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Abstract

This study focuses on determining stress distribution in elastic continuous beam foun-
dations subjected to large eccentricities primarily induced by the overturning moments
generated when horizontal forces, like those from earthquakes and wind, act on the su-
perstructure. Traditional linear static solutions provide an incorrect stress distribution
when a foundation loses partial contact with the ground, as they erroneously calculate
tensile stress in the uplifted regions. This research aims to formulate a mathematical model
that accurately calculates the corrected stress distribution. An optimization problem is
defined to minimize the discrepancy between the external effects (loads and moments)
from the superstructure and the internal resistance effects from the redistributed base stress
under the condition of partial foundation uplift. To solve this, meta-heuristic optimiza-
tion methods, including Artificial Bee Colony (ABC), Tree Seed Algorithm (TSA), and
Biogeography-Based Optimization (BBO), are employed to derive accurate mathematical
formulas. The performance of these methods is evaluated under varying soil conditions
and loading scenarios. The Tree Seed Method has consistently delivered the most accu-
rate results, with near-zero optimization errors. The findings provide the applicability
of algorithmic methods and their potential for improving stress distribution modeling in
elastic foundations.

Keywords: meta-heuristic methods; continuous foundations; eccentricity; tensile stress;
Winkler soil model

1. Introduction
Structures, especially high-rise buildings, are subjected to significant horizontal forces

caused by external effects such as seismic events and wind conditions. Continuous beam
foundations are a widely used structural element designed to distribute these forces safely
to the ground [1,2]. Horizontal effects acting on the superstructure generate considerable
overturning moments at the foundation level. Furthermore, the combination of this high
moment with axial loads can result in high eccentricity, potentially leading to partial
separation of the foundation from the ground. Within a linear structural analysis, this
eccentricity causes both compressive and tensile stress to develop. While the tensile stress
appears in the analysis due to uplift, no such interaction occurs in reality, as soil cannot
exert a remarkable tensile force on the foundation. Traditional design calculations often
focus solely on compressive stress distribution, disregarding tensile stresses. In order to
maintain structural integrity, the total stress must be immediately redistributed over the
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remaining contact area. This process, however, frequently increases the maximum stress
and complicates the determination of the final stress distribution.

A prevalent approach is to represent continuous beam foundations with a frame
element using a series of discrete elastic springs, but this increases the model’s intricacy by
introducing non-linear behavior (such as variable stiffness or compression-only constraints)
that makes it difficult to identify and redistribute the resulting stresses [3,4].

While foundation modeling includes various methods, two primary approaches are
rigid and elastic. Many studies on tensile soil stresses concentrate on rigid foundation
models [5–7], which assume a simplified linear stress distribution. This assumption,
however, fails to capture the complex, non-linear stress behavior of elastic foundations,
particularly under high eccentricity. When eccentricity is significant, rigid models often
require extra empirical formulas [5,6] that may overlook tensile stress or oversimplify the
solution. These traditional methods can be unrealistic, highlighting the need for more
accurate models that better reflect the actual stress distribution beneath the foundation.

The stress response in elastic foundations is fundamentally different and more chal-
lenging to analyze. The current literature [8–10] addresses many advanced aspects of
soil–structure interaction. However, it lacks comprehensive studies that incorporate the
unique behavior of tensile stresses in elastic foundations, which presents a significant
optimization problem. This study aims to address this gap by developing a mathematical
model and algorithm that are capable of determining the redistribution of tensile stress
under continuous beam foundations exhibiting non-linear behavior.

In the initial stage, an equation is developed to capture this complex situation by
applying multiple correction factors to the classical deflection expression proposed by
Hetényi [11], which is related to the behavior of an elastic beam on the Winkler soil
model [12]. These correction factors are optimized to minimize the difference between the
internal and external effects during the stress distribution under the foundation changes.
This challenging error minimization problem is well-suited for meta-heuristic optimization
techniques. Although it involves only four variables, the objective function is non-linear,
non-convex, and discontinuous due to the conditional elimination of tensile stresses. These
characteristics render it unsuitable for traditional gradient-based solvers, thereby justifying
the use of robust global search methods.

To enhance the robustness and reliability of the results, meta-heuristic methods, which
are proven to be effective in complex engineering optimization problems, are employed
to calculate the correction factors. Using multiple methods allows for a comparison of the
results, which helps to ensure the optimality and accuracy of the correction factors. This
validation process confirms that the factors accurately represent non-linear and tensile
stress conditions, thereby increasing the precision of the stress distribution models.

The correction factors are found to vary depending on parameters such as the total
external load (P), eccentricity (e), flexural stiffness (EI), foundation length (ℓ), and the bed-
ding coefficient (k0). These parameters play a crucial role in influencing stress distribution
in continuous foundations, and the correction factors adjust accordingly to account for the
non-linear behavior and the specific conditions of each foundation system.

In order to validate the proposed optimization methods, the Finite Element Method
(FEM) is conducted the SAP2000 [13] structural analysis software. In the modeling approach
using frame elements, linear analysis (L) with standard tension/compression springs, and
non-linear analysis (NL) incorporating contact effects with compression-only springs to
model foundation uplift are employed. The non-linearity in FEM analysis is confined
exclusively to contact non-linearity at the base. Thus, the changing boundary conditions
are redefined as the foundation loses and regains contact with the support springs. In
addition, the material models for the foundation body remain linearly elastic.
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The remainder of this study is structured as follows: Section 2 provides a literature
review, discussing previous studies relevant to this work. In Section 3, the fundamental
concepts of foundations are presented, along with an overview of stress distribution in
rigid and elastic foundations, the equation employed in this study, and the optimization
methods used to determine the coefficients within the equation. The results obtained from
the analysis are presented in Section 4. Section 5 provides an interpretation of the results
and a discussion of the findings.

2. Related Studies
The classical analytical solutions for beams on an elastic foundation were systemati-

cally established by Hetényi [11] in his 1946 publication, “Beams on Elastic Foundation.”
This text is widely regarded as the definitive resource on the topic, providing a compre-
hensive suite of analytical solutions for a variety of loading and boundary conditions.
Hetényi’s entire theoretical work is built upon the Winkler soil model [12], an idealization
proposed in 1867 that represents the foundation as a series of independent, linear-elastic
springs. Consequently, the governing differential equation in his analysis is derived directly
from Winkler’s core assumption: that the reactive pressure from the foundation at any
given point is directly proportional to the deflection of the beam at that point alone. The
governing stress and deformation behavior of an elastic beam on the Winkler soil model
is described with a classical analytical solution by Hetényi, which forms the basis of the
considered formulation in this study.

The Section 2 of this article addresses the interdisciplinary nature of the research,
which integrates aspects of stress distribution in foundations and the application of meta-
heuristic optimization methods. Given the complexity of this study, the literature review
is divided into two main focus areas. The first area explores existing research on stress
distribution in foundations, emphasizing both traditional and advanced methods used to
address non-linear and tensile stress behaviors. The second area examines recent meta-
heuristic applications for geotechnical structures and the use of specific meta-heuristic
optimization methods—namely, Artificial Bee Colony (ABC) [14–22], Biogeography-Based
Optimization (BBO) [23–28], and Tree Seed Algorithm (TSA) [29–33]—in contexts similar to
the present study. This study reveals a clear opportunity: to bridge the gap in geotechnical
analysis by applying the proven power of these meta-heuristic algorithms to the problem
of stress redistribution in highly eccentric-loaded elastic foundations.

The literature includes numerous studies on foundations with large eccentricities.
Koseoglu [34] demonstrated a calculation of base stresses under biaxial bending, while Al-
gin [35,36] proposed studies on a practical algebraic formula for dimensioning a rectangular
foundation subjected to biaxial bending. Recent studies have focused on the refinement of
foundation models. Moreno-Landeros et al. [37] proposed a novel model to determine the
optimal area for rectangular footings with eccentric columns under partial ground com-
pression, achieving a significant reduction in footing size. Tabsh and Al-Shawa [3] modeled
the foundation using the FEM, incorporating springs with varying bedding coefficients.
Loukidis and Tamiolakis [4] examined the spatial variation in the Winkler spring stiffness
constants required for spring mattress modeling to replicate slab deflections and bending
moment diagrams obtained from FEM analysis. Additionally, studies incorporating the
Winkler soil model into structural analyses have been conducted to evaluate the interaction
between beams and elastic supports [38,39]. However, a common limitation in these stud-
ies [38,39] is that the redistribution of tensile stresses—and the resulting concentration of
compressive stress—is often overlooked, leading to models that do not satisfy force and
moment equilibrium once uplift occurs.
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Aydoğdu [5] and Özmen [6] developed iterative methods for determining base stresses
in rectangular rigid foundations, but their approaches, while innovative for rigid-body
assumptions, are not extended to the more complex deformation-dependent stress patterns
found in elastic foundations. Bellos and Bakas [7] generated an eccentricity diagram to
map the deformations and compression zones of the foundation in a rectangular rigid
foundation. Moffitt [40] conducted an examination of the stress distribution behavior
of single foundations under the effects of uniaxial and biaxial overturning. While these
studies considered tensile stress distribution, the foundation behavior is modeled as a
rigid body. The study presented by Adrian [41] explores the distribution of pressure under
eccentrically loaded rectangular footings on elastic soils, addressing key challenges in
the field of geotechnical engineering. By employing mathematical models, the research
aims to improve the accuracy of pressure predictions and footing design under various
loading conditions.

Collectively, these advancements underscore a critical, persistent gap in the literature.
While methods have been proposed for rigid foundations [5–7,40] and the complexities
of elastic–soil interaction have been explored [8–10,41], a comprehensive framework that
directly addresses the non-linear redistribution of tensile stress in elastic continuous foun-
dations remains underdeveloped. Prior studies often either model the foundation as rigid,
which oversimplifies the stress distribution, or, when using elastic models, do not fully
resolve the equilibrium imbalance that occurs when tensile stresses are justifiably removed.
This specific challenge—correcting the stress profile in elastic foundations to restore equi-
librium under large eccentricity—forms the central motivation for the present research.

Recent advancements underscore the continued relevance of the elastic Winkler ap-
proach in soil–structure interaction modeling. For example, Gan et al. [8] investigated the
random responses of shield tunnels, while Lu et al. [9] examined settlement deformation in
buried pipelines—both demonstrating the applicability of Winkler-based models to contem-
porary engineering problems. Yu et al. [42] further extended this approach by developing
an analytical method to predict the response of a strip-foundation building to shallow
tunneling. Enhancing predictive accuracy, Zhen et al. [43] employed Physics-Informed
Neural Networks to infer beam displacement on foundations with high fidelity, even from
limited data. Additionally, Muhammad et al. [10] proposed simulation-based P-multipliers
for laterally loaded pile groups in granular soils, reflecting ongoing efforts to refine soil
modeling techniques.

The application of meta-heuristic optimization in geotechnical engineering has ex-
panded considerably, underscoring the relevance of the techniques adopted in this study.
For instance, Varga et al. [44] developed a reliability-based optimization model to de-
termine the optimal embedment depth of retaining walls; Dong et al. [45] proposed a
GA–BP neural network to predict optimal design parameters for reinforced soil embank-
ments; and Li et al. [46] demonstrated that machine learning can effectively predict key soil
compaction parameters from index properties, thereby enhancing design efficiency. Khaje-
hzadeh et al. [47] successfully applied an adaptive salp swarm algorithm to optimize the
design of geotechnical structures, demonstrating the efficiency of bio-inspired methods in
foundation engineering tasks involving non-linear conditions. Similarly, Moayedi et al. [48]
utilized four meta-heuristic optimizers, including MFO and LCA, to train neural models
for predicting the bearing capacity of shallow foundations on layered soils. Their work
underscores the effectiveness of bio-inspired methods for solving the complex, non-linear
problems inherent in foundation engineering.

There are numerous studies on the application of the meta-heuristic methods se-
lected for this study, particularly the Artificial Bee Colony (ABC) algorithm, developed
by Karaboga [14]. This method, inspired by the foraging behaviors of bee colonies, is first
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applied to multivariate function optimization [15]. In subsequent work, Karaboga and
Basturk [16] compared the ABC with other algorithms such as the Genetic Algorithm (GA),
Particle Swarm Algorithm (PSA), and Particle Swarm-Inspired Evolutionary Algorithm
(PS-EA). Further comparisons demonstrated the ABC algorithm’s effectiveness against
Differential Evolution (DE), Particle Swarm Optimization (PSO), and the Evolutionary
Algorithm (EA) for multidimensional numerical problems [17]. The global best (Gbest)-
guided ABC (GABC) algorithm, which enhances the exploitation capability of ABC by
incorporating global best solution information into the search equation, showed notable
results in numerical function optimization [18]. Additionally, the ABC algorithm, with a
hybrid search strategy for structural damage detection, highlighted its versatility in struc-
tural engineering applications [19]. Various modifications have been proposed to enhance
the convergence speed and solution accuracy of the ABC algorithm, such as integrating
the Firefly algorithm strategy to improve exploration and exploitation capabilities [20] and
applying an improved ABC method in clustering algorithms for higher search accuracy
and efficiency [49]. These references support the applicability and effectiveness of the ABC
algorithm and similar meta-heuristic methods for optimization tasks relevant to this study
on stress distribution in continuous foundations. The Artificial Bee Colony (ABC) algorithm
has been widely utilized across various engineering domains; for instance, the ABC algo-
rithm for route planning in unmanned aerial vehicles [50]. They similarly applied the ABC
method to model and optimize reservoir capacity, comparing it with alternative models
using the Koprucay example [22]. Additionally, several heuristic algorithms, including
ABC, Cuckoo Search, and Teacher–Learner Optimization, have been developed and applied
for the optimal design of reinforced concrete single foundations with minimal costs [51].
These applications underscore the versatility and effectiveness of the ABC algorithm in
solving complex optimization problems in engineering [21].

The Biogeography-Based Optimization (BBO) method, developed by Simon [23], is
a biodiversity-inspired, population-based meta-heuristic optimization technique. This
method has been extensively applied in various engineering domains. The authors of [24]
evaluated the performance of the BBO algorithm with enhancements, focusing on popula-
tion distribution and elitism. The authors of [23] introduced a constrained blended BBO
algorithm, comparing it with the Steady-State Genetic Algorithm (SGA) and the standard
Particle Swarm Optimization (PSO) methods. Several improvements have been proposed
to enhance the algorithm’s exploration and convergence efficiency, including modifications
such as an improved migration operator and local search mechanisms to strengthen explo-
ration capabilities [25], as well as integrating Cauchy mutation and cosine migration models
for adaptive control applications, which improve both accuracy and search speed [27]. For
instance, the BBO algorithm is applied to the design and economic optimization of shell-
and-tube heat exchangers, aiming to minimize costs [28]. The BBO algorithm is employed
to efficiently determine the electrical equivalent circuit parameters of asynchronous motors,
with its performance compared to that of the Genetic Algorithm (GA) [52]. The BBO is
used to optimize real-sized complex steel space frame structures [53]. Additionally, BBO
is utilized for optimizing fire image segmentation, thereby demonstrating its versatility
in image-processing applications [26]. Hybrid intelligence approaches have also proven
successful in related civil and geotechnical problems. For instance, Sharafati et al. [54]
employed a hybrid meta-heuristic model to predict scoring depth downstream of weirs,
demonstrating the capability of such models in solving non-linear hydraulic and soil–
structure interaction challenges.

The Tree Seed Algorithm (TSA), introduced by Kiran [31], has been extensively stud-
ied and applied to optimization problems. In his seminal work, Kiran [31] compared
the TSA with 32 other optimization methods, including the Artificial Bee Colony (ABC),
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Particle Swarm Optimization (PSO), Harmony Search (HS), and Firefly Algorithm (FA),
demonstrating its competitive performance in continuous optimization problems. In a
subsequent study, he addressed the pressure vessel design (PVD) problem using TSA,
comparing its effectiveness with state-of-the-art methods such as ABC and PSO [33]. The
TSA is further enhanced by incorporating Deb’s rules to address constrained optimization
problems; then, its performance is compared with that of various other optimization ap-
proaches [30]. Improvements are introduced to the TSA, and its performance is evaluated
against that of the original algorithm [32]. Additionally, a parallel version of the Tree Seed
Algorithm is developed on the Compute Unified Device Architecture (CUDA) platform,
thereby expanding its applicability to large-scale optimization problems [29].

The use of these three algorithms, each incorporating stochastic elements, allows for a
comprehensive evaluation of their performance. By comparing these methods, this study
aims to leverage their distinct strengths and capabilities to achieve a more accurate and ef-
fective solution for optimization problems associated with stress distribution in continuous
foundations. This multi-algorithm approach provides a more robust analysis than relying
on a single method, ensuring a well-rounded understanding of their relative performances.

This research contributes a comprehensive mathematical model and algorithm for
continuous foundations with non-linear stress behavior under high eccentricity, specifically
focusing on the often-neglected issue of tensile stress redistribution. While previous
studies [5,6] concentrated on rigid foundations, this work extends the analysis to elastic
foundations for a more complete understanding of stress behavior on the Winkler soil
model [12]. A novel methodological method is introduced by incorporating correction
factors into a classical analytical solution for elastic beam deflection, shortly defined as CAS
for this study, described by Hetényi [11] and utilizing multiple meta-heuristic optimization
techniques (ABC, BBO, TSA). To the authors’ knowledge, this combination of techniques
to determine stress distribution, particularly concerning tensile stresses in continuous
foundations, is unprecedented. By filling this gap, the study provides both theoretical
advancements and practical engineering solutions, supported by a computational tool for
optimization problems in foundation engineering.

3. Materials and Methods
3.1. Optimization Problem to Determine Base Stress Redistribution in Continuous Foundations

High and unpredictable horizontal forces, or a large load eccentricity, can cause a
foundation to partially uplift, resulting in a loss of contact and redistribution of the base
stress. In such cases, determining the base stress distribution by simple linear static analysis
leads to a significant calculation fault, such as unrealized tensile base stress. Since no
remarkable tensile interaction occurs between the base and the foundation surface, only
the redistribution of compressive stress will take place. This situation indicates that the
analysis must be performed with non-linear methods. Figure 1 provides a comprehensive
description of this case under the effect of any number of superstructural loads. The value
δ is defined as the distance between two points: the actual contact point and the theoretical
zero-stress point from the linear analysis. The distance from the foundation edge to this
contact point is the non-contact length (∆). Additionally, the contact point also indicates
the start of the redistributed compressive stress.

In Figure 1, σz(x) is a function of the compressive and tensile base stress calculated by
traditional linear analysis, σ∗

z (x) represents the redistributed compressive base stress that
in reality occurs under the foundation and is attempted to be determined by non-linear
optimization methods, ∑ F is the total external load, ∑ M is the total external bending
moment at the center of gravity of the foundation, ∑ F∗ is the total base force obtained
by the redistributed compressive base stress, ∑ M∗ is the total base bending moment at
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the center of gravity, considering redistributed compressive base stress. Figure 1 contrasts
two different interpretations of a foundation on Winkler springs: the classical linear-elastic
model, and a more realistic, non-linear “compression-only” model requiring an optimiza-
tion approach. In this context, Hetenyi’s [11] deflection expression yz(x) is considered in
defining the elastic baseline. While Hetényi’s linear solution provides the mathematical
foundation, a direct application of this is insufficient for cases with significant uplift of
foundation. In order to enforce a “compression-only” condition, it is necessary to make
a modification, which leads to the crucial phenomenon of stress redistribution over the
actual contact area.

Figure 1. Description of base stress redistribution under an elastic foundation.

Winkler’s spring approach [12] is one of the most common methods used to model the
linear distribution of base stresses. According to the Winkler soil model, base stress σz(x)
in the foundation is calculated by multiplying the deflection values by the soil stiffness per
unit foundation width, as shown below.

σz(x) = k0 yz(x) (1)

In Equation (1), considering a foundation with a fixed width b, yz(x) represents the
vertical deflection per unit length, while k0 denotes the bedding coefficient, which varies
according to soil type. The deflection of a beam foundation under various loads and
boundary conditions, and supported along its entire length by an elastic medium is defined
by Hetényi [11] as below:

yz(x) = y0F1(λx) +

(
1
λ

)
θ0F2(λx)−

(
1

λ2EI

)
M0F3(λx) −

(
1

λ3EI

)
Q0F4(λx)

−
NM
∑

i=1

(
1

λ2EI

)
MiF3[λ(x − UM,i)] +

NP
∑

i=1

(
1

λ3EI

)
Pi F4[λ(x − UP,i)]

(2)

Equation (2), expressed by Hetényi [11], provides the vertical deflection yz(x) at any
point x along the elastic beam. Conceptually, the solution is a superposition of effects from
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four primary components: (1) the initial deflection (y0) and rotation (θ0) at the beam’s
origin, which are captured by the terms with functions F1 and F2; (2) the bending moment
(M0) and shear force (Q0) at x = 0, represented by the terms F3 and F4; (3) the effect
of any intermediate concentrated moments (Mi); and (4) the effect of any intermediate
concentrated vertical loads (Pi).

The key parameters in this equation are defined as follows:

• y0, θ0, M0, Q0: Initial values for subsidence, rotation, bending moment, and shear
force at the beam’s origin (x = 0).

• E, I: The elastic modulus and moment of inertia of the beam, respectively, defining its
flexural stiffness (EI).

• λ: A characteristic parameter of the system, defined as λ = 4
√
(k0/4EI), which relates

the foundation stiffness to the beam stiffness.
• Mi, Pi: Magnitudes of concentrated moments and loads applied along the beam.
• UM,i, UP,i: Distances from the origin to the point of application for each concentrated

moment and load.
• F1(λx) to F4(λx) : Shape functions, which are combinations of trigonometric and

hyperbolic terms describing the damped wave-like deformation of the beam. These
terms are given in Appendix A.

The soil stresses obtained by Equation (2) are calculated according to the springs’
working conditions in both tension and compression, and the equilibrium conditions
are calculated accordingly. While tensile stress values may arise for high eccentricity
cases, these are not physically meaningful as no stress exists on surfaces that are not in
contact with the base. Therefore, these tensile values should be set to zero; however, this
adjustment does not satisfy the equilibrium conditions between external forces and base
stresses, leading to Equations (3)–(5).

σ∗
z (x) =

{
0 ⇐ σz(x) ≤ 0 (tensile stress)

σz(x) ⇐ σz(x) > 0 (copressive stress)
(3)

∑ F ̸=
[∫

σz(x)dx
]

comp
∑ F ∼= ∑ F∗ =

[∫
σ∗

z (x)dx
]

comp
(4)

∑ M ̸=
[∫

σz(x)x dx
]

comp
∑ M ∼= ∑ M∗ =

[∫
σ∗

z (x)x dx
]

comp
(5)

Under certain loading conditions, a foundation can partially uplift, rendering the
general stress formulation in Equation (2) invalid because soil cannot sustain remarkable
tensile stress. In this case, integrating only the compressive stresses from the original
formula would not balance the total external load (∑ F) and moment (∑ M), thus violating
the equilibrium conditions expressed in Equations (4) and (5). To resolve this and ensure
equilibrium is satisfied, the compressive base stresses must be redistributed over the
reduced contact area. Therefore, this study addresses the issue by proposing four correction
factors to be applied to the primary components of Hetényi’s [11] classical deflection
formulation, Equation (2). The choice of four factors directly corresponds to the four
fundamental components of the solution to the fourth-order differential equation governing
a beam on an elastic foundation. Specifically, these components relate to the effects of
initial deflection (y0), initial rotation (θ0), initial bending moment (M0), and initial shear
force (Q0), along with the effects of concentrated loads. To restore this equilibrium, the
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original formulation is modified by introducing four correction factors (a1, a2, a3, a4). The
modified expression for the redistributed compressive base stress is obtained as follows:

σ∗
z (x) = k0

(
a1y0F1(λx) + a2

(
1
λ

)
θ0F2(λx)

−a3

((
1

λ2EI

)
M0F3(λx) +

NM
∑

i=1

(
1

λ2EI

)
MiF3[λ(x − UM,i)]

)

+a4

(
NP
∑

i=1

(
1

λ3EI

)
Pi F4 [λ(x − UP,i)]−

(
1

λ3EI

)
Q0F4(λx)

)) (6)

Equation (6) is the proposed formulation for the redistributed base stress. This equa-
tion adapts the structure of Hetényi’s classical deflection approach [11] for an elastic beam
on the Winkler soil model [12] by incorporating the four dimensionless correction factors
(a1 to a4). Each factor scales a primary component of the original solution, allowing the
meta-heuristic algorithm to systematically adjust the stress profile until it correctly bal-
ances the external loads and moments. Equation (6) must be determined to satisfy the
equilibrium conditions described in Equations (3)–(5). Due to the non-linearity of stress
redistribution, this determination is challenging. Previous methods [5,6] that assume linear
stress distribution are ineffective in this context. Finding the best-fit coefficients under these
non-linear constraints is fundamentally an optimization problem. Consequently, an opti-
mization process is proposed to identify the most suitable correction factors, transforming
the problem into the optimization model defined as follows:

Err(a1, a2, a3, a4) =

∣∣∣∣∑ F∗

∑ F
− 1
∣∣∣∣+ ∣∣∣∣∑ M∗

∑ M
− 1
∣∣∣∣ (7)

In this model, the goal is to minimize the function representing the absolute relative
differences between total force and moment values generated by redistributed compressive
base stresses, ensuring they align with the total external force and moment.

3.2. Optimization Methods

To address the challenge of accurately determining stress distributions in continuous
foundations with significant eccentricity, this study employs meta-heuristic optimization
techniques, including Artificial Bee Colony (ABC), Biogeography-Based Optimization
(BBO), and Tree Seed Algorithm (TSA). These methods are utilized to refine the correction
factors essential for the mathematical model developed, aiming to enhance the precision of
stress distribution predictions under complex, non-linear conditions.

3.2.1. Artificial Bee Colony (ABC) Method

The Artificial Bee Colony (ABC) method, introduced by Karaboga [14], emulates
the foraging behavior of honeybee colonies to optimize solutions. In this approach, food
sources represent potential solutions, and the amount of nectar corresponds to the fitness
value of these solutions. Bees are categorized into explorer and observer bees. Explorer bees
randomly search for new food sources, while observer bees remain in the hive, selecting
food sources based on information communicated through the waggle dance, a mechanism
that conveys the quality of the discovered food sources.

The algorithm initializes with random food sources, each associated with a worker
and an observer bee. The search space represents the environment around the hive where
the bees search for food. The algorithm proceeds with the exploration and exploitation
of food sources by the bees until a stopping criterion, typically the maximum number of
iterations, is met.

The process involves the following key steps:
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1. Initialization: Food sources are randomly generated within the defined search space,
and fitness values are calculated.

2. Worker Bee Phase: Each worker bee explores neighboring food sources and updates
its position if a better solution is found.

3. Observer Bee Phase: Observer bees select food sources based on their fitness values,
with a preference for higher-quality sources, determined probabilistically.

4. Scout Bee Phase: If a food source is abandoned, the corresponding worker bee becomes
a scout and searches for a new food source.

5. Termination: The best solution is retained in memory, and the process repeats until
the stopping criterion is satisfied.

The ABC algorithm’s primary advantage lies in its balance between exploration and
exploitation, making it suitable for complex optimization problems.

3.2.2. Biogeography-Based Optimization (BBO)

The Biogeography-Based Optimization (BBO) method, developed by Simon [23],
is inspired by the distribution and migration of species across different habitats. Each
potential solution or “habitat” is characterized by a Habitat Suitability Index (HSI), which
reflects the quality of the solution. Migration and mutation processes are applied to modify
these solutions.

In the BBO algorithm, solutions share information based on their emigration and
immigration rates, which depend on the habitat’s HSI. Higher-quality solutions (those with
a high HSI) tend to share their attributes with other solutions, improving the overall quality
of the population. Additionally, mutation introduces diversity by randomly altering some
of the solution’s parameters.

The BBO algorithm follows these steps:

1. Initialization: Habitats (solutions) are randomly initialized, and their suitability
is evaluated.

2. Migration: Solutions migrate based on their emigration and immigration rates, updat-
ing their parameters accordingly.

3. Mutation: Random mutations are applied to maintain diversity in the population.
4. Selection: The best solutions are retained, and the process is repeated until the termi-

nation criterion is met.

3.2.3. Tree Seed Algorithm (TSA)

The Tree Seed Algorithm (TSA), introduced by Kiran [31], is inspired by the natural
process of tree seed dispersal. In this method, trees (solutions) scatter seeds (new solutions)
based on a search tendency coefficient, which determines the balance between exploration
and exploitation.

Seeds are generated using two equations, with the choice depending on the search
tendency parameter. If a seed outperforms the tree that generated it, the seed replaces
the tree, leading to improved solutions over iterations. The algorithm continues until the
stopping criterion is met, usually defined by the maximum number of iterations.

The TSA can be summarized as follows:

1. Initialization: Random trees are generated in the optimization problem’s search space.
2. Seed Generation: Seeds are scattered based on the search tendency coefficient, which

controls the degree of exploration and exploitation.
3. Selection: If a seed performs better than its parent tree, it replaces the tree.
4. Termination: The process repeats until the stopping criterion is reached, and the best

solution is identified.
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3.3. Optimization Implementation and Parameter Determination

The meta-heuristic algorithms (ABC, BBO, and TSA) are implemented in the MATLAB
R2024b [46] environment. To ensure a fair and robust comparison, a sensitivity analysis is
conducted to determine the optimal parameters for each algorithm. This analysis consists
of two main phases: first, establishing an appropriate search space for the correction
factors, and second, fine-tuning the optimization algorithm control parameters. This tuning
process is repeated for each example and is efficiently managed using a custom-developed
MATLAB tool [55,56] created for this study. The results of applying these tuned algorithms
to comprehensive cases are presented in Section 4. The detailed methodology for the
parameter tuning itself is provided in Appendix B (Determination of Search Space for
Correction Factors) and Appendix C (Algorithm Control Parameter Tuning).

3.4. Implementation Workflow of the Proposed Model

To clarify how the proposed optimization model can be practically applied to solve for
the base stress distribution in a continuous foundation with large eccentricity, the following
step-by-step computational workflow is provided:

1. Define Problem Inputs:

• Foundation properties: Length (ℓ), flexural stiffness (EI), and width (b).
• Soil properties: Bedding coefficient (k0).
• External loads: Total vertical load (ΣF) and total overturning moment (ΣM) at

the foundation’s center of gravity. Calculate the initial eccentricity (e).

2. Establish the Optimization Framework:

• Objective function: Define the goal, which is to minimize the equilibrium er-
ror (Err) as formulated in Equation (7). This function quantifies the difference
between external loads and the internal stresses from the foundation base.

• Design variables: The four correction factors (a1 to a4) are the unknown variables
that the optimization algorithm will solve for.

• Search space: Determine the upper and lower bounds for the design variables.
This is performed using the dynamic eccentricity-dependent model. First, calcu-
late the offset value κ using Equation (A2), then define the bounds [LB, UB] for
each factor using Equations (A3) and (A4).

3. Execute the Meta-Heuristic Optimization:

• Algorithm selection: Choose a suitable meta-heuristic algorithm. Based on the
findings of this study, the Tree Seed Algorithm (TSA) is recommended for its
superior accuracy and reliability.

• Parameter configuration: Set the control parameters for the chosen algorithm
(e.g., population size, search tendency) as specified in Table A2.

• Run optimization: Execute the algorithm. The solver will iteratively search for
the combination of a1 through a4 that minimizes the objective function (Err).
The process terminates when a stopping criterion (e.g., maximum iterations or
negligible error) is met.

4. Calculate and Interpret the Final Results:

• Obtain optimal factors: The output of the optimization is the set of optimal
correction factors (a1 to a4).

• Determine corrected stress distribution: Substitute these optimal factors into the
modified stress equation, Equation (6), to calculate the redistributed base stress
profile, σ∗

z (x).
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• Finalize the stress profile: As a final physical correction, set any remaining
(negligible) tensile stress values in the σ∗

z (x) profile to zero. The result is the final,
physically realistic compressive stress distribution on the foundation. The very
low Err value from the optimization confirms that this final distribution is in
equilibrium with the external loads.

4. Findings and Discussion
This section presents the results of the stress distribution analysis conducted on con-

tinuous foundations. Initially, foundation cases are analyzed using the conventional linear
approach. Then, the efficacy of the proposed optimization model in accurately determining
the stress distribution in cases of large eccentricity is evaluated. To facilitate these calcu-
lations, a MATLAB [55]-based computational tool is developed for stress determination,
with the source code available in the reference [56]. The results are verified by those of the
Finite Element Method (FEM). For this purpose, linear (L) and non-linear (NL) analyses
are performed with the SAP2000 V20 [13] structural analysis software, modeling the beam
foundation using frame elements. In a standard linear analysis using SAP2000, spring ele-
ments exhibit both compression and tension behavior. However, to model the foundation’s
compression-only response, a non-linear analysis case must be utilized. In addition, the
classical analytical solution proposed by Hetényi [11] for solving a specific problem of an
elastic beam deflection on Winkler soil is abbreviated as “CAS” in all figures and tables.

Before presenting the final stress distribution results, it is essential to establish robust
parameters for our optimization model. The process for determining these parameters is
detailed in the appendices and demonstrated through the two main cases in this section.
Case 1 (Section 4.1) is used to illustrate the initial sensitivity analysis for a fixed eccentricity,
which helps define an optimal baseline search space for the correction factors (detailed
in Appendix B). Subsequently, Case 2 (Section 4.2) demonstrates the development of the
dynamic, eccentricity-dependent model, which generalizes the search space for varying
loads. The tuning of the specific meta-heuristic algorithm control parameters is also
performed as part of this process (detailed in Appendix C). This preliminary analysis is
performed to establish the optimal parameters for each algorithm prior to their evaluation
in the main cases. The custom MATLAB tool [55,56] developed for this study efficiently
manages these preparatory analyses.

4.1. Determination of Stress Distributions for a Continuous Foundation (Case 1)
4.1.1. Example 1: Continuous Foundation with Axial Loads

The example problem presented by Keskinel and Kumbasar [57] investigates a contin-
uous beam with a length (ℓ) of 22 m, flexural stiffness (EI) of 1.89 × 106 t-m2, foundation
width (b) of 1.73 m, and a soil bedding coefficient (k0) of 4000 t/m3 (Figure 2). The foun-
dation is subjected to the total external load (∑ F) of 160 t and moment (∑ M) of 640 t-m,
resulting in eccentricity (e) of 4.0 m from the center of gravity. As presented in Appendix B.1,
the search space for the correction factors (a1to a4) using the fixed eccentricity method is
determined as [0.995, 1.005].

In order to simulate the linear and non-linear soil–foundation interaction in SAP2000 [13],
compression/tension and compression-only spring elements are utilized at 0.5 m intervals.
Additionally, for use in a frame model, the dimensions of the cross-section and material
properties are adjusted to align with a typical T-shaped beam foundation while maintaining
the flexural stiffness (EI), as given in the example (Figure 2).

Initially, a verification check is performed to confirm that the foundation is operating
under conditions of large eccentricity. The applied eccentricity value of 4.0 m exceeds the
limit of the core region (ℓ/6 or 3.67 m). This indicates that part of the foundation will
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tend to lift, resulting in tensile stress in linear analysis and requiring non-linear stress
redistribution. Then, a linear analysis is performed using CAS. This approach yields a
solution in which tensile stresses appear. Simply ignoring these stresses in the design
would result in a violation of the equilibrium conditions between the external loads and the
total base stresses. In accordance with the findings of the linear analysis, the equilibrium
imbalance resulting from the uncorrected stress distribution is presented quantitatively in
Table 1. To correct this, the optimization models proposed in this study are applied. The
ABC, BBO, and TSAs are used to find the correction factors (a1 to a4) that minimize the
equilibrium error defined in Equation (7). As shown in Table 1, a performance comparison
is presented of the proposed optimization methods against both the linear analysis results
of the CAS and FEM (L).

Figure 2. Side view and section details for Case 1, Example 1.

Table 1. The optimized correction factors and the results for Example 1.

Method Analysis a1 a2 a3 a4 ΣF*(t) ΣM*(t-m) Err (%) e∗ (m)

CAS L 1 1 1 1 162.9368 610.0698 6.51209% 3.74421
FEM [13] L - - - - 162.8847 610.5281 6.40792% 3.74822
FEM [13] NL - - - - 160.0039 639.9609 0.00855% 3.99966
ABC NL 1.00232 0.99779 0.99793 0.99917 160.0027 640.0279 0.00602% 4.00011
BBO NL 1.00141 0.99792 1.00102 0.99668 159.9937 639.8744 0.02357% 3.99937
TSA NL 1.00411 1.00045 1.00051 1.00036 160.0000 639.9996 0.00008% 4.00000

Err is the error value of the objective function defined in Equation (7), representing the
total relative difference between the calculated internal forces/moments and the external
loads. Suitable coefficient values are obtained using the computational tool [56] developed
with ABC, BBO, and TSA optimization methods. The results in Table 1 demonstrate the
effectiveness of the proposed optimization approach. All three meta-heuristic methods
successfully converged to solutions that satisfy the equilibrium conditions, with error
values below 0.025%. The total base force (∑ F∗) and moment (∑ M∗) obtained from all the
non-linear (NL) analyses are almost the same as the total external load (∑ F) of 160 t and
the moment (∑ M) of 640 t-m, respectively. The Tree Seed Algorithm (TSA) yielded the
most precise result, with an error approaching zero.

Crucially, the results obtained from the proposed optimization models consistently
align with those from the FEM (NL) analysis, providing an independent validation of
the models. In contrast, the linear analysis results of CAS and FEM (L), which do not
redistribute stress, show a significant equilibrium error. This error arises because simply
removing the tensile region leaves a compressive stress distribution that does not balance
the external loads. This comparison underscores the inadequacy of simplified linear
assumptions and confirms the necessity of the proposed non-linear redistribution model
for achieving an accurate and physically meaningful solution. The stress curves generated
by the ABC, BBO, and TSA optimization methods are in good agreement with the results
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of FEM non-linear (NL) analysis (Figure 3), providing strong validation for the proposed
optimization models.

Figure 3. Comparison of base stress distributions for Case 1, Example 1.

As seen in Figure 3, a significant finding of this study is the difference in the
soil–foundation contact area between the linear and non-linear models. While the maxi-
mum stress values are comparable, the linear analyses predict a significantly longer contact
length. In contrast, the non-linear methods accurately identify that the foundation lifts
off the soil, resulting in a smaller contact area. This reduction in contact area is a critical
consideration for design, as it more accurately represents the physical behavior and the
concentration of load.

Figure 4 shows the detailed deformation shapes and the corresponding spring force
distributions obtained from the FEM analyses. This clearly illustrates the uplift at the
right end of the foundation and the resulting compressive stress field over the reduced
contact length.

Figure 4. Frame model: (a) compression only; (b) compression/tension for Case 1, Example 1.
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The convergence histories for the ABC, BBO, and TSAs are presented in Figure 5. The
Biogeography-Based Optimization (BBO) algorithm shows a strong initial convergence but
tends to stagnate in later iterations. The Artificial Bee Colony (ABC) algorithm exhibits a
more gradual but steady convergence rate in comparison. The Tree Seed Algorithm (TSA)
demonstrates a balanced convergence behavior, effectively reducing the error throughout
the optimization process and consistently achieving the most accurate solution. Notably,
all three algorithms reached a stable solution plateau early in the process, typically within
the first 250 iterations. This confirms that the maximum iteration limit of 1000 is sufficient
for all methods to achieve convergence for this problem.

Figure 5. Convergence histories of the optimization algorithms for Case 1, Example 1.

4.1.2. Example 2: Continuous Foundation with Axial Loads and Bending Moment

In the second example, the foundation parameters (ℓ, EI, b, and k0) remain the same as
in the first. The loading is modified to further test the proposed method. In addition to the
existing loads, an external moment of 64 t-m is added at the center of gravity, based on the
example by Keskinel and Kumbasar [57]. In this way, the foundation is subjected to the
total external load (∑ F) of 160 t and a moment (∑ M) of 704 t-m, resulting in eccentricity (e)
of 4.4 m from the center of gravity. The external force and moment loading conditions for
this example are illustrated in Figure 6.

Figure 6. Loading situation for Case 1, Example 2.

With an external load eccentricity of 4.4 m, the foundation’s critical core limit (ℓ/6 or
3.667 m) is exceeded, indicating that partial uplift will occur. As in the previous example,
this condition requires a non-linear stress redistribution to achieve an accurate, equilibrium-
compliant solution. The eccentricity (e = 4.4 m) is close to the value used for the initial
tuning (e = 4.0 m). Therefore, the same fixed search space of [0.995, 1.005], as determined in
Appendix B.1, is deemed appropriate and also utilized for this analysis to maintain consis-
tency. Consistent with the first example, the results in Table 2 confirm the accuracy and
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reliability of the proposed optimization model. All three optimization methods produced
solutions with equilibrium errors below 0.06%, successfully balancing the external loads
(160 t and 704 t-m), and accurately calculating the applied eccentricity (4.4 m). Among the
methods, TSA once again provided the solution with the lowest error value.

Table 2. The optimized correction factors and the results for Example 2.

Method Analysis a1 a2 a3 a4 ΣF*(t) ΣM*(t-m) Err (%) e* (m)

CAS L 1 1 1 1 164.1227 662.7304 8.43886% 4.03802
FEM [13] L - - - - 164.1135 662.7336 8.43264% 4.03826
FEM [13] NL - - - - 160.0056 703.9454 0.01126% 4.39950
ABC NL 1.00331 0.99541 0.99748 0.99506 160.0204 704.2817 0.05278% 4.40120
BBO NL 1.00459 0.99773 1.00042 0.99545 160.0098 704.1170 0.02275% 4.40046
TSA NL 1.00369 0.99631 0.99876 0.99500 160.0007 703.9953 0.00111% 4.39995

The optimized solutions are validated by the FEM (NL) using SAP2000 [13]. The
significant output parameters, including resultant force and eccentricity, align closely with
the FEM (NL) results. In contrast, the linear approaches, CAS and FEM (L), result in a
significantly large equilibrium error of 8.44%. This significant discrepancy highlights the
limitations of linear methodologies in accurately modeling the behavior of the foundation
under conditions of large eccentricity. Linear methodologies give physically inconsistent
results for internal forces and predict an overly optimistic soil–foundation contact area.

Figure 7 summarizes the results for Case 1, Example 2. Stress values confirm the
findings from Table 2. The distributions predicted by the ABC, BBO, and TSA methods are
virtually identical to the results from the benchmark non-linear FEM (NL) analysis, pro-
viding strong visual validation for the proposed model. Furthermore, the close agreement
between CAS and the FEM (L) curves confirms the correct implementation of the linear
models for comparison. The most significant insight from Figure 7 is the difference in the
predicted soil–foundation contact area. While the maximum stress values are similar across
the methods, the linear analyses predict a non-contact length (∆) of approximately 2.98 m
from the right end. In contrast, the non-linear solutions correctly capture the foundation
uplift, resulting in a larger and more critical non-contact area of around 4.80 m in length.
This discrepancy underscores a significant deficiency in linear models, as underestimating
foundation uplift can lead to an unconservative assessment of the foundation’s behavior.
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Figure 7. Comparison of base stress distributions for Case 1, Example 2.



Appl. Sci. 2025, 15, 10277 17 of 29

Additionally, detailed deformation profiles and the corresponding spring force distri-
butions from the FEM analyses are presented in Figure 8.

(t)

(a) The frame spring model (compression-only in the vertical direction) for the non-linear analysis.
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Figure 8. Frame model: (a) compression only; (b) compression/tension for Case 1, Example 2.

The convergence histories for the second example are shown in Figure 9. The plot high-
lights distinct behaviors among the algorithms. All algorithms demonstrated efficient and
stable convergence, reaching their final, low-error solutions within the first 200 iterations.
The TSA presented the fastest convergence rate.
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Figure 9. Convergence histories of the optimization algorithms for Case 1, Example 2.

4.1.3. Numerical Comparison of Stress and Non-Contact Parameters

This section presents a numerical comparison of the major output parameters to
provide a consolidated view of the findings. Table 3 summarizes the maximum base
stress (σmax) and the soil–foundation non-contact length (∆) for both examples across all
evaluated methods. These include the reference value from the literature by Keskinel and
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Kumbasar [57], the linear analysis results of the CAS, the proposed non-linear optimization
methods (ABC, BBO, TSA), and the linear FEM (L) and non-linear FEM (NL) results by
SAP2000 [13] software. The Keskinel and Kumbasar value is derived using a classical
influence-line chart method, which relies on manual table interpolation.

Table 3. Maximum base stress (σmax) and non-contact length (∆) values.

Method Analysis
Example 1 Example 2

σmax (t/m2) ∆ (m) σmax (t/m2) ∆ (m)

Keskinel
and
Kumbasar
[45]

L 7.8400 - 8.0450 -

CAS L 7.4374 2.4222 7.6413 2.9587
FEM [13] L 7.3940 2.4245 7.6194 2.9757
FEM [13] NL 7.4301 3.6642 7.7008 4.7997
ABC NL 7.4604 3.6743 7.6669 4.8989
BBO NL 7.4346 3.7625 7.6707 4.8783
TSA NL 7.4429 3.6251 7.6664 4.8880

According to Table 3, there is strong agreement within the linear and non-linear groups.
The CAS and FEM (L) results are very similar, confirming that the baseline models are
consistent. Likewise, the solutions from the three optimization algorithms align closely
with the FEM (NL) benchmark, with deviations in stress and contact length generally
falling below 1%. This validates the accuracy of the proposed optimization work.

The most significant insight is the difference between the linear and non-linear analy-
ses. In Example 2, the non-linear analysis predicts a maximum stress that is slightly higher
(approximately 0.8%) than the linear solution. Moreover, it reveals a non-contact length that
is over 8% of the total foundation length. This reduction in contact area, which concentrates
the load on a smaller portion of the foundation, is a crucial design consideration that is
completely missed by linear models and can lead to an unconservative design.

Finally, the table shows a discrepancy of approximately 5% between the value from
Keskinel and Kumbasar [57] and the other linear solutions. This difference likely illustrates
the potential for small inaccuracies inherent in older, manual methods that rely on chart
interpolation for highly non-linear functions.

4.2. Parametric Study on the Effect of Eccentricity (Case 2)

An example is conducted to parametrically investigate the influence of external load
eccentricity (e) on the foundation’s behavior. A foundation model with a length (ℓ) of 20 m,
flexural stiffness (EI) of 1.9 × 106 t/m2, foundation width (b) of 2 m, and soil bedding
coefficient (k0) of 5000 t/m3 is analyzed under a constant vertical load of 100 t. As seen
in Figure 10, the eccentricity varied across five levels: 0.20 ℓ, 0.25 ℓ, 0.30 ℓ, 0.35 ℓ, and
0.40 ℓ. Because eccentricity varies significantly in this case, it is crucial to use an adaptive
search space for optimization. Therefore, as detailed in Appendix B.2, the bounds for the
correction factors are determined for each eccentricity level using the dynamic, eccentricity-
dependent model. Applying this model, the offset values (κ) for each of the five eccentricity
situations are calculated using Equation (A2) as 0.00418, 0.01265, 0.03825, 0.115679, and
0.349837, respectively. The specific algorithm control parameters used for this analysis are
detailed in Appendix C.

The diagrams in Figure 11 show discrete spring forces, which are a modeling tool
used in SAP2000 [13]. In reality, a foundation is supported by continuous base stress, and
the transition between these concepts is necessary for design. To find the average base
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stress over that patch, the spring force is divided by the area it represents. Figure 11 also
illustrates the critical differences between linear and non-linear models when analyzing a
foundation under an eccentric load. A linear analysis can be misleading for foundations
with significant eccentricity, as it fails to capture the uplift phenomenon and the resulting
high-stress concentrations predicted by the more accurate non-linear model.

100 t

10 m 10 m

ℓ = 20 m

e

a

a

a-a section:

b =2 m

1.
9 
m

0.8 m

0.
4 
m

E = 2.85×106 t/m2

Figure 10. Loading situation for different eccentricity conditions in a foundation.

(a) Compression-only spring forces (NL) (b) Compression/tension spring forces (L)e = 0.20ℓ

e = 0.25ℓ

e = 0.30ℓ

e = 0.35ℓ

e = 0.40ℓ

e = 0.20ℓ

e = 0.25ℓ

e = 0.30ℓ

e = 0.35ℓ

e = 0.40ℓ

Figure 11. The discrete spring forces for varying eccentricity levels in SAP2000 [13]: (a) non-linear
analysis using compression-only springs; (b) linear analysis using compression/tension springs.

The zero-force point (contact point) is the exact location on the foundation where
contact with the soil is no longer sustained. To the left of this point, the soil is in compres-
sion; to the right, there is a physical gap (zero stress). By definition, the base stress at the
zero-force point is exactly zero. As observed in Figure 11a, as the load eccentricity increases,
the zero-force point moves progressively to the left. This means that the total length of
the foundation in contact with the soil becomes smaller. This has a critical consequence.
The foundation must support the same total vertical load regardless of the contact area.
When the contact area shrinks (as the zero-force point moves inward), the average and
maximum compressive stresses on the remaining area must increase significantly to main-
tain equilibrium. This is why the arrows on the far left of Figure 11a become much larger
as eccentricity increases. Consequently, the load being resisted by the smaller area results
in a notable rise in stress.

The significant numerical results are presented in Table 4. These include the base
stress at the loaded end (σ0), the maximum base stress (σmax) along the entire beam, and
the non-contact length (∆) at the soil–foundation interface. Furthermore, Figure 12 shows
the resulting base stress distributions for each eccentricity level, allowing for a comparison
of all linear and non-linear methods.
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Table 4. Main results for the parametric example on eccentricity.

Parameter Method e = 0.20 ℓ e = 0.25 ℓ e = 0.30 ℓ e = 0.35 ℓ e = 0.40 ℓ

σ0 (t/m2)

CAS (L) 2.50 4.25 6.43 9.05 12.08
FEM (L) 2.41 4.13 6.30 8.94 12.04

FEM (NL) 2.56 4.41 6.86 10.32 16.25

ABC (NL) 2.58 4.65 6.85 10.22 16.48
BBO (NL) 2.57 4.33 6.73 10.31 16.21
TSA (NL) 2.54 4.41 6.95 10.19 17.14

σmax
(t/m2)

CAS (L) 5.13 5.38 6.43 9.05 12.08
FEM (L) 5.39 5.58 6.30 8.94 12.04

FEM (NL) 5.53 5.77 6.86 10.32 16.25

ABC (NL) 5.32 5.6 6.85 10.22 16.48
BBO (NL) 5.32 5.65 6.73 10.31 16.21
TSA (NL) 5.33 5.62 6.95 10.19 17.14

∆ (m)

CAS (L) 3.47 4.18 5.22 6.85 8.85
FEM (L) 3.47 4.18 5.22 6.83 8.84

FEM (NL) 5.95 7.33 9.06 11.33 14.01

ABC (NL) 6.24 6.73 9.39 11.73 14.16
BBO (NL) 6.29 7.96 9.81 11.64 14.12
TSA (NL) 6.39 7.67 9.14 11.73 14.43
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Figure 12. Stress distribution for varying eccentricities: (a) 0.20 ℓ; (b) 0.25 ℓ; (c) 0.30 ℓ; (d) 0.35 ℓ;
(e) 0.40 ℓ; (f) FEM.
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The results from the parametric study demonstrate several important trends. First,
there is high consistency within analytical groups. The proposed optimization methods
(ABC, BBO, and TSA) produce results that are nearly identical to the FEM (NL) across all
eccentricities. Likewise, CAS and FEM (L) results are in close agreement, which validates
the correct implementation of both the linear and non-linear models.

As eccentricity increases, the soil–foundation non-contact length (∆) expands across
all models, with the effect being much more pronounced in non-linear analyses. The
difference in non-contact length between the linear and non-linear approaches (δ) rises
from about 12.4% at 0.20 ℓ to 25.8% at 0.40 ℓ. At the same time, the maximum stress (σmax)
also increases with eccentricity, with the rate of increase being substantially higher in the
non-linear models at larger eccentricities.

This highlights the most critical finding: the divergence between linear and non-linear
models becomes more severe as eccentricity increases. At 0.20 ℓ, the difference in maximum
stress between the two approaches is minimal. However, at the largest eccentricity of
0.40 ℓ, the non-linear analysis predicts a maximum stress that is over 30% greater than the
linear prediction. This significant underestimation of stress by linear models, coupled with
their overestimation of the contact area, underscores the importance of using a non-linear
approach for the safe and accurate design of foundations under large eccentricity.

4.2.1. Reliability and Consistency of Optimization Methods

In order to assess the reliability and consistency of the meta-heuristic algorithms, each
method was run ten times, with different random seeds for every eccentricity level. The
statistical results of the final equilibrium error (Err%), including the standard deviation,
mean, maximum, and minimum values, are presented in Table 5. This analysis helps
evaluate how robust each algorithm is to the stochastic nature of its search process.

Table 5. Statistical analysis of the equilibrium error (%) from ten independent runs.

Method Eccentricity Std.
Deviation Mean Maximum Minimum

ABC

0.20 ℓ 0.03% 0.05% 0.12% 0.01%
0.25 ℓ 0.25% 0.38% 0.78% 0.03%
0.30 ℓ 0.48% 0.54% 1.62% 0.06%
0.35 ℓ 0.91% 1.14% 2.67% 0.15%
0.40 ℓ 1.18% 1.76% 4.05% 0.39%

BBO

0.20 ℓ 0.05% 0.20% 0.26% 0.10%
0.25 ℓ 0.39% 0.61% 1.29% 0.18%
0.30 ℓ 0.62% 1.51% 2.38% 0.57%
0.35 ℓ 0.78% 1.33% 2.62% 0.28%
0.40 ℓ 1.59% 2.68% 5.32% 0.41%

TSA

0.20 ℓ 0.03% 0.04% 0.10% 0.01%
0.25 ℓ 0.22% 0.18% 0.70% 0.03%
0.30 ℓ 0.36% 0.45% 1.13% 0.11%
0.35 ℓ 0.67% 0.72% 2.05% 0.02%
0.40 ℓ 0.54% 0.69% 1.46% 0.12%

As can be seen from the statistical results in Table 5, the optimization problem becomes
more challenging, leading to a general increase in the mean error and standard deviation
for all algorithms. However, clear performance differences emerge. The BBO algorithm
consistently shows the highest mean error and a wider spread between its minimum and
maximum results, indicating that it is the least reliable for this problem.

Both the ABC and TSA methods perform well, but TSA demonstrates superior consis-
tency. At the most difficult situation (e = 0.40 ℓ), TSA not only achieves a significantly lower
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mean error (0.69%) compared to ABC (1.76%) and BBO (2.68%) but its standard deviation
is also less than half that of the other methods. This indicates that TSA is not only more
accurate on average but also more robust, providing consistently high-quality solutions
regardless of the initial random seed. This makes it the most suitable algorithm among the
three for this application.

4.2.2. Behaviors of Correction Factors

The behaviors of the four correction factors (a1 to a4) are analyzed as a function of
eccentricity to provide insight into the model’s inner workings. The suitable ranges for
correction factors are determined according to the “dynamic eccentricity-dependent model”
explained (see Appendix B.2). Figure 13 shows the distribution of the optimal factor values
found by each algorithm (ABC, BBO, and TSA) for the different eccentricity levels. It is
important to note that stress distribution is highly sensitive to these factors, meaning even
small adjustments can produce the correct equilibrium state.
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Figure 13. Distribution of optimal correction factors (a1 to a4) as a function of eccentricity: (a) ABC;
(b) BBO; and (c) TSA.

Examination of the graphs presented in Figure 13 yields several meaningful results. At
lower eccentricities, the correction factors for all algorithms tend to cluster within a narrow
range around the 1.0 value. As eccentricity increases, the spread between the factor values
widens, indicating that more significant adjustments to the modified stress equation are
necessary to handle the increased non-linearity.

More specifically, a clear relationship with eccentricity is visible for two of the factors.
Across all algorithms, a1 generally trends upward and a4 trends downward as eccentricity
increases from 0.20 ℓ to 0.40 ℓ. This suggests a systematic adjustment is being made to
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the terms associated with the initial deflection and the concentrated loads. In contrast,
the a2 and a3 factors exhibit more fluctuating behavior without a simple monotonic trend,
implying that their role in the correction is more complex and adaptive to the specific shape
of the stress distribution at each step. This nuanced behavior, which was not apparent in
the original analysis, indicates that while a single predictive formula for all four factors
may be elusive, their adjustment by the optimization model is not random but follows
discernible patterns to maintain equilibrium.

5. Conclusions
This study addressed the critical challenge of determining stress distribution in elastic

continuous foundations under large eccentricities. The research introduced and validated a
novel computational method that integrates meta-heuristic optimization with the Winkler
soil model [12] to correct for non-physical tensile stresses and ensure force and moment
equilibrium. By optimizing a set of four correction factors applied to Hetényi’s analytical
solution [11], the developed model successfully produces a realistic and accurate repre-
sentation of the foundation’s behavior, as validated against benchmark non-linear finite
element analyses [13].

A principal finding is that conventional linear analysis, which ignores tensile stress
redistribution, leads to significant and potentially unsafe design errors. This parametric
study revealed that as eccentricity increases, the discrepancy between linear and non-linear
models becomes severe. At the largest eccentricity tested (0.40 ℓ), the non-linear analysis
predicted a maximum base stress over 30% higher and a soil–foundation contact area nearly
50% smaller than the linear model suggested. This demonstrates that simplified methods
can dangerously underestimate peak stresses while overestimating the effective bearing
area, highlighting the importance of a non-linear approach for ensuring structural safety.

The methodological contribution of this work lies in demonstrating the suitability of
meta-heuristic optimization for this complex structural mechanics problem. The successful
application of the Artificial Bee Colony (ABC), Biogeography-Based Optimization (BBO),
and Tree Seed Algorithm (TSA) validates their use as robust global search tools. While
all three algorithms converged to viable solutions, a statistical analysis of repeated runs
showed that the TSA consistently exhibited superior performance, achieving the lowest
mean error and the smallest standard deviation, proving it to be the most accurate and
reliable method for this application.

Despite its success, this study has limitations that open avenues for future research.
The correction factors are determined on a case-by-case basis through optimization. While
the analysis revealed clear trends in some factors, a comprehensive correlation study or the
application of machine learning techniques could lead to a generalized predictive model,
eliminating the need for optimization in every case. The examples, while realistic, did not
include foundation self-weight or extreme dynamic moments from seismic events; future
studies should test the method on real-world design problems. Furthermore, the model
could be extended from a one-dimensional beam to a two-dimensional plate to analyze
more complex raft foundations, which are common in structures with large overturning
moments. Finally, the chosen algorithms could be benchmarked against newer, state-of-the-
art optimizers to explore potential improvements in efficiency.

In conclusion, this research presents novel and practical computational work for
a challenging problem in foundation engineering. It not only advances the theoretical
understanding of stress redistribution under large eccentricity but also provides a valuable
and validated tool that can help engineers design safer and more efficient continuous
foundations. Commonly employed Finite Element Method (FEM) software can address
the contact non-linearity using built-in iterative procedures, but this research proposes a
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novel and distinct alternative. Instead of relying on numerical FEM solvers, we introduce a
semi-analytical framework that integrates powerful meta-heuristic optimization techniques.
The introduced method offers several advantages: it provides a transparent, equation-based
solution, it offers a computationally efficient alternative for this specific problem, and the
resulting correction factors provide direct physical insight into how the classical theory
should be modified to restore equilibrium.
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Abbreviations
The following abbreviations and symbols are used in this manuscript:

b Width Mi Superstructural moment
h Height Fi Superstructural axial force
t Thickness y0 Initial deflection value
e Eccentricity θ0 Initial rotation value
↕ Foundation length M0 Initial bending moment value
E Elastic modulus Q0 Initial shear force value
EI Flexural stiffness λ Characteristics of the system
k0 Bedding coefficient λl Relative stiffness
κ Offset for the correction factors ∆ Non-contact length of the base
σz Base stress yz Vertical deflection
σ∗

z Redistributed base stress x Coordinate value along the length
ABC Artificial Bee Colony BBO Biogeography-Based Optimization
TSA Tree Seed Algorithm FEM Finite Element Method
L Linear NL Non-linear
CAS Classical Analytical Solution by Hetényi [11] for elastic beam deflection on Winkler soil model [12]
UM Distance from the initial point to the point of application of the external moment
UP Distance from the initial point to the point of application of the external load



Appl. Sci. 2025, 15, 10277 25 of 29

Appendix A. Shape Functions of Classical Analytical Solution

F1(λx) = coshλxcosλx

F2(λx) = 1
2 (coshλxsinλx + sinhλx cosλx)

F3(λx) = 1
2 coshλxcosλx

F4(λx) = 1
4 (coshλxsinλx − sinhλx cosλx)

(A1)

Appendix B. Determination of Search Space for Correction Factors
A critical step in the optimization setup is defining the search space for the correction

factors (a1, a2, a3, a4). While a wide search space can find solutions with low mathematical
errors, it does not guarantee a physically plausible stress distribution. Therefore, a detailed
investigation is conducted where 16 different search intervals are tested using the TSA.
This process is described in two stages, depending on whether the eccentricity values are
fixed or dynamic.

Appendix B.1. Initial Sensitivity Analysis for a Fixed Eccentricity

The considered eccentricity value for the tuning of correction factors is e = 4 m (≈0.18 ℓ).
At this point, the ranges of solutions for the a1 to a4 values are gradually narrowed down,
and the boundary values that produce consistent results in line with the benchmark FEM
(NL) are identified. The results, summarized in Table A1 and illustrated in Figure A1,
are evaluated based on both the equilibrium error (Err) and the resulting stress profile,
validated against the non-linear FEM analysis. Figure A1 also presents the base stress curve
provided by Hetényi’s [11] linear approach. The main finding is that while wide intervals
like [0.001, 5] produce low error, they result in stress distributions and soil–foundation
contact lengths that are inconsistent with the FEM (NL) results. In contrast, as the search
space narrowed around a central value of 1.0, the solutions demonstrated increasing consis-
tency with this benchmark analysis. The optimal balance is achieved with the search space
[0.995, 1.005]. This interval not only resulted in the lowest error (0.00008%) but, more im-
portantly, produced a stress distribution that most closely matched the behavior predicted
by the FEM (NL). Therefore, this search space is adopted for all subsequent analyses.
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Table A1. Sensitivity analysis for the search space bounds of correction factors (a1 to a4).

Upper
Bound
(UB)

Lower
Bound

(LB)

Search
Space

Error (Err)
(%)

Contact
Length

(m)

∆
(m)

σ0
(t/m2)

σmax
(t/m2)

1.0000 −1.0000 [−1, 1] 0.01981 14.34 7.66 4.35 8.39
5.0000 0.0010 [0.001, 5] 0.00505 13.78 8.22 3.39 9.20
2.0000 0.0001 [0.0001, 2] 0.00110 13.81 8.19 3.43 9.16
1.5000 0.5000 [0.5, 1.5] 0.00165 14.01 7.99 3.80 8.86
1.4000 0.6000 [0.6, 1.4] 0.01032 14.37 7.63 4.40 8.35
1.3000 0.7000 [0.7, 1.3] 0.02149 14.82 7.18 5.04 7.81
1.2000 0.8000 [0.8, 1.2] 0.00245 15.42 6.58 5.74 7.22
1.1500 0.8500 [0.85, 1.15] 0.00112 15.82 6.18 6.13 6.92
1.1200 0.8800 [0.88, 1.12] 0.00086 16.12 5.88 6.38 6.84
1.1100 0.8900 [0.89, 1.11] 0.00223 16.22 5.78 6.45 6.85
1.1000 0.9000 [0.9, 1.1] 0.00258 17.47 4.53 7.17 7.18
1.0500 0.9500 [0.95, 1.05] 0.00570 18.29 3.71 7.45 7.45
1.0100 0.9900 [0.99, 1.01] 0.00168 18.07 3.93 7.39 7.39

1.0050 0.9950 [0.995,
1.005] 0.00008 18.37 3.63 7.44 7.44

1.0010 0.9990 [0.999,
1.001] 0.11631 18.36 3.64 7.46 7.46

1.0000 1.0000 [1, 1] 19.2507 19.58 2.42 7.44 7.44

Appendix B.2. Development of a Dynamic Eccentricity-Dependent Model

While the initial analysis confirms that a narrow and symmetrical range is the correct
approximation, it raises the question of whether there is a single, constant range for all
eccentricities. In order to address this, the investigation is extended using results from
the parametric study detailed in Section 4.2. In the case considered, the optimization
process is performed for five distinct eccentricity levels (from 0.20 ℓ to 0.40 ℓ), and the
optimal search space, defined as [1−κ, 1+κ], is determined for each eccentric situation. To
provide data for this search, an initial sensitivity analysis is performed separately for each
eccentricity situation, as explained above. The results showed a strong and clear correlation:
as eccentricity (e) increases, the optimal search space width represented by the offset value
(κ) must also increase. To generalize this finding into a predictive tool, an exponential
regression analysis is performed. This yielded a mathematical model to calculate the ideal
offset for any given eccentricity in Equation (A2):

κ = 5 × 10−5exp
[

22.133
e
↕

]
(A2)

Therefore, instead of adopting a single fixed range, this study employs a dynamic
eccentricity-dependent search space. For any given analysis with eccentricity, the optimal
bounds [LB, UB] for the correction factors are calculated using Equations (A3) and (A4):

Lower bound (LB) = 1 − κ (A3)

Upper bound (UB) = 1 + κ (A4)

Appendix C. Algorithm Control Parameter Tuning
After defining the search space, the significant control parameters for each meta-

heuristic algorithm are tuned to optimize performance. The selected parameters for
comparative studies are summarized in Table A2. These parameters, tuned using the



Appl. Sci. 2025, 15, 10277 27 of 29

representative ‘Case 1, Example 1’, are found to be robust and effective for all subsequent
analyses presented in this study. This is because the underlying structure of the optimiza-
tion problem—four design variables, an unconstrained search space, and a single objective
function—remains consistent across all cases, even as the search space boundaries and
loading conditions vary. The consistent and high-quality performance of the algorithms in
all examples, as detailed in the Results Section, validates the suitability of these parameters.

Table A2. Summary of optimized control parameters used for the algorithms.

Algorithm Parameter Notation Selected Value

ABC
Population size NFS 50

Limit Limit 50

BBO
Population size NH 100

Mutation
probability MP 0.01

TSA
Population size NT 30
Search tendency ST 0.5

In Table A2, the Number of Food Sources (NFS) and the “limit” parameter are tuned
for the ABC algorithm. A combination of NFS (50) and limit (50) is selected to provide the
most robust solutions. For the BBO algorithm, the Number of Habitats (NH) and Mutation
Probability (MP) are tested. Values of NH (100) and MP (0.01) are chosen as the best balance
solution accuracy with computational cost. For the TSA, after tuning the Number of Trees
(NT) and Search Tendency (ST), the combination of NT (30) and ST (0.5) is adopted as it
yielded the most precise results. For all algorithms, the optimization process is terminated
after a maximum of 1000 iterations or if the error function’s value remains negligible over
50 consecutive generations.
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