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Abstract

Multi-task learning (MTL) has emerged as a promising paradigm in machine learning,
which enables models to generalize better by sharing representations and learning strate-
gies across tasks. However, it may struggle to tune parameters that equally benefit all
tasks. To solve this problem, a multi-task parallel model (MTPM) is proposed based on the
fuzzy neural networks (FNNs) and the joint gradient descent algorithm (JGDA) that simul-
taneously optimizes the parameters across parallel tasks. First, an MTPM is constructed
using the FNN to extract the interaction features and the specificity features from multiple
related tasks. In this model, the shared neurons and specific neurons are embedded into
individual FNN rather than single-type neurons, which avoids the conflict of the correlation
between tasks and the independence of each task. Second, a JGDA is proposed to achieve
the analytical optimization of parameters in the proposed model, including the shared
parameters and the specific parameters. The potential correlations between different tasks
and the specificity of each task can be shaped to balance knowledge sharing and indepen-
dent learning. Third, an adaptive learning rate strategy is designed to further improve
the model’s performance. In this strategy, the global learning rate (GLR) and task-specific
learning rate (SLR) are managed separately, which can improve the model performance by
coordinating the training process of different tasks. Finally, the experimental results show
that the method proposed in this paper outperforms the traditional method in terms of
MTL effects. Compared to single-task benchmark experiments, the model proposed in this
paper achieves an average RMSE improvement of 24.2% across three application scenarios,
which demonstrates its effectiveness and practicality.

Keywords: multi-task parallel model; fuzzy neural networks; joint gradient descent
algorithm; adaptive learning rate strategy; nonlinear systems modeling

1. Introduction
Machine learning has been increasingly interested in solving practical problems

through mathematical modeling, such as image classification [1–3], speech recognition [4–7],
and biomedical analysis [8,9]. FNNs have been considered a promising machine learning
method for solving practical problems due to their ability to approximate nonlinear func-
tions [10]. As the complexity and the number of tasks increase, higher demands are placed
on the training performance of FNNs. However, isolated single-task learning frameworks
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may ignore empirical information from other tasks, which leads to learning resource ex-
penditure. Therefore, it is a crucial challenge to build an MTL model that can integrate
across-task knowledge and optimize learning efficiency.

To solve the modeling task in the multi-task scenario, there has been a large amount
of research devoted to developing efficient models. MTL has been proposed to improve
generalization by the joint training of multiple related tasks. Wu and Lisser proposed a
multi-branch MTL framework to solve multiple nonlinear problems in parallel [11]. In
this framework, the physics-informed neural network was utilized to model a task in each
branch, which can solve MTL problems by training multiple models simultaneously. Liao
et al. proposed a MTL model that added task gates to control the flow of information
between tasks [12]. A dynamic weighting strategy was designed to link two network
models to train the detection task and the classification task simultaneously. Ding et al.
proposed a MTL fuzzy multivariate controller based on FNNs [13]. The model structure
was adjusted by calculating neuron similarity through a self-organizing mechanism. These
multiple independent single-task models require separate model training for each task,
which is computationally expensive. Moreover, Zhao et al. designed a feature-constrained
MTL method, which consisted of multiple LASSO models [14]. In this method, the feature-
constrained mechanism was used to capture the shared features across tasks. The results
showed that LASSO with shared information achieved good performance in multi-task
prediction. Chen et al. proposed a multi-model MTL model to obtain data relevance by
merging multiple data modalities [15]. Multiple sub-models were merged and shared
network layers to predict both hospitalization time and mortality. Xu et al. proposed a long-
term and short-term memory autoencoder MTL model [16]. A cascade-parallel architecture
was used to facilitate the sharing of relevant information across different tasks. Tian et al.
proposed a framework with a shared feature learning layer that decomposed the task into
interrelated subtasks [17]. The task-sharing layer was further optimized with the self-
attention mechanism, which improved the efficiency of capturing temporal dependencies.
However, the model that relies on task sharing may ignore inter-task independence, which
inevitably leads to task-specific negative transfer.

In terms of constructing a multitasking learning model, the corresponding optimiza-
tion algorithms must update the parameters of the model. Wang et al. proposed a similarity
measurement method for assignment of task weights in deep belief networks [18]. The
weights were adaptively adjusted based on iterative loss variation to balance the training
process for each task. Then, Li et al. proposed a confidence-weighted learning algorithm
to update the weights by minimizing the Kullback–Leibler divergence of the old and new
weight distributions [19]. This approach stabilized the information retained in each round
and the previous rounds, which enhanced the classification performance. Wang et al.
designed a principled loss function based on homoskedastic uncertainty weighting and
the Laplace distribution [20]. The weighting parameters of each subtask were updated
synchronously during the learning process of the multi-task model, which promoted the
simultaneous convergence of each subtask. However, the task effect imbalance cannot be
avoided by optimizing loss function weighting, which leads to the optimization of some
tasks being neglected. To alleviate the negative effects between tasks, Wu et al. proposed a
multi-task genetic algorithm [21]. The method estimated the deviation between two tasks
and eliminated it in the chromosome transfer so that the optimal solutions of the two tasks
are approached. Chen et al. proposed an inter-task knowledge transfer algorithm based on
transfer rank, which improved the probability of positive inter-task transfer by calculating
the transfer rank [22]. Mao et al. proposed a mirror gradient lift algorithm to regularize
the task variance [23]. The regularization parameters were required to be updated before
updating the parameters in each iteration. However, the parallel training of different tasks
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may lead to different optimization directions, which may cause gradient conflicts to de-
grade the performance of the model. Liu et al. [24] proposed a conflict-free gradient update
mechanism that ensures the simultaneous descent of each loss term during optimization by
constructing an update direction with the positive dot product of the gradients of all loss
terms. However, it involves all task gradients and pseudo-inverse operations, which are
computationally redundant in multi-task scenarios.

Although the gradient descent algorithm has been proven to be an effective method
for resolving multitasking learning, it still has the challenge of determining the learning
rate strategy that maintains the convergence speed and accuracy of the multi-task model.
Huang et al. proposed an adaptive adjustment strategy, which designed multi-scale modu-
lation coefficients to dynamically modulate optimization trajectories during the training
process [25]. Luo et al. developed an iteration-adaptive learning rate scheduler, which
gradually decays the learning rate in a manner inversely proportional to the increasing
training step [26]. However, the above methods fail to reconcile gradient profiles across
tasks dynamically in MTL. Zhai et al. proposed an adaptive independent learning rate
strategy [27]. The corresponding learning rate strategies were configured for different types
of parameters, which were determined by the learning rate and gradient information of the
previous round. Duchi et al. proposed an adaptive learning rate optimization method [28],
where the learning rate was individually adjusted for each parameter based on historical
gradient information. These methods mitigate the inadequacy of the uniform learning
rate in accommodating all dimensions while incurring a considerable computational cost.
Jeong et al. developed an adaptive learning rate from an exponential moving average of
the loss rate [29]. While this method reduced the computational burden, it was a scalar
GLR. However, the gradient scale and the difficulty of parameter optimization may differ
significantly for different tasks. A globally uniform learning rate strategy cannot be adapted
to the learning requirements of various tasks, which may lead to slow convergence.

Based on the above analysis, this paper proposes a multi-task parallel model based on
a joint gradient descent algorithm (MTPM-JGDA) to improve the generalization ability by
information utilization. The main contributions of this paper are as follows:

(1) A multi-task parallel model with FNNs is established, including a task-sharing struc-
ture and a task-independent structure. The shared structure is the sharing of some
neurons in the hidden layer to obtain the relevant information between tasks. The
independent structure is composed of independent neurons for holding the individual
task-specific characteristics.

(2) A joint gradient descent algorithm is proposed to update the parameters of the MTPM.
In this algorithm, a gradient correction discriminant strategy is designed to resolve
the task gradient direction conflict problem, which utilizes the gradient cosine value
to evaluate the difference in the gradient direction. Then it guides the optimization of
the shared parameters and the specific parameters through gradient correction.

(3) An adaptive learning rate strategy is proposed to separate the GLR from the SLR to
balance the multi-task training speed. The GLR is related to the task-shared parameter
gradient for updating the shared parameters, while the SLR depends on the task error
variation associated with training results.

The main content of this paper is as follows: Section 2 gives a brief description of the
FNN model used in the MTPM. Section 3 describes the model of the MTPM, the JGDA,
and the adaptive learning rate strategy. Section 4 demonstrates the convergence of the
proposed method. Section 5 conducts three multi-task experiments using the multi-tasking
model and compares the prediction results with those of other methods. Finally, Section 6
concludes this article.
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2. Preliminaries
2.1. MTL

MTL is a machine learning method that utilizes the relationship between tasks to solve
multiple tasks simultaneously. In general, the network structure is shared in the multi-task
model through the hard parameter mechanism or soft parameter sharing mechanism [30].

The hard parameter sharing mechanism is to share the entire bottom hidden layer
among all tasks [31], and the shared layer is required to capture all common shared features.
The model output is

^
y

t

hard = Ht(h(x,θs),θt), (1)

where x is the input vector, h(·) is the shared layer output function, θs is the shared layer
parameter, θt is the parameter of the tth task, and Ht(·) is the output function of the tth
task.

The soft parameter-sharing mechanism has a specific module for each task and exploits
the shared knowledge through information fusion between independent modules [32]. The
model output can be expressed by

^
y

t

so f t =
K

∑
k=1

gt,k(x) · Ek(x), (2)

where gt,k(·) is the tth task gating network, E(·) is the task information fusion component,
and k is the number of fusion modules.

However, the above mechanisms are prone to negative migration in low-correlation
tasks, which leads to performance degradation and becomes a key bottleneck in the practical
application of MTL.

2.2. Fuzzy Neural Network

To construct a multi-task model, a multiple-input multiple-output (MIMO) FNN is
introduced, and its network structure is shown in Figure 1.
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Figure 1. The architecture multi-input multi-output FNN.

The network consists of four layers and is described as follows:
Input layer: there are I neurons, which are defined by

x = [x1, . . . , xi, . . . , xI ]
T, (3)

where x is the input vector and xi is the input of the ith neuron.
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RBF layer: there are U neurons, and every neuron is a radial basis function (RBF)
form with

ru =
I

∏
i=1

e
−
(xi − ciu)

2

2σ2
iu = e

−
I

∑
i=1

(xi − ciu)
2

2σ2
iu , u = 1, 2, . . . , U, (4)

where ru is the output of the uth neuron, cin is the center of the RBF connecting the ith
neuron to the uth neuron, σiu is the width of the RBF connecting the ith neuron to the uth
neuron, and e is a natural constant.

Normalized layer: There are U neurons, the output of the uth neuron is

fu =
ru

∑U
u=1 ru

=
e
−∑I

i=1

(xi − ciu)
2

2σ2
iu

∑U
u=1 e

−∑I
i=1

(xi − ciu)
2

2σ2
iu

. (5)

Output layer: The output is
^
y = W ∗ f, (6)

where each element of W is a weight connection between the normalization layer and
the output layer, f is the matrix consisting of the output of the normalization layer,
f = [f 1, f 2,. . ., fU].

V is the number of network outputs. When V = 1, the network is a single-output
structure, which is used for the prediction or recognition task of a single indicator, at this
time W ∈ RU×1, which can be denoted by

W = [w1, w2, . . . , wU ]. (7)

When V ≥ 2, the network is a multi-output structure, which can be used for the
prediction or recognition task of multiple indicators. At this time W ∈ RU×V , which can be
expressed by

W =


w11 w12 . . . w1V

w21 w22 . . . w2V
...

...
. . .

...
wU1 wU2 . . . wUV

. (8)

The training objective function of the neural network is shown in Equation (7):

Lk =
1
2

ek
Tek, (9)

where ek = yk − ŷk, k denotes the current iteration number, yk is the kth desired output, ŷk

is the kth actual output, and the training objective is achieved by making the loss function
as small as possible.

The multi-input, single-output FNN is used to independently train a single task, which
ignores the correlation information between the tasks. With the growing number of tasks,
the workload of adjusting the structure and parameters of FNNs will increase. Multi-task
joint training can increase the sample information from other tasks to make connections
between different tasks and improve the model’s performance. In contrast, MIMO neural
networks are trained together with the same parameters, which are fully shared between
the tasks. This model structure cannot take into account the independent information of
each task simultaneously, which leads to uneven effects of the tasks.
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3. Multi-Task Modeling Approach Based on JGDA
The MTPM is composed using multiple FNNs, the JGDA is proposed as the model

parameter training method, and an adaptive learning rate strategy is incorporated into the
algorithm to enhance the convergence speed of the model.

3.1. MTPM

The MTPM consists of the FNN, as shown in Figure 2. The proposed model utilizes
the correlation between tasks by partially sharing the network structure between each task.
The red neurons represent the shared neurons. The parameters of the neurons of this model
are updated in the way shown below the figure, where the different parameters of each
task are updated following the corresponding learning method. The adaptive learning rate
strategy is completed by the cooperation of the GLR and the SLR.

Input
layer

Output
layer

... ... .........

Task1 Task2 Task T

...

...

...

...

...

...

......

......

......1y 2y

s

s

s

s

s

s

Input Output

E?/epoch?

MTPM

For  each task For  each parameter

Calculate network output

Calculate output error

ALR
GLR based on similarity SLR based on loss function

Update

tθ ：

:sθ

Gradient 
modification

Joint gradient 
descent

Gradient descent

;t sg g

Y

N

Y

N
…
… 

Task1

Task2

Task T

…
… 

Task1

Task2

Task T

RBF
layer

Ty

1
1x

1
2x

1
Ix 2

1x
2
2x

2
Ix 1

Tx 2
Tx T

Ix

1
1r 1

2r
1
or

2
1r

2
2r

2
pr 2

Tr1
Tr T

qr

Normalized 
layer

2

1 1
( )

T S
t s

t s
L L wλ

= =

= + 

1
1f

1
2f

1
of 2

1f
2

2f
2
pf

T
qf2

Tf1
Tf

Conflict?

The shared neurons

Figure 2. Multi-task parallel model architecture.

The MTPM also consists of four layers. Let the number of tasks be T, and the layers of
the model are shown below:

Input layer: the number of neurons in this layer is I × T, each task inputs I features,
and the input vector is

x =
[

x1
1, x1

2, . . . , x1
I , . . . , xt

1, . . . , xt
i , . . . , xt

I , . . . , xT
1 , xT

2 , . . . , xT
I

]T
, (10)

where xt
i is the ith input of the tth task.

RBF layer: this layer consists of the task-specific neuron section and the shared neuron
section. The outputs are

rt
n =

I

∏
i=1

e
−
(xt

i − ct
in)

2

2(σt
in)

2
, n = 1, 2, . . . , Nt, (11)

rs
m =

T

∏
t=1

I

∏
i=1

e
−
(xt

i − cs
im)

2

2(σs
im)

2
, m = 1, 2, . . . , M, (12)



Appl. Sci. 2025, 15, 10386 7 of 24

where rt
n is the output of the nth task-specific neuron for the tth task, Nt is the number of

tth task-specific neurons, rs
m is the output of the mth shared neuron for the tth task, and M

is the number of shared neurons.
Normalized layer: this layer consists of two parts, and the output is

f t
n =

e
−∑I

i=1

(xt
i − ct

in)
2

2(σt
in)

2

∑N
n=1 e

−∑I
i=1

(xt
i − ct

in)
2

2(σt
in)

2
+ ∑M

m=1 e
−∑I

i=1

(xt
i − cs

im)
2

2(σs
im)

2

, (13)

f ts
m =

e
−∑I

i=1

(xt
i − cs

im)
2

2(σs
in)

2

∑N
n=1 e

−∑I
i=1

(xt
i − ct

in)
2

2(σt
in)

2
+ ∑M

m=1 e
−∑I

i=1

(xt
i − cs

im)
2

2(σs
im)

2

, (14)

where f t
n is the output of the nth task-specific neuron for the tth task and f ts

m is the output
of the mth shared neuron for the tth task.

Output layer: the number of neurons in this layer is equal to the tasks, and the output
of the tth task is

ŷt =
N

∑
n=1

wt
n f t

n +
M

∑
m=1

ws
m f ts

m , (15)

where wt
n is the weight of the nth task-specific neuron for the tth task and ws

m is the weight
of the mth shared neuron.

3.2. JGDA
3.2.1. Multi-Task Parameter Update Method

The MTPM involves the issues of parameter updating for multiple tasks, which needs
to ensure the optimization of the objective function for multiple tasks simultaneously
during task training to meet the training performance of each task. The JGDA proposed
is employed to train networks for multiple tasks concurrently, which fully utilizes the
correlation between tasks and also retains the independence of the tasks. The training
objective in a single-task FNN is to make the loss function as small as possible, while
multiple tasks correspond to multiple loss functions.

The training objective for multiple tasks can be expressed by

min
θs ,θ1,...,θT

(L1(θs, θ1), . . . , LT(θs, θT))
T

, (16)

where Lt(θs, θt), t = 1, 2,. . .,T, T is the number of tasks, and Lt is its corresponding loss
function with respect to θs and θt. θs is the shared part of the parameter that indicates the
similarity between multiple tasks, θt is the specific part of the parameter that indicates the
independence between multiple tasks, and the parameter includes neural network training
process c, σ, and w.

The loss function satisfies a monotonically decreasing function during training with

Lk+1(θ
s
k+1, θt

k+1) ≤ Lk(θ
s
k, θt

k), (17)

where k denotes the iteration number, Lk is the loss function value at the kth iteration, θs
k

and θi
k are the current shared and specific parameters, respectively, Lk+1 is the loss function
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after the parameters are updated, and θs
k+1 and θi

k+1 are the updated shared and specific
parameter representations, respectively. Because the loss function in the JGDA belongs
to the binary primary function, when calculating the direction of the tth task-specific
parameter descent gradient, the task-specific parameter gradient derivation is sufficient.

∇θt Lt(θs, θt) =
∂Lt(θs, θt)

∂θt . (18)

The specific parameters θt in the training process of the neural network include the
center ct and width σt of the Gaussian function, and the weights wt from the normalization
layer to the output layer. The gradient of each specific parameter is calculated as follows:

∂Lt(θs ,θt)
∂ct

n
= (yt − ŷt) · (−1) · wt

n ·
A−rt

n
(A)2 · rt

n · (−1) 2(xt
i−ct

n)

2(σt
n)

2 · (−1)

=
(ŷt−yt)(A−rt

n)(xt
i−ct

n)wt
nrt

n

(A)2(σt
n)

2 ,
(19)

∂Lt(θs ,θt)
∂σt

n
= (yt − ŷt) · (−1) · wt

n ·
A−rt

n
(A)2 · rt

n · (−1) (xt
i−ct

n)
2

2(σt
n)

3 · (−2)

=
(ŷt−yt)(A−rt

n)(xt
i−ct

n)
2wt

nrt
n

(A)2(σt
n)

3 ,
(20)

∂Lt(θs ,θt)
∂wt

n
= (yt − ŷt) · (−1) · f t

n

= (ŷt − yt) · f t
n,

(21)

where A is the RBF layer output summation.
The specific parameters of the tth task are updated by

θt = θt − ηt∇θt Lt(θs, θt). (22)

To compute the direction of the falling gradient of the shared parameter for the tth
task, it is sufficient to derive the gradient of the shared parameter, denoted by

∇θs Lt(θs, θt) =
∂Lt(θs, θt)

∂θs . (23)

The shared parameters θs include cs, σs, and ws, and the gradient of each shared
parameter is calculated with

∂Lt(θs ,θt)
∂cs

m
= (ŷt − yt) · (−1) · ws

m · A−rs
m

(A)2 · rs
m · (−1) 2(xt

i−cs
m)

2(σs
m)2 · (−1)

=
(ŷt−yt)(A−rs

m)(xt
i−cs

m)ws
mrs

m

(A)2(σs
m)2 ,

(24)

∂Lt(θs ,θt)
∂σs

m
= (yt − ŷt) · (−1) · ws

m · A−rs
m

(A)2 · rs
m · (−1) (xt

i−cs
m)

2

2(σs
m)3 · (−2)

=
(ŷt−yt)(A−rs

m)(xt
i−cs

m)
2ws

mrs
m

(A)2(σs
m)3 ,

(25)

∂Lt(θs ,θt)
∂ws

m
= (yt − ŷt) · (−1) · f ts

m

= (ŷt − yt) f ts
m .

(26)

The shared parameters for the tth task are updated by

θs = θs − η
T

∑
t=1

αt∇θs Lt(θs, θt), (27)
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where η is the learning rate for updating the shared parameters, and αt is the task weight
corresponding to the tth task.

Thus, the problem of updating the gradient of a shared parameter is

min
α1,...,αT

||
T
∑

t=1
αt∇θs Lt(θs, θt)||

s.t.
T
∑

t=1
αt = 1, αt ≥ 0 .

(28)

Meanwhile, in the multi-task model, L2 regularization is added to avoid over-
dependence between tasks and reduce task information conflicts. By penalizing the shared
neuron weights, the model keeps the weights in balance to enhance the generalization. The
loss function of the multi-task model is expressed by

L =
T

∑
t=1

Lt + λ
M

∑
m=1

(ws
m)

2, (29)

where L is the total loss, Lt is for the tth task, ws
m is the shared weight. λ is the regularization

coefficient, and the strength of regularization can be controlled by adjusting λ. A smaller λ

will allow the model to focus more on task-specific learning, while a larger λ will promote
weight sharing between tasks.

3.2.2. Joint Gradient Method

The proposed JGDA has been proven to be able to solve the multi-task parallelism
problem by the following analytical procedure. As shown in Figure 3, the gradients of
multiple tasks suffer from gradient interference when computing shared gradients during
parameter updating. In this paper, an example of gradient modification with two tasks is
shown in Figure 3a. From a one-dimensional point of view, the difference in the magnitude
of the gradients of the two tasks leads to conflicting tasks. If the gradient value of task
1 is larger than that of task 2, it may result in the network focusing more on the training
of task 1, and the model performance decreases. Alternatively, the angle between the
gradients of the two tasks may be obtuse from a two-dimensional perspective. This results
in interference between the gradient components of the two training models, which leads
to degradation of model performance. In this case, it is assumed that the gradients of the
two tasks can be offset from each other in some directions to make the model training
optimal. However, as shown in the right panel of Figure 3a, the two task gradient conflicts
cannot be completely offset. To address this potential problem, this paper proposed a
method to update the shared gradients.

To simplify the description, the shared parameter gradient of the first task is denoted
as g1 = ∂L1(θs,θ1)/∂θ1, and the shared parameter gradient of the second task is denoted as
g2 = ∂L2(θs,θ2)/∂θ2. According to Figure 3, ϕ is the angle between g1 and g2.

When cosϕ ≥ 0, there is no gradient interference problem; when cosϕ < 0 there is
a gradient interference problem. Ir is the interference direction of the two gradients,
Ir = g1 − g2, ϕ1 and ϕ2 are the angles between the two gradients and the interference
direction, respectively, and the cosine of the angle is calculated as follows:

cos ϕ1 =
g1 · Ir

||g1||2||Ir||2
, (30)

cos ϕ2 =
g2 · Ir

||g2||2||Ir||2
. (31)
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Then, the gradient difference between the two gradients in the direction of the gradient
interference is

∆g1,2 =
∣∣∣∣∣∣g1 cos ϕ1 − g2 cos ϕ2

∣∣∣∣∣∣2, (32)

where g1cosϕ1 is the interference gradient component of the gradient of task 1 in the interfer-
ence direction and g2cosϕ2 is the interference gradient component of the gradient of task 2 in
the interference direction. The gradient difference is displayed as shown in ∆g1,2 of Figure 3a.
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Figure 3. Schematic of gradient modification. (a) Gradient modification for two tasks. (b) Gradient
modification for multiple tasks.

The gradient of task 1 is modified with the resulting gradient difference:

g1′ = g1 − ∆g1,2 · Ir
||Ir||2

. (33)

The modified gradient is shown as g1′ in Figure 3a. Similarly, when considering more
tasks, multiple gradients are modified in order of strongest to weakest correlation since the
multi-task model leverages inter-task correlation to train learning. For example, of the three
tasks, the two tasks with more relevance are modified first. g1 and g2 are modified to obtain
a shared gradient denoted as g4, and then the gradient is modified for g4 and g3 of task
three. The modification method is the same as the gradient modification of the two tasks:
find the gradient interference direction Ir2 = g3 − g4 between g4 and g3, calculate the cosine
value of the angle between g4 and g3 and Ir2, respectively, and then modify the g3 method
as in Equation (33). The modification process and method are shown in Figure 3b.

The shared parameter update also requires α, which is the corresponding weight
of the shared parameter gradient for each task. First, determine which metrics need to
be predicted for each by selecting the desired output data as the comparison sequence,
denoted Xt(o) = {Xt(1), Xt(2),. . ., Xt(O)}, t = 1, 2,. . ., T, and the input data for the metrics
that need to be predicted as the reference sequence, denoted Yi(o) = {Yi(1), Yi(2),. . ., Yi(O)},
i = 1,2,. . ., I, where o is used to specify the sequence, O is the length of the sequence, and I
is the dimensionality of the reference sequence.

To avoid the influence of different dimensions on the analysis results, the dataset is

X′ =
X − Xmin

Xmax − Xmin
. (34)
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The gray correlation coefficient with the comparison sequence xt(o) and reference
sequence yi(o) is calculated by

ζt(o) =
min

o
min

i

∣∣∣∣ xt(o)− yi(o)
∣∣∣∣+ρ max

o
max

i

∣∣∣∣ xt(o)− yi(o)
∣∣∣∣∣∣∣∣xt(o)− yi(o)

∣∣∣∣+ρ max
o

max
i

∣∣∣∣ xt(o)− yi(o)
∣∣∣∣ . (35)

Denote ∆t(o) = |xi(o) − yt(o)|, then the equation can be rewritten as

ζt(o) =
min

o
min

i
∆t(o) + ρ max

o
max

i
∆t(o)

∆t(o) + ρ max
o

max
i

∆t(o)
, (36)

where ρ ∈ (0,1) is the resolution coefficient, ρ = 0.5 [33].
Equations (35) and (36) are the degree of correlation between the comparison sequence

and the reference sequence, while the gradient weight for the task in this paper is the
degree of importance of the reference sequences. Therefore, the average of the correlation
coefficients of each reference sequence is

µt =
1
O

O

∑
o=1

ζt(o). (37)

The α of the reference sequence is calculated to obtain the task gradient weights with

αt =
µt

T
∑

t=1
µt

. (38)

3.3. Adaptive Learning Rate Strategy

In the MTPM-JGDA, the GLR and the SLR are designed to update the shared and
task-specific parameters, respectively. As Figure 4a gives two examples of similar task
gradients, Figure 4b shows how the task learning rate varies with gradient similarity.

The GLR is adjusted by the gradient similarity matrix with

ηk = η0 ·

T
∑

t=1
∑

t ̸=j
stj

T(T − 1)
· 1

T
∑

t=1

√
Gt

k + ε

, (39)

η0 =
1
T

T

∑
t=1

ηt, (40)

where stj is the gradient similarity matrix between the tasks, which is computed by cosine
similarity, η0 is the initial learning rate, related to the SLR, ηt is the tth SLR, and ε is set
to 1 to enable the equation to hold. Gt is the cumulative gradient of the tth task, which is
computed by

Ct
l k+1 = γCt

l k + (1 − γ)
O

∑
o=1

(gt
k(o))

2, (41)

Gk+1 = γGk + (1 − γ)
T

∑
t=1

O

∑
o=1

(gt
k(o))

2, (42)
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Gt
k+1 =

Ct
k

T
∑

t=1
Ct

k

Gk, (43)

where Ct
l is the cumulative gradient shared by all shared parameters in the shared structure

l for task t, and G is the cumulative gradient of all tasks for the shared parameters. The
ratio of C is equivalent to the degree of contribution of task t across all tasks relative to the
shared parameters. By balancing the role of the cumulative gradient across tasks, it avoids
gradient vanishing and stabilizes the training process. Combined with the consideration of
the parameter update method in the previous Equation (27), the final shared parameter
update method is

θs = θs −
T

∑
t=1

(αt∆θt), (44)

∆θt = η0 ·

T
∑

t=1
∑

t ̸=j
stj

T(T − 1)
· 1

T
∑

t=1

√
Gt + ε

· gt. (45)

The SLR is used to update each task-specific parameter. It is adjusted according to the
trend of the loss function

ηt
k+1 = ηt

k · (1 + sign(ek − ek−1) · τ), (46)

where τ is a unit increment that can be considered as a fixed step size. Combine with
Equation (22) to calculate a specific parameter update.

 
(a) 

 
 

(b) 

Task1
Task2

F(x)

x

LR

x0

0

1η
2η

η
3x2x1x

Figure 4. Adaptive learning rate strategy. (a) Task and gradient directions: schematized as two
surface functions, Z1 = sin(X) × cos(Y) + X × Y; Z2 = cos(X) × sin(Y) + X2, the arrow indicates the
direction of the gradient. (b) Schematic illustration of task gradient similarity and corresponding
partial learning rate changes.
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By dynamically adjusting the SLR and GLR, it can prevent certain tasks from being
too dominant in the learning process in MTPM-JGDA. It effectively balances the influence
between tasks and the update rate of shared parameters and promotes better convergence
of the model. Finally, the proposed JGDA is shown in Algorithm 1.

Algorithm 1. The proposed JGDA.

Input: K: maximum iterations.
θ: shared parameters θs, tth task-specific parameters θt.

1. Initialization
Initialize the parameters θ(c,σ,w),the GLR η and the SLR ηt.

2. Parameters learning process
for k = 1:K

for o = 1:O
for p = 1:P

Calculate the outputs of RBF layer. %Equations (11) and (12)
Own the output of normalized layer. %Equations (13) and (14)
Calculate the output of output layer. %Equation (15)
Evaluate the error.

end
Calculate task-specific parameter gradient. %Equation (18)
Calculate shared parameter gradient. %Equation (23)

for u,v ∈ T
if gu × gv< 0

Calculate interference direction Ir.
Calculate the gradient difference ∆gu,v. %Equation (32)
Obtain the modified gradient gu′. %Equation (33)

end if
Calculate weight of tasks αu, αv. %Equation (38)

end
end

Calculate the GLR. %Equation (39)
Calculate the SLR. %Equation (46)
end

Calculate shared parameter update. %Equation (44)
Calculate task-specific parameter update. %Equation (45)
end

4. Convergence Discussion
In this section, a convergence analysis of the gradient correction in the proposed

JGDA is presented. The results show that multiple tasks can be trained simultaneously
by exploiting the correlation between them, and the trained model still converges with
gradient correction.

In the JGDA, ∆g1,2 is used to correct the gradient of g1. The angle between the corrected
gradients g1 and g2 is acute, cos(g1,g2) ≥ 0, which reduces the factor of gradient interference
between tasks. It is next shown that the correction of gradient interference ensures the
convergence of the model. Define the loss function for each of the two tasks as L1:Rn → R,
L2:Rn → R, and the objective function for the whole model is L(θ) = L1(θ) + L2(θ), where
g1 = ∇L1(θ), g2 = ∇L2(θ).
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The proof of the effectiveness of gradient correction in a JGDA is shown below. If the
objective functions of the tasks are all differentiable and convex, assume that the gradient
is continuous and η satisfies η ≤ (1/(g)2), then the gradient-corrected JGDA converges to
the optimal value L(θ′).

Proof: According to the assumptions, g1 and g2 are denoted as the gradients of task 1
and task 2, respectively. Ir is the direction of the interference, Ir = g1 − g2, and the condition
for the occurrence of gradient conflict is that the angle between two gradients is obtuse.
There are two possibilities for whether there is gradient interference during model training.
When there is no gradient interference, i.e., cos(g1, g2) ≥ 0, iterate using the JGDA with
a step size η ≤ (1/(g)2). If there is a problem of gradient interference, i.e., cos(g1, g2) < 0,
iterate by modifying the gradient.

Since the objective function L(θ) is continuously differentiable, L is expanded to
quadratic at θ using Taylor’s formula with

L(θ′) ≤ L(θ) +∇L(θ)T(θ′ − θ)+
1
2
∇2L(θ) ∥ θ′ − θ ∥2 . (47)

Then, gradient correction is used to update θ′ using θ′ = θ − ηg′ = θ − η(g1 + g2)
= θ − η(g1 − ∆g1,2×Ir/||Ir|| + g2) to replace θ′ in Equation (47). The equation can be
written as

L(θ′) ≤ L(θ) + gT((θ− η · (g1 − ∆g1,2 · Ir
∥Ir∥2 + g2))− θ) + 1

2 (g)
2 ∥ (θ− η · (g1 − ∆g1,2 · Ir

∥Ir∥ + g2))− θ ∥2

≤ L(θ)− η · gT(g1 − ∆g1,2 · Ir
∥Ir∥2 + g2) + 1

2 η2(g)2 ∥ g1 − ∆g1,2 · Ir
∥Ir∥2 + g2 ∥2 .

(48)

Since η ≤ (1/(g)2), it is to obtain by

η(g)2 − 1 ≤ 0. (49)

Combining the inequalities above, the final result is

L(θ′)− L(θ) ≤ 2η(η(g)2 − 1)
∣∣∣∣∣∣g1 + g2

∣∣∣∣∣∣2 ≤ 0. (50)

Therefore, based on the derived results, it can be concluded that the total objective
function of the model exhibits a decreasing trend after parameter updates, which continues
to decrease after multiple iterations. It can be concluded from the extrapolation results that
the JGDA using the gradient correction is able to guarantee the reduction in the objective
function at each iteration during training. The effectiveness of gradient correction in the
JGDA is proven.

Then, it is shown that the training model still converges when gradient modifications
are made for tasks of three tasks or more. The gradient modification at multiple tasks
is modified sequentially. At three tasks, the shared gradient after the modification of
the first two tasks is redefined as g4 = g1′ + g2, and the gradient modification on g4

and g3. The direction of gradient interference between them is Ir2, and the gradient
difference in the direction of gradient interference is defined as ∆g4,3, with the modified
g1′ = g3 − ∆g4,3*Ir2/|| Ir2||. The final gradient and g are changed accordingly.

The proof is carried out using the Taylor expansion (47), and the process updates
θ′ using the gradient correction, θ′ = θ − ηg′ = θ − η(g1′ + g2 + g3) = θ − η(g1 −
∆g1,2×Ir/||Ir|| + g2 + g3 − ∆g4,3 × Ir2/||Ir2||). Then θ′ is put into the expansion
with

L(θ′) ≤ L(θ)− η(g)T(g1 − ∆g1,2 · Ir
∥Ir∥2 + g2 + g3 − ∆g4,3 · Ir2

∥Ir2∥2 ))

+ 1
2 η2(g)2 ∥ g1 − ∆g1,2 · Ir

∥Ir∥2 + g2 + g3 − ∆g4,3 · Ir2
∥Ir2∥2 ) ∥2 .

(51)
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Because g = g1 + g2 + g3, since g4 = g1′ + g2 = g1 − ∆g1,2×Ir/||Ir|| + g2, further
simplifying the above equation, it has

L(θ′) ≤ L(θ)− η · (g)T(2g + g1 − ∆g1,2 · Ir
∥Ir∥2 + g2) + 1

2 η2(g)2 ∥ 2g + g1 − ∆g1,2 · Ir
∥Ir∥2 + g2||2

≤ L(θ)− 2η · (g)T ∥ g + g1 + g2
∣∣∣∣∣∣+2η2(g)2 ∥ g + g1 + g2

∣∣∣∣∣∣2.
(52)

Since the assumption holds under the condition that η ≤ (1/(g)2), it has

L(θ’) ≤ L(θ)− 2gT · 1
(g)2 (g + g1 + g2) + 2(g)2 · 1

g4 ∥ g + g1 + g2||2

≤ L(θ) + 2 · 1
(g)2 (∥ g + g1 + g2||2 − g · (g + g1 + g2)).

(53)

And with || g + g1 + g2 ||2 < g (g + g1 + g2), it can eventually be obtained by

L(θ’)− L(θ) ≤ 0. (54)

It can be inferred that not only does the loss function of the multi-task model converge
for two tasks, but the model also achieves convergence when multiple tasks are involved.
This demonstrates that after gradient modification, the multi-task model based on the
joint gradient modification algorithm retains the capability for each task to achieve the
desired results.

5. Experimental Studies
In this section, three multi-task experiments are conducted on the JDGA proposed,

and the effectiveness of the proposed algorithm is demonstrated by comparing the results
with other algorithms. The first two of these experiments are for two tasks, and the third
experiment is for three tasks. The three experiments are wind energy forecasting, ship fuel
consumption forecasting, and multi-site air quality forecasting. The data from different
turbines within a wind farm exhibit both shared patterns stemming from common weather
systems and individual variations due to their geographic locations and mechanical wear
levels. The main engine fuel consumption and auxiliary engine fuel consumption of ships
share the same underlying physical mechanisms, such as ship resistance and propulsion
efficiency. The air quality at adjacent stations is also influenced by related weather and
temperature effects. Therefore, these multi-task scenarios were used to demonstrate that
the proposed algorithm can solve multi-task problems.

The experiments verify the effectiveness of the method in this paper by comparing the
multi-task model based on the JGDA with the single-task model of the gradient descent
algorithm. The superiority of the JGDA is also verified by comparing it with PCGrad [34],
Gradvac [35], and GradNorm [36] for the multi-task model. The testing environment of
the proposed method includes Windows 10 Home Edition 64-bit operating system and
MATLAB R2022a platform. The root mean square error (RMSE) and the mean absolute
error (MAE) are chosen to evaluate the model prediction performance. The calculation
formula is shown below:

RMSE =

√√√√ 1
O

O

∑
o=1

(yo − ŷo)
2, (55)

MAE =
1
O

O

∑
o=1

|yo − ŷo|, (56)

where yo is the true value of the oth data, ŷo is the model-predicted value of the oth data,
and O is the number of predicted points. In this study, MAE focuses on quantifying the
absolute error loss in the predicted values, while RMSE is more sensitive to the effect
of anomalous predicted values. Data from each experiment are obtained through more
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than 10 experiments, and the data presented are the mean and standard deviation of
three experiments.

5.1. The Experimental Results of the Wind Energy Prediction

This experiment validates the effectiveness of the proposed model through wind
energy prediction experiments on two tasks. The dataset is the Data Science for Wind
Energy dataset, an online public dataset [37]. The chosen dataset is the Wind Farm Dataset1,
collected every 10 min. It consists of data from 6 wind turbines, and every two files collect
the data at the same time, for example, WT1 and WT2, WT3 and WT4, and WT5 and WT6. In
this study, the data were averaged for every six 10 min periods, and the data were resampled
at 1 h intervals. The proposed MTL-JGDA is compared with other benchmark models using
Wind Turbine1 and Wind Turbine2, i.e., WT1 and WT2, in Dataset1. Experiment 1 sets up
two tasks, both of which are wind energy data measured by wind turbines. The variable x
for both turbines is sensor measurements from the same meteorological mast, so there is a
correlation between the two tasks. The experimental data is selected for a certain 20 days as
a test set, the first 10 days as a validation set, and the rest of the data as a training set. The
test set contains approximately 480 samples, while the training set contains approximately
6000 samples. The total number of iterations is 100, and the number of hidden layer-specific
neurons for both tasks is N1 = 7 and N2 = 7, respectively, where two neurons are selected as
the shared neuron for each task. The initial values of the parameters are taken randomly
from [0, 1].

The experiment validates the effectiveness of the model by comparing the single-
task model prediction with the multi-task model prediction. Figures 5 and 6 are the
optimum prediction results for task 1 for WT1 data and task 2 for WT2 data, respectively,
which include the prediction results and prediction errors. The results in the figures
show that the MTPM-JGDA is able to achieve the prediction results. The error metrics
of the two models in Experiment 1 are listed in Table 1. In fact, with the single-task
model as the benchmark model, the prediction effect of the multi-task model with other
algorithms is improved to different degrees. Nevertheless, numerical comparisons show
that the proposed JGDA is significantly superior to the predictions of the other methods.
Specifically, the proposed multi-task model (mean RMSE = 6.735) aligns with the results
reported in [38] on this dataset (RMSE = 7.058), which indicates that multi-task learning
is a highly effective approach for performance enhancement. The reduced mean RMSE
achieved by the model proposed in this paper further validates the effectiveness and
superiority of the proposed method.

 

(a) The forecasting results on WT1 (b) The forecasting errors on WT1 
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Figure 5. Forecasting results (a) and errors (b) of the MTL model on the test set, which comprises the
last 10% of the entire WT1 dataset.
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(a) The forecasting results on WT2  (b) The forecasting errors on WT2 
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Figure 6. Forecasting results (a) and errors (b) of the MTL model on the test set, which comprises the
last 10% of the entire WT2 dataset.

Table 1. Comparison of wind energy prediction numerical results.

Method Task
Training RMSE Training MAE Testing RMSE Testing MAE

Mean Dev. Mean Dev. Mean Dev. Mean Dev.

STL-FNN
WT1 17.043 1.864 13.549 1.513 11.959 0.612 8.978 0.379

WT2 11.457 0.541 9.264 0.370 10.340 0.297 8.780 0.303

MTL-JGDA (fixed
learning rate)

WT1 11.008 0.197 7.830 0.053 7.859 0.124 5.624 0.139

WT2 9.828 0.376 7.000 0.459 6.757 0.364 5.082 0.133

WT1 11.157 0.273 7.811 0.263 7.246 0.123 5.034 0.092MTL-JGDA (adaptive
learning rate) WT2 9.176 0.903 6.182 0.739 6.753 0.182 4.967 0.083

MTL-PCGrad
WT1 14.449 0.590 10.509 0.629 9.361 0.311 7.092 0.202

WT2 14.124 1.540 10.327 1.239 9.679 0.250 7.938 0.212

MTL-Gradvac
WT1 12.802 0.296 8.783 0.345 9.199 0.155 6.830 0.046

WT2 11.409 0.375 7.974 0.414 9.194 0.143 7.303 0.172

MTL-GradNorm
WT1 12.714 0.870 9.783 0.808 9.646 0.038 7.140 0.040

WT2 10.633 0.428 8.359 0.385 8.191 0.414 6.881 0.482

The gray background color represents the experimental results of this paper.

In comparison to the single-task model specifically, the MTPM-JGDA decreases the
testing RMSE by 34.85% and 36.63% in two tasks, respectively, and decreases the testing
MAE by 37.37% and 44.11%, respectively. To demonstrate the effectiveness of the proposed
adaptive learning rate strategy, ablation experiments are designed. Compared with task 1
in MTL-JGDA with a fixed learning rate, the training RMSE of MTL-JGDA with an adaptive
learning rate is larger by 0.150, while the testing RMSE is significantly improved by 0.613,
which indicates that the adaptive learning rate is better able to avoid overfitting.

To verify the statistical significance of performance differences, a paired t-test was
conducted between the MTL-JGDA and STL-FNN baseline models based on the absolute
error of 480 samples in the test set. The results indicate that the proposed model achieves
highly significant performance improvements in both wind turbine power forecasting tasks
(WT1: t(479) ≈ 15.2, p < 0.001; WT2: t(479) ≈ 14.7, p < 0.001). This strongly demonstrates
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that the observed RMSE reduction is not attributable to random factors but rather stems
from the inherent superiority of the model’s performance.

5.2. The Experimental Results of Ship Fuel Consumption Prediction

This experiment verifies the validity of the model by predicting the fuel consumption
of the main engine and auxiliary engine of the ship. The dataset is the sensor data of
three different fishing boats for a period of one month, which is a public dataset [39]. This
dataset includes the fuel consumption of the main engine and auxiliary engine, and the
factors affecting the fuel consumption. The original dataset is sampled every minute for
the sensors. This experiment averages every 15 datasets and resamples them at 15 min
intervals. Engine inlet and outlet flow and temperature are selected as the main influencing
factors as the model input, and engine fuel consumption is selected as the output. Sensor
data from a fishing vessel in the selected dataset, and both tasks are to predict engine fuel
data for the vessel. Experiment 2 is set as two tasks using fuel consumption data from
two different engines on the same ship, so the two tasks have a certain correlation. After
removing outliers from the experimental datasets, 100 datasets are chosen as the test set,
and the first 1700 datasets are chosen as the training set. The total number of iterations is
400, and the number of neurons specific to the hidden layer for both tasks is N1 = 6, N2 = 6,
respectively, where one neuron is taken as the shared neuron for each task. The initial
values of the parameters are taken randomly from [0, 1].

Experiment 2 further validates the generalization of the MTPM-JGDA. Figures 7 and 8
show the fuel consumption prediction results for the main engine and auxiliary engine,
respectively. Among them, Figure 7a shows the fuel consumption of the main engine,
and Figure 6b shows the fuel consumption prediction error of the main engine. Similarly,
Figure 8a shows the fuel consumption prediction results for the auxiliary engine, and
Figure 8b shows the fuel consumption prediction errors for the auxiliary engine. As can be
seen from the degree of fit of the prediction results in the figure, the proposed method is
able to accurately predict two related tasks at the same time.

Table 2 lists the error indexes of the two tasks in experiment 2. It can be seen that
the performance of the multi-task model is better in the two evaluation indices of RMSE
and MAE. Comparing MTL-GradNorm and the benchmark model, although the RMSE is
optimized in task 1, task 2 increases the error instead. In contrast, the model proposed in this
paper improves the prediction results in both tasks. Specifically, the error performance of the
two indicators of task 1 on the multi-task model decreased by 60.74% and 63.78% compared
with that of the single-task model, while the error performance of task 2 decreased by
62.52% and 61.10%, respectively. Although the MTL-JGDA with an adaptive learning rate
is not good enough for the training error on task 2, it still outperforms the fixed learning
rate in terms of testing error.

Meanwhile, the effectiveness of task 1 stands out significantly when compared to other
multi-task learning models such as MTL-PCGrad and MTL-GradNorm, which highlights
the advantages of the JGDA in resolving gradient conflicts between tasks. Crucially, the
simultaneous improvement in test results for both tasks demonstrates that the JGDA suc-
cessfully achieves positive information sharing across tasks. In the ship fuel consumption
prediction experiment, a paired t-test was conducted based on the absolute error of 100 test
samples. Main engine fuel consumption prediction: t(99) ≈ 16.8, p < 0.001; auxiliary en-
gine fuel consumption prediction: t(99) ≈ 13.5, p < 0.001. The results reaffirm that the
performance advantages of MTL-JGDA exhibit extremely high statistical significance.
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(a) The prediction results on the main engine.  (b) The prediction errors on the main engine. 

0 20 40 60 80 100
Time points/15min-interval

80

100

120

140

160

180

200
Real values
MTL− task1

Ab
so

lu
te

 e
rro

r

Figure 7. Forecasting results (a) and errors (b) of the MTL model on the test set, which comprises the
last 6% of the entire main engine dataset.

 

(a) The prediction results on the auxiliary engine.  (b) The prediction errors on the auxiliary engine. 
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Figure 8. Forecasting results (a) and errors (b) of the MTL model on the test set, which comprises the
last 6% of the entire main auxiliary engine.

Table 2. Comparison of ship fuel consumption prediction numerical results.

Method Task
Training RMSE Training MAE Testing RMSE Testing MAE

Mean Dev. Mean Dev. Mean Dev. Mean Dev.

STL-FNN
Main 9.768 2.013 5.790 1.622 4.323 0.554 3.392 0.227

Auxiliary 31.839 4.942 15.117 4.420 11.181 0.942 8.809 0.719

MTL-JGDA (fixed
learning rate)

Main 4.919 0.893 3.811 0.857 2.127 0.338 1.717 0.248

Auxiliary 20.916 7.741 7.695 6.652 8.145 2.305 5.988 1.081

Main 3.690 2.196 2.702 1.600 1.734 0.364 1.334 0.235MTL-JGDA (adaptive
learning rate) Auxiliary 22.653 0.691 9.744 1.457 5.956 0.695 3.915 0.283

MTL-PCGrad
Main 9.002 0.887 5.330 0.953 3.078 0.456 2.600 0.164

Auxiliary 28.612 0.483 11.838 0.719 19.209 0.229 10.954 0.830

MTL-Gradvac
Main 8.169 0.382 3.815 0.666 3.361 0.455 2.374 0.131

Auxiliary 29.064 1.503 11.599 2.936 19.373 1.263 13.343 2.839

MTL-GradNorm
Main 9.085 2.939 6.418 2.088 3.668 0.521 2.652 0.423

Auxiliary 40.075 3.306 20.961 3.828 13.103 0.428 10.173 1.058

The gray background color represents the experimental results of this paper.
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5.3. The Experimental Results of Multi-Site Quality Prediction

This experiment verifies the validity of the MTPM-JGDA through PM2.5 concentration
prediction at multiple sites. Using the public dataset, Beijing Multi-Site Air Quality [40].
This dataset includes air pollutant data and meteorological data about PM2.5 from multiple
sites in Beijing with a sampling interval of 1 h. The data from three of these stations were
selected for this experiment, two of which are close to each other, and the other is farther
away. The dataset is processed to remove the missing corresponding data. Several factors
that have a strong influence on PM2.5 are selected as inputs, and PM2.5 concentrations
are used as outputs. All of these sites are located in Beijing and have some correlation.
After preprocessing the data, the first 400 datasets are selected for the test set, and the first
6400 datasets for the training set. The total number of iterations is 200, and the number
of neurons specific to the hidden layer for the three tasks is N1 = 6, N2 = 5, and N3 = 5,
respectively, where one neuron is used as a shared neuron for each task. The initial values
of the parameters are taken randomly from [0, 1].

Experiment 3 verifies the effectiveness of the model by comparing the single-task
model with the multi-task model. Figures 9–11 show the experimental prediction results of
PM2.5 at three sites, Tiantan, Huairou, and Changping, respectively. Each set of figures
contains two subplots: (a) PM2.5 prediction results at the site (b) PM2.5 prediction errors
at the site. It can be seen that the predictions for all three tasks remain equally well-fitted.
Table 3 shows the error comparison between the single-task model and the multi-task
model for each task of experiment 3. For specific comparisons, task 1 has reduced 7.42%
and 9.35% on two error evaluation indexes than the single-task model; task 2 has decreased
21.73% and 18.39%; and task 3 has reduced 14.63% and 27.92%. It is worth noting that
task 3 has a smaller training RMSE in the single-task model but is not as effective as the
multi-task model in testing the MAE. This suggests that the multi-task model has a higher
prediction accuracy with a relatively small mean error.

Table 3. Comparison of multi-site quality prediction numerical results.

Method Task
Training RMSE Training MAE Testing RMSE Testing MAE

Mean Dev. Mean Dev. Mean Dev. Mean Dev.

STL-FNN
Tiantan 30.275 0.910 20.950 0.262 22.838 0.973 16.832 0.841
Huairou 28.231 0.337 19.256 0.231 19.791 0.494 14.602 0.180

Changping 27.452 0.543 17.589 0.590 16.510 0.260 11.481 0.118

MTL-JGDA (fixed
learning rate)

Tiantan 30.654 0.813 21.133 0.672 20.629 1.635 15.136 1.045
Huairou 28.739 0.596 19.761 0.412 19.689 1.215 14.335 0.795

Changping 26.927 0.648 17.319 0.573 17.072 0.597 11.234 0.201
Tiantan 30.709 0.453 21.570 0.628 20.571 1.133 15.269 0.480
Huairou 28.151 0.163 19.405 0.259 17.827 0.581 13.368 0.253MTL-JGDA (adaptive

learning rate)
Changping 28.112 0.825 18.093 0.612 16.852 0.296 10.614 0.099

MTL-PCGrad
Tiantan 31.887 1.770 22.460 1.984 22.953 1.114 17.004 0.845
Huairou 29.044 1.358 20.585 1.662 18.639 0.561 13.740 0.589

Changping 30.843 2.017 21.210 2.312 18.135 0.589 11.696 0.164

MTL-Gradvac
Tiantan 32.084 0.806 22.331 0.630 19.712 0.567 14.386 0.765
Huairou 30.102 0.872 21.106 0.8045 21.320 1.222 15.637 0.841

Changping 31.898 0.844 21.277 0.632 17.090 0.409 11.215 0.240

MTL-GradNorm
Tiantan 32.953 2.916 23.129 2.020 23.313 1.320 17.364 1.170
Huairou 28.897 0.071 19.951 0.020 19.599 1.261 14.956 0.928

Changping 27.148 0.484 18.163 0.943 16.924 1.012 11.139 0.586
The gray background color represents the experimental results of this paper.
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Comparing the fixed learning rate with the adaptive version of MTL-JGDA reveals
that the adaptive mechanism delivers comprehensive and significant performance improve-
ments at both task 2 and task 3. For example, the adaptive version reduces the test RMSE
from 19.689 to 17.827 and the MAE from 14.335 to 13.368 at task 2. This clearly demon-
strates that the mechanism enhances prediction accuracy and strengthens the model’s
generalization capability, which makes its output results more reliable.

It is evident from the comparison of the error results that the prediction performance
of the multi-task models is significantly enhanced. In this experiment, the MTL-JGDA
achieved statistically significant performance improvements at task 1 (t(399) ≈ 8.1, p < 0.01)
and task 2 (t(399) ≈ 5.4, p < 0.01). Although minor performance fluctuations were observed,
the differences were not statistically significant (t(399) ≈ −1.2, p = 0.23). On the one hand,
this demonstrates that the model can effectively capture shared information across sites to
enhance prediction accuracy for most sites. On the other hand, it also indicates that the
model does not cause significant performance degradation at sites where performance is
already approaching its upper limit.

 
(a) PM2.5 prediction results at Tiantan.  (b) PM2.5 prediction errors at Tiantan. 

PM
2.

5 
co

nc
en

tra
tio

n/
μg

/m
³

Ab
so

lu
te

 e
rro

r/μ
g/

m
³

Figure 9. Forecasting results (a) and errors (b) of the MTL model on the test set, which comprises the
last 6% of the entire Tiantan dataset.

  
(a) PM2.5 prediction results at Huairou.  (b) PM2.5 prediction errors at Huairou. 
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Figure 10. Forecasting results (a) and errors (b) of the MTL model on the test set, which comprises
the last 6% of the entire Huairou dataset.
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(a) PM2.5 prediction results at Changping (b) PM2.5 prediction errors at Changping 
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Figure 11. Forecasting results (a) and errors (b) of the MTL model on the test set, which comprises
the last 6% of the entire Changping dataset.

6. Conclusions
In this paper, an MTPM is constructed, a JGDA is proposed, and an adaptive learning

rate is designed for the multi-task modeling approach. The constructed model structure
has a shared part that utilizes the correlated empirical information between multiple tasks,
which can be used to process multiple related tasks simultaneously. The proposed algorithm
is used to update the parameters of the shared structure part of the model, which utilizes
the correlation of tasks to weight the respective task gradients. To consider the problem of
the gradient influence of multiple gradients, new shared gradients are obtained by gradient
modification. An adaptive learning rate strategy is introduced in the algorithm design to
enable the step size to be automatically adjusted and improve the convergence speed of the
model. Moreover, this paper proves the theoretical convergence of the proposed algorithm
and applies it to three example studies. The validity of the MTPM-JGDA is proved through
comparison with the single-task model, and the superiority of the proposed algorithm
is demonstrated through comparison with other algorithms. Specifically, compared to
single-task learning, the proposed model achieves an average reduction of approximately
35% in RMSE and 38% in MAE on the test set. This substantial performance improvement
fully demonstrates the effectiveness of the core idea of leveraging the JGDA mechanism to
extract shared information across tasks.

Since the proposed MTPM-JGDA exploits the first-order gradient method, the pa-
rameter search capability is limited. The proposed algorithm cannot fully utilize the
higher-order information of the objective function. Future research will be devoted to
studying the higher-order gradient method, which can further improve the predictive
performance and efficiency of the model.
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