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Abstract

Shell-like housing structures for motors and compressors can be found in everyday prod-
ucts. Consumers significantly evaluate acoustic emissions during the first usage of products.
Unpleasant sounds may raise concerns and cause complaints to be issued. A prevention
strategy is a holistic acoustic design, which includes predicting the emitted sound power
as part of end-of-line testing. The hybrid experimental-simulative sound power prediction
based on laser scanning vibrometry (LSV) is ideal in acoustically harsh production envi-
ronments. However, conducting vibroacoustic testing with laser scanning vibrometry is
time-consuming, making it difficult to fit into the production cycle time. This contribution
discusses how the time-consuming sampling process can be accelerated to estimate the
radiated sound power, utilizing adaptive sampling. The goal is to predict the acoustic
signature and its uncertainty from surface velocity data in seconds. Fulfilling this goal will
enable integration into a product assembly unit and final acoustic quality control without
the need for an acoustic chamber. The Gaussian process regression based on PyTorch 2.6.0
performed 60 times faster than the preliminary reference implementation, resulting in a
regression estimation time of approximately one second for each frequency bin. In com-
bination with the Equivalent Radiated Power prediction of the sound power, a statistical
measure is available, indicating how the uncertainty of a limited number of surface velocity
measurement points leads to predictions of the uncertainty inside the acoustical signal.
An adaptive sampling algorithm reduces the prediction uncertainty in real-time during
measurement. The method enables on-the-fly error analysis in production, assessing the
risk of violating agreed-upon acoustic sound power thresholds, and thus provides valuable
feedback to the product design units.

Keywords: Gaussian process regression; Vibro-Acoustics; production; measurements; laser
scanning vibrometry; risk mitigation

1. Introduction
Quantifying the sound generation of highly integrated products is essential during

design and production. The overall goal is to enhance product quality and meet contractual
and legal requirements. For any device with direct user interaction, noise emissions can
negatively affect both the user and the user’s environment [1]. Therefore, tools [2] to
predict and quantify sound emissions should be integrated early in the design process
and aligned with production-ready methods for quality control and production-based
design feedback [3]. A production-ready system for acoustic end-of-line testing to meet
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vibroacoustic requirements is presented in [4]. Ref. [4] requires an acoustically treated envi-
ronment for accurate sound measures, whereas the used acoustic measurement method [5]
does not rely on a specific treatment of the acoustics in the production facility.

We identify the following specifications of the system [4]: firstly (specification 1),
the system should be ready to perform measurements at different locations, contactless,
and without any additional assembly cost, in a harsh acoustic environment such as a
production facility. Secondly (specification 2), the system should select observation points
based on the data prediction accuracy and uncertainty calculated by a self-learned data-
driven method. Thirdly (specification 3), the technique should provide data that gives
the maximum valuable insight into specific characteristics where the deviations occurred
over time. Fourthly and finally (specification 4), the measurement time should align
with the production cycle of a production line and the performance test of the end test
before delivery.

The objective of the work is to establish an acoustic measurement technique for acoustic
end-of-line testing that fulfills system specification 1 and 2, and establish the necessary
pre-conditions for system specification 3 and 4. The development of experimental sound
prediction methods with far-field prediction based on the boundary element method (BEM)
was found to provide accurate results even in non-favorable acoustic environments [5]
(realizing specification 1 through being contactless). This method is well-suited to fulfill
specification two by utilizing data-driven mapping techniques, such as Gaussian process
regression (GPR) [6], to minimize the overall uncertainty of the sound prediction method [7].
The benefit of using GPR is a direct estimate of the uncertainty quantification and risk
estimation of exceeding limits is possible [8]. For instance, the next best training points
are collected based on where the data is most likely to be the most informative. This
Bayesian optimization strategy [9,10] is beneficial in situations where data acquisition is
costly or slow, and can improve convergence. It is an iterative search (adaptive) of the
next best sampling point based on previous samples. The sampling is updated to focus on
areas of the input space that are expected to yield the most significant improvement of the
model [11].

In the data acquisition process of surface motion data, GPR was used in various
applications of robotics and biomechanics [12–14], including real-time [15,16]. In general,
the main advantage of GPR over other existing interpolation methods is that it provides
a maximum of information of the statistical description from the given data [11,17]. This
maximum information gain is well-suited to the stated specifications in the introduction
and can further benefit from the sequential design of experiments. However, specification
4 represents a significant obstacle in industrial integration for acoustic testing. Therefore,
the contribution of this publication is that it presents the first application of GPR-based
uncertainty predictions in vibroacoustics based on descriptive statistics and it discusses the
potential speed-up of the Monte Carlo simulation method used in [7]. Firstly, the sampling
will be discussed, starting with a minimum number of sampling points and then iteratively
refining the number of sampling points. Secondly, the GPR routine of GPyTorch [18] will
significantly improve the training and prediction speed of the GPR while continuously
updating the model. Thirdly, the far-field prediction will be replaced by the low-fidelity
and rapid Equivalent Radiated Power (ERP) method, which is known to be as accurate
as the boundary element method (BEM) for high frequencies. Based on the uncertainty
estimates from the GPR of the surface velocity, uncertainty in the resulting acoustic signal
can be described by the ERP method presented in this work. The usage of BEM would
require either the eigenvalues of the correlation matrix of the data points or a Monte Carlo
Simulation [19].
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In [20], the GPR was performed using scikit-learn 1.6.1 [21], considering 30 restarts
to guarantee a robust minimum of the marginal log likelihood cost function. Therewith,
at each frequency step (for 32 frequencies), an independent GPR was fitted separately
to both the real and imaginary parts of the surface normal velocity frequency response.
For each frequency step, 2 GPRs were trained, and restarted 30 times, for 128 sampling
points. Subsequently, the two converged GPRs were evaluated using a Monte Carlo method
100 times to compute the mean of the radiated sound power at each vibration frequency.
The computation of the radiated sound power was performed using three-dimensional con-
ventional collocational BEM using the Burton–Miller method. The total sound power (BEM)
estimation time of this computation was composed of 188.6 s for the GPR training (in total
2 × 32, 64 GPR were executed), 1072 s for drawing the Monte Carlo samples (in total
2 × 32 × 100, 6400 samples were drawn) and 387.9 s to evaluate the BEM (in total
32 BEM systems were solved and 100 × 32 BEM result calculations were performed) on the
reference machine (2× Intel Xeon G 5218-16 cores, Intel, Santa Clara, CA, USA). All three
steps (GPR training, sample drawing, and the BEM simulations) consume a significant
amount of time and consume a large fraction of the process time. In this article, statisti-
cal measures for the sound power uncertainty are derived, the speed-up potential of the
workflow is discussed, and an adaptive refinement scheme to reduce the uncertainty in
the predicted sound power is presented. To show the accuracy of the uncertainty propa-
gation, the statistical sampling is compared to a Monte Carlo (BEM)-simulated reference
acoustic prediction.

In summary, integrating GPR into the experimental sound field estimation provides a
new perspective on assessing surface vibration measurements for acoustical quantification.
In Section 2.1, the GPR details are discussed. Section 3 describes the experimental sound
field estimation using laser scanning Doppler vibrometry (LSV). It is followed by the results
Section 5, which reports the accuracy, performance, and adaptive refinement procedure of
the proposed workflow. Concluding remarks are given in Section 6.

2. Methodology
Figure 1 depicts the proposed workflow schematically. It is based on the workflow

presented in [5], where the boundary element method (BEM) was used to predict the
radiated sound field based on the structural dynamic. At first, the surface velocity will
be obtained from a region of interest (ROI) by data acquisition at a limited number of
probing locations, by means of e.g., Laser Scanning Vibrometry (LSV) and Finite Element
(FE) simulation. The data is then mapped by a standard interpolation technique [5] or
Gaussian process regression (GPR) [20] onto the geometry and the evaluation points for
the sound power prediction. Finally, the sound propagation is simulated. The radiated
sound field can be predicted in various ways, such as using finite element method, BEM,
or comparably fast low-fidelity methods. In this work, GPR is used on a dataset at given
sample points to obtain a statistical description of the normal velocity field on the whole
structure. Therewith, a statistical description of the sound emission based on the Equivalent
Radiated Power (ERP) is computed based on either the Monte Carlo method or direct
evaluation as proposed in Section 2.4. The statistical description of the ERP can then be
used to assess the quality of the prediction and, finally, additional sample points can be
defined in an adaptive refinement step based on an expected improvement function as
described in Section 2.5.
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Figure 1. Schematic of the presented workflow predicting the radiated sound field based on surface
velocity measurements, including an adaptive refinement procedure.

2.1. Interpolation Based on Gaussian Process Regression

In this article, the Gaussian process regression (GPR) is selected as an interpolation
technique to provide both a mean and an uncertainty quantification [22] of the underlying
physical process. If it cannot explain the data, the GPR has a noise level that increases,
which may be used as an indication of such an event. It is known to reconstruct statistical
distributions from noisy observations without overfitting [23], making it an ideal method
for this experimental sound power estimate. The output is modeled at different input
points with a mean and a covariance function. It has cubic complexity O(n3) in terms of
the input data points n, which limits its application to large datasets. As a consequence,
a variational Gaussian process is chosen to reduce the computational complexity [24,25]
based on approximate inference [26]. The radial basis function (RBF) kernels are a valid
choice for a spatially decreasing correlation and may improve the computational speed
due to the sparsity of the correlation function. In [20], the complex-valued normal surface
velocity vs · n := vn(x) was expressed as Gaussian processes (GP) vn ∼ GP{µ, k} for
both real and imaginary part. Sampling this distribution of functions, this results in the
Gaussian vector

vn ∼ GP{µ, K} . (1)

where µ := µ(x) defines the GP’s mean and K := cov(x, x′, θ) the covariance matrix,
with θ denoting hyper-parameters. The radial basis kernel function used to evaluate the
covariance matrix reads

K = σ2
x exp

(
−1

2

d

∑
j=1

∥d∥2
2

l2

)
. (2)

Here, d = x − x′ is the distance vector, l length scale of the automatic relevance determina-
tion (ARD) for adjustable length scales for different input dimensions d [27], and σ2

x is a gain
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parameter. The hyperparameters θ of the Gaussian process are adapted by optimization to
minimize the negative log marginal likelihood objective function L(y, θ) [28]

argmin
θ

{− log L(v, θ)} (3)

from an initial prior distribution (zero-mean Gaussian process ∼ N (0, K)). Thereafter, the
interpolation operation using GPR can be performed by making a prediction v∗

n at location
x∗ based on the set of training data vn at x as described in [28]. The joint distribution reads[

vn

v∗
n

]
∼ N

([
µ(x)
µ(x∗)

]
,

[
K(x, x) + σ2

∗ I K(x, x∗)
K(x∗, x) K(x∗, x∗)

])
(4)

with the predictive uncertainty σ2
∗ and leads to the predictive equation

v∗
n ∼ N

(
µ(x∗) + K(x∗, x)

[
K(x, x) + σ2

∗ I
]−1

[vn − µ(x)],

K(x∗, x∗)− K(x∗, x)
[
K(x, x) + σ2

∗ I
]−1

K(x, x∗)
)

.
(5)

Typically, to improve the condition of the numerical optimization, the input and output
data are normalized independently. The mean of the training data µscaler is subtracted and it
is scaled to unit variance by X = x−µscaler

σscaler
. Consequently, due to E

(
X−µscaler

σscaler

)
= E(X)−µscaler

σscaler

and COV
(

X−µscaler
σscaler

)
= COV(X)

σ2
scaler

the fitted Gaussian process has to be rescaled as

GP x{µ, K} = GPX

{
σscalerµ + µscalere, σ2

scalerK
}

(6)

with e defining a vector of ones with the size of µ. In doing so, the predictive uncertainty of
the GPR on the normalized dataset can be defined as the sum of the model variance and
the noise variance.

2.2. Sound Power Estimates

As presented in [5], the sound propagation is solved using the open-source BEM library
NiHu [29]. It solves the Helmholtz boundary integral equation for smooth boundaries [2]

pa =
1
2

∫
Γs

(
pa

∂G
∂yi

− G
∂pa

∂yi

)
· n dΓ, (7)

where pa is the fluctuating acoustic pressure and G(x|y, k) the three-dimensional free-field
Green’s function. The Neumann boundary condition for the acoustic pressure (7) can be
expressed by Euler’s equation of motion

Γs :
∂pa

∂yi
ni = ρ0 jω vn , (8)

with angular frequency ω = 2π f and mean density of air at ambient conditions
ρ0 = 1.225 kg

m3 . The Burton–Miller method [30] was used to solve the Helmholtz boundary
integral equation. The radiated sound power

Pa =
1
2

∫
Γs
ℜ{pav∗n}dΓ, (9)

with the complex conjugate being denoted by the superscript ∗ was computed as an
integral metric of the acoustic far field. Whenever the radiation efficiency is one, typically
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encountered at higher frequency vibrations, the BEM simulation can be approximated
by the ERP accurately as mentioned, e.g., in [31]. In contrast to the BEM, no system of
equations has to be solved, which makes it computationally efficient. The ERP sound power
estimate is defined as

PERP =
1
2

c0ρ0

∫
Γs
∥vn∥2dΓ ≈ 1

2
c0ρ0 ∑

i
Aivn,iv∗n,i (10)

with Ai denoting the area of element i. The major benefit of the ERP estimate is its fast
computation. Assuming constant-valued elements on the boundary Γs, the surface integral
simplifies to a summation of the corresponding element values.

The ERP gives a good approximation of the radiated sound power for convex rigid
bodies and at high frequencies [32]. This is due to modeling all sources with a constant
radiation efficiency of 1, which gives an upper bound for the structure-induced acoustical
field in most cases [32]. A good indicator for the appropriate frequency range to use the
ERP is the coincidence frequency, which is sometimes referred to as the critical frequency.
The coincidence frequency indicates the frequency at which the phase speed of bending
and acoustic waves is equal [33]. Below the frequency, the radiation efficiency is expected
to be low, and cancellation effects must be considered for predicting the radiated sound
power, as mentioned in, e.g., [34]. For frequencies larger than fc, the radiation efficiency is
high, and the ERP gives a good approximation of the radiated sound power.

2.3. Confidence of the Sound Power Prediction

For each frequency ω, the real and the imaginary parts of the Fourier transformed
normal velocity are fit to a Gaussian process

ℜ{vn(x, ω)} ∼ GP{µω,ℜ, Kω,ℜ}, (11)

ℑ{vn(x, ω)} ∼ GP{µω,ℑ, Kω,ℑ}, (12)

The Gaussian process can be used with Monte Carlo simulation to estimate the ERP of the
surface velocity for every frequency and evaluation point, and then estimate the variance
VAR[ERP] and the expected value E[ERP] of the acoustic signal. This brute force technique
can also be performed for the sound power estimate of the BEM. In each sampling location
X ∈ R2×m → ℜ{Vn(ω)} ∈ Rm and X ∈ R2×m → ℑ{Vn(ω)} ∈ Rm. The evaluation is
that of a multivariate normal distribution x ∼ N (µ, K) with a symmetric, real-valued, and
positive definite covariance matrix K. A computationally efficient draw of samples can be
performed by

x = µ + Lz (13)

with the standard normal random vector z ∼ N (0, I) and the lower triangular matrix L
defined as K = LL⊤. L can be computed efficiently by Cholesky decomposition.

This brute force technique is relatively inefficient, since a large number of GP realiza-
tions have to be computed.

Alternatively, the collective normal velocity can be described by the descriptive
statistics of a multivariate normal distribution with a given mean and covariance
ℜ{Vn(ω)} ∼ N (µℜ, Kℜ), ℑ{Vn(ω)} ∼ N (µℑ, Kℑ) connected to the Gaussian processes,
respectively. The

ERP ∼ (ℜ{Vn(ω)})T(ℜ{Vn(ω)}) + (ℑ{Vn(ω)})T(ℑ{Vn(ω)}) ∼ χ2
gen,ℜ + χ2

gen,ℑ (14)
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which is proportional to the surface motion energy, being proportional to the square of the
collective normal velocities. The individual distributions of the two terms are uncorrelated
general chi-squared distributions. The collective expected value and variance are the sum
of the individual expected value and variance

E[χ2
gen,ℜ + χ2

gen,ℑ] = E[χ2
gen,ℜ] + E[χ2

gen,ℑ] (15)

VAR[χ2
gen,ℜ + χ2

gen,ℑ] = VAR[χ2
gen,ℜ] + VAR[χ2

gen,ℑ] (16)

The individual terms are computed as follows [35]: given a column vector x ∼ N (µ, K),
which could be the normal velocity, find the probability of the squared sum of the individ-
ual samples

q(x) = xTIx > 0. (17)

With I being the identity matrix. This can be viewed as the multi-dimensional integral
or sum of the energy of a multivariant normally distributed function, x =

√
Kz + µ.√

K = VT
√

DV , where D is the diagonal of the eigenvalues and V the respective eigen-
vectors of the eigenvalues. Now, we can transform the expression to z ∼ N (0, I) by the
inverse z = K−1/2(x − µ). This decorrelates the variables x, and transforms the integration
domain to a different quadratic form (bilinear form ):

q̃(z) = zTKz + 2(K1/2µ)z + µTµ > 0 (18)

Now the problem is to find the probability of the standard normal z in this domain. We can
start at the eigen-decomposition K = VTDV of K.The transformed variable y = Vz is also
standard normal, and in this space the quadratic is given by the following:

q̂(y) = yTDy + 2(K1/2µ)Vy + q̃0

(
bT = 2(K1/2µ)V

)
= ∑

i

(
Diy2

i + biyi

)
+ ∑

i′
bi′yi′ + µTµ

= ∑
i

Di

(
yi +

bi
2Di

)2
+ ∑

i′
bi′yi′ + µTµ − ∑

i
Di

(
bi

2Di

)2

= ∑
i

Di χ2
1,(bi/2Di)2 +N (m, s2),

here, i and i′ index the nonzero and zero eigenvalues of the eigenvalue decomposition.
Finally, we obtain a weighted sum of non-central chi-square variables χ2, each with 1 degree
of freedom, and a normal variable N (m, s2). So this is a generalized chi-square variable
χ̃w,k,λ,s,m, where we merge the non-central chi-square variables with the same weights,
so that the vector of their weights w = diag(D) ∀ Di ̸= 0 are the unique eigenvalues
among Di, their degrees of freedom k are the numbers of times the eigenvalues occur, and
their non-centralities and the normal parameters are as follows:

λj =
1

4w2
j

k

∑
i=0:Di=wj

b2
i , s =

√
∑

i′=0:Di=0
b2

i′ , m = µTµ − w.λ.

The : in the summation index describes that we iterate over the indices i from zero to k,
only for the entries where the weight wj and the iterated Di are equal. The mean estimate
can be described over a sum of j distinct eigenvalues occurring k j times in the diagonal
matrix D
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µq = ∑
j

wj(k j + λj) + m (19)

and the variance estimate
σ2

q = 2 ∑
j

w2
j (k j + 2λj) + s2 . (20)

Note that this sound power estimate can be also performed using the system matrix of
the BEM. The main drawback of this method is that based on the number of points, an
eigenvalue problem (algorithmic complexity of O(n3)) has to be solved that slows down
the prediction of the sound power estimate drastically.

2.4. Approximation of the χ2 Expected Value and χ2 Variance to Describe the Sound Power

In general, the expected value and the variance of the bilinear form (18) can be
calculated by

µq = E[zTKz + 2(K1/2µ)z + µTµ] = E[zTKz] + µTµ = ∑
i

Kii + µTµ (21)

and the variance by

VAR[zTKz + 2(K1/2µ)z + µTµ] = E[(zTKz + 2(K1/2µ)z + µTµ − µq)
2] . (22)

This expression can be further expanded by the expected value into

E[(zTKz − ∑
i

Kii + 2(K1/2µ)z)2] = VAR[zTKz] + VAR[2(K1/2µ)z] . (23)

where the covariance of the normally distributed variables and the square of it is zero.
Furthermore, we can utilize the details of the variance of the first and last expression for
the positive definite covariance matrix K

VAR[zTKz] = 2 ∑
i
(KTK)ii = 2 ∑

i,j
K2

ij . (24)

VAR[2(K1/2µ)z] = 4µTKµ . (25)

Finally, we obtain a simple expression for the variance

σ2
q = 2 ∑

i,j
K2

ij + 4µTKµ . (26)

The predictive uncertainty σ2
∗ = σ2

q /σ2
scaler of the ERP can be defined concerning the

normalized GPR output data, such that it will have a value close to zero for low variance in
the prediction and a value close to one for uncertain predictions.

2.5. Adaptive Refinement Procedure

To improve the regression quality, additional sampling points can be defined based on
an adaptive refinement procedure. The procedure follows the schematic given in Figure 1.
It starts by performing a variational GPR, and as long as a stopping criterion is not met, the
adaptive refinement procedure is carried out. Therefore, a potential improvement function
is defined to estimate the optimal locations for describing the GPR with reduced noise. The
idea is to target the maxima of the function and accurately predict them using the GPR. We
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define the improvement function I(x) at a new point x as the probability that it is located
at a maximum of the absolute value of the underlying process

I(x) = max(| f (x) |) .

The expectation of this improvement EI(x) is defined by

EI(x) = E[max(| f (x) |)]

Based on the Z = µ(x)
σ(x) , the EI(x) is given by

EI(x) = µ(x)(1 − 2Φ(−Z)) + 2σ(x)ϕ(Z)

where Φ(·) is the Cumulative Distribution Function (CDF) and ϕ(·) is the Probability
Density Function (PDF) of the standard normal distribution. Now we select locations x
that maximize this EI(x) value. Finally, we select the best 500 points from all adaptive
refinement samples that improve the GPR, and then randomly select 20 points. This process
is carried out independently for both the real and imaginary parts. Both new locations are
added to obtain new measurements, as with one measurement, we obtain both the real and
the imaginary parts. With that procedure, we minimize the noise in the final ERP values.

3. Application
The method was tested using a vibrating plate benchmark test (see Figure 2a). It

comprises a thin square-shaped steel plate with dimensions (1 m × 1 m × 0.01 m) and
material properties (density ρ = 7872 kg m−3, Young’s modulus E = 200 GPa, and Poisson
number ν = 0.29) [5]. The plate was clamped at the edge Γfix and was free to move on
the other edges. A time-harmonic point force of strength Fz = 1 N is applied at position
x0 = [0.1, 0.2, 0.01]⊤ m in the z-direction, exciting a vibrating motion in the structure.

(a) (b) (c)

Figure 2. Top view of the investigated plate with an exemplary set of 36 (red) and 100 (blue)
measurement points, based on Latin hypercube (b) and uniform (c) sampling, respectively.
(a) Simulation setup, with force Fz and boundary conditions [5]. (b) Latin hypercube sampling.
(c) Uniform sampling.

A time-harmonic finite element simulation was conducted using openCFS [36] to
obtain the plate’s surface vibration at each frequency. This finite element simulation served
as pseudo-measurement data. At each vertex of the black grid depicted in Figure 2, the
normal velocity is known and used for sampling the reference data as a training dataset. In
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Figure 3a, some eigenmodes of the benchmark problem are visualized. The coincidence
frequency is fc = 1233 Hz. For frequencies larger than fc, the radiation efficiency is
high, and the ERP gives a good approximation of the radiated sound power as shown in
Figure 3b.

1 2 5 6 7 15 21 26

(a)

(b)

Figure 3. Solution of the benchmark problem. Indicated eigenmodes at He = 0.024, 0.06, 0.22, 0.38,
0.43, 0.98, 1.43, 1.85. The coincidence frequency for this setup is He = 3.6. (a) Real part of the mode
shape for selected structural eigenmodes. (b) Radiated sound power based on BEM (Pa) and ERP.

Two sampling strategies were tested: (i) Latin hypercube (LHC) sampling and (ii) uni-
form grid sampling. In the case of the LHC sampling as depicted in Figure 2b, the closest
node to each sample was used as a measurement point. For the uniform grid sampling
depicted in Figure 2c, equally spaced nodes are selected. In Figure 2, two exemplary sets of
measurement points are indicated in red and blue color, respectively. To emulate the effect
of noisy observations, uncorrelated noise was added to the simulated pseudo-measurement
data v̂n,ω(x) = vn,ω(x) + ϵω(x). The added noise ϵω ∼ N(0, σ2

ϵ,ω) was defined as spatially
normally distributed noise with scaled variance based on the mean velocity amplitude
σϵ,ω = knoisevn,ω(x). The factor was chosen as knoise = 0.001.

3.1. Exact Gaussian Process Regression

In [20], the prediction capabilities of exact Gaussian process regression are discussed.
It is shown that the rule of thumb, that six points per wavelength are sufficient for a
respective estimate [37], can be used to give a limit of the minimum number of sampling
points required for the interpolation. As shown in [20], as soon as the vibration is under-
resolved, it does not matter which interpolation method is used, and the result is poor. In
contrast, as long as the experimental resolution is given, the radial basis function kernel
GPR outperformed standard linear interpolation significantly. Similar to GPR, ordinary
radial basis function interpolation [38] based on the same geometric length scale reaches a
comparable level of accuracy.
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At higher frequencies, the mode shapes become more complex, and the number of
measurement points required to prevent under-resolution increases. Consequently, the
dimensionality of the GPR gets high which first results to badly conditioned optimization
problems and therefore significant numerical errors and secondly comes with substantial
computational cost as the cost for inference scales at O(N3) due to the need to invert
the covariance matrix. Therefore, for the regression of high-frequency oscillation shapes,
approximate inference can be the superior method.

3.2. Stochastic Variational Gaussian Process Regression

The exact GPRs complexity scales with the number of input data points N cubed
O(N3). To address this, we employ the stochastic variational Gaussian process (SVGP)
framework introduced in [39]. This method combines variational inference with sparse GPs,
reducing the cost from O(N3) to O(NM2), where M ≪ N is the number of inducing points.

Stochastic variational Gaussian process regression is based on variational Bayesian
inference. An introduction to variational inference can be found in [40]. Bayesian inference
derives the posterior distribution p( f |x) using Bayes’ rule

p( f |x) = p(x, f )
p(x)

=
p(x| f )p( f )

p(x)
(27)

from the prior distribution p( f ), the likelihood p(x| f ), and the evidence also referred to as
marginal likelihood p(x). The evidence is defined as

p(x) =
∫

p(x| f )p( f )d f (28)

To obtain computationally efficient inference, the integration in Equation (28) is typically
approximated as direct integration is intractable in most cases. This can be achieved through
Monte Carlo integration or by utilizing variational inference. In variational inference,
an approximation

q( f ) ≈ p( f |x)

for most f , x is desired such that x can be inferred from f cheaply. The Kullback–Leibler
divergence can be used to quantify the similarity between both distributions, the truth
and its approximation. The according optimization problem describes finding the best
approximation q∗( f )

q∗( f ) = argmin
q( f )

KL(q( f )||p( f |x)) (29)

Unfortunately, the Kullback–Leibler divergence [41] KL(q( f )∥p( f |x)) comes with the same
flaw as the evidence integral because it requires the evidence log p(x) in its evaluation.
However, a lower bound of the objective can be stated

ELBO = E[log p( f , x)]− E[log q( f )] ≤ log p(x) (30)

This function is called evidence lower bound (ELBO). Maximizing the ELBO is equivalent to
minimizing the KL divergence [40] and ensures that the approximate posterior q( f ) is close
to the true posterior p( f |x) while avoiding the intractable computation of the evidence.

While variational inference provides a way to efficiently approximate the posterior
distribution, sparse GPs alleviate the computational bottleneck of handling all training
points. Combining these two approaches yields scalable inference. Sparse Gaussian
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processes rely on inducing point methods [42] where the inducing variables u are used
paired with the inducing inputs Z. The distribution augmented with inducing points reads

p( f , u) = N
([

f
u

]∣∣∣∣∣ 0,

[
Knn Knm

K⊤
nm Kmm

])
(31)

with indices n representing the data points xn ∈ X and m the inducing point indices zm ∈ Z.
Again, Bayesian inference can be written as

p(u|x) = p(x, f , u)
p(x)

=
p(x| f )p( f |u)p(u)

p(x)

with p(u) ∼ N (0, Kmm), p( f |u) ∼ N (KnmK−1
mmu, Knn − Qnn), and Qnn = KnmK−1

mmK⊤
nm.

Using the Fully Independent Training Conditional (FITC) method to approximate
the integration over f , one arrives at a tractable bound on the marginal likelihood for the
Gaussian case [24]

log p(x) ≥ logN
(

0, KnmK−1
mmK⊤

nm + σ2I
)

− 1
2σ2 tr(Knn − Qnn)

(32)

This bound on the marginal likelihood, also referred to as evidence, can be used as an
objective function in optimizing the covariance function parameters as well as the inducing
input points Z. The advantage of this approach is the reduced computational cost of
Equation (32) to O(NM2). Combining this approach of sparse GPs with the variational
inference [43] yields

log p(x) ≥ logN
(

KnmK−1
mmm, σ2I

)
− 1

2σ2 tr
(

KnmK−1
mmSK−1

mmKmn

)
− 1

2σ2 tr(Knn − Qnn)− KL[q(u)∥p(u)]

(33)

with the variational parameters m, S such that q(u) ∼ N (m, S).
In the following, this combined approach of sparse GPs and variational inference will

be referred to as variational GPR. Its key advantage lies in enabling scalable optimization
in both stochastic [43] and distributed settings [44,45].

4. Hypotheses
The core part of this article is the investigation of the predictive capabilities of Gaussian

process regression for the interpolation task, specifically concerning the mean and variance
of surface vibration fields. The primary interest is how the variability in terms of the
mapped variance is translated into the sound emission predictions. In general, a significant
variability results in a large variability in the predicted sound signal. There are two common
methods to compute the standard deviation of the radiated sound power. First, a Monte
Carlo simulation of the sound field using the boundary element method or the ERP. Another
method, and a faster prediction method, is the estimate based on statistics of stochastic
processes described in the previous sections. Both methods are suitable and can be used
to update the number of sampling points and refine the underlying Gaussian process.
Therefore, the following seven hypotheses are formulated to address the research questions
regarding the usage of GPRs in acoustic end-of-line testing:
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H1. The algorithm derived can provide real-time capability regarding the sampling cycle of
the laser scanning vibrometry system with fixed sample averaging and fixed measurement
uncertainty thresholds.

H2. The number of training points for the Gaussian process regression positively correlates with
the upper frequency limit at which the Gaussian process can accurately model the surface normal
velocity and sound prediction.

H3. The interpolation error to the ground truth velocity correlates with the noise of the velocity
prediction from the GPR.

H4. The Latin hypercube sampling with the same number of sampling points as regular grid
sampling results in a lower level of error (of the mean compared to the ground truth) and variance of
the predicted GP after the same number of training epochs.

H5. There exists an adaptive refinement method that reduces the (integrated) modeled noise of the
velocity prediction and hence improves the accuracy in the sound power estimate.

H6. The ERP-based estimates based on the statistical theory have higher computational performance
than the Monte Carlo with BEM, while maintaining the accuracy of the predicted sound power
above a specific frequency where the radiation efficiency approaches one.

H7. The computational performance can be significantly increased using transfer learning, based
on pre-trained models.

H8. The proposed method can handle different levels of noise contained in the measurement data.

5. Results
The interpolation based on GPR has the unique advantage of quantifying uncertainty

of a model, which is estimated based on experimental data. The model uncertainty is
described by a mean, a covariance, and a likelihood variance estimate. This result provides
the opportunity to model the variance of the surface velocity estimate, which can be
translated into the variability of the radiated sound power. It serves as an informed
approach to reducing uncertainty in the measurement procedure.

5.1. Computational Performance Improvement

One focus of this work was to reduce the time required for GPR training (Hypothesis 1).
Thereby, the alterations from the preliminary setup [20] were twofold. First, the core
framework for the training process was replaced by GPyTorch 1.14 [18], a highly efficient
and modular implementation of GPs. GPU acceleration may become attractive as we
approach several tens of thousands of training points. The framework used is implemented
in PyTorch 2.6.0 [46]. On the reference setup using 3600 training points, an improvement of
computational time by a factor of 60 was obtained comparing the variational GPR setup in
GPyTorch compared to the exact GPR in scikit-learn (see Table 1). We tested two commonly
used optimizers, the L-BFGS optimization algorithm and the Adam optimizer [47] in
GPyTorch. The L-BFGS optimizer (learning rate of 0.01, with a maximum of 20 iterations
and 10 previous gradients stored) took longer than the Adam optimizer (learning rate of
0.01) to reach a comparable accurate minimum. The exact GPR implementation was even
faster when it converged. This was only the case at oscillations with very low frequency and
using only a few training points (below 100). In other cases (when the number of training
points increases), the exact GPR implementation in GPyTorch did not converge well.
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Table 1. Comparison of computation time (in seconds) for n = 3600 uniformly distributed data points
on the reference measurement grid. The mean time of an optimization run is presented in seconds.
For the Monte Carlo Simulation 100 samples are drawn on a 60 × 60 evaluation grid. Computations
were performed on a reference machine (Apple M4).

Task of Sound BEM ERP
Prediction (Monte Carlo) (χ2-EV-Based) (χ2)

Exact GPR [20] scikit-learn
Training (L-BFGS) 535.0

Variational GPR GPyTorch
Training (L-BFGS) 9.93
Training (Adam) 7.96

Draw samples 0.20 - -
Evaluate radiated power distribution 5.49 0.004 3.15 0.04

Total time (Adam) 13.65 8.16 10.11 8.00

Inspecting the computation times of the preliminary investigations [20], the drawing
of samples from the GP represents a significant contribution to the overall computation
time. The comparably slow drawing of samples from the GP using the scikit-learn library
was due to the used algorithm in the package, which computes the samples by singular
value decomposition K = UΣV⊤ and x = µ + UΣ

1
2 z . As the covariance matrix of any

multivariate normal distribution has to be positive definite, a computationally more efficient
method to draw samples is the use of Cholesky decomposition K = LL⊤ and Equation (13).
By using this modified algorithm, we were able to reduce the computational time of the
sample drawing in these cases (see Table 1) from over 16.7 s (scikit-learn [20]) to 0.20 s,
which is a significant reduction.

The computation of the radiated sound field using the BEM represents a significant
computational cost of 5.49 s (see Table 1) and 4.9 GB of RAM. As the number of required
measurement points is dominated by the high-frequency oscillation patterns showing
smaller length scale mode shapes, a high-frequency ERP approximation of the radiated
sound power can be used instead. Compared to the radiated sound power of the BEM,
the ERP-based method assumes a uniform radiation efficiency of one for any frequency of
interest. These assumptions lead to significant deviations at low frequencies (below the
coincidence frequency), while minor deviations occur for high frequencies of the signal
(details will be provided in Section 5.6).

Therefore, the ERP was considered as an alternative for quality assessment using
Monte Carlo simulation. It reduces the computational effort required to solve a system
of algebraic equations (evaluation time of radiated sound power with BEM of 9.52 s) to
a matrix-vector product (evaluation time of radiated sound power with ERP of 0.004 s).
Furthermore, the explicit nature of the ERP makes it possible to reformulate it in a Bayesian
sense to avoid the Monte Carlo simulation altogether, as shown in Section 2.4. There
exist two estimates of the mean and variance, one being an exact estimate (χ2-EV-based)
involving the eigenvalues of the covariance matrix and another approximate (χ2) by directly
acting on the covariance matrix and the mean vector. The inverse of the covariance matrix
for a large number of sampling points is computationally costly and results in 3.15 s of
computational time for the exact ERP estimate given in Section 2.3. In contrast, the ERP
(χ2) calculation using the covariance matrix and the mean vector directly outperforms all
computations (resulting in a computational time of 0.04 s).

It then results in an overall time of 8.00 s for one prediction of a GPR and the evaluation
of the sound power. In doing so, the computational time for a comparable number of
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support points was reduced by a factor of 60 from the previous implementation [20] to
8.00 s on the same architecture.

5.2. Expected Value and Variance of the Sound Power

In this section, we investigate the predictive capability of the GPR for estimating the
sound power as a function of the frequency (Hypothesis 2). For the exact GPR, when
increasing the number of training points, the numerical implementation and data fitting
became unstable. The expected trend, that a higher amount of training data allows for
modeling plate vibrations at higher oscillation frequencies, was not provided. Therefore,
we switched to a variational Gaussian process regression method (see Section 3.2) instead
of the exact Gaussian process regression method. The overall setup remains unchanged.
It was implemented in GPyTorch using the algorithms described in [39]. The number of
inducing points was set to 1/10 of the total number of data points.

We selected a Gaussian prior for the length scales in each direction ℓ ∼ N (µℓ, σℓ)

(e.g., µℓ = (0.1, 0.1)⊤, σℓ = 10−3I), which is updated during the training. The homoscedas-
tic Gaussian noise on the scaled target vibration velocity of the real and imaginary parts is
learned independently. For the sparse variational inference, we provided initial M induc-
ing points (one tenth of the provided training points) Z = {zm}M

m=1 selected by k-means
classification on the training points. The locations of the inducing points are learned during
training. A Cholesky distribution parametrizes the variational posterior. The variational
ELBO specifies the loss function, and mini-batch training is used with the Adam optimizer.
The model and the likelihood parameters are trained jointly. Early stopping is imple-
mented as soon as the noise is sufficiently small and no further improvement is visible on a
validation set.

In Figure 4, the radiated sound power estimate compared to the ground truth is
compared to the ERP estimation based on a generalized χ2 distribution. Several dashed
lines and shaded areas are shown in the plot, describing the results of different the uniform
resolution of a total of 100, 400, 1600, 3600, and 6400 points. Firstly, in blue, the relative
accuracy ηχ2 of the (true) ERP (estimated by the reference solution data) and the ERP
predicted by χ2 distribution descriptive statistics of the velocity data from the GPR

ηχ2 = 1 −
∣∣ Pa,ERP

Pa,ERP,χ2
− 1
∣∣ = 1 − ϵχ2 .

Secondly, the blue-shaded band visualizes the predictive uncertainty σ2
∗ of the GPR. The

mean and variance of statistical ERP prediction methods are in good agreement with the
Monte Carlo simulation ηMC (mean deviations less than 10−5 for each study), suggesting
that fast computations using descriptive statistics based on the χ2 distribution are a valuable
and computationally efficient alternative.

It is noticeable that the quality of the GPR interpolation is strongly governed by the
predictive uncertainty σ2

∗ , which indicates how much can be described by the deterministic
part of the GPR. In the case of a value of zero, the deterministic part can accurately describe
the data. However, as the value increases towards 1, the descriptive capabilities of the GPR
decrease, and one can see large deviations in the field plots compared to the ground truth.
It means that the mean of the GPR is significantly different from the provided velocity
data. In such a case, the modes of vibration cannot be explained by the GPR anymore.
Figure 4 clearly shows that with an increasing number of training points, the limit where
the variational GPR can still explain the surface vibration velocity rises monotonically.
For a resolution of 100 points, vibration characteristics below a Helmholtz number of
Hecrit = 0.25 can be resolved. For 400 points, this limit increases to a Helmholtz number
of Hecrit = 2.5, for 1600 points to about a Helmholtz number of Hecrit = 13, for 3600 and
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6400 points above the maximum Helmholtz number of interest Hecrit > 29. It is observed,
that the predictive uncertainty is larger for 3600 in the whole frequency range compared to
a 6400 points resolution.

Figure 4. Evolution of the relative accuracies ηχ2 (dashed line) and predictive uncertainties σ2
∗

(shaded area) of the corresponding GPR as a function of the Helmholtz number, for different uniform
resolutions of a total of 100 (blue), 400 (orange), 1600 (green), 3600 (magenta), 6400 (violet) points.
The SNR level is 1000/1.

5.3. Correlation Between Sound Power Error ϵ and Predicted Uncertainty σ2
∗

In this section, we will investigate Hypothesis 3. According to Figure 4, there is no
direct correlation between the interpolation error of the surface velocity and the predictive
uncertainty σ2

∗ of the GPR visible. As soon as the GPR cannot explain the data by its
deterministic part anymore, the predictive uncertainty σ2

∗ increases sharply, indicating that
there are too few training points for the GPR. However, the error in the sound power (equal
to the integrated surface velocity) increases only slightly.

Even at high GPR noise levels, the error of the predicted ERP is low. There is no clear
trend whether the uniform or the Latin hypercube sampling performs better.

For a detailed analysis of the training time, the individual timings were separated
into datasets, where the predictive uncertainty σ2

∗ is low and another where it is high.
The separation was performed based on a critical Helmholtz number Hecrit as a selector;
everything below was judged as low noise, and everything above was regarded as a high
noise region. In the respective ranges, the mean over all GPRs is computed. The means of
the training times for each investigated set of are reported in Table 2, with training iterations
over 1500 epochs to reach the low noise levels (Apple M4 Chip 10 Cores, 32 GB RAM, Apple
Inc., Cupertino, CA, USA). The means are computed over all GPRs fulfilling the condition
of the critical Helmholtz number Hecrit. For a high number of training points and as soon
as the GPR noise level increases, the training time increases substantially. There was no
significant difference between the Latin hypercube sampling and the uniform sampling.

Table 2. GPR mean training times ttran of the individual GPRs of the real and imaginary part.

Run ttran,real ttran,real ttran,imag ttran,imag
> Hecrit < Hecrit > Hecrit < Hecrit

100, uni 2.626 0.428 2.589 0.256
400, uni 4.380 4.951 4.288 2.764
1600, uni 43.244 7.982 45.849 9.108
3600, uni - 28.952 - 38.339
6400, uni - 68.506 - 58.513
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5.4. Uniform Sampling Versus Latin-Hypercube Sampling for the Surface Velocity

This section discusses two types of common (automated) data sampling strategies
in connection with the underlying process specification (Hypothesis 4). The sampling
strategies are as follows: first, a regular fit onto the geometry for uniform plate-like do-
mains; second, a commonly used sampling strategy for arbitrary sampling spaces. The
first strategy of uniform sampling is ideal in the case of uniform plate stiffness and the
coordinate-sampling-aligned mode shapes. However, the results might deteriorate for
inhomogeneous material, inhomogeneous plate thickness, non-rectangular geometries,
non-uniform clamping at the boundaries, and other effects that produce modes with local-
ized gradients and non-alignment with the sampling strategy. Therefore, we look into the
details of the surface velocity predictions based on the two sampling strategies (using an
exact GPR, which works for a low number of training points).

Figure 5 depicts the expected value and Figure 6 the standard deviation of the real
part of the normal velocity for the respective sampling strategies for a frequency of 313 Hz.

The expected value is in close range to the ground truth of the reference data for both
sampling strategies. For the standard deviations, uniform sampling leads to a significantly
lower overall standard deviation between the sampling points compared to Latin hypercube
sampling. For the Latin hypercube sampling, some blind spots on the geometry arise,
where no support points of the GP are present, leading to a larger standard deviation
in the prediction. These increased standard deviation spots could be used for adaptive
refinement; however, they typically are located on the boundaries of the domain. This
naive approach can be improved by using the variance-based refinement strategy presented
in [48]. Another possibility is a modified version of the expected improvement [49].

(a) (b)

(c) (d)

Figure 5. Mean of the real value of the normal velocity vn at f = 313 Hz, Latin hypercube sampling,
and uniform sampling for n = 36 and n = 100 pseudo measurement points indicated in green.
(a) Latin hypercube sampling with n = 36. (b) Uniform sampling with n = 36. (c) Latin hypercube
sampling with n = 100. (d) Uniform sampling with n = 100.
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(a) (b)

(c) (d)

Figure 6. Standard deviation of the real value of the normal velocity vn at f = 313 Hz, latin
hypercube and uniform sampling for n = 36 and n = 100 pseudo measurement points indicated
in green. (a) Latin hypercube sampling with n = 36. (b) Uniform sampling with n = 36. (c) Latin
hypercube sampling with n = 100. (d) Uniform sampling with n = 100.

5.5. Design of Experiement Using Adaptive Refinement

To test Hypothesis 5, an adaptive refinement procedure as described in Section 2.5
was performed. As a stopping criterion, the normalized noise of the GPR exceeds was
used with a threshold of 0.01. Figure 7 shows the frequency of 1250 Hz, the EI(x) at the
start of the adaptive refinement iterations, and at the third stage of the adaptive refinement
iterations for the real part of the surface normal velocity field. At the first stage (Figure 7a),
the GP is not able to resolve the velocity field adequately, and the EI suggests adding points
at the domain corners. This is expected as at this stage the field is mostly described by
noise everywhere. Due to the intended randomness in the point selection, the procedure
remains robust and at the third stage (Figure 7b).

Figure 8 shows the effects of the adaptive refinement procedure on the sound power
error and GPR predictive uncertainty as a function of the Helmholtz number. At the initial
stage, before the refinement, 400 uniform training points were considered. As a comparison,
this setup without adaptive refinement predicted a low noise in the function output until a
Helmholtz number of about 2.5 (see Figure 4). In comparison, with the adaptive refinement
procedure, a robust prediction was possible up to a Helmholtz number of 11. This accuracy
is comparable to that of predictions provided by 1600 uniform training points, despite using
only 1200 data points. It is observed that during the adaptive refinement, the predictive
uncertainty is lower in the converged region (He < 11) compared to the predictions using
1600 uniform training points. However, the ERP estimate is slightly less accurate compared
to the estimations based on 1600 uniform training points due to the early stopping criterion
selected. The estimates were robust regarding the initial training distribution; when using
a Latin hypercube sampling initially, comparable results were obtained.



Appl. Sci. 2025, 15, 10652 19 of 24

(a) (b)

Figure 7. Two snapshots of EI(x) during the adaptive refinement procedure for the real part of the
surface normal velocity. The red dots indicate the added training pairs to the GPR training for both
the real and imaginary parts. (a) First stage. (b) Third stage.

Figure 8. Evolution of the relative accuracy ηχ2 and the predictive uncertainty σ2
∗ as a function of

the Helmholtz number. An initially uniform resolution of 400 was used, with random adaptive
refinement. At the final stage, 1200 training points were considered.

5.6. Detailed Comparison of Sound Power Estimates

In Figure 9, the sound power estimate based on the ERP is compared to the one using
BEM (Hypothesis 6). For the current case, below the coincidence frequency Heco (red line
in Figure 9), the ERP estimate is not an accurate measure for the radiated sound power.
Typically, with increasing frequency, the radiation efficiency increases, and as soon as
it turns to one, the ERP and the BEM estimate coincide. Under this condition, the ERP
measure is preferable, as the statistical estimation presented in this article enables the
statistical description and estimates to be carried out. Regarding the simulation time, at
low frequencies, a relatively coarse training point distribution is sufficient, allowing for the
computation of the Monte Carlo simulation within a reasonable time frame. As indicated
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by the results in Figure 4, the statistical values estimated by 100 simulations are sufficiently
close to the analytically derived ones.

Figure 9. Comparison of the radiation efficiency, the relative ERP accuracy ηχ2 , and the predictive
uncertainty σ2

∗ as a function of the Helmholtz number for the adaptive refinement case in Figure 8.

5.7. Computational Performance Using Pre-Trained Models

Finally, we tested if a significant speedup of the training time is possible using a
pre-trained model (Hypothesis 7). Typically, during production, each product will not
deviate much from the previous one (as long as it is of high quality); therefore, it might
be interesting to use a pre-trained model. Table 3 compares the training times for several
configurations. When using 1600 training points with the GPR setup, 1500 epochs of
training, and a batch size of 1024, it took on average 5.57 s to train from scratch (in the
region where convergence is achieved). When using a pre-trained GPR, the training time
was reduced to 3.6 s (a nearly 36% reduction from 5.57 s to 3.6 s) with a standard deviation
of 0.91 s. By relaxing the number of epochs (while still obtaining a converged GPR), the
training time was reduced by approximately 68% from 3.6 s to 1.14 s. Overall, the mean
training time was reduced from 5.57 s to 1.14 s, which yields an increase in computational
performance of 79%.

Table 3. GPR mean training times below the critical Helmholtz number He < Hecrit. The abbreviation
uni stands for uniform sampling.

Run E[ttran]
√

VAR[ttran] Training Epochs Pre-Trained Model Used

1600, uni 5.57 1.94 1500 no
1600, uni 3.59 0.91 1500 yes
1600, uni 2.23 0.09 150 yes
1600, uni 1.14 0.12 75 yes

5.8. Influence of Measurement Noise

All previous investigations were based on a laser vibrometry measurement with a
signal-to-noise ratio (SNR) of 1000/1, which represents a level of measurement quality that
can be achieved for many applications. To test the effect of increased measurement noise
on the proposed workflow (Hypothesis 8), the noise factor introduced in Section 3 was in-
creased to knoise = 0.1, representing a signal-to-noise ratio (SNR) of 10/1. Figure 10 depicts
the evolution of the relative accuracy ηχ2 and the predictive uncertainty σ2

∗ as a function
of the Helmholtz number for the increased noise level. One can observe that the method
remains robust despite the increased measurement noise, and the GPR can interpolate the
normal velocity field accurately for an adequate number of samples. Especially at a high
number of samples, the results show a decreased critical Helmholtz number. Consequently,
more samples are required to describe noisy measurement data in contrast to data with
low SNR.
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(a)

(b)

Figure 10. Evolution of the relative accuracy ηχ2 and the predictive uncertainty σ2
∗ as a function of

the Helmholtz number with an increased SNR. (a) Increased SNR: knoise = 0.1. (b) Reference SNR:
knoise = 0.001.

6. Conclusions
Initially, we identify four specifications for a measurement system for acoustic end-of-

line testing to meet vibroacoustic requirements. Specification 1, to perform measurements
at different locations, both contactless and without any additional assembly cost, was
realized by a Laser scanning vibrometer setup. Specification 2 of the measurement system,
which measures the accuracy and uncertainty of data prediction using a self-learned data-
driven method, was achieved by the demonstration of the adaptive refinement method in
combination with the underlying GPR. Specification 3, that the technique should provide
data that give the maximum valuable insight into specific characteristics where deviations
occurred over time, was not within the scope of the current investigation; however, it can
be inferred through a comparative evaluation using the pre-trained models. The fourth
specification that measurement and processing times should fit into the production cycle
of a production line was demonstrated by the investigated hypotheses. The outcome of
Hypothesis 1 is that the algorithm derived provides real-time capability regarding the
sampling cycle of the laser scanning vibrometry system with fixed sample averaging and
fixed measurement uncertainty thresholds. We demonstrated that the number of training
points for Gaussian process regression positively correlates with the upper frequency limit
at which the deterministic part of the Gaussian process can accurately model the surface
normal velocity and sound prediction. We found that the ERP error with respect to the
ground truth does not correlate with the noise in the velocity prediction from the GPR for
the benchmark problem used. We found that Latin hypercube sampling, with the same
number of sampling points, does not show better performance in training compared to
uniform sampling. We also demonstrated the limitations of the ERP-based estimates by
comparing them to sound power predictions using BEM. At higher oscillation frequencies,
the ERP predicted sound power delivers accurate results. The computational performance
was significantly increased (79% less time consumed) using transfer learning, based on
pre-trained models. Overall, the use of GPyTorch over scikit-learn reduced the processing
time by a factor of 60. Furthermore, we investigated the influence of uncorrelated noise on
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the measurement data, where we observed an increased number of measurement points to
describe noisy measurement data.

Finally, we want to point out perspectives to improve the GPR modeling, including
a spatially varying measurement noise distribution and improvement of the adaptive
refinement strategy. The measurement uncertainty based on the local measurement point
of the experimental setup can be modeled within the GPR and, therefore, considered by
the sound prediction method. A direct extension to measurement noise distribution in
space (variation in input locations) can be undertaken via Variational Heteroscedastic
Gaussian process regression [50]. Another direction would be to develop an improved
adaptive refinement strategy that eliminates oscillatory behavior as soon as the predictive
uncertainty increases. Ghosh et al. [51] propose a framework that partitions prediction
uncertainty based on fidelity levels, allowing for a more nuanced approach to experimental
design that considers both the cost and the expected information gain from various data
sources. This strategy not only enhances the efficiency of the design process but also
provides a systematic method for integrating information from different fidelity levels,
thereby enriching the overall understanding of the system under investigation.
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