
obtained the results shown in Table 4. (Note that although the -test assumes normality, it
is considered be robust, so we omitted normality testing.)

We conclude that mini-models A and B outperform, in a multi-class setting, the
baseline network when the Bayes covariant pairwise coupling method is used. However,
the effect size is small (<1%).

Finally, we visualized activations in the last convolutional layer of different network
architectures. The results are shown in Figure 5. We can see that while saliency maps
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of mini-networks mirror those of the baseline network, micro-architecture saliency maps

differ markedly.

Table 3. Average multi-class accuracies of the models built from pairwise classifiers.

Network Wu-Lin-Weng Method Bayes Covariant Method
a 0.902 0.907
b 0.904 0.909
c 0.903 0.905
d 0.901 0.903
A 0.923 0.926
B 0.924 0.926
C 0.921 0.923
D 0.922 0.924
E 0.928 0.929

Table 4. Evaluation of {-tests comparing performance of a mini-model with the baseline multi-class

model. Three asterisks in significance column indicate highly significant departure from the null

hypothesis i.e., p-value < 0.001.

Pair Coupling Method p-Value Significance
A-F Wu-Lin-Weng 0.8839

B-F Wu-Lin-Weng 0.4295

A-F Bayes covariant method 0.0001 b

B-F Bayes covariant method 9.2 x 107> ot

C-F Bayes covariant method 0.3767

D-F Bayes covariant method 0.7246

Original Image

Figure 5. Saliency maps of different architectures computed using GradCAM.

Grad-CAM comparison

Baseline Grad-CAM Mini-Network Grad-CAM

Micro-Network Grad-CAM

0.0

(1-0) 31035 foualjes aimeay
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6. Incremental Improvement

In this section, we investigate the possibility of correcting a poorly performing multi-
class convolutional network. A standard way to understand the poor performance of a
multi-class classifier is to construct the confusion matrix of predictions. For example, we
trained a baseline classifier Fy, which had a confusion matrix, as shown in Table 5.

Table 5. The confusion matrix of the baseline classifier Fy of type F.

0 1 2 3 4 5 6 7 8 9
0 881 2 12 9 2 86 0 2 0
1 3 987 1 4 1 0 3 0 1 0
2 24 2 872 6 45 1 49 0 1 0
3 22 6 8 896 21 0 46 0 0 1
4 3 0 30 22 886 0 58 0 1 0
5 0 0 0 0 0 987 0 8 0 5
6 91 0 43 21 58 0 781 0 6 0
7 0 0 0 0 0 10 0 977 0 13
8 3 0 1 5 1 2 4 3 980 1
9 0 0 0 0 1 6 0 37 1 955

From this table, it is clear that the network makes most errors when confusing classes
0 and 6. We may try improving on the classification of an image x by applying a pairwise
coupling method to the pairwise likelihood matrix R’(x) = (rgj(x) ), constructed as follows.
Let (po(x),...,po(x)) be the prediction of Fy and let (go(x),gs(x)) be the prediction of a
binary classifier Q trained to distinguish classes 0 and 6. Then, we replace two entries of
the pairwise likelihood matrix for Fy by values provided by Q:

go(x) ifi=0andj=6

ge(x) ifi=6andj=0
ni) =10 ifi = @
pi(x)

———~——  otherwise
pi(x) + pj(x)

We illustrate the results of such incremental improvements in Figure 6.

multi—class accuracy

0.914 0.918 0.922

I I I I I
0.86 0.87 0.88 0.89 0.90

accuracy on classes 0,6 only

Figure 6. Plot of the multi-class versus the pairwise accuracy of 200 instances of incremental im-
provements given by (7). We used mini-networks of type A as the binary classifiers. A red color
corresponds to the results for pairwise coupling with the Wu-Lin—-Weng method, whereas a blue
color stands for the Bayes covariant pairwise coupling. The black dot corresponds to the datum for
the Fy model. Linear regression lines are added.
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We can conclude that even when Q has inferior pairwise accuracy to Fy, the coupling
methods are able to increase the multi-class accuracy. The Bayes covariant method (red
regression line in Figure 6) is slightly better than the Wu-Lin-Weng method (blue regression
line) over the range of pairwise accuracies afforded by mini-networks of type A. However,
the latter is more efficient in converting an increase in the pairwise accuracy to an increase in
the multiclass accuracy. In fact, the linear regression model for the Wu-Lin—-Weng method
has an R? = 0.81, whereas it has an R? = 0.46 for the Bayes covariant method.

7. Likelihood Randomness Explainability

The incremental improvement achieved in the previous section was enabled by the
inherent modularity of the pairwise coupling models. In this section, we examine another
application of this modularity.

Neural networks are inherently random algorithms. Their predictions will vary if they
are repeatedly trained. This fact is obvious to specialists, but is rarely conveyed to the end
user. The primary obstacle is training cost. If it takes weeks to train a single deep neural
network, it is utterly impractical to train, say, 100 different networks [39]. Other alternatives
proposed for uncertainty quantification include using dropout [40] and Bayesian neural
networks [41].

We will illustrate, based on an example from Fashion MNIST, that the problem of the
expensive training of numerous copies of deep networks can be easily overcome using
pairwise coupling models.

The image #142 (counted from 1) in the test set belongs to class 0 (t-shirt/top). It is
shown in Figure 7.

0

0 o 20

Figure 7. Image #142 from the Fashion MNIST test data set.

This image is correctly predicted to belong to class 0 by the network A;, but is incor-
rectly predicted to belong to class 6 (shirt) by the network Aj,. Both of them are quite sure,
giving more than 95% likelihood for their prediction, as seen in Table 6.

Table 6. Predicted multi-class likelihoods for test image #142 by the networks A; and A;.

Network Class 0 Class 1 Class 2 Class 3 Class 4

A 953x107!  204x107% 1.13x1072 155x10° 1.53x10°8
A, 558x107% 359x1072 941x10° 5.06x10710 4.80x10~1!

Network Class 5 Class 6 Class 7 Class 8 Class 9

A} 163x1072 316x1071 469x10* 991x10"* 4.83x10°8
Ay 163x1077 982x107! 688x1077 232x10? 627x10°

The pairwise coupling approach allows one to create a vast number of new classifiers
(more precisely, 2*°) by bootstrapping pairwise predictions from either of the two pairwise
likelihood matrices corresponding to the predictions of networks A; and A, and then
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applying a pairwise coupling method. We plot 100 samples for both pairwise coupling
methods in Figure 8.

2.0 -

1.0 4
154

2 2
‘@ ‘@
c c
[ [
[a) Q 104 -
0.5 -
0.5 -
0.0 4 ® e - 0.0 4 ® W os8 WHOS © r
T T T T T T T T T T
-0.5 0.0 0.5 1.0 15 0.0 0.2 0.4 0.6 0.8
predicted likelihood of the sample being 0 predicted likelihood of the sample being 0

Figure 8. Predicted likelihoods of image #142 for 100 randomly recombined pairwise classifiers from
networks A; and Ajp. Left image: Using the Wu-Lin—-Weng method; right image: using the Bayes

covariant method.

The plots show that there is a significant difference between the Wu-Lin-Weng method
and the Bayes covariant method. The former is strongly clustered in two clusters near
0 and 1, whereas the latter is much more uniformly distributed from 0.1 to 0.9. The
natural assumption that the binary classifier for the pair 0/6 has a crucial influence on the
multi-class posteriors is confirmed by plotting conditional density plots in Figure 9.

1 1 1 1 1 1 1
25 -
3000 =
20 =
2000 — = 15 -
2 2
@ @
c c
[ [
a o 10 4 L
1000 =
5 L
04 L R @D © r 0 8 @98 B @ 60 HWE r
T T T T T T T T T T
—2e-04  0e+00 2e-04 4e-04 6e-04 0.90 0.92 0.94 0.96 0.98
predicted likelihood of the sample being O predicted likelihood of the sample being 0

Figure 9. Predicted likelihoods of image #142 for 100 randomly recombined pairwise-classifiers from
networks A; and A; using the Wu-Lin-Weng method. Left image: Conditioned on the 0/6 prediction
being made by the IIA restriction of the network Aj; right image: conditioned on the 0/6 prediction
being made by the IIA restriction of the network A,.

Thus, the Wu-Lin-Weng method is very sensitive to the information provided by the
critical binary classifier, whereas the Bayes covariant method tries to balance information
from all binary classifiers. Both have their advantages. The former is more post hoc
explicable, since a misprediction is likely caused by a single classifier. On the other hand,
the latter is likely to be more precise, since it integrates information from many models.

8. Conclusions
In this paper, we have studied aspects of pairwise models built from convolutional

neural networks. Let us summarize the key findings:
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*  We proposed a novel way to construct a pairwise coupling model by employing
new architectures that match memory and compute the requirements of a standard
convolutional network that match its accuracy;

¢ We showed that the models exhibit pairwise explainability;

*  We demonstrated that pairwise coupling models allow for inexpensive uncertainty
quantification when the Bayes covariant coupling method is used.

This establishes pairwise coupling as an additional ensembling method at the disposal
of designers of real-world classification systems.
Let us discuss the finer details of our experiments.

8.1. Discussion of Experiments

The first observation is the failure to obtain better accuracy (pairwise or multi-class)
with the pairwise coupling methodology using the same number of parameters as the
baseline convolutional network. We hypothesize that this may be caused by allocating
an equal number of parameters to pairwise classification tasks that vary significantly in
difficulty (e.g., the shirt/t-shirt contrast seems to be by far the most difficult, see Figure 3
and Table 5). If that is so, then the success of the standard multi-class architecture (model
F) suggests that CNNs are able to automatically allocate more capacity to the more chal-
lenging tasks. Another possible explanation is that in the presence of multiple classes, the
convolutional network is able to learn multi-class features that go beyond those learnable
in a two-class setting.

However, the subpar pairwise accuracy of micro-networks and subpar multi-class
accuracy of micro-models should be contrasted with the success of mini-networks and
mini-models. All mini-networks achieved higher pairwise accuracy than the baseline, and
mini-models A and B (although not C and D) with the Bayes covariant method (but not
the Wu-Lin—Weng method) obtained statistically significant improvements in performance
over the baseline. Recall that the mini-models were designed to have approximately the
same arithmetical complexity in training as the baseline. We would like to point out that
there are likely additional performance advantages to using mini-models:

*  The restricted memory size in graphics accelerators favors smaller models, and binary
classifiers have fewer parameters than their multi-class equivalents;

e Itis possible to train pairwise models in parallel without any communication among
the computing nodes.

However, the accuracy improvements were modest for both mini-networks and mini-
models, and thus by themselves are unlikely to attract adoption. On the other hand,
there are two additional explainability attributes which are not present in commonly used
CNN models.

The first is the ability to incrementally improve a multi-class classification system by
incorporating specialized binary classifiers. It is even not mandatory that the specialized
binary classifier outperforms the IIA restriction of the previous system. Our results show
that diversity together with a pairwise coupling methodology is able to improve perfor-
mance even in cases of subpar pairwise performance (cf. Figure 6). Thus, we were able to
confirm the phenomenon of coupling recovery in a real data setting, which has previously
been suggested in synthetic data experiments [23,27].

The second is the ability to gauge randomness in predicted likelihoods by building
many more multi-class systems out of just a couple of pairwise-coupled systems (Section 7).
In this case, we started to see a marked difference between the Wu-Lin-Weng coupling
method and the Bayes covariant coupling method. The former seems to give too much
confidence to a single pairwise decision, whereas the latter seems to take into account
information from all decisions, leading to much more evenly distributed posteriors.
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We also examined two methodological variations in creating pairwise coupling mod-
els. The first involved using a complementary log-log layer instead of softmax. As
Figure 2 shows, this alternative led to inferior performance. The second involved using
non-informative priors like the encoding of the dependent variable, and this step did not
lead to noticeable improvements in classification accuracy.

8.2. Applications

Pairwise coupling models are best suited to situations where the number of classes
under consideration changes frequently and it is expensive to retrain the full model. A
prototypical example is an employee classification system based on biometrics (face images
or voiceprints). A model based on pairwise coupling needs much less computing time to
handle the addition of a new employee, and its modularity is well-suited to the reduction
in the system size when an employee quits.

The uncertainty quantification provided by pairwise coupling, as demonstrated in
Section 7, can be useful in fields such as the following:

*  Autonomous driving;

e Healthcare and medical diagnosis;

e  Climate science and environmental modeling;
¢  Finance and risk modeling.

8.3. Future Research

The main issue that hinders the adoption of pairwise coupling is the need to train
multiple networks. This issue forced us to design specialized architectures of conventional
neural networks so that the number of parameters of the pairwise model was comparable
to that of the benchmark network. The severity of this problem increases with the number
of classes K, since the number of pairwise models grows quadratically with K. Resolving
this issue is the key step towards the broader adoption of pairwise classification models.

One solution is the adoption of the so-called arboreal coupling methods, for which
the number of required models grows linearly. These were formalized in the prelimi-
nary work [42]. However, these arboreal coupling techniques do not exhaust approaches
achieving linear growth in complexity. Moreover, they are non-canonical, so they require
potentially expensive model selection. Therefore, finding optimal coupling techniques in
the context of deep learning remains an open problem.
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