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Abstract: Interpretability requirements, complex uncertain data processing, and limited
training data are characteristics of classification in some real industry applications. The
interval belief rule base (IBRB) can deal with various types of uncertainty and provides
high interpretability. However, there is a large number of parameters in IBRB, which
makes it difficult for experts to accurately set them manually, limiting its application scope.
To address this issue, this paper proposes an interval rule inference network (IRIN) with
interpretability for classification models to automatically generate IBRB through integrating
the ideas of the IBRB and the neural network. Firstly, hybrid data with different types
are transformed into an interval belief distribution for automatic generation processing.
Secondly, the interval evidence reasoning method is utilized as the inference engine to
transfer information ensuring the process’s interpretability. Finally, a reasonable IBRB is
generated automatically by updating the parameters by employing the learning engine
in the neural network. Moreover, the differentiability of the interval evidence reasoning
method in the IRIN is proved as a theoretical foundation of the IRIN, and an interpretability
analysis of the IRIN’s structures is discussed. Experimental results demonstrate that the
proposed method possesses high interpretability, enhancing the reliability of classification
and maintaining the accuracy. Its application in an actual engineering case illustrates that
it is particularly suitable for engineering problems where the explanation of results is a
critical requirement.

Keywords: interval rule inference network; rule inference network; interval belief rule base;
interval uncertainty; interpretability

1. Introduction

Classification problems have long been a key component of machine learning in many
fields. In view of the nonlinearity, complexity, and uncertainty of the real world, a variety
of classification methods have been proposed that perform well in solving classification
problems. However, many classification methods, especially neural networks, achieve
superior performance at the expense of low interpretability. In recent years, there has been
a surge of interest in interpretable machine learning techniques [1-4].

To address the opacity issue in the decision making of many classification meth-
ods, researchers have begun to explore integrating expert knowledge into classifiers [5].
Rule-based classification systems, which integrate expert knowledge and provide high
interpretability, have become a prominent artificial intelligence technology [6]. However,
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when designing and implementing a rule-based classification system, due to the diversity
of input data and the complex uncertainty of the real world, the system will inevitably face
challenges such as fuzziness, incompleteness, and uncertainty [7,8].

To tackle these challenges, Yang et al. [9] proposed the belief-rule-based inference
methodology using the evidential reasoning approach (RIMER). This method establishes
rules using belief distributions to effectively handle various types of uncertain knowledge.
Subsequently, Liu et al. [10] further expanded the BRB and proposed the extended belief
rule base (EBRB). The EBRB embeds belief degrees in antecedent attributes as well as the
results of each rule to handle uncertainty more efficiently. However, neither the EBRB nor
the BRB consider interval uncertainty, so it cannot effectively handle interval uncertainty
caused by interval values, interval belief degrees, and interval reference values.

To solve this problem, some researchers have conducted various studies in recent years.
Aiming at the interval uncertainty caused by interval reference values, AbuDaha et al. [11]
introduced the generalized belief rule base, where grade intervals are used to express
consequents, effectively solving the interval uncertainty problem caused by the reference
value of the antecedent attribute. Aiming at the interval uncertainty caused by interval
values and interval belief degree, Wang et al. [12] extended the ER method to the interval ER
method, which effectively dealt with uncertainty, including the interval belief degree and
interval value. Gao et al. [7] introduced an interval belief rule-based system (IBRBS) that
considers interval data, interval belief degrees, and interval reference values, addressing
the overall interval uncertainty. Zhu et al. [13] proposed an interval-valued belief rule-
based inference method using the evidential reasoning approach (IRIMER). The IRIMER
embeds interval-valued belief degrees in both the antecedents and consequents of each rule,
allowing it to represent uncertain information or knowledge more flexibly and reasonably
than previous belief rule bases. However, although these methods can effectively deal with
interval uncertainty, these systems are all set by experts manually. When the data scales
or data dimensions increase, there are a large number of parameters in the IBRB system,
which inevitably increases the number of parameters. The complexity creates the risk of
subjective fallacy. Therefore, determining how to determine these parameters has become a
key issue in IBRB research.

To date, research on the automatic generation of IBRB is still insufficient. In other
rule-based systems, there are some methods for automatic generation, which provide
research ideas for building methods for automatically generating IBRBs. Liu et al. [14] pro-
posed a student performance prediction model based on a belief rule base with automatic
construction, where the accuracy of the model is improved by optimizing the parameters
using the P-CMA-ES algorithm. Zhang et al. [15] proposed a new parameter optimization
approach based on an improved gray wolf optimizer with interpretability reinforcement,
which contributes to the interdisciplinary research on BRB systems and metaheuristic
algorithms. Fu et al. [16] proposed a new EBRB system based on the K-nearest neighbor
graph index. In the optimization model, all samples are utilized for gradient updates in
each training iteration to update the parameters. Huang et al. [17] used a gradient descent
algorithm to adjust parameters in the BRB and proposed a rule inference network model to
automatically generate a BRB.

To automatically generate an IBRB and break through the limitations of its applica-
tion, this paper proposes an interpretable interval rule inference network by combining
interval belief rule bases with neural networks. This approach effectively handles interval
uncertainty, enhances system reliability, and leverages the learning mechanism of neural
networks to reduce dependency on experts setting parameters, enabling automatic updates
of the interval belief rule base.

The main contributions of this paper include three aspects:
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(1) Aninterpretable rule inference network (IRIN) for the classification model is proposed.
This model automatically generates an interval belief rule base, avoiding the problem
that experts cannot accurately set IBRB parameters. It can improve the classification
performance as well, extending the application areas compared with the RIN.

(2) The feedforward process of IRIN is the inference process of the IBRB, and an IBRB is
obtained to explain the algorithm results. It ensures the interpretability of the model,
improving the research in the field of interpretable machine learning, meeting the
interpretability, the intervenible ability, and reliability required in some.

(3) Experiments on classification tasks are carried out on multiple public datasets. The
experimental results show that IRIN has high interpretability and performs better
than other BRB-based methods. This model is used in an engineering application,
providing strong support for the practical application of IRIN.

2. Related Work

A rule-based system is an interpretability artificial intelligence technology. Rules can
manipulate and incorporate new and existing knowledge, and adjust the behavior of the
system through rules. At present, rule-based systems are mainly divided into three types:
belief rule base (BRB) [9], extended belief rule base (EBRB) [10], and interval belief rule
base (IBRB) [13].

The BRB, as an interpretable language model, has the ability to process qualitative
and quantitative information under uncertainty and has developed rapidly in recent years.
Gao et al. [18] proposed a fast and accurate BRB generation and reduction method, which
grouped and combined similar rules in BRBs and removed the redundancy-based belief
rule to alleviate the combinatorial explosion problem of BRBs. Yang et al. [19] proposed
hierarchical BRB using a multi-layer tree structure (MTS-BRB), which effectively overcomes
the combinatorial explosion problem of BRBs by introducing a multi-layer tree structure.
Jiao et al. [20] proposed to learn a compact and accurate belief rule base with the help of
the decision tree building technique. By introducing a decision tree build technology that
jointly implements feature selection and model construction, a compact and accurate BRB
was obtained.

On the basis of the BRB, Liu et al. [10] further proposed an extended BRB, namely,
EBRB. EBRB not only inherits the advantages of the BRB inference model, but also has an
effective and concise modeling method, so it has attracted the attention of many researchers.
Yang et al. [5] introduced data envelopment analysis to evaluate the efficiency of each rule
in EBRB, effectively reducing the number of EBRB rules. Fu et al. [21] proposed a rule
activation method based on nearest neighbor propagation, which significantly improved
the accuracy of EBRB inference and efficiency. Ma et al. [22] proposed a rule generation
and activation method for the extended belief rule system based on an improved decision
tree, and constructed an effective classification model. This model effectively solved the
problems of low EBRB inference efficiency and inconsistent rule activation.

However, since neither EBRB nor BRB considers interval uncertainty, they are limited
in handling this type of uncertainty. To solve this problem, some researchers proposed
a new rule-based system called IBRB. IBRB effectively handles various types of interval
uncertainty by embedding interval-valued belief degrees in both the antecedents and
consequents of each rule. Currently, IBRB is still in the improvement and development
stage, and most of the research focuses on how to deal with the interval uncertainty caused
by interval data, interval reference values, and interval belief degree [7,11-13].

It can be found from the above-mentioned related works on rule-based systems that the
IBRB is a more flexible and rational rule-based system for expressing uncertain information
and knowledge. However, it is a challenge for experts to set multiple parameters manually



Appl. Sci. 2025, 15, 649

40f23

in IBRB, especially when the number of rules is large. Hence, the present study focuses on
using a method that can automatically generate IBRBs to solve the highly complex problem
of manual parameter setting by IBRB experts.

3. Preliminaries
3.1. Interval Belief Rule Base

The IBRB was established with interval belief distributions embedded in both the an-
tecedent and consequent terms of each rule, and is capable of capturing interval uncertainty

and incompleteness in an integrated way. The IBRB has multiple interval belief rules, and
the kth rule is profiled as follows:

Re + TF (U s {AK 3 (a5, k411 0n =1, i) A
AUr is {A}, 7, [, 7 ot} (m =1, i),
THEN (Dy, [ﬁikf IB{Fk])/ Ty (D]D, [IBfD,kr ,B;rD,kDr 1)
with a rule weight 6 (k =1,...,L)
and antecedent attribute weights 7 (T =1,...,T)

where (A;‘ ol ff,aé‘ﬂ)(z = 1 ,T,j=1,...,j;) is the interval-valued belief distribution
of the ith antecedent, [a~ L ] is the interval-valued belief degree to which the ith attribute
U; is evaluated to be the referential value Ak and tx i € [ak i ,zx;‘ﬂ such that Z]’ 1 ;‘z <1

B ik ,B]Jr | is the interval-valued belief degree to Wthh D,, is believed to be the consequent
of the kth rule.

3.2. Rule Inference Method

The inference process of IBRB can be divided into three steps: input transformation,
activation weight calculation, and the rule inference method based on the IER algorithm.

Assume that an input for the interval belief rule-based system is (x1,x2,...,xT),
xj(i=1,...,T) is the input for the ith antecedent attribute U;, and T is the total number of
the antecedent attributes involved in all the rules of the IBRB.

Before rule inference, the input can be transformed into a belief structure using a utility
based information transformation technique as follows:

S(xi) = {(Aij,aij),j=1,...,ji} )

ji’
When x; € [xl ,x; 7] is between two reference values:

where oc i € [ ﬂ For input interval samples, there are usually two different cases.

+
— Qijr1—X;

. o, =
i,j &ij1—4ij 7 L] Xjj1 :"lij 3)
ao o= % ot = ST
B+ T maee Yl T g

When x; € [x;~, x; 7] includes one or more reference values:

ajq =0 ”‘z; 1= -1y % i (j-1)
5 =08 =+ b @
“i/Hl 0, e = Lt Ijjl'ﬁz
- A+ i TGy
Xijr2 = 0, Rijra = lisja2 % ijr2 i (j+1)

where if x; € [x;7,x;7] is between a; ; j-1and a;j, then I;_;; =1, otherwise [;_;; = 0.
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Once the input data are converted, the similarity between the ith attribute x; of the
input and U; of the kth rule is measured, which can be calculated by

. 2 N 2
1 ji (ucf,‘/j —oci,],) —(zx;‘,]. —aﬁj)

k
° 2

1

j i j=1
Next, the activation weight for the kth belief rule can be calculated as follows:

6, x TT%. (s5)°
wk — k X ].—L:l (Sz) _ (6)

Yl (0 x T (5))

with 5
b= —————F7 @)

max;—1,.,m{J}

After calculating the activation weights for each rule, the activated rules are aggregated
based on the IER approach to generate the combined belief degree. The calculation is
as follows:

mjj = mi(Dj) € [m, mi] = [wy x B, we x By ®)

fitp x = 1 (D) € [y, rfzak] = [wy X Bp g Wi ¥ /351(]

Ip Jp
—[wex (1— 2 Bh)wex (1— 1 B ©)
f=te f=te

fpy = mp(D) =1 —wy (10)

where m; ; represents the credibility that the kth rule is not assigned to any consequent at-
tribute, and 71 | represents the credibility of the missing reference attribute of the kth rule.
The total uncertainty credibility is given by mp y = 1ip i + 7ip . We synthesize the credi-
bility information of all rules and obtain the final belief result of each consequent attribute:

L L
= K[[ [ (mjx +1ipx +iiipx) — [ | (fpx + mipi)] (11)
k=1 k=1
L L
iip = K[ [ (fipx +mpg) — [ | (ip )] (12)
k=1 k=1
L
mp = K[ ] mpxl (13)
k=1
o L L —1
= [} [ [ (mjx+mmpx+px) — (Jp —1) [ [ Gitp + mp )] (14)
j=1k=1 k=1
. m;
max / miny; = =g (15)

4, Interval Rule Inference Network

In this section, an interval rule inference network model is constructed. This model
combines the interval belief rule base and neural network, which can not only handle a
variety of uncertain information or knowledge including interval uncertainty, but also
automatically generate an IBRB through learning algorithms. To facilitate the automatic
generation of an IBRB, the framework of the proposed IRIN is presented in Figure 1.
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Figure 1. IRIN network framework.

The IRIN is composed of three parts, namely, the IBRB establishment, the inference
process, and the parameter determination. The IBRB establishment contains a transfor-
mation process where the values of samples of any type are translated into interval belief
distributions by statistical methods [23-25], and rule base establishment where an IBRB is
constructed associated with the samples. The inference process is divided into three layers,
i.e., the input layer, the activation layer, and the conclusion layer.

The similarity measures are input into the IBRB, in which is the sample and the rules
in IBRB are both represented with interval belief distributions, and the IER-based method is
used to reason the information with the interval belief distribution values. The conclusion
is obtained containing interval belief distribution information.

In the parameter determination, the IBRB is optimized using gradient descent, where
the error of mean square is calculated between the outputs of the inference process and
the actual labels, which are all represented as interval belief distribution values. The belief
degrees of consequents B;x(j =1,...,Jp;k=1,...,L),Bjx € [ﬁ;k, ]Jrk] should be handled
as interval belief distribution, while attribute weights §;(i = 1,...,T) and rule weights
6x(1,...,L) are real values.

4.1. IBRB Establishment

In some real-world classification problems, samples are represented by numerical val-
ues or interval values. To establish IBRB, data preparation is necessary, including two steps,
interval value conversion and belief distribution conversion. An IBRB is constructed using
datasets with interval belief distribution representation obtained by the data preparation.

4.1.1. Data Transformation

In the interval value conversion, numerical values are converted into interval values.
This process ensures the equivalence and rationality of the information before and after the
data conversion.

Assume the ith sample in the dataset is x; = {x1;,...,X¢;,...,x7;;¥;i}, in which
x;; is general numerical representation, T denotes the total number of the attribute, y;
represents the category of the ith sample, and y; € {y1,...,¥,}, where Jp indicates the
total number of categories. The method for converting a numerical value into an interval
value x;; € [x;;”,x;; 1] is as follows:
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x;; = x; —rand()op A,
f ify; =y (16)
{ x; = xp; +rand()oy jA, P
where A is the step size, and 0} ; is the standard deviation of x;in the same class y;.
1 N2
Tti =\ [T T=1 Y (xi— i) (17)
|yi | - xt,,'ey]'
with 1
Xj=1—7 Z Xt (18)
’WD‘ X1,i€Yj

The category of the sample should be converted to interval values [y;~, y; ] as follows:

- 1
{ it =yit+iv

where 7y is random number and -y € [0, 1].
A given input x; is transformed into an interval belief distribution of the antecedent
attribute U; as follows:

E(xt) = {(Ay [ar; " arj ), j=1,..., ]} t=1,...,T (20)

where Ay; is the jth reference value of the tth antecedent attribute, and [at,j’, at,]'ﬂ is the
interval belief degree to which the input x; belongs to the referential value Ay; . [a;; ™, a;; "]
will be obtained in different cases from Equations (3) and (4) according to the nature of the
antecedent attribute.

The category of samples can be expressed as the interval belief distribution representa-
tion. Assuming that the sample belongs to the ith category, then it can be expressed as

{(D1,b1),...,(Dy,, by, } (21)
_ _ l,jei
here b; = [b:,b: 7], b;” = bt ={ /
where b; = [b;~,b; "], b; j {O,jéi

4.1.2. IBRB Generation

The sample represented by the above interval belief distribution representation can
obtain the IBRB in the form shown in Equation (1); the IBRB is shown in Table 1.

In Table 1, Alf,j(k =1,...,Lt=1,...,T;j=1,...,]) is the jth reference value of the
antecedent attribute U;(f = 1,..., T) of the kth rule, T is the total number of the antecedent
attributes involved in all the rules of the IBRB, | represents the number of reference values,
b "‘fﬂ
is the interval belief degree belongs to A’t‘, 2 Brj, = [,B,; In’ ﬁltlp] the interval-valued belief
degree to which Dy, is believed to be the consequent of the kth rule, and Jp represents the

L represents the number of IBRB rules, O represents the attribute weight, tx’t‘ e [a

number of categories.
The antecedent and consequent terms of each IBR in the IBRB are embedded with
interval belief distributions, effectively capturing the interval uncertainty associated with
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the input samples. As the IBRB generated in Table 1shows, the kth IBR can be represented
as follows:

Ry : IF (Uyis{(A} 1,1/ [“lﬁr“ﬁ]) (Allcjr [“1]/“1]])})/\
A(Uris{{(A T1r[“§"1/“§‘+1]) (A}%]/ [“T]f"‘T]])})/
THEN (D1, [ 1, Bi1)), - - (DJD, By B (22)
with a rule weight 6,
and antecedent attribute weights 7(T =1,...,T).

Table 1. Rule generation in IBRB.

Antecedent Consequent
Rule Rule Weight < <
& (%) ur (5r) Dy, ..., Dy,
1.1 1.1 11 11
Ry 0, (Alyaby) o (Alal)) o (Abyaby),o (AL pal)) B Bug
k k k ok k k k k
Ry Oy (A k), (akgah)) o (A ah), o (S as ) Bewe o Brg
L L L L L L L L
RL GL (Al,l’al,l)""’ (Al,]’al,]) (AT,lfaT,l)/"'/ (AT,]'aT,]) ,BL,lw-wﬁL,]D

4.2. Inference Process

After the IBRB is generated, an inference process is performed in order to obtain the
final conclusion. Different from previous systems based on BRB or EBRB, the input for
IBRB is represented by an interval belief distribution representation. In order to effectively
capture the interval information of the sample and the rule, the matching degree of the
ith sample x; ; and the antecedent attribute Uf of the kth rule is assessed by the similarity
measure between the two interval belief distributions. The matching degree between the
input x; and the antecedent attribute U; of the kth rule is calculated by Equation (5).

At the activation layer, the activation weight can describe the activation degree of
the IBR, which can be obtained by combining the matching degree obtained above with
attribute weight and rule weight. The activation weight is calculated by Equation (6).

As the input for IRIN is interval information, the final conclusion should also contain
interval information. At the conclusion layer, the final conclusion is obtained by aggregating
the belief degrees of consequents with interval information and the activation weight of
each IBR. The IER-based method is used to aggregate the belief degrees of consequents with
interval information and the activation weight of each IBR to obtain the final conclusion.
The conclusion presented in the form of intervals can make up for the lack of expert
knowledge and improve the robustness of the system to a certain extent. The calculation is
as follows:

vi = [y /] (23)
s.t.
B n Ip
,B]‘,k <Bjk < .B]‘,k‘md E Bix=1
. 1= (24)
Y we=1
k=1
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where . .
po - [TT (wiy e +1—wie) — TT (1 —wy)]
Y= k=1 . k=1 (25)
- [IT (1 —wy)]
k=1
L L
ph e TT (weBfy +1—wie) — TT (1 — wy)]
yl+ _ k=1 - k=1 (26)
T—p® - [TT (1 —wy)]
k=1
Jop L L
no =TT B +1—w) = o =D T (1 —wy)] ! (27)
=1k=1 k=1
Jop L L
wh =TT Bl +1—w) = Jp =D T (1 —wy)] ! (28)
j=1k=1 k=1

For classification problems, the final classification result of the sample is the category
with the highest average belief degree.

y. + y?L
/R (29)

where ¢;(j =1,...,]p) is the average belief degree.
f(x) = Dp,n= argmax{c } (30)

-JD

4.3. Parameter Determination

To automatically generate a reasonable IBRB, parameters should be determined
through the learning algorithm of IRIN, including the attribute weights, rule weights,
and the belief degrees of consequents. The gradient descent algorithm is used in the param-
eter learning process. It avoids the problem of the subjectivity and difficulty of parameter
setting manually by experts when the number of parameters is too large, and improves the
classification effect of IRIN. Thereby, IRIN can be applied more widely in various areas.

The parameter determination flowchart of IBRB is shown in Figure 2. In order to
obtain a reasonable IBRB, the error function E; is used to calculate the difference between
the final conclusion obtained by the inference process and the actual label of the input
sample. If this difference is small enough, a reasonable IBRB is considered to have been
generated. Otherwise, the belief degree of consequents, rule weights, and attribute weights
should be updated continuously.
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actual label

) . YES
inference conclusion

exist

IBRB inference

Update of the belief degrees of consequents

Calculated AB;,”,AB,,”

Update parameter B, ﬁ"*k
Update of rule weights and attribute weights

B850 B
Calculated AG,,AS,

Update parameter &, 6,

Figure 2. Flowchart of IRIN parameter determination.

4.3.1. The Theoretical Foundations of IRIN

The traditional gradient descent algorithm is adopted to adjust the parameters in IRIN.
In order to update the parameters by partial derivation in different directions for different
parameters, it is necessary to prove the differentiability of the approximate reasoning
algorithm based on IER in IRIN.

Jo L Jop L
Theorem 1. If 2 H ,B]Jfk #0, Z H ﬁj_k #0and 0 < wy < 1,0 < oy < Bl <1, the partial
= , ; s S j.

derivatives of the ovemll combmed degree yi in Equations (25)—(26) to B, ik and Wy exist.

Proof of Theorem 1. Let

fi= U £ ] = [T ey, +1 = w0, TT (i, +1 - wp)] (1)
k=1 ! k=1 !
L
g=1101—w) (32)
k=1

It can be seen from the differentiability theorem of functions that the partial differen-
tiable of f; with respect to [S;k, ﬁ]*k and wy, exist, and g is partially differentiable to wy.
Let

#o:[ﬂafﬂg}:[

J
Jop L

L T (wepf, +1—we) — (Jp— 1)

j=1k=1 k

T (xf, 1=~ (o~ ) [T (1= ),

k=1

I MD

(33)

=

(1 —wy)]

1
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since,
Jo L L
po = L I (wip, +1—wi) = (Jp —1) IT (1 —wy)
Skt ' k=1
Jo L L
>py =Y IT(A—wp)—(p—1) IT (1 —wy)
I o ke : k=1 (34)
D
=Jp X (1—we)—(Jp—1) IT (1 —wy)
j=1 k=1
= ﬁ (1 — wk) >0
k=1
Jop L L
wy = IT (wiB, +1—wi) = (Jo —1) IT (1 —wy)
Skt ’ k=1
o L L
>ug =Y [T (A —we)—(Jp—1) IT (1 —wy)
]:l kZl k:1 (35)
Ip L
=Jp 1 1—wg) = (Jp—1) IT (1 —wy)
]: =
— 1 (1-w) >0
k=1

Hence, y1y and y are partially differentiable with respect to ﬁ]fk, ﬁfk, and wy.

And since p = %, y is partially differentiable with respect to :Bj_k' ﬁ;rk, and wy.

_ wlfi—gl
—#g

is partially differentiable with respect to /S]fk, ﬁ].*k, and wy. O

Theorem 2. If Yk, (6 x HiTil (sf)‘i‘) # 0, the partial derivatives of activation weight wy. in
Equation (5) to rule weight 0y and attribute weight o; exist.

Proof of Theorem 2. Let

z= H (s5)o (36)
z is an exponential function about J;, so z is a partial differentiable to .

gk-Z

= 37
Z]'Lzl (6 - z) 7

Wi

It is obvious that 6y, z is differentiable and 21521 (6 - z) # 0. Hence, wy is a partially
differentiable to J;, z. From above, wy is partially differentable to &;, 6;.
From Theorems 1 and 2, ; is a partial derivative about §;,0;. O

4.3.2. Parameter Training

To obtain a reasonable IBRB and build a high-performance classification system,
IRIN updates parameters such as B, ‘B]-,kJr, 0k, 9;, and the gradient descent algorithm

is adopted.

1.  Calculate the discrepancy:
A given input ith sample is denoted as x; = {x1;,...,X¢;,...,x7;;¥;i}, and the
conclusion obtain by inference from the IBRB is denoted as §; = [§;,7;"], where

9. = {yAgi)_,...,yA%_},yA;“ = {yAgi)Jr,...,yA;ng} , x; is the ith sample and y; =
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()" ()" (i) (i) . ) i -
{vi” .-y, 2 Ay ... y;, }. The discrepancy between the J; and y; is cal

culated according to the following loss function.

N _\2 ~ 2
1 o 0 -y )+ @ —y")

Ei=— (38)
]D j=1 2
Update of the belief degrees of consequents:
The belief degrees of consequents can be updated as
’Bj’ki = ‘B]‘Iki + A‘B]"ki(]' =1,.. .,]D,k =1,... ,L) (39)
Bix =Bk +MBT(i=1....Jp,k=1,...,L) (40)
The belief degrees of consequents biases can be updated as
JE;
ABix~ = —1n—t (41)
‘B],k 17 ayi,
oE;
AB: T = — L 42
5],]( 7’] ayi+ ( )
. . OE; OE; .
where 7 is the learning rate, and ay’__ ay; are the gradients.
_ " 1 1
The partial derivative ZE’; , =L is calculated as follows:
y; " 9y;
oE; _ If; O %
SN, (43)
O, _ ]ZD oE,
a.B;,rk i=1 ay;r a.Bka
aEi Y —
o = oW Y
} (44)
oE; 1 (pt
v E(J/i — Vi)
R R A N Y
aﬁ;k N 872
, 45
vt G et e =g g #5)
aﬁf,k N 8+2

L L L L
fi= [H(wk></3]_l_k—|—1—wk)—Hl—wk,H(wkxﬁ;+l—wk)—nl—wk} (46)

k=1 k=1 k=1 k=1
L L

g = [1—V_H(l—wk),l—fn(l—wk)] (47)

k=1 k=1

L L
sk:[H w X B +1—wy, I wlx‘B;;Jrlwl} (48)
1=1,1k 1=1,1 £k
L

= I (-w) 49)
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Letpy = =, 1 = ;%*
_/ o +/
' = My Wi ut = My __wes (50)
- 2 + 2
f aﬁ],k Ho p B,Bj/k T
—r_ ofi _ -
BB Wk~ 8
v 2 - G
fj/S - aﬁ+ —ZUk‘Sk
Update the rule weights and attribute weights:
The rule weights and attribute weights can be updated as
Q_kZ?k—i-A_Gk‘(k:l,...,L) 52)
51' = 5i+A5i(l = 1,...,T)
The rule weights and attribute weights biases can be updated as
Ab = —
= (53)
A% = =153

JE; aE
From Theorem 1 and Theorem 2, Jg awk p %zg: , a;gk

process, the activation weight of the rule is a function with respect to all the attribute

exists. According to the inference

weights, and the output function is a complex function with respect to all the activation
weights, bringing high complexity of parameter leaning. In order to reduce the
complexity, the “pseudo-gradient” will be used instead of the complex “true gradient”,
that is, the partial derivative 9wy IXW i) be used instead of ?9? gg; as the gradient.

95; 7 96
Therefore,
AW, JdE; 9
M= I = 4
Noj = =175+ = _’71’728wk a5
The partial derivative aag , gg is calculated as follows:
OE; 1,9E; dyf OF; dy; . 9
— = =( fr.yl_|_ i.yl).ﬂ (55)
a@k 2 ayz Bwk ayl awk a@k
, - .oy
E:l(ah}r. Yi +8E_1' Yi ).aafk (56)
8(51- 2 ayl aZ/Uk ayl alUk 851
where , , .
Oy (o' fo + ifnw’) -8 — 8'Hfn
= 5 (57)
owy, g
ou-' out’
o= % % |
£/ (B, —1)-s5; +(Ip—1) e
‘uaz 4 (58)
el ;kl)‘szj+(]D1)'hk‘|
2
Ho

w =i i = (B = 1) s +hie, (Bfi = 1) -5 + It (59)
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(Z 0;z;)
i=1
Ifl#k
Ty
5 (X 0z) o
W j=Lj#k kZkZi
agi kZk T 2 T 2 ( )
(X 0;z) (L 6iz;)
j=1 i=1
T
owy _ dwy dzp _ 0 (El@iz,»)’ In sk Ty (k\2
33, —Tzk'aTii—_ka T, z'nsi'H,':1(Si)
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4.4. Algorithm Description

An IRIN that can automatically generate IBR and effectively handle interval uncer-

tainty was constructed to avoid the limitations of parameters given by experts in the above.
The algorithm describes the construction process of IRIN. The construction steps of IRIN
are as follows:

Step 1:
Step 2:

Step 3:
Step 4:

Normalize the dataset and convert numeric data to interval data.

Use Equations (3) and (4) to transform the interval data into an interval belief
distribution according the antecedent attribute.

Refer to Section 4.2 to obtain IBRB inference conclusion 7.

Compute the difference between the IBRB inference conclusion § and the actual
conclusion y using Equation (38). If the difference is greater than the expected error
€min, Update the parameters by referring to Section 4.3 and return to Step 3.
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Step 5: Repeat Step 5 until the difference is less than the expected error e or the training
data are greater than the preset maximum training time Amax.

The IRIN algorithm is shown in Algorithm 1.

Algorithm 1: IRIN algorithm.

Input: A training data set {(A;,y;)}, where A; is the attribute and y; is the category; Expected error
€minyMaximum training iterations Amax.
Output: IBRB.
1 Normalize the dataset;
2 while x; € {(A;,y;)} do

3 for x;; in x; do
4 if x; ; is general numerical representation then
5 L Convert x;; to [x;;~, x;; 7] using Equation( 16);

6 Transform samples into interval belief distribution representation using Equations (3) and (4);

7 Generate the initial IBRB;

8 Initialize attribute weights 5i(i=1,...,T),rule weights 5i(i=1,...,T),and belief degrees of
consequents B € [ﬁ;k, ﬁfk}(] =1,...,Jp,k=1,...,L);

9 while ¢ > egpin A A < Amax do

10 for x; do
1 Compute the individual matching degree using Equation (5);
12 Compute the activation weight using Equation (6);
h— - + Ht
13 Compute §j; = {ygl) ,. ,.,y}g }and 9} = {yAgl) L. .,952 } using Equations (23)-(28);
14 Compute ¢; = {yAgi),. . .,yA](.i)} using Equation( 29);
15 Compute E; using Equation (38);
16 Compute bias by Equations (41), (42) and (53) ;
17 | Update parameters by Equations (39), (40) and (52);
18 Update € = sum(E;)/M;
| Increment A = A + 1;

20 return IBRB;

5. Interpretability Analysis of IRIN Structures

In this section, the interpretability of the IRIN classification model constructed in
Section 4 will be introduced. To alleviate the problem of the “black box” mechanism, IRIN’s
classification model should be interpretable. The authors of [26,27] proposed a general
interpretability criterion. Through the analysis of the general interpretability criterion, the
constructed IRIN interpretability criterion is as follows.

Criterion 1.  The reference value of the attribute can be effectively distinguished.
When constructing an IRIN, each attribute is assigned at least one reference
value with a different meaning. In the present work, the set of referential
value of each attribute is A = (L,0.0),(M,0.5),(H,1.0), where Hrepresents
“high”, M represents “medium”, and L represents “low”.

Criterion2. A complete membership function.
IRIN can convert data with any type of representation into the correspond-
ing interval data, where each datum can match at least one reference value,
and at least one rule can be activated in rule inference.

Criterion 3. The structures and parameters have actual meaning.
As shown in Table 1, all the parameters of the IBRB automatically gener-
ated by IRIN have actual meaning, so that is able to deduce a reasonable
causal relationship.

Criterion 4.  Standardization of the matching degree.
The standardization of the matching degree helps the understandability of
language terms and provides guidance for the classification of IRIN.
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Criterion 5.  Reasonable information transformation.
Data in any type or hybrid type need to be converted into interval belief
distribution at the data transformation stage. Note that the boundaries
of the interval belief distribution obtained by Equations 3 and 4 are not
independent interval belief structures and meet the requirement of normal-
ization. Therefore, the data are equivalently expressed in the interval belief
structures.

Criterion 6. A transparent inference engine.
The feedforward process of IRIN is the inference process of IBRB, which
uses IER as the inference engine to ensure the interpretability of the rule
base in the whole inference process.

Criterion 7.  The simplicity of the rule base.
The numbers of rules, parameters, and reference values for IRIN are moder-
ate to improve the readability of IBRB.

These criteria guarantee the interpretability of IRIN classification and provide a refer-
ence for establishing an interpretable classification model.

6. Experiment and Analysis

The datasets used in this paper are described before the experiment. The experiments
are divided into three parts. The first part analyzes the interpretability and intervention
ability of IRIN, the second part validates the classification performance by comparing
the proposed method with other BRB systems, and the third part shows the actual value
through applying IRIN to actual engineering.

The experimental environment of this paper is Intel(R) Core(TM) i5-8300H CPU
@2.3 GHz (4 CPUs) 24 GB memory, with the Windows 11 operating system. The algorithm
in this paper is implemented using the Python 3.7 programming language.

6.1. Experimental Datasets

To verify the effectiveness of the proposed method in this paper, the experiments are
conducted on the general datasets from the UC Irvine Machine Learning Repository, with
detailed information available at https:/ /archive.ics.uci.edu/; accessed on 2 January 2025.
The basic information of the datasets used in this paper is presented in Table 2.

In certain engineering domains, historical data for training is not readily available,
while the samples for classification prediction are various, such as the classification of
mechanical properties of coarse aggregate in the following. Therefore, this paper employs
the inverse five-fold cross-validation for experimentation, ensuring the accuracy and
reliability of the model in practical applications.

Table 2. Datasets information.

Number of

Dataset Samples Attributes Number of Classes
Iris 150 4 3
Seeds 209 7 3
Ecoli 336 7 8
Glass 214 9 7
Haberman 305 3 2
Bupa 344 6 2
Diabetes 768 8 2
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6.2. Interpretability Analysis of IRIN

Experts or decision-makers can intervene in IBRB automatically generated by IRIN
based on expert knowledge or experience to modify the results to meet different task needs.
In order to illustrate the interpretability and the intervention ability, the IBRB with respect
to the Iris dataset automatically generated by IRIN is taken as an example, shown in Table 3.

The Iris dataset contains four attributes, namely, sepal length, sepal width, petal
length, and petal width, and three classes, where each class refers to a type of iris plant
as “Setosa”, “Versicolour”, or “Virginica”. In Table 3, A, Ay, A3, and A, represent the
antecedent attribute weights, 0.2496, 0.6754, 0.1146, and 0.8475, respectively; D1, D,, and
D3 represent consequents, which are the class labels; each row is a rule, such as the Ry5
expressed as follows:

R1s : if the sepal.length is{(L, [0.0002,0.0080]), (M, [0.9920,0.9998]), (H,0.0)},
AND the sepal.width is{(L, [0.1667,0.1766]), (M, [0.8234,0.8333]), (H,0.0)},
AND the petal.length is{(L, 0.0), (M, [0.8298,0.9136]), (H, [0.1667,0.1701])},
AND the petal.width is{(L,0.0), (M, [0.8333,0.8412]), (H, [0.1588,0.1667])},
Then the iris category is{(Setosa, [0.2181,0.3661]), (Versicolour, [0.0595,0.0935]),
(Virginica, [0.5404,0.7224]) }.

with rule weight is0.8998

and attribute weight is{(0.2496), (0.6754), (0.1146), (0.8475) }

(67)

It represents that if the membership degree of the sepal length at short, average, and
long is [0.0002, 0.008], [0.992, 0.9998], 0.0, and the membership degree of the sepal width
at narrow, average, and wide is [0.1667, 0.1766], [0.8234, 0.8333], 0.0, and the membership
degree of the petal length at short, average, and long is 0, [0.8298, 0.9136], [0.1667, 0.1701],
the membership degree of the petal width at narrow, average, and wide is 0.0, [0.8333,
0.8412], [0.1588, 0.1667], then the membership degrees that this iris category is setosa, versi-
colour or virginica are [0.2181, 0.3661], [0.0595, 0.0935], and [0.5404, 0.7224], respectively.
The rule weight for this rule is 0.8998, and the antecedent attribute weights of the sepal
length, the sepal width, the petal length, and the petal width are 0.2496, 0.6754, 0.1146, and
0.8475, respectively.

When one or more IBRs in IBRB are inconsistent with expert knowledge informa-
tion, experts or decision-makers can intervene to modify these IBRs according to expert
knowledge or experience, thus correcting the results.

The interpretability of IRIN is illustrated by comparing the consistency of the belief
distribution between IRIN and the expert knowledge. More details about the belief distri-
bution can be found in [28]. In Figure 3, the belief distribution of the last 16 rules for IRIN
and expert knowledge are depicted. It can be observed that the belief distributions of IBRB
are basically consistent with these of expert knowledge, especially rules 28, 27, 20, 19, and
18, which are drawn with pink ellipse. For rules 16, 17, 21, and 22, the differences in their
belief distributions compared to expert knowledge may be due to noise interference during
the automatic generation of the IBRB by IRIN. However, experts or decision-makers can
use their expert knowledge or experience to intervene and modify these rules. Therefore,
the belief distribution of the IBRB automatically generated by IRIN can better retain the
characteristics of expert knowledge information and effectively handle interval uncertainty,
while also improving IRIN’s interpretability and ensuring classification accuracy.
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Figure 3. Belief distribution comparison.

Table 3. The IBRB of Iris.

Antecedent

Consequent

Rule Rule Weight

A1(0.2496) A (0.6754) A3(0.1146)

A4(0.8475) Dy

D, D3

L([0.3333,0.3544]) L([0.6667,0.7254) L([0.0899,0.1509]) L([0.1667,0.2627])
Ry 04952  M([0.6456,0.6667]) M([0.2747,0.3333]) M([0.8492,0.9100]) M([0.7375,0.8334]) [0.2907,0.3005] [0.3076,0.3769] [0.3322,0.3917]
H(]0.0,0.0]) H([0.0,0.0]) H([0.0,0.0]) H(]0.0,0.0])
L(]0.0002,0.008])  L([0.1667,0.1766])  L([0.0,0.0]) L([0.0,0.0])
Ris 08998  M([0.992,0.9998]) M([0.8234,0.8333]) M([0.6992,0.7779]) M([0.5833,0.6779]) [0.2181,0.3661] [0.0595,0.0935] [0.5404,0.7224]
H([0.0,0.0]) H([0.0,0.0])  H([0.2221,0.3008]) H([0.3221,0.4167])
L(]0.0,0.0]) L(]0.0,0.1861)) L([0.0,0.0]) L([0.0,0.0])
Ry 06762  M([0.8333,0.8446]) M([0.8139,1.0]) M([0.8298,0.9136]) M([0.8333,0.8412]) [0.1449,0.2777] [0.1119,0.4737] [0.3812,0.6103]
H([0.1554,0.1667])  H([0.0,0.0])  H([0.1667,0.1701]) H([0.1588,0.1667])

6.3. Performance Analysis of IRIN

Parameters in IBRB such as attribute weight, rule weight, and belief degrees of conse-

quents were determined by experts, where the belief degrees of consequents are interval

values, complicating the problem of manual parameter setting. Therefore, IRIN effectively

avoids this problem by automatically generated an IBRB in which both the antecedent and

the consequent term of each rule are embedded in the interval belief distribution.

In order to verify the classification performance of IRIN, the classification accuracy of

IRIN is compared with some improved belief rule-based systems.
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Table 4 shows the comparison results of classification accuracy with other BRB systems.
As can be seen from Table 4, the classification accuracy of IRIN on the Diabetes, Glass,
and Ecoli datasets are 75.3%, 76.7%, and 88.1%, respectively, which is 0.9%, 3.8%, and
1.0% higher compared to the second-ranked BRB system. The classification accuracy of the
Seeds and Iris datasets is slightly lower than other BRB systems, ranking second and third,
respectively. This may be due to the simplicity of the Seeds and Iris datasets, where the
class distribution is relatively uniform and the feature dimensions are low. In such a case,
the complexity and advantages of the IRIN method are not fully utilized. Nevertheless,
the average ranking of IRIN is still better than that of other BRB systems. This fully
shows that the IBRB automatically generated using the method proposed can effectively
handle interval uncertainty, and the uncertainty can be expressed more carefully by using
interval boundaries, so that the system can better distinguish boundary cases and reduce
classification errors.

6.4. Application in Mechanical Properties of Coarse Aggregate of Reinforced Recycled Clay Brick

The utilization of recycled brick aggregate as a coarse aggregate in concrete enhances
the recycling of waste bricks and reduces resource depletion mixtures. It is meaningful
in environmental protection and economy, predicting the classification of the mechanical
properties of coarse aggregate of reinforced recycled clay brick in concrete. However, the
process requires interpretability and the results should be intervenable, while the history
data for training are small. In this study, the proposed IRIN for classification is applied.

Table 4. Comparison of classification results with other BRB systems.

Iris Seeds Ecoli Glass Diabets Average Rank
EBRB [10] 95.2%(9) 87.1%(9) 81.2%(8) 51.4%(10) - 36(11)
Yang_ o, o, o, o,
EBRB [29] 95.8%(6) 91.2%(7) 59.3%(13) 58.8%(9) - 3509)
GSR-BRB [30] 98.6%(1) 94.3%(3) 78.3%(9) 69.1%(7) 72.9%(3) 23(5)
FG-BRB [18] 95.3%(8) 91.2%(7) 75.3%(11) 68.2%(8) 72.7%(4) 38(12)
RD-BRB [18] 98.3%(2) 94.2%(4) 75.8%(10) 68.2%(8) 72.7%(4) 28(8)
DT-BRB [31] 96.0%(5) 94.3%(3) 82.5%(6) 72.9%(4) - 18(3)
AP-EBRB [21] 95.8%(6) 97.6%(1) 87.1%(2) 50.0%(11) - 20(4)
DEA- 5 0 (5 0 o
EBRB [32] 95.4%(7) 91.7%(6) 83.3%(5) 69.5%(6) 74.2%(2) 26(7)
IDT-EBRB [22] 97.3%(3) 93.3%(5) 84.6%(4) 70.4%(5) - 17(2)
MTS-BRB [19] 96.0(5) 87.1%(9) 81.5%(7) 73.4%(2) 68.0%(5) 28(8)
FBDT [20] 96.0%(5) 85.2%(10) 84.6%(4) 65.4%(12) 75.3%(1) 3109)
RIN [17] 96.6(4) 90.5%(8) 84.8%(3) 60.5%(7) - 22(5)
IRIN 96.6%(4) 95.2%(2) 88.1%(1) 76.7%(1) 75.3%(1) 9(1)

The data containing 72 samples with five attributions—apparent density p, water
absorption rate (w), crushing value (), substitution rate (1¢), and glue-water ratio were
collected from Zhongtu International Architectural Design Co. Ltd. (Shijiazhuang, China)
and Hebei University of Science and Technology (Shijiazhuang, China) [33]. They are
divided into two categories, good mechanical property and bad mechanical property,
depending on the compressive strength.

In this experiment, a five-fold cross-validation method was employed to evaluate
the performance of the proposed method in identifying the mechanical properties. The
evaluation metrics for classifying performance include the following:

(1) Precision: The proportion of true positive predictions out of all positive predictions.
(2) Recall: The proportion of true positive predictions out of all actual positives.
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(3)  F1 score: The harmonic mean of precision and recall, considering both accuracy and
recall metrics. The calculation formula is as follows:

precision X recall
X

F=2 —
precision + recall

(68)

The comparison of the performance metrics for the seven classification methods is
shown in Figure 4. As can be seen from Figure 4, the multilayer perceptron classifier
(MLP) and support vector classifier (SVC) have poor performance, while the remaining
six methods’ classification performance from best to worst are the proposed IRIN, random
forest classifier (RFC), decision tree classifier (DTC), RIN, XGBoost (XGB), and K-nearest
neighbors classifier (KNC). The proposed IRIN classification method ranks in the top two in
all three performance indicators. This shows that IRIN automatically generates reasonable
IBRB, which effectively improves the inference effect of IBRB, and then improves the
performance of IRIN.

The precision, recall, and F1 score values for the seven classification methods are
presented in Table 5. As can be seen from Table 5, the precision of the IRIN model is
slightly lower than that of the DTC classifier and RFC classifier by 1.2 percentage points,
but IRIN is higher than other classifiers in terms of recall rate and F1 score. Despite
the slightly lower precision compared to DTC and RFC classifiers, IRIN’s higher recall
and F1 score indicate its stronger overall performance in identifying both categories of
mechanical properties accurately. The higher recall suggests that IRIN effectively captures
more instances of coarse aggregate with bad mechanical properties, minimizing the risk of
missing critical cases. The F1 score, which balances precision and recall, further highlights
IRIN’s ability to maintain reliable identification while ensuring a balance between false
positives and false negatives.

In addition to the high classification performance, interpretability is a concern in an
actual engineering problem. The IBRB automatically generated by IRIN shows the law for
identifying the mechanical properties of coarse aggregate of reinforced recycled clay brick
in concrete. One of the rules in IBRB is as follows.

Table 5. Performance index values of each classification method.

Index Recall Precision F1_Score
MLP 60.00% 36.00% 45.00%
DTC 92.86% 94.05% 92.97%
SVC 35.71% 12.76% 18.80%
KNC 73.33% 76.43% 73.57%
REC 92.86% 94.05% 92.97%
RIN 86.67% 86.67% 86.67%
IRIN 93.94% 93.93% 93.12%

Ry : if the apparent density is{(Low, 0.0), (Medium, [0.3213,0.4912)), (High, [0.5087,0.6786]) },
AND the absorption rate is{(Weak, [0.5617,1.0]), (Medium, [0.0,0.4383]), (Strong,0.0)},

AND the crushing value is{(Low, [0.4864, 0.6831]), (Medium, [0.3169,0.5136]), (High,0.0)},
AND the substitution rate is{(Low, 0.0), (Medium, [0.4378,0.5515]), (High, [0.4484,0.5621]) },
AND the glue-water ratio is{(Low, 0.0), (Medium, [0.6141,0.6255]), (High, [0.3745,0.3859]) },
Then the mechanical property is{(Good, [0.6211,0.7289]), (Bad, [0.2196,0.3789]) }.

with rule weight is0.8311

and attribute weight is{ (0.9062), (0.8523), (0.8912), (0.4536), (0.6611)}
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Figure 4. Comparison of performance indicators of various classification methods.

It is noted that when the expert or decision-maker believes that the mechanical proper-
ties of the rule should be more than 80% good, the expert or decision-maker can intervene
in the rule to correct the result.

The experimental results show that the proposed IRIN method can effectively identify
the mechanical properties of coarse aggregate of reinforced recycled clay brick in concrete
and the IBRB can be intervened with to further improve the performance. Therefore, the
proposed method can be applied to real-world scenarios.

7. Conclusions

In this paper, the IRIN model established by integrating the ideas of IBRB and neural
network was proposed, to solve the problem of interval uncertainty and the inability
of experts to accurately set a large number of parameters of IBRB. This model uses the
inference mechanism of IBRB and updates parameters according to the gradient descent
algorithm to automatically generate reasonable IBRB. This method not only effectively
solves the complexity problem of parameter determination in a rule base, but also effectively
handles interval uncertainty while maintaining interpretability.

Experimental results show that the proposed model has interpretability and inter-
vention ability, improving the reliability of the model, and higher classification accuracy
compared with other BRB systems. In addition, the IRIN system was used to identify
the mechanical properties of reinforced recycled clay brick coarse aggregate in concrete,
demonstrating that IRIN can effectively capture more instances of coarse aggregate with
bad mechanical properties, minimizing the risk of missing critical cases.

However, since IRIN’s learning algorithm only considers the boundaries of intervals,
this method may lose part of the interval information, reducing the inference efficiency
of IBRB and, thus, affecting the performance of IRIN. Therefore, in future research, the
interval information of the interval belief structures will be considered to fully express the
characteristics of the interval data.
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