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Abstract

A three-dimensional (3-D) Multi-Layers Method (MLM) of an extension of the axisymmetric
version has been developed to compute non-axisymmetric tokamak plasma equilibria
with a separatrix. Conventional axisymmetric tokamak control codes cannot simulate non-
axisymmetric effects, while stellarator equilibrium solvers such as VMEC do not include the
effects of conducting structures. Moreover, VMEC cannot obtain equilibria with separatrices
since it uses magnetic coordinates. The 3-D MLM removes these limitations by using a
deformable circuit model of a magnetic confinement system. Plasma is modeled by multiple
current layers coinciding with magnetic surfaces, and equilibria are obtained as solutions
of a variational problem of a free energy functional with current sources. Validations of
equilibrium solutions against a stellarator vacuum field and a VMEC solution for a small
non-axisymmetric tokamak show good agreement in magnetic configurations, pressure
profile, and plasma current. By incorporating conducting structures and extension to
dynamic simulations, the 3-D MLM establishes a method for simulating tokamak plasma
control under non-axisymmetric magnetic fields.

Keywords: tokamak; non-axisymmetric equilibria; magnetic surface; Multi-Layers Method;
inductance; current layer

1. Introduction

The application of non-axisymmetric magnetic fields in tokamak devices is a major
field of plasma control research. The research in this field has progressed along two primary
directions. The first research direction focuses on using non-axisymmetric magnetic fields
to stabilize resistive wall modes [1,2] and edge-localized modes [3,4]. For example, ITER
has a set of rectangular coils to mitigate edge-localized modes [5,6], while JT-60SA employs
two sets of rectangular coils, error field correction coils [7,8], and resistive wall mode control
coils [9]. The other research direction is to passively stabilize the vertical position of verti-
cally high-elongated plasmas by applying strong non-axisymmetric fields without feedback
control systems. Experiments on devices such as CTH [10], JIPP T-1I [11], PHiX [12], and
TOKASTAR-2 [13] have demonstrated the stabilizing effect with helical or local coils. These
examples highlight that tokamak control requires non-axisymmetric magnetic fields.

The plasma control system of a tokamak is designed to maintain equilibrium during
discharge. As is well known, increasing the elongation ratio of the plasma cross section
improves energy confinement [14], while it enhances vertical instability. To solve this trade-
off, magnetic fields generated by the external coils must be precisely regulated to control
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plasma shape and position. Conductive structures with finite electrical resistance can
mitigate the unstable modes, whereas they prevent the rapid plasma response. Therefore,
the design of tokamaks requires control models that can simulate the time evolution of the
entire system, including the core plasma, conducting structures, coils, and power supplies.

Conventionally, axisymmetric simulation codes, such as TSC [15] and DINA [16],
have been used for the tokamak control. Recently, three-dimensional (3-D) equilibrium
solvers originally developed for stellarator research, such as VMEC [17] and HINT [18],
have been applied to tokamaks with non-axisymmetric coils. However, these codes have
limitations: they do not account for conducting structures such as vacuum vessels, which
are essential for tokamak control studies, and VMEC, which is formulated on a magnetic
coordinate system, cannot represent equilibria with a separatrix. Consequently, no control
simulation code incorporates both the effects of non-axisymmetric magnetic fields and
conducting structures.

To realize the requirements, the goal of this research is to develop a 3-D control
simulation code for tokamak plasma that incorporates non-axisymmetric magnetic field
effects. To achieve this goal, the 3-D Multi-Layers Method (MLM) has been proposed and
is currently under development as an extension of the previously developed axisymmetric
version by Tsutsui et al. [19,20]. In the MLM, a tokamak is modeled as an electric circuit
system consisting of magnetic field coils with current sources representing the power
supplies, conducting structures, and core plasma represented by multiple current layers
coinciding with the magnetic surfaces. In this formulation, the 3-D MLM assumes the
existence of nested closed magnetic surfaces in the plasma region, similar to the assumption
in VMEC, with plasma current flows only on the prescribed current layers. The 3-D MLM
can include separatrix and open magnetic surfaces in the vacuum region, whereas VMEC
cannot. Based on the variational principle, MHD equilibria are obtained as a minimum
energy state of the free energy function.

This circuit-based formulation allows for straightforward coupling among the plasma,
magnetic coils, and vacuum vessel by mutual inductance. In the 3-D MLM, the plasma
currents distributed on the current layers are represented by imaginary filament currents
to simplify the calculations of inductances, and the time evolution of the system is then
obtained by solving circuit equations. In this framework, plasma and vacuum vessel
fluxes, together with coil currents, are updated at each time step, and the equilibrium
is recalculated at each step through free energy minimization. In this formulation, the
time step in numerical calculations is determined by the resistivity of the current-carrying
regions, such as the core plasma and the vacuum vessel. This allows for faster time
evolution computation than TSC, which is constrained by the Alfvén time scale and the
magnetic diffusive time scale of the vacuum region where low-temperature plasma is
filled [15]. DINA adopts a similar approach to the MLM for computing the time evolution,
where the equilibrium is recomputed at each time step. However, DINA evaluates the
equilibrium from the Grad-Shafranov equation and the time evolution from magnetic
diffusion equations, which are not solved in the vacuum region [16].

The goal of this research is to develop the 3-D MLM as a control simulation tool for
tokamaks with non-axisymmetric field effects. This paper describes the first stage of the
3-D MLM development, focusing on the equilibrium calculation. The validity of the 3-D
MLM is demonstrated by comparing its equilibrium results with those of vacuum magnetic
fields and VMEC. Future work will extend the method to dynamic simulations, enabling its
application to non-axisymmetric control studies, including the effects of eddy currents and
feedback control systems. In Section 2, the details of 3-D MLM are presented. A free energy
function of the MLM is defined by including the work by current sources. In order to apply
the MLM to the tokamalk, it is modeled as an electric circuit system. Taking the variation
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of the free energy, the relationship between the free energy and the MHD equilibrium
equation is derived. After this derivation, the numerical procedure of the 3-D MLM is
presented. In order to confirm the validity of 3-D MLM, two numerical examples of the
3-D MLM calculations are demonstrated in Section 3. Finally, conclusions are drawn in
Section 4.

2. 3-D Multi-Layers Method

In the early stages of plasma control research, the ring model was commonly used [21],
in which the plasma was represented as a single current loop. Since this model could
not reproduce plasma deformation, the axisymmetric MLM was developed [19,20]. To
realize the requirements of tokamak control simulation that include the effects of non-
axisymmetric magnetic fields and conducting structures, the 3-D MLM has been extended
from its axisymmetric version. The MLM models a magnetic confinement fusion device as
an electric circuit system consisting of plasma, magnetic field coils, and conducting shells,
as shown in Figure 1a. In the MLM model, the magnetic field B is generated only by the
electric currents of all the circuits, with no additional external fields included. In this work,
the cylindrical coordinate system (R, ¢, Z) in Figure 1a,

x = Rcos ¢, 1
y = Rsing, (2)
z=12, (©)

is used. In the MLM, the plasma is modeled as a set of current layers (Figure 1a) that
coincide with magnetic surfaces, with prescribed toroidal and poloidal fluxes conserved
against plasma deformation. The 3-D MLM assumes the existence of nested closed magnetic
surfaces in the plasma region, similar to the assumption in VMEC. Plasma current flows
only on these layers, and current distributions are determined from the condition that the
current layers coincide with the magnetic surfaces. These distributed toroidal and poloidal
currents on the current layers are replaced by deformable toroidal and poloidal filamentary
circuits, as illustrated in Figure 1b,c. In this model, the magnetic field components parallel
to the current layers are discontinuous across the front and back of the layers, since current
flows only on the layers. The imaginary plasma filaments couple with the conducting
structures, modeled as circuits, as well as with the external coils through mutual inductance.
Unlike other 3-D equilibrium solvers developed for stellarators, the 3-D MLM can be used
in control simulations because it includes conducting structures.

In this model, the plasma and conducting structures, such as the vacuum vessel, are
assumed to be flux conserving, while the magnetic field coils, such as the toroidal field coils
(TFCs) and poloidal field coils (PFCs), are assumed to have constant current. Moreover, the
plasma is assumed to be deformed under the adiabatic condition. Considering an electric
circuit system with the flux conservation segments and the current conservation segments,
the energy conservation law of the circuit system is [22]

d (1 dx;
0= E <2 Z \Fili> — 2 Fz% — 2 Iiei (4)

i€all circuits i€all circuits i€l;=const.

dIZ' ) 1 <dTl ) dxl-
Y (YY) -5 X L)- ) E—, ()
ie‘Yizconst.( dt 2 i€lj=const. dt i€all circuits dt

where the variables are defined as follows. Here, t denotes time. The parameter I; represents

N =

the current flowing in the ith circuit, and Y¥; is the magnetic flux linkage associated with
the ith circuit. The variable F; denotes the force acting on the ith circuit, and x; is the
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displacement of the ith circuit. Finally, ¢; indicates the applied voltage to keep the coil
current constant, and the last term on the right-hand side of Equation (4) is the work by the
current sources (power supplies). When the free energy function of the electromagnetic
circuit system is defined as follows,

U=y ¥ ¥hx)-5 ¥ @] ©

i€Y;=const. j€lj=const.

the force F; can be expressed as

d
Fi:—a—ycille(x) :—a—mue(xl,xz,...,xi,...), (7)

(b) , ©

Vessel

1
ith poloidal circuit

Figure 1. The model of the 3-D MLM. (a) The poloidal cross section of the 3-D MLM model includes
the plasma current layers (red), the vacuum vessel (gray), and the coils (blue). (b) An example of the
outermost current layer and a helical coil. The blue line indicates the helical coil and the red lines
indicate imaginary filaments. (c) Electric circuits consisting of imaginary filaments. The I; and ¥; are
current and flux linkage through the hatched area of the ith circuit, respectively.

To apply the electric circuit system to a tokamak plasma, the internal energy of the
plasma must be included. In the MLM model, since only the current layers support
pressure differences, the pressure between layers is assumed to be uniform. Consequently,
the pressure distribution takes the form of a step function. As the number of current layers
becomes sufficiently large, this stepwise distribution converges to a continuous distribution.
Because the adiabatic condition is assumed in our model, the entropy parameter s in the
region k,

1
S = P;Z Vkr (8)

is kept constant for the deformations of current layers. Here, V is the volume between
the kth and (k — 1)th current layers with the magnetic axis labeled as k = 0, as shown in
Figure 1a. The pressure in region k is denoted by py, and v is the ratio of specific heats
whose value is 5/3 in this work. Then the internal energy is

N N Y=

Pk sV

u, = / Pk gy Tk )
P 1; vy —1 ;(:21 v—1
from Equation (8), where N is the number of current layers.
In general, the force F, to the ath degree of freedam is evaluated by
Fo= =<2 Ug(x) = — 2 Uy (xy, X2, ooy Xy ) (10)
& — axlx f\X) = axa fAAL A2/ ees Xy ee )y
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by use of the free energy Uy, where x,’s are parameters that determine the shape and volume
of the plasma. The free energy function U; can be obtained from Equations (6) and (9)
as follows:

N
Uf(x) = — Z ‘I’ili(x) — % Z ‘Y](x)I] + 27

- a1
ic¥;=const. j€lj=const. k=1 T

Since the equilibrium state of the plasma, coil, and conducting shell system is achieved at

F,=— % = 0 for all &, U (11) can be used to find the equilibrium of the system.
44

Although the free energy function Uy is defined for circuit systems, it can be extended
to continuum systems as follows:

1 , 1 , 1 , p
Uf—i/()mA ]dT‘i‘E/()SA ]dT E/(:)cA ]dT‘.‘/(zmﬁdT/ (12)

where A, j, p, and pg are vector potential, current density, plasma pressure, and vacuum
permeability, respectively. Qipn, Qs, Oy, (), and Qg are the plasma region, the conducting
shells region, the vacuum region, the magnetic field coils region, and the entire region,
as shown in Figure 2, respectively. The first and second terms on the right-hand side of
Equation (12) are assumed to be flux conserving and correspond to the first term on the
right-hand side of Equation (11). The third term on the right-hand side of Equation (12) is
assumed to have constant current and corresponds to the second term on the right-hand
side of Equation (11). The last term on the right-hand side of Equation (12) corresponds
to the last term on the right-hand side of Equation (11), and the adiabatic condition is
assumed. The plasma surface 0() is assumed to coincide with the magnetic surface, and
the corresponding toroidal and poloidal magnetic fluxes are given.

Q¢ Coil Region \

¢I 0Q:Surface of Q.
nC

/ Qex: External Region

ni,

Q;y, : Plasma
Region

Qy: Vacuum Region

nS
0Q: Plasma
Surface

¢I 0Q:Surface of Qg
Qg: Conducting Shell Region

\Qall: Entire Region 0Q,p: Surface of Qg /

f n,y

Figure 2. The integral regions. Q,, Qs, O, and Oy are the plasma, conducting shells, coils, and vac-
uum regions, respectively. The plasma surface 0Q2 is assumed to coincide with the magnetic surface.
0Q)c and d(); are the surfaces of coils and conducting shells, respectively. Qex = Qc + Qs + Qy is
the external region. Q) = (O + Qex stands for the entire region consisting of plasma and external
regions, and d(),y is the outside surface of Q. The nyy, #eyx, #c, 15, and n,y are the outward unit
normal vector of the plasma, external, coil, conducting shell, and entire regions, respectively.

Taking the variations of Equation (12) under the constraints of adiabatic condition and
magnetic flux conservation of plasma, magnetic flux conservation of conducting shells,
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and the current conservation of coils, the following two equations are obtained as the
Euler-Lagrange equations, which are derived in Appendix A,

jxB—=Vp=0 (inQy,), (13)
BZ
sz + pﬂ (on0Q}), (14)

where [f] is the jump of f at the boundary of the two regions and is given by

[f] = fex — fin, (15)

where the subscripts “ex” and “in” mean the outside and the inside of the boundary,
respectively. Equation (13) is the MHD equilibrium equation and Equation (14) shows
the pressure balance at the plasma surface. Therefore, the state that minimizes the energy
functional (12) is the equilibrium state of the ideal MHD equation. Since the energy
function (11) is a discrete approximation of the functional (12), the numerical solution of
the MLM that minimizes the free energy U (11) coincides with the equilibrium solution of
the ideal MHD equation.

Next consider the energy conservation. The total system energy of the MLM model
including current sources is conserved, as shown in Appendix B,

d 1 5 _
dt(l,lf—i—/ﬂm 00 dT) =0, (16)

where p and v are mass density and plasma velocity, respectively. Therefore, the total
system energy of plasma kinetic energy and the free energy Uy, which includes work by
current sources, is conserved, as is expected from Equation (4). Since the sum of free energy
Ut and kinetic energy is conserved, the application to MHD stability analysis is expected
by the use of free energy U; instead of potential energy. The third term on the right-hand
side of Equation (12) apparently resembles the vacuum magnetic energy term in the VMEC
free boundary problem [17], where its variation keeps the plasma current constant, while
variation of U changes plasma current under the constraint of constant magnetic flux.
Since the magnetic flux and current in the circuit system are related by inductance
matrix M,
Y = MI, (17)

I; and Y; of the right-hand side in Equation (11) are evaluated by Equation (17).
Equation (17) can be rewritten as

¥\ [Mg M) (g
(oe) = (o ) () a

where the subscript specifies the flux conservation system (f) or the current constant system
(c). ¥i I;, ¥j, and I; in Equation (11) are elements of ¥y, I;, ¥, and I, respectively.
Although plasma displacement changes the values of Mg, M., and M, the valudes of ¥,
and I; are determined from the given values of ¥; and I. using the simultaneous linear
Equation (18).

In the 3-D MLV, the mutual inductance M;; of the ith and jth coils is given by the

Neumann formula,
dr; - dr;
f ]{ (19)
|rz 7’]|
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where r; and C; are the position vector and its trajectory of the ith filament shown in
Figure 1c, respectively. Since Equation (19) cannot be used to calculate self-inductance, the
self-inductance of a circular filament is employed as an approximation. For a circular fila-
ment, D is the radius of the circular loop, while d denotes the radius of the filament’s cross
section. When the condition D > d is satisfied, the self-inductance L can be approximated
by the following expression [23],

8D\ 0
L = uoD [log(d) +5 - 2], (20)

where /; is internal inductance, which is determined by the current distribution within the
cross section of the conductor. In this study, ¢; = 0.5 is chosen, which means the uniform
current density. Then the self-inductance M;; is obtained from Equation (20),

M= 22k log( 5 ) 5. @

27 7td;

where [; and d; are the length and radius of the ith filamentary circuit, respectively. Here D
in Equation (20) is replaced by the length of filaments /; = 27tD. In this study, Equation (21)
is used for imaginary filaments of plasma shown in Figure 1c because those filaments are
sufficiently thin and similar to circular circuits. For simplicity, the magnetic field coils
also employ Equation (21) since their values do not affect the plasma equilibrium. As was
explained in this section, the filaments are introduced to simulate the current distribution
on the current layers. Therefore, the filament radius d; is determined so that their combined
inductance coincides with the self-inductance of the current layer.

As the matrix M is determined by the configuration of the coil and plasma, the free
energy is also a function of the configurations of the plasma, which are represented by x in
Equation (10). Here, the shape of each current layer k (Figure 1a) is represented by the next
Fourier series.

RF = EZ{Rcﬁncos(mG — n¢) + Rsk,,sin(m6 — n(p)}, (22)
m n

75 = Y Y| Zelycos(m — ng) + Zsfysin(md — np)|, (23)

where RF and Z denote the cylindrical coordinates in Equations (1)—(3) of the kth current
layer, and Rck,,, Rs,,, Zck,., and Zsk,, are their cosine and sine Fourier coefficients. Here,
m and n denote the poloidal and toroidal mode numbers, respectively, and ¢ is the toroidal
angle. The geometrical axis of kth current layer is determined by Equations (22) and (23)
with m = 0. Using the axis, the poloidal angle 6 on the kth layer is determined as the angle
around the axis. Although our model does not prescribe a current layer to the magnetic
axis, the axis of the innermost current layer corresponds to the magnetic axis. Since, in
this work, x is chosen as the set of Fourier coefficients Rck,,, Rsk,,, Zck,,, and Zsk,, in
Equations (22) and (23), the inductance matrix M is a function of variable x.

Finally, the computational procedure of the 3-D MLM is summarized as follows. The
continuous model requires the coil orbits and currents, poloidal flux distribution ¥ (®) as a
function of toroidal flux ®, entropy parameter distribution s(®), and initial geometrical
configuration of plasma. In the descret model of the 3-D MLM, the coil orbits and currents,
toroidal and poloidal fluxes ® and ¥ of each plasma current layer, entropy parameters
s, and the initial plasma shape x(0) are required for the minimization of the free energy
Ug (11). The coil currents, @, ¥, and s, are fixed during the minimization process, whereas
the plasma configuration parameters x are updated at every iteration. The 3-D MLM
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assumes the existence of nested closed magnetic surfaces in the plasma region, as VMEC.
The toroidal and poloidal plasma current distributions on the current layers are then
determined under the assumption that the current layers coincide with magnetic surfaces.
These distributed currents are represented by toroidal and poloidal filamentary circuit
currents. The inductance matrix is evaluated by Equations (19) and (21), based on the
plasma filaments and the coils orbits. In the axisymmetric MLM, mutual inductances in the
toroidal direction can be calculated using incomplete elliptic integrals, whereas they are
evaluated by Equations (19) and (21) in the 3-D MLM. Moreover, the poloidal current can
be represented as a surface current in the axisymmetric version, and mutual inductances
between toroidal and poloidal systems are exactly zero. Since these relations are not used
in non-axisymmetric configurations, the plasma current distribution and the flux linkage
of the coils are then obtained by Equation (18). In addition, the volume between plasma
current layers is a function of x, and the pressure distribution is determined by Equation (8).
These procedures are repeated to search for the plasma configuration that minimizes the
free energy, which represents the equilibrium solution. In this study, the simplex method
[24] is used in the minimization.

3. Numerical Examples

In this section, two numerical examples have been demonstrated to confirm the
validity of the 3-D MLM. In Section 3.1, a vacuum magnetic field of a stellarator is used to
compare the equilibrium solution of the MLM. In Reference [12], our research group has
investigated the non-axisymmetric effects of saddle coils (SCs) of the small tokamak PHiX.
In Section 3.2, the data of PHiX are used to calculate the non-axisymmetric equilibrium
solutions, whose MLM and VMEC solutions are compared. As shown in Table 1, the MLM
requires the flux and entropy distributions. Hence, these distributions must be extracted
from the reference equilibria to be compared.

Table 1. Required parameters of 3-D MLM and corresponding input parameters of VMEC.

3-D MLM VMEC
Coils Path and Current Coils Path and Current
Toroidal Fluxes of Current Layers Total Enclosed Toroidal Flux
Poloidal Fluxes of Current Layers Rotational Transform ¢ or Current Distributions
Entropy Parameters s Presure Distribution

Initial Fourier Coefficients of Current Layers

Initial Fourier Coefficients of Boundary
Initial Fourier Coefficients of Magnetic Axis

3.1. Comparison with Stellarator’s Vacuum Magnetic Surfaces

In this subsection, the non-axisymmetric equilibrium solution of the 3-D MLM is
compared with the vacuum magnetic surfaces of a stellarator to check the accuracy of
the 3-D MLM. In the cylindrical coordinate system (R, ¢, Z), consider a helical coil whose

orbit is
0 — 6o
_ 24
p="—" 4)
R = Ry + agpcosb, (25)
Z = agsind, (26)

where 6 is the poloidal angle around the geometrical axis (R, Z) = (R, 0). The magnetic
surfaces exist when the magnetic field has a symmetry. To realize approximate helical
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symmetry in a toroidal system, a sufficiently large aspect ratio A = R¢/ag of the helical
coil is required. In this work, « = 5, Ry = 0.6 m, a9 = 0.012m, and A = Rp/ap = 50
are choosen. The blue and black symbols in Figure 3 indicate the positions and current
directions of two pairs of helical coils. The first pair of the helical coils with 6y = 0, 7 has
a positive current of 15 A-turn for each coil, while the other pair of the helical coils with
6y = 7t/2, 37t/2 has a negative current of —15 A-turn for each coil. As shown in Figure 3a,
two pairs of helical coils with blue and black symbols return to the same positions on the
poloidal cross section with intervals of ¢ = 27t/a = 271/5. In this stellarator, the magnetic
surface cross sections are elliptical [25], and the stellarator has a toroidal periodicity of
2« = 10. The toroidal magnetic field is generated by sixteen rectangular TFCs, with current
of 80 kA turn, placed at intervals of ¢ = 71/8, starting from ¢ = 71/16. The four vertices
(R, Z) of each TFC are (0.01,—1.0), (1.0, —1.0), (1.0,1.0), and (0.01,1.0) m, respectively.
To represent the magnetic surface shape of this stellarator, the Fourier modes m = 2 and
n = 10 in Equations (22) and (23) are required. In this work, the mode ranges are set to
0 <m < 3and 0 < n < 11. Since the TFCs are positioned far from the helical coils, the
n = 16 mode is neglected. The number of Fourier coefficients in Equations (22) and (23) of
each current layer is 190.

(a)
©=7/20 ©=37/20
0.015 P L2 il
—— Current layer
0.010
0.005
i 0.000 -
N
—0.005 4
—0.0101
-0.015 T T T v r v
0.59 0.60 0.61 0.59 0.60 0.61
R [m] R [m] R [m] R [m]
a)) =0 e =m/20 o =7/10 ©=37/20
0.015 L P Ll $—om
—— Current layer
® ®
0.010
® ® ® [O]
0.005
E o] o ® ® ® ©)
N
—0.005 4
® [O] ® ®
—0.010 1
® ®
-0.015
0.59 0.60 0.61 0.59 0.60 0.61 0.59 0.60 0.61 0.59 0.60 0.61
R [m] R [m] R [m] R [m]

Figure 3. Poincaré plots of the vacuum magnetic field at torodal angles ¢ = 0, 71/20, 7t/10, 377/20.
The blue and black symbols indicate the locations and current direction of the helical coils. The
black lines indicate the current layers determined by 3-D MLM calculation. (a) Poincaré plots of the
vacuum magnetic field created by TF and helical coils. (b) Poincaré plots of the magnetic field by the
3-D MLM calculation result.

The magnetic field lines of this stellarator are calculated using field line tracing.
Figure 3a shows Poincaré plots of this stellarator’s vacuum magnetic field, demonstrating
the existence of closed magnetic surfaces with elliptical cross sections in the central region.
In the region outside these closed surfaces, stochastic regions appear where no magnetic
surfaces exist. Then, the magnetic fluxes of some closed magnetic surfaces are calculated
and used as input parameters for the 3-D MLM. Toroidal flux ® and poloidal flux ¥ on



Appl. Sci. 2025, 15, 10037

10 of 24

a magnetic surface are calculated from line integrals over the surface obtained by the
Poincaré plots:

d=¢ A-dl, (27)
¥=¢ A-dl, (28)

where cp and ¢ are poloidal and toroidal paths that lie on the surface and encircle the
magnetic axis and the Z axis, respectively. These paths are similar to the imaginary filaments
shown in Figure 1c. Using Equations (27) and (28), the distributions of normalized poloidal
flux ¥ are obtained as functions of the normalized toroidal flux ® shown in Figure 4, where
both of the normalized fluxes are defined to be unity at the plasma surface while they
are zero at the magnetic axis. The blue dots in Figure 4 show the normalized poloidal
fluxes of which the data circled in red are used in the MLM calculation for N = 4 current
layers. Therefore, the allocated flux distributions of the MLM are the same as those of the
vacuum field. The initial Fourier coefficients in Equations (22) and (23) of 4 current layers
are chosen from those closed magnetic surfaces shown in Figure 3a and are used in the
3-D MLM. The total number of Fourier coefficients is 190 x 4 = 760. As was explained
in the previous section, the current distribution on a current layer is represented by those
of imaginary filaments. In this example, every current layer is represented by 40 toroidal
imaginary filaments and 120 poloidal filaments. The inductance matrix M in Equation (17)
is calculated by Equations (19) and (21) from the 660 orbits of plasma imaginary filaments
and coils. It is a symmetric square matrix with the size of 660 x 660 = 435, 600 elements,
of which only about half need to be computed. The parameters required for calculating
the self-inductance (21) of plasma imaginary filaments are summarized in Table 2, in
which the values on the outermost current layer are listed as the representative value.
Here, d; is specified and fixed during the minimization process, while /; is determined
from the filament orbit. The aspect ratios /;/d; are sufficiently large, and Equation (21) is

therefore applicable.
1.0 1.0
®  Normalized poloidal flux (vacuum)
O Normalized poloidal flux (3D MLM)
0.8 - Rotational transform (vacuum) L0.8
’ ®  Rotational transform (3D MLM) ’
°
0.6 1 0.6
°
'Y o . t
044 00 s o & . ot 0.4
°
°
021 @ 0.2
°
°
002 : : : 0.0
0.0 0.2 0.4 0.6 0.8 1.0
O

Figure 4. Distributions of the normalized poloidal flux ¥ (left axis) and the rotational transform (right
axis) against the normalized toroidal flux & of the stellarator’s vacuum magnetic field. The blue dots
are the normalized poloidal fluxes, of which those circled in red are used in the MLM calculation. The
orange triangles are the rotational transforms of the vacuum magnetic field, and the black squares
are those of the 3-D MLM solution.
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Table 2. Parameters of plasma imaginary filament on the outermost current layers in the stellara-
tor configuration.

Type of Filament Number of Filament d; [m] I; [m] L;/d;
Toroidal filament 40 42x107% 37<1;<38 88x10°<I;/d; <9.0x 10
Poloidal filament 120 37x107° 3.3 x1072 8.9 x 10?

First, the shapes of the current layers and the traced magnetic surfaces in the 3-D
MLM solution are compared with the closed magnetic surfaces of the stellarator’s vacuum
magnetic field. Figure 3b presents the Poincaré plots of the 3-D MLM solution. Because
only closed magnetic surfaces are compared, stochastic regions are excluded from Figure 3b.
The black lines in Figure 3a,b indicate the current layers obtained by the 3-D MLM in which
the current layers coincide with magnetic surfaces. Figure 3a shows that these current
layers nearly coincide with the vacuum magnetic surfaces in red. The closed magnetic
surfaces in Figure 3b, where the orange dots are Poincaré plots of magnetic fields that
are evaluated by the current of coils and current layers, show good agreement with the
corresponding surfaces (red) in Figure 3a for the stellarator’s vacuum magnetic field.

Since it is a vacuum magnetic field, the electric currents at the current layer must be
zero. According to the MLM result, the total current of the poloidal filament is five orders of
magnitude smaller than that of the TFCs, and the toroidal filament total current is also five
orders of magnitude smaller than the current in the helical coils. Consequently, the magnetic
field of the MLM result is identical to that of the stellarator’s vacuum magnetic field, since
the surface currents of the MLM result can be negligible. As a result, the magnetic field
is created only by the external coil currents. Therefore, the rotational transform obtained
from the MLM solution also coincides with that of the vacuum field, as shown in Figure 4,
in which the rotational transform of the magnetic surface is given by

N
ey

t ’
27Ny

(29)
where # is the rotational transform angle and N, is the number of rotations around the Z
axis. The black squares in Figure 4 are the rotational transforms of the 3-D MLM solution,
while the orange triangles are those of the vacuum magnetic field. The two results show
good agreement in the plasma region.

In summary, this subsection presents a validation of the 3-D MLM through comparison
with the vacuum magnetic field of a stellarator. The current layers obtained from the MLM
are nearly identical to the magnetic surfaces of the vacuum field. The surface currents
on the current layers are several orders of magnitude smaller than the coil currents and
are negligible. These results demonstrate that the 3-D MLM can obtain the equilibrium
equivalent to the stellarator vacuum magnetic fields.

3.2. Comparison with VMEC Equilibrium

In this subsection, the non-axisymmetric equilibrium solution of the 3-D MLM is
compared with the non-axisymmetric equilibrium solution of VMEC to check the accuracy
of the 3-D MLM. The parameters of the device model are set to a major radius of 0.33 m, a
minor radius of 0.08 m, and a plasma current of 3.6 kA, following the values of the small
tokamak PHiX [12]. Equations (1)—(3) are used to convert from the cylindrical coordinate
system (R, ¢, Z) to the Cartesian coordinate system (x,y,z). The locations and current
directions of the SCs are shown in Figure 5a. The SC current of each coil is 3.6 kA-turn.
Sixteen rectangular TFCs, each with a current of 9.36 kA-turn, are placed at intervals of
¢ = 7/8, starting from ¢ = 71/16. The location of a TFC in the poloidal cross section



Appl. Sci. 2025, 15, 10037

12 of 24

is shown in Figure 5b. Only two PFCs, located at (R, Z) = (0.72,£0.38) m, as shown in
Figure 5b, are used in the calculations, in which the current of each PFC is —2.8 kA-turn.
The same geometry and currents of the magnetic coils are used in the calculations of the
3-D MLM and VMEC. In this study, the directions of the current of TFCs and SCs are the
same as in Reference [12], whose Figure 2b is the Poincaré plots of a vacuum magnetic field
at ¢ = 71, where the magnetic surfaces are almost symmetric about the R axis. Then, only
the cosine term in Equation (22) and the sine term in Equation (23) are used in 3-D MLM
and VMEC,

RF = ZZRcﬁmcos(mG —ng), (30)
m n

7k = ZZZsﬁmsin(mG —ne). (31)
m n

As shown in Figure 5a, the SCs are arranged. Accordingly, the Fourier modes used in
Equations (30) and (31) are set to 0 < m < 3 and —6 < n < 6. The total number of Fourier
coefficients in Equations (30) and (31) is 91 x 10 = 910 for N = 10 current layers in the
3-D MLM calculation and 9100 for 100 magnetic surfaces in the VMEC calculation. As
summarized in Table 1, both methods require initial Fourier coefficients. In the 3-D MLM,
these coefficients are specified for all current layers, whereas VMEC requires only the
coefficients of the outermost magnetic surface and the magnetic axis. In this work, the
initial Fourier coefficients of the outermost current layer in the MLM are selected to be the
same as those of the outermost magnetic surface in the VMEC calculation.

(b)

04 T
= Outermost Current Laye@
® rrC &

TFC

Figure 5. (a) Locations of saddle coils (SCs) on the small tokamak PHiX. The red lines are the SCs,
whose black arrows indicate the direction of the current. (b) Example of an axisymmetric equilibrium
configuration of PHiX. The closed black circle is a current layer of the plasma. The red dots are the
locations of poloidal field coils (PFCs), and the gray line is the toroidal field coil (TFC).

In the 3-D MLM calculation, each current layer consists of 40 toroidal and 120 poloidal
imaginary filaments, whose parameters on the outermost current layers are listed in Table 3
as the representative values, in which the aspect ratios of filaments are sufficiently large for
Equation (21). Including both plasma filaments and coils, the total number of circuits is
1628. The inductance matrix M in Equation (17) is a square matrix of dimension 1628 x 1628,
containing 2,650,384 elements.

Table 3. Parameters of plasma imaginary filament on the outermost current layers in the PHiX

configuration.
Type of Filament Number of Filament d; [m] I; [m] 1;/d;
Toroidal filament 40 15 %107 1.6 <1; <26 1.1x10* < 1;/d; < 1.7 x 10*

Poloidal filament

120 24x107° 51x1071 <1; <55x10°1 2.1 x10* < 1;/d; < 2.3 x 10*
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The input parameters of VMEC and the 3-D MLM are listed in Table 1. In this study,
t and p profiles in VMEC are prescribed as the functions of the normalized toroidal flux,
although VMEC can choose the current profile instead of the ¢ profile. The red line in
Figure 6 indicates the + distribution of the VMEC profile. Plasma poloidal flux ¥ at toroidal
flux @ can be calculated by
@ @
¥(@) = [ %;dé’:lé (@), (32)
where function #(®) is the rotational transform. The blue line in Figure 6 shows the
normalized poloidal flux distribution, obtained from Equation (32) using the ¢ profile of
VMEC. Using this VMEC profile, poloidal and toroidal fluxes of the current layers of
the MLM are selected, which are depicted by black squares in Figure 6. The pressure
distribution p(®) used in VMEC is

p(®) = po(1-9), (33)

where py is the pressure at the magnetic axis, whose value is selected so that the total 8
value is about 1.0%. The normalized pressure p/ pg is shown by the black line in Figure 7.
The corresponding entropy parameters s in Equation (8) are allocated by Equation (33).
Using these distributions, a 3-D MLM solution is obtained.

The rotational transform distributions obtained from the two methods are compared.
The gray dots in Figure 6 represent the rotational transform calculated by field line tracing
in the MLM solution. Although the rotational transforms are discontinuous at the current
layers, these values follow the red line of the prescribed values in VMEC, confirming
that the rotational transform profiles of the two solutions are almost identical. Figure 7
compares the pressure profiles. Although the MLM model assumes uniform pressure
between current layers, the pressure distribution of the 3-D MLM resembles that of VMEC.

1.0 1.0
0.8 1 r0.8
0.6 1 0.6
7 t
0.4 - -0.4
—— Normalized poloidal flux (VMEC)
0.2 1 B 3D MLM current layer flux r0.2
Rotational transform (VMEC)
] Rotational transform (MLM)
0.0 T T v T 0.0
0.0 0.2 04 _ 06 0.8 1.0

)

Figure 6. Distributions of the normalized poloidal flux ¥ (left axis) and the rotational transform
(right axis) against the normalized toroidal flux ®. The black squares show the poloidal and toroidal
fluxes used in the MLM calculation at the given current layers. The blue line shows the normalized
poloidal flux distribution, which is obtained from Equation (32). The gray dots are the rotational
transforms evaluated by tracing the magnetic field lines in the MLM equilibrium result. The red line
is the rotational transform used in the VMEC calculation.
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(=)

—— VMEC
— 3DMLM
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IS o ©®

Normalized pressure

e
)
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0.0 0.2 0.4 0.6 0.8 1.0

P
Figure 7. Distributions of normalized pressure against normalized toroidal flux ®. The black and
blue lines represent the pressure distributions of the VMEC input profile and the MLM solution,
respectively. Both distributions are normalized by the maximum pressure pg in Equation (33).

Next, a comparison of the plasma cross sections is shown in Figure 8. The poloidal
cross sections of the 3-D MLM and VMEC equilibria are reconstructed from the obtained
Fourier series in Equations (30) and (31). The magnetic surfaces of the VMEC solution
at four different toroidal angles are illustrated in Figure 8a, while Figure 8b shows the
cross sections of the current layers, which also correspond to magnetic surfaces, for the
3-D MLM solution. These figure shows that the current layers of the MLM solution (b)
are almost identical to the magnetic surfaces of the VMEC solution (a). This agreement
is further quantified through a comparison of the Fourier coefficients between the 3-D
MLM and VMEC solutions. Since the current layers in the MLM model exactly coincide
with magnetic surfaces, the same Fourier series in Equations (30) and (31) are chosen.
Figure 9 shows five dominant Fourier coefficients of the outermost magnetic surface in
VMEC, and those of the outermost current layer in the 10-layer MLM model, where the
toroidal flux of the outermost current layer in the MLM model is chosen to have the same
value of the outermost magnetic surface in the VMEC solution. According to the figure,
the Fourier coefficients of the MLM solution are almost the same as those of the VMEC
solution, indicating that the cross sections obtained from 10-layer MLM models are in good
agreement with those from the VMEC calculation using 100 magnetic surfaces, as shown in
Figure 8. Finally, the plasma currents obtained from the 3-D MLM and VMEC solutions
are compared. The MLM solution gives Iyy = 3551 A, while the VMEC solution yields
Iymec = 3545 A, whose relative difference is

[ — I
MIM ™ VMEC 17 % 1073, (34)
Iymec

which means that the plasma current in the MLM solution is in good agreement with that
of the VMEC solution.

In summary, the comparative study in this subsection demonstrates that the 3-D MLM
and VMEC obtain an almost identical equilibrium solution.

These results validate the 3-D MLM for calculating non-axisymmetric plasma equi-
libria. As is shown in this section, the non-linear free energy function (11) with many
(910) arguments consists of a large size (1628 x 1628) inductance matrix whose calculation
requires a lot of numerical integrations. Although the calculations can be accelerated
through parallelization, it has not yet been implemented. Therefore, the computational
performance of the 3-D MLM is approximately 30 times slower than that of VMEC. Then
the parallelization remains a future task.
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Figure 8. A comparison of equilibrium configurations at toroidal angles ¢ = 0, /2, 7r, 37w /2 for
the same coil currents and rational transform distributions. (a) Poloidal cross sections of magnetic
surfaces of the VMEC equilibrium solution. (b) Poloidal cross sections of current layers of the 10-layer
MLM equilibrium solution. The green lines represent the layers on which the SCs shown in Figure 5

are wound.

0.35
s 3DMLM

0.304
s VMEC
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Figure 9. A comparison between equilibrium Fourier coefficients of the outermost magnetic sur-
face of VMEC and those of the outermost current layer of the 10-layer MLM model. The vertical
axis is the value of the Fourier coefficients. Rc(m,n) and Zs(m,n) are Fourier coefficients, de-
fined in Equations (30) and (31). The integers in parentheses (m, 1) are the poloidal and toroidal

mode numbers.

4. Conclusions

The 3-D MLM has been developed to obtain the 3-D free boundary MHD equilibrium.
Based on the variational principle, MHD equilibrium is obtained as the minimum energy
state of the free energy functional U whose Euler-Lagrange equation is identical with the
MHD equilibrium equation. The tokamak device is modeled as a system consisting of a
plasma, conducting shells, and coils with current sources. Since the discretized free energy
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equation, Equation (11), is an approximation of Equation (12), the equilibrium solution of
the MLM that minimizes the free energy U (11) coincides with the equilibrium solution of
the ideal MHD equation.

In order to confirm the validity of our method, a vacuum magnetic field of a stellarator
was compared with a magnetic field obtained by the 3-D MLM. The magnetic field obtained
as an equilibrium solution by the 3-D MLM is almost identical to the stellarator vacuum
field. Next, using the design values of PHiX, a non-axisymmetric equilibrium solution of
the 3-D MLM was compared with a solution of VMEC. The equilibrium solution obtained
by the MLM is nearly identical to the equilibrium solution of VMEC. Therefore, the validity
of the 3-D equilibrium calculation by the MLM was confirmed based on the above results.

The conventional axisymmetric tokamak control simulation codes are unable to in-
clude non-axisymmetric effects, while 3-D equilibrium solvers originally developed for
stellarators do not include conducting structures. The 3-D equilibrium solvers using mag-
netic coordinates cannot include a separatrix that is essential in tokamak control studies.
To solve these limitations, the 3-D MLM is developed.

In future work, the 3-D MLM will be extended and improved in several directions.
First, although many developed codes use electric current and pressure distributions rather
than magnetic fluxes and entropy parameters as input parameters, the current version
of the 3-D MLM requires the toroidal and poloidal fluxes and entropy distribution. To
improve usability, the model will be modified to accept current and pressure distributions
as input. Second, the 3-D MLM will be adapted for high-speed parallel computation to
improve performance for equilibrium calculations. Third, future research will focus on
extending the 3-D MLM to dynamic simulations, allowing for the incorporation of feedback
control systems. Such developments will establish the method as a comprehensive tool for
control studies in tokamak plasma with the effect of non-axisymmetric magnetic fields and
a separatrix.
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Appendix A. Euler-Lagrange Equation with Coils

As shown in Figure 2, the entire space (. = Qin + Qex) is divided into two regions,
the plasma region (()j,) and the external region (Qex = Q¢ + Qs + (1) that consists of
three sub-regions of the coils (()c), the conducting shells (()s), and the vacuum region (Qy).
The boundary between the plasma region and the external region is the surface of the
plasma (9Q2), and dQ) is assumed to coincide with the magnetic surface. The integral over

1
the vacuum region 5 / A - j dt is identically zero in the MLM model, since j is assumed
Q

to vanish in the vacuum region where no current flows. In order to extend the domain of
integration to the entire region, this integral term is added to the free energy Uy (12). As
shown in Equation (A1), the free energy U; consists of the following five terms,

1 , 1 , 1 , 1 , p
_E/OmA ]dT+§/QSA ;dT—i—E/QVA jdrt E/OCA ]dr+/0in—7_1dr. (A1)

Equation (A1) can be reduced to

2/ A-jdrss /A,dr+ /A]d‘r+ / A;drf/ A]dr+/ o

== A"dT—/ A~’dT+/ 7(;11'. A2
2/Qall J Qc J Qin’)/_]- ( )

Since V x B = pj, the following equation can be obtained from Equation (A2),

) a
- V x B) drf/ A dT+/ 2 A3
210 Jou, ( j (A3)

Using Gauss’ theorem and vector formula a - (V xb) = b-(V xa) —V - (axb),
Equation (A3) can be reduced to

1
U:—/ V x B) dT—/A dT—i—/ L i
f 210 JOyy A J
1
= — B-(VxA)—-V- A><B dT—/ A- dT+/ dT
3 o [B (V5 2) =V y
1/ 1
= — B-Bdt+ — A X B-nydo— /A dT+/ dT A4
210 JOyy 210 JaOy all J (ad)

where 9Q), is the outside surface of (),;, as shown in Figure 2. Although Gauss’ theorem
is applied to multiply connected region (torus), the surface integrals at the cut surfaces
(poloidal cross section) to make the torus into a single-connected region cancel each other,
and since the magnetic field decays fast enough far away from the plasma and coils, the
surface integral at d(),); converges to zero as the domain ),y is made infinitely large. Then,
Equation (A4) can be reduced to

. BZ p
u:/ —drf/ A~'dT+/ ——dT A5
f Qi 2Ho J 0n 7 —1 (83

B2 . P
- L —/ A-jd / P4 A6
‘/Qin 2]"0 /ex 2;”0 ’ c ] ! + Qin r)/ - 1 ! ( )

When the plasma is deformed by displacement ¢, the deformation of its surface
(boundary with the external region) must also be taken into account (Figure A1). Taking a
variation of a functional of f, the next relation is satisfied,

5/Qfdr:_/05fdr+/mfg-nda (A7)
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Using the displacement ¢ of the ideal and adiabatic plasma, the perturbations of B and
p are
0B=V x (¢ xB), (A8)

dop=—-¢-Vp—rpV-g, (A9)

respectively [26]. Since B = V x JA and 6A = 0 for ¢ = 0, the following relation can be
obtained from Equation (A8),
SA=¢xB, (A10)

in the plasma region. At the plasma—vacuum interface, d() using vector formula

x(bxc)=(a-c)b—(a-b)c,
flin X 6A = njn X (E X B) = —(nin - €)B  (on 9QY), (A11)
is satisfied since the electric field parallel to the boundary is continuous and
nin-B=0 (ondQ), (A12)

is assumed on the plasma surface.

{s §-ndo
do

Figure A1. Perturbed boundary when the plasma is deformed by displacement ¢. The hatched area
represents a small area element do on the boundary surface. Here n is the outward unit normal vector
of the surface.

B2

First, take the variation of the magnetic energy of the plasma region / o dtin
0
Equation (A6) using Equation (A7),
B2
0 O % / /GQ 2 (g nm) do
B (Vx6A)dT+ / tin) do
=2 Jo B-( 2y in)
. 1
:/QmJA-]dT—l—%/aO(nmxéA) Bd(7+/ g nn) do. (A13)
Substituting Equations (A10) and (A11) for Equation (A13),
BZ 2
- de—/—--d 2 mn) d
[ gdr= [ @xB i [ @) dos [ So(Eem) do
BZ
_/m (j x B)- ng_/Q 3o (&) o, (A14)

is obtained.
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2
(5(/ B T—/A]d’l.’):/ B-oB
QEXZVO ex

0 —dt —
(Oelelo ’

d
Qin

Next, take the variation of the external region similar to the plasma region. Here,
6j = 0in Q) because the coil current is assumed to be constant while A = 0 in ()5 because
the conducting shell’s magnetic flux is assumed to be conserved. Because of j = 0 at the
vacuum side of the plasma—-vacuum interface BQ using Equation (A7), the variation of the

magnetic energy of the external region ( / ﬂ dt — A-j dT) in Equation (A6) is
Qex 0 Qc

—/ (SA-de—l—/ B—Z(C-nex)da

= 1 -(V x6A) 5A dT+ “Mex ) AT
j 2;4

0 Plo
: V. (5A x B) dT+/ GA - ]drf/ GA - ]dT+/ i; fex) dor. (A15)
O Qex

Since A = 0 in ()s and no current flows in the vacuum region ()y, the integral term

0A - jdtin the domains ()s and )y is zero. Then, using Gauss’ theorem, Equation (A15)
Qex
can be reduced to

A-jdr) - i/ ((5A><B)-nexda+i/a (6A x B) - nandU—i-/ C nex) do. (A16)
Qan

Mo Jon Ho .

Since B decays fast enough far away from the plasma, coils, and conducting shells, the
surface integral at d(),) converges to zero as the domain (),; is made infinitely large. Then,
Equation (A16) can be reduced to

. 1 B?
(g e A7) = oo s e a
= L[ tnecxoa) B+ [ Bz ) do. (417
Mo Joo a0 219 7

Substituting Equation (A11) for Equation (A17),

B2
0 —dT— A-jdt :—/ — (& do, A18
( O 2}t0 o ) o0 200 &) (A1)
is obtained.
Taking the variations of internal energy / dT in Equation (A6) under the

constraint of Equation (A9) using Equation (A7),

g [ P J
5/(%771011'—/01“771:17—1— 07 (- nyp) do

_ A é’ >
B /Q P T+ / 7 (8- min) do, (A19)

can be obtained. Using fV -a =V - (fa) — Vf - a, Equation (A19) can be reduced to

Qin -1 ay—1
=V (pd) 16-Vp—§-Vp P
= d L _(&-ny) do, A20
‘/g)m ’)/_]‘ T+ Qm 7_1 + 307_1(g " ) 7 ( )

Then, using Gauss’ theorem,
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5/0“17;9 dT—/ 6 Vf_§Vpd +/ —g nmd(f—l-/ (& min) do
- /Qinw-gdr— | v do, (A21)

is obtained from Equation (A20).
In describing the boundary conditions, the change of the physical variables f at the
boundary is introduced,

[f] = fex = fin, (A22)

where the subscript specifies the outside of the boundary (ex) or the inside of the boundary
(in). Therefore, taking the variations of Equation (12) under the constraints of an adiabatic
condition and magnetic flux conservation of plasma and the current conservation of coils,

sti=— [ [i5%B)- ] -ng+AQ{[f;+p]]g-ninda, (A23)

is obtained from Equations (A14), (A18), and (A21) because of nj, = —nex on dQ). Therefore,
the following Euler-Lagrange equations of Equation (12) are obtained,

jxB—=Vp=0 (inQy,), (A24)
BZ
Hzﬂ + pﬂ =0 (onodQ), (A25)

where Equation (A24) is the MHD equilibrium equation and Equation (A25) is the equation
for pressure balance on the plasma surface. When the plasma surface is fixed, the results
are consistent with those of well-known Reference [27].

Appendix B. Energy Conservation of Plasma—-Coil System

The energy conservation equation in the ideal MHD without dissipation is as
follows [28]:

2
;t(lp +ZBV+7’7 1) +V- K;pvz+r£1>v+pv+;0b"x3 —0, (A26)
where E is an electric field. The first term on the left side of Equation (A26) represents the
rate of change of plasma energy density consisting of the kinetic, magnetic, and internal
energies. The second term on the left side of Equation (A26) corresponds to the kinetic and
internal energy fluxes, the mechanical work by pressure, and the flux of electromagnetic
energy represented by the Poynting vector S = E x B/ .
The sum of free energy Us (A6) and kinetic energy is given by

1 B? B2
U+/ —o?dt = —dT + T—/A dT+/ +/ v* dt
f Qir\ 2p Qin 2”0 Qex 2;”0 ] zp

= Ujn + uex - W, (A27)
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where Ui, Uex, and W are defined by

U —/ 1ot B P Vi (A28)

in = 0 ZP 2]/40 y—1 ’
_ i A29
Uex / 200 dT ( )
wz/ A-jdr. (A30)

Qc

In the case of free boundary problems, the movement of the plasma surface (boundary

with the external region) must also be taken into account, similarly to the displacement of

plasma ¢ shown in Figure Al. Similar to Equation (A7), the time derivative of the volume

integral of a function f is given by

d rof
E/Qfdr—/ﬂng+/anv 1 do

Therefore, similar to Equation (A11),
fin X E= (nin - 0)B (on 9Q)),

is satisfied on the plasma-vacuum interface 9.
Using Equations (A26) and (A31), the rate of change of Ui, (A28) is

dt _/Qinat(va +ﬂ+77 T+ +7,1 v ny do

_ L2y P x / Lp B v Y,
= /QmV szv +7_1>v+pv+yoExB} T + aQ(zpv +2y0+7—1 v - fip do.

Then, using Gauss’ theorem, Equation (A33) can be reduced to

B2
/( E><B+pv—zyov)-ninda
B2
/ (nin X E) BdU—/B(l(p—zyo)(v-nin)da

Substituting Equation (A32) for Equation (A34),
Al B?
T _/E)Q(p+2y v - fip do,

Using Equation (A31) and Faraday’s law V X E =
Uex (A29) is

is obtained.
_9B
ot’

dUex _ 1 B- +/ —v Nex A0
dt 1o J Qe
1

HOo J Qex

2
(B~V><E)d1'+/ B—v-nexda.
a0 2o

p 1 (L B .
{[( pv+v 1>v+pv+ﬂoEXB] <2PU+2;40+7—1 of ninde

(A31)

(A32)

(A33)

(A34)

(A35)

the rate of change of

(A36)
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Using Gauss’ theorem and vector formula b - (V xa) = V-(axb)+a-(V xb),
Equation (A36) can be reduced to

AUex 1 1
=—— E X B) - tiex do — — E X B) -ny do
o o L ) - ex w0 )y Qall( ) - Mail
BZ
n / = vonedo— | E-jdr, A37
- 2yov Hex o j (A37)

where 9Q),); is the outside surface, as shown in Figure 2. Since B decays fast enough far
away from the plasma, coils, and conducting shells, the surface integral at dQ),;; converges
to zero as the domain (),); is made infinitely large. Then, Equation (A37) can be reduced to

AUex 1 / B? .
=—— [ (ExB) ned Z venedr— | E-jd
dt VO aQ( % ) nex U+ Q) 2”0’0 nex 7 Qex ] !
1 B2 .
= - (nex X E) - Bdo + — 0 Hex AT — E.jdr. (A38)
Ho Jao a0 20 Oex

Substituting Equation (A32) for Equation (A38),

duex o Bz .
- _/mz%v-nmda— [ Ejdr (A39)
because of nj, = —#ex on 0Q).
Since j is constant in time in (), the rate of change W (A30) is
dt dt/A] / o JAT=" / E-jdr. (A40)

The right-hand side of Equation (A40) corresponds to the last term on the right-hand side
of Equation (4), which is the work by current sources. Since E = 0 in ()5 and no current

flows in the vacuum region (), the integral term / E - j dt in the domains Q)5 and (),

is zero.
Then, using Equations (A35), (A39), and (A40), the rate of change of Equation (A27) is

d 1, .\ d
dt(uf+/0m S0 dT) 2 (Ui + Ue = W)

. 2 . .
= HB +p“v nmda—/ E. ]dT+/ E-jdt
2po

=0. (A41)

The rate of change of Ui, 4+ Uex corresponds to the first term on the right-hand side of
Equation (4). The rate of change of W corresponds to the last term on the right-hand side
of Equation (4), which is the work by current sources. Therefore, the total system energy,
consisting of plasma kinetic energy and the free energy Uy, which includes work by current
sources, is conserved.
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