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Abstract

Nowadays, guided acoustic waves (GAW) are used for many sensor and actuator appli-
cations. The use of numerical methods can facilitate the development and optimization
process enormously. In this work, a universally applicable finite element method (FEM)-
based model is introduced to determine the dispersion relations of guided acoustic waves.
A 2-dimensional unit cell model with Floquet periodicity is used to calculate the corre-
sponding band structure diagrams. Starting from a free plate the model is expanded
to encompass single-sided fluid loading. Followed by a straightforward algorithm for
post-processing, the data is presented. Additionally, a parametric optimizer is used to
adapt the simulations to experimental data measured by a laser Doppler vibrometer on
an aluminum plate. Finally, the accuracy of the FEM model is compared to two reference
models, achieving good consistency. In the case of the fluid-loaded model, the behavior of
critical interactions between the dispersion curves and model-based artifacts is discussed.
This approach can be used to model 2D structures like phononic crystals, which cannot
be simulated by common GAW models. Moreover, this method can be used as input for
advanced multiphysics simulations, including acoustic streaming applications.

Keywords: guided acoustic waves; lamb waves; dispersion; laser doppler vibrometer;
finite elements method; spectral collocation method; global matrix method

1. Introduction

Guided acoustic waves (GAWs) have been the focus of research and development in
the domains of sensor and actuator technologies for many decades [1,2]. The term GAW
encompasses a variety of acoustic wave types. The most notable examples include Lamb
waves, Rayleigh waves, Scholte waves, and quasi-Scholte waves [3-6]. Sensor applications
of GAWs are diverse, ranging from deposit detection [7,8] to flow rate measurement in
pipes [9,10] to nondestructive failure testing [11,12]. Typical examples for actuator appli-
cations include the movement of droplets or the mixing of liquids without moving parts,
e.g., on lab-on-a-chip devices [13-15]. Current research frequently focuses on phononic
crystals for the fine-tuned manipulation of these sound waves [16,17].

The continuous enhancement of technical capabilities, specifically the advent of sophis-
ticated simulation methodologies, has rendered comprehensive studies on these subjects
more attainable. This advancement enables a reduction in experimental demands, thereby
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promoting efficiency and cost effectiveness in research endeavors. This is particularly
evident in the context of transient simulations and complex geometries, such as metamate-
rials, where models based on the finite element method (FEM) have become the prevailing
standard [18,19]. In this contemporary era, alternative methods compete within the domain
of GAW dispersion calculation [20]. Nevertheless, the FEM remains the optimal approach
for achieving specific objectives due to its unique capabilities. A significant benefit of the
FEM is its flexibility, allowing for the seamless integration of models into multiphysics
problems, even when dealing with complex geometric structures [17,21].

In contrast to our approach, a wide variety of methods for calculating GAWSs are
available in the literature. Beyond our approach there are other FEM-based methods such
as the wave FEM (WFEM) and semi-analytic FEM (SAFE), which are often designed for
specifically defined conditions and therefore perform faster in terms of computation [22-25].
While all FEM-based methods completely mesh the geometry in all spatial directions, there
are other methods that only partially mesh them or do not use a mesh at all. An example
of partially meshing methods are the spectral collocation method (SCM) and Legendre
polynomial method (LGM) [26-29]. Here, only the cross-section of the plate is meshed,
while there is no meshing in the direction of the propagating wave. In the case of fluid
loading, this is only implemented by boundary conditions at the edges of the geometry.
The SCM and LGM differ primarily on the basis of the functions used to solve the system
of equations. Non-meshing methods include the transfer matrix method (TMM) and
the global matrix method (GMM) [30-32]. Both solve only one system of equations that
describes, respectively, the interfaces of the plate and the interfaces of a multilayer system
as parts of a matrix. According to the literature, the TMM tends to be unstable at high
frequencies. In terms of stability, the GMM performs better, but this must be compensated
for by increased computing effort.

In this study, a novel, universally applicable FEM approach is used to model and
calculate GAWs in different scenarios. At the beginning, the work is focused on a metal
plate with a free surface. The model is then extended to the case of fluid loading. The
results are validated by experimental data and two numerical reference methods, viz., the
GMM and the SCM. This selection was made in order to include one representative from
each of the above-mentioned partial- and non-meshing methods. Additionally, this study
demonstrates that a convincing agreement between simulation and experimental results
can be achieved by using a simple optimization algorithm to adapt material parameters.

2. Experimental Methods

For this study, all experimental and simulative investigations were performed on a
1.5 mm thick metal sheet. The experimental sample was a 400 mm x 200 mm anodized
aluminum plate (Figure 1). For GAW excitation a piezoelectric transducer (PI Ceramic
GmbH, Lindenstrafle, 07589 Lederhose, Germany: PIC255, 25 mm x 2 mm X 1 mm) was
used. The transducer was glued to the center of the long edge to allow the observation of
the traveling GAWs over a distance of approximately 198 mm without undesired interfering
edge reflections. The electric signals were generated by a combination of function generator
and amplifier. This setup allowed us to excite strong waves by applying sinusoidal electrical
voltages with amplitudes of up to 100 V. To observe up to five different Lamb modes, the
GAWSs were excited by a 100 ps long linear frequency sweep starting from 50 kHz up to
2500 kHz with a burst period of 10 ms.

For the experimental evaluation of the propagating GAWs, a scanning laser Doppler
vibrometer (LDV) (Polytec GmbH, Polytec-Platz 1-7, 76337 Waldbronn, Germany:
PSV-400-M) was used. This technique exploits a frequency shift in the reflected laser
light caused by the motion of the surface, which allows the measurement of local time-
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dependent displacement a(x,t) with high accuracy [33,34]. The sensitivity of the LDV
to different modes varies as the method cannot detect movements perpendicular to the
propagation direction of the incident beam [33]. In the experiment, wave propagation was
measured pointwise at 333 equidistant points along a single line in the vertical center of

the plate (cf. Figure 1).

Laser Doppler vibrometer: Polytec PSV-400-M
Aluminum plate (400 mm x 200 mm x 1.5 mm)

PI Ceramic Transducer (PIC255)
25 mm x 2 mm x 1 mm

Sweep of 50 kHz — 2500 kHz for 100 ps
Amplitude of 100 V
Burst period 10 ms

v olk

'
©
A\@

Figure 1. Experimental setup for the transducer-based excitation of GAWs on a 1.5 mm thin aluminum
plate. The propagation of the GAWs is observed pointwise by a laser Doppler vibrometer.

This resulted in a vertical resolution of dy = 593.09 um. Additionally, the local motion
of the surface was sampled at a frequency of f; = 25.6 MHz. Figure 2a illustrates the
measured propagation of the GAWs in space x and time ¢ as a 2D surface plot. For this
visualization the absolute normalized values |a(x,t)| are displayed. An advantage of
this chart is the visual traceability of the GAW propagation, including reflections at the
plate’s edge.
la,| A,
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Figure 2. Measurement result for GAW propagation on an aluminum plate. (a) Visualization of
the measured and normalized displacement field magnitude |a(x, t)|. (b) Derived two-sided band
structure diagram |A(k, f)| (modulus of the 2D Fourier transform), revealing the dispersion relation
of the measured GAWs.
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To analyze the dispersion relation of the investigated GAWSs, a two-dimensional Fast
Fourier transform (2D FFT) was performed [35]. According to

an(x, 1) 2P ALk, £), )

the 2D FFT transforms the normalized displacement field a,, into a field of complex valued
amplitudes, or phasors, A,. Thereby, the spatial coordinate x and the time ¢ are respectively
transformed into the wave number k and the frequency f.

In the following, the graphical representation of the magnitude of the field A, (k, f) is
called a band structure diagram [36]. In this application the Nyquist-Shannon limits for k

and f are
fay = % = 12.8 MHz, )
1 1

By default, frequencies or wavenumbers greater than these limits cause aliasing [37].
Furthermore, the magnitude of the 2D FFT is symmetric to the origin of the coordinate
system. Therefore, all relevant information is contained in two neighbouring quadrants.
Figure 2b shows the two-sided band structure diagram related to Figure 2a in quadrants I
and II. The first quadrant includes all waves with positive wavenumbers (traveling from
the left x = 0 mm to the right x = 200 mm), whereas the second quadrant contains the
reflected waves (traveling from the right x = 200 mm to the left x = 0 mm). Due to the
isotropy of the aluminum plate, the dispersion relation of right-propagating waves shows
the same behavior as left-propagating waves. Nevertheless, owing to measurement noise,
the experimentally determined amplitudes vary in the two quadrants. The data from both
quadrants can be overlaid to smooth out this effect in a single-sided band structure diagram
Aus(k, ):

[Ars(k £)|= [Azs (K, £)] + | Ags (K, f)] for k = 0. @

In the results section below, this single-sided version is used to validate the calculated
dispersion relations. Furthermore, it will be shown how to make the simulations better
agree with the measured data by an optimization algorithm.

In a second experiment, the influence of fluid loading on the wave propagation was
investigated. Because of two major advantages, a single-sided water loading was used:

o  The laser of the LDV was used to measure the wave propagation directly on the outer
sample surface. This prevents the laser signal from being distorted by diffraction
effects on the transparent wall of a required aquarium or by interactions with acoustic
pressure fluctuations in the fluid [38].

e The waves were excited by a transducer on the outer surface without having an
enclosure to avoid short circuits.

Therefore, the aluminum plate used in the experiment described above was glued
into a container as an outer side wall. Deionized water with a measured temperature of
24 °C was used as fluid in the container. To ensure good interaction of the GAWs with
the fluid, all outgassed bubbles adhering to the metal surface were removed before each
measurement. Since the signal-to-noise ratio tends to decrease in such measurements due
to the radiation of energy into the fluid along the path of the propagating wave, multiple
measurements at varying frequencies were performed instead of a single frequency sweep
measurement. For the evaluation, the 2D FFTs were calculated for all measured signals
followed by a superimposition of the magnitudes.
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3. Numerical Methods

In this section, all relevant steps for the FEM model are introduced. Additionally, a
short overview of the used reference models is given.

3.1. Finite Element Method for GAWs on a Free Plate

The first step was to model the aluminum plate by FEM. In this work, all FEM models
were implemented in and solved by COMSOL Multiphysics 6.1 [39]. A 2D model was built
to model the dispersion relation of the free plate. In the case of an ideal plate, only a small
section needs to be modeled to determine all possible GAWs. This section of the plate, with
height Hp and length L, is called the unit cell (UC) [40]. Figure 3 shows a sketch of the UC
including all relevant length scales, boundary conditions, and a regular quadrilateral mesh.

free surface
X |- |

Figure 3. Sketch of the 2D FEM model: The unit cell represents a small section of the aluminum plate.
Floquet periodicity is used to search for solutions with different wavelengths. For the unloaded case,
no constraints or loads are acting on the upper and lower boundaries. As is typical for FEM models,
the 2D section is discretized by small structured net elements.

Elastic waves in a plate without external forces obey the equation of motion [41]

u
PPop = V-

&l

®)

=, . a1 .
Here, u is the displacement field, o the stress tensor, and pp denotes the mass density
—
of the plate. The stress tensor ¢ is a rank 2 tensor depending on the Young’s modulus Ep,
. e . . B
the Poisson’s ratio vp or analogous material constants, and the displacement field u:

- 7 vp 1 —
=1 . -E .
v <1—21/p 1+v, P>Vu+<

1 - =
2+2UP-EP) (Vu + uV) ©)

with the identity tensor 7
The fundamental idea of the simulation was to calculate the eigenvalues and eigen-
vectors of Equation (5) for different wavelengths. The eigenvalues represent the eigen-
frequencies of the GAW, whereas the eigenvectors describe the local displacements. For
an eigenvalue evaluation, 1 is assumed to be sinusoidal with an angular frequency of w.

Equation (5) then becomes
—pp Wi =V-o. (7)

To model the free surface no loads or constraints were applied to the upper and
lower UC boundaries. By Floquet’s theorem [40], the displacements at the left and right
boundaries of the UC are linked by

—
= u

U (x2,y) = 1 (x1,y)-e Frl—x1), 8)
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This boundary condition allows one to control the phase shift of the displacement
field from the left edge (at x1) to the right edge (at x,) by the parameter k,. The phase shift,
of course, is periodic in 27t. Consequently, it is sufficient to calculate all eigenfrequencies
on the interval ky(x; — x1) € [0,27]. Therefore, ky can be written as

7T

ks represents a dimensionless sweep parameter in the interval [0,2]. In the later
section of this paper, it is shown that all solutions are symmetric with respect to the points
ks = 0, £1, £2, .... This allows one to calculate the solutions on the reduced interval
[0,1]. For an equidistant discretization over the whole interval, the sweep step width dk
was introduced. In a parametric study eigenfrequencies f were calculated for the following

values of kg:

1 3 5 dk

The advantage of the chosen schema for kg is revealed in the post-processing section
in the next chapter. The UC was discretized by a quadrilateral mesh. The parameters 7,
and n,p were used to control the horizontal and vertical element sizes:

L
N, = — 11
v= (11)
Hp
N,p = —L (12
yP nyp )

In order to obtain sufficiently accurate results, the mesh was adapted to the expected
waves. For the resolution in y-direction, 15 elements was a reasonable value for the
investigated Lamb waves. In the case of the resolution in x-direction, Ny was a little bit
more complicated to get a universal value for in advance. As a rule of thumb there should
always be about 10 elements per wavelength. Unfortunately, the shortest wavelength is
hard to determine before the first simulation. For this reason, it is important to check the
mesh after each calculation. In this case, 20 elements were applied on a UC with a length
of 1.5 mm. All these parameters proved suitable in convergence studies. To solve the
FEM model, an iterative solver (ARPACK) based on an algorithmic variant of the Arnoldi
process was applied [39,42]. The search space for the frequency was limited to a maximum
fm of 3 MHz in the solver settings. For the local discretization of the equations. quadratic
serendipity shape functions were used. Table 1 summarizes all model parameters used for
the FEM calculation. The material parameters of the plate have been derived from values in
the literature [43]. However, the Young’s modulus and the Poisson’s ratio were deliberately
modified to a minor extent to assess the efficiency of the optimization algorithm in a later
section. It is important to note that this had no influence on the direct comparison of the
models with each other, as they all utilized the same values in the calculation.

Table 1. Starting parameters for the FEM model of an aluminum plate.

Parameter Variable Value
Unit Cell Length L 1.5 mm
Unit Cell Hight 2 Hp 1.5 mm
X-Mesh Elements Ny 20
Y-Mesh Elements ! Nyp 15
Sweep Step Width dk 0.01
Young’s Modulus %3 Ep 68 GPa

Density 1 op 2700 kg/m?3 [43]
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Table 1. Cont.

Parameter Variable Value
3 Up 0.34
fm 3 MHz

1 These parameters were used for the SCM reference model. 2 These parameters were used for the GMM reference
model. ® Based on [43] with offset.

Poisson’s Ratio 1/
Max. Frequency

3.2. Post-Processing for the Finite Element Method Data

The solution provides several eigenfrequencies f,; with corresponding displacement
fields u, for each sweep parameter value ks. In the case of the free plate, there were
no artifacts which needed to be identified and removed. Hence, all of these solutions
represent real GAW modes, usually denoted as Lamb waves for free plates [44]. Lamb
modes can typically be classified by their symmetry characteristics into symmetric (S)
and antisymmetric (A) modes and the order of their mode (e.g., A0, Al, A2, ...). This
classification can be made by analyzing the displacement fields 1, in the plate’s cross-
section for each solution.

However, all modes can occur more than once in the data for a single ks. Multiple
solutions exist for a single value of kg because of the periodicity of the Floquet term in
Equation (8). The Floquet condition assigns the same complex conjugated value for several
exponents, respectively:

—in(ke) 2 mim(2ke) 2T in(2ks) 2

e e

o in(d—ke) 2T im(ak) 2T (13)

Consequently, the solutions differ not only in their mode but also in their wavelength
and the direction of propagation. This could be resolved by analyzing the wavelength
in the direction of sound propagation by spectral methods. However, both steps would
involve a relatively high computational effort due to the amount of data being processed.
Nevertheless, to determine the dispersion relation, for each frequency f the corresponding
wavenumber k must be identified.

To develop a more accessible approach, all solutions (ks|f;;) were visualized as points
in a band structure diagram without considering the displacement fields ;ks, o

Due to the small step size of ks, the band structure diagram already shows the profiles
for all modes. Each mode curve starts at ks = dk/2 and runs to the edge of the interval
ks =1 — dk/2. According to the periodicity expressed by Equation (9), each time a mode
curve reaches a boundary of the interval [0, 1], backfolding occurs. This is always associated
with a slope change in the band structure diagram and a reversal of the propagation
direction in the calculated displacement fields st, f,- Backfolding cannot be avoided, but
the limiting frequencies of the backfolding can be controlled by the length of the unit cell L.
Reducing L shifts the frequencies at ks = 1 up to higher values. The trick for unwrapping
the band structure diagram is to continuously increment the variable ks. This maps the
sweep parameter ks into a traced parameter k7:

ks € [0,1] — kr € [0,00) (14)

By applying such a mode tracer, the folded band structure diagram is converted
into a diagram with mode curves (kr|f,) possessing continuous slopes. At this point,
the advantage of the chosen kg (10) for the lower and upper limits dk/2 and 1 — dk/2
becomes obvious. This definition results in a constant step size of dk, even over the whole
unwrapped domain of k7. Figure 4b shows the traced and unwrapped modes based on the
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data visualized in Figure 4a. These curves of (kr|f,) can be used to derive the dispersion
relation for each mode:

- Wavenumber k:

kr
k=— 15
oL (15)
- Phase velocity c,:
=1 (16)
- Group velocity cg,:
of
Cor = ﬁ (17)
- Wavelength A:
1
A=~ 18
. (18)
3
2
N
Post-processing % — A0 #318
—- = — S0 #308
Modetracer — A1#215
— S1#158
" Data #1097 | S2#%8
0.5 1 2 3
kg k;
(@) (b)

Figure 4. Unambiguous identification of dispersion curves. (a) The FEM simulation results in a
band structure diagram consisting of 1097 unsorted individual data points. At the limits 0 and 1 of
ks, the mode curves are backfolded into the diagram. (b) In the post-processing the data points are
assigned to the individual Lamb modes and the folded curves are unwrapped. In addition to the
names, based on the order and symmetry property of the waves, the legend specifies the amount of
data points included.

The mode tracer was implemented as an automatic algorithm, based on a simple
extrapolation method. The algorithm follows six steps:

(1) Define two start points: P, 1 : (kn_l = %dk‘fl) and P, : (kn, = %dk|f2). These
two points represent the lowest frequencies for the first and second values of k; (cf.
Figure 5).

(2) Predict the next point of the mode by linear extrapolation using the points P,_; and
P, (cf. Figure 5a). Expand the mode curve with the solution P11 : (k,+1|f3) closest
to the predictor. Continue extrapolating for the next point.

(3) If the interpolation reaches one edge of the sweep interval of kg, interpolate beyond
this border by backfolding (cf. Figure 5b). This operation changes the horizontal
orientation of the predictor up to the next edge. Keep extrapolating.

(4) In the whole trace process the parameter kg has to be transformed into the
monotonously growing parameter kt according to (9) and (10).

(5) The end of a single mode curve can be controlled by defining a maximum deviation
R2. When the quadratic deviation of the predictor from the nearest-frequency solution
is greater than RZ, the tracing of the current mode curve is terminated.
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(6) When a mode curve has been traced completely, the procedure starts again by search-
ing for another mode beginning with step 1 considering the remaining data. When no
points remain, all modes have been traced.

—&- Traced Mode
® Eigenvalues

— Predictor

--=- Deviation R?

------ Border (Oor 1)

n n+1 n-1 n

n+1
(a (b)

Figure 5. Sketch of the mode tracer algorithm: (a) Between the edges of the sweep interval of kg, the
next point of a mode curve is approximately predicted by linear extrapolation. When the quadratic
deviation of the closest solution from the predictor is greater than a predefined value R2, the end of
the mode has been reached. (b) When the edges of the interval kg are reached, the tracing must be
performed over the edge to unwrap the backfolded modes.

Extensive tests have shown that this simple algorithm is sufficient to assign the point-
wise solutions correctly to the modes. When facing any problems, the following aspects
have to be considered. The step size of the extrapolation algorithm in the band structure
diagram corresponds to the parameter dk. The sampling rate discretizing the modes de-
pends on the combination of the parameters dk and L (cf. Equation (15)). L determines
the frequency range between the points at which backfolding occurs. Considering a given
frequency range, the following applies:

e Larger L: More frequent backfolding in the same frequency range.
e  Smaller L: Less or no backfolding in the same frequency range.

This results in the fact that, if dk is kept constant with varying L, the curves have
more sampling points for a larger L than for a smaller L. It is imperative to prioritize the
understanding that there has to be enough sampling points on the mode to follow all
occurring bends. If the mode tracer presented here fails, it is usually helpful to decrease the
value of dk. As with most simulations, it is not possible to define a generally valid rule for
these model parameters a priori without further information.

3.3. Model Fitting by Parameter Optimization with Experimental Data

The agreement between experimentally determined and simulated dispersion relations
rests on the accuracy of dimensional parameters (plate thickness) and material parameters
(Young’s modulus, mass density, Poisson’s ratio) used in the simulation. Resources (time,
staff) usually do not allow one to accurately measure these parameters for all samples of
interest. A more efficient way is to use an optimization algorithm to vary the simulation
parameters until the simulation results agree with the experimental results in the best
possible way. However, care must be exercised to ensure that measurement noise or errors
are not compensated for by unphysical parameter adjustments.

A look at Equations (6) and (7) reveals that two out of the four parameters are not
independent. These two parameters are the mass density and Young’s modulus because
it is only their ratio that enters into the equation. Consequently, a linear factor could be
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applied to a given ratio or only one of the two parameters could be optimized while the
other is kept unchanged. Both alternatives do not necessarily yield physically correct
parameters. Nevertheless, the dispersive behavior is described correctly.

In this work the optimizer was designed to vary Poisson’s ratio and Young’s modulus
in the simulation model to minimize the least squares deviation RMS between measured
and simulated eigenfrequencies:

2
St B

To this end, multiple pairs of (k,|f,) were extracted from the measured dispersion
relation, as in Figure 2b, and were passed to the simulation model. It turned out that it
was more important to select data from all available modes instead of many points on one
single mode. In addition, the points should be distributed over different wavelengths and
not just accumulate locally to achieve good results. The starting values for the simulation
parameters were taken from the literature as listed in Table 1.

3.4. Implementation of Fluid Loading to the FEM Plate Model

In the next step, the effect of fluid loading and its interaction with GAWs was investi-
gated. For this purpose, the model was extended by an additional fluid domain on one
side of the plate (Figure 6).

sound hard

PML interface

Floquet periodicity

solid / fluid interface

free surface

Figure 6. Sketch of the 2D FEM unit cell approach with fluid loading: Again, a unit cell approach was
used. A perfectly matched layer (PML) served to model a fluid-filled half-space on top of the plate.

Similar to the unloaded model, only a small unit cell was modeled to reduce compu-
tational effort. The physical behavior of the sound waves in the fluid is described by the
Helmholtz equation [45]

1 0%p
Ap = = —. 20
P a2 (20)

Here, p represents the scalar pressure field of the wave, and the parameter cr is the
speed of sound in the fluid. At the fluid—plate interface, Equation (20) of the fluid has
to be linked to the Equation (7) for the plate [39]. From the perspective of the plate, the
interaction can be written as

pp = p. (21)
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This Dirichlet boundary condition links the external load of plate pp to the pressure of
the fluid domain at the interface p. Based on Newton’s second law, a Neumann boundary
condition at the fluid—plate interface can be derived as

- Vp — 32;
n-—— —= —
OF ot?

(22)

from the perspective of the fluid. Formula (22) couples the local normal acceleration of the
plate with the gradient of pressure in the fluid domain. In this formula 7 is the unit vector
normal to the interface, u the local displacement field of the plate and p the local pressure
in the fluid. The intensity of the interaction is defined by the fluid mass density pr.

To ensure that the simulation only yields waves in the fluid radiated away from
the plate (rather than being incident on the plate), a perfectly matched layer (PML) was
implemented at the top boundary of the fluid domain. Therefore, the fluid domain was
split into a lower physical region and the upper PML region with the respective heights Hr
and Hppp, with complex parameters pr and cr in the PML region [46].

Similar to the free plate, the Floquet boundary condition was used for the fluid domain.
To this end, Equation (8) had to be rewritten for the variable p. Again, a regular quadrilateral
mesh was used. All relevant parameters for this model are listed in Table 2. The parameters
used for the fluid-loaded plate were derived by combining the data from the free plate
experiment with the optimizer described in Section 3.3.

Table 2. Parameters for the FEM model of an aluminum plate with single-sided water loading.

Parameter Variable Value
Unit Cell Length L 1.5 mm
Hight Plate 2 Hp 1.5 mm
Hight Fluid Hr 0.5 mm
Hight PML Hppmr 2.5 mm
X-Mesh Elements Nx 20
Y-Mesh Elements on Plate ! Nyp 15
Y-Mesh Elements on Fluid Nyr 10
Y-Mesh Elements on PML Nypmr 50
Sweep Step Width dk 0.01
Plate: Young’s Modulus 1>? Ep 72.7388 GPa
Plate: Density 12 PP 2700 kg/m?3 [43]
Plate: Poisson’s Ratio 2 vp 0.3445
Fluid: Speed of Sound (at 24 °C) CF 1493 m/s [47]
Fluid: Density (at 24 °C) OF 997 kg/m? [47]

1 These parameters were used for SCM reference model. 2 These parameters were used for GMM reference model.
3 Results of the parameter optimizer used.

To solve the system of equations for the eigenfrequencies, a parametric study over kg
was performed to solve for the eigenfrequencies. Caused by the PML’s energy dissipation,
the calculated eigenfrequencies show complex behavior:

f=f+ifi (23)

Therefore, the mode curves must now be drawn in a three-dimensional coordinate
space (cf. Figure 7). For tracing the modes, a three-dimensional version of the tracing
algorithm presented in Section 3.2 was used.
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Figure 7. Three-dimensional dispersion curves for a fluid-loaded plate in (a) the folded band structure
diagram and (b) unwrapped form. The red curves describe GAWs (red); the blue and green curves
are unphysical artifacts.

As illustrated by Figure 7, the traced curves can be classified in three categories. This
classification is indicated by different colors in Figure 7. The red lines correspond to the
familiar GAWs extended by the evanescent quasi-Scholte plate mode (QSP). These modes
show typical behavior and can be identified by small imaginary parts of the eigenfrequen-
cies. The blue lines are unphysical eigenfrequencies caused by the fluid domain. Their
quantity and position depend on the heights Hr and Hpy;.. The short green curve fluctu-
ates around a value of about 1.75 MHz and is limited to the interval of kg € [0; 1]. These
are numerical artifacts caused by the Multiphysics coupling. A more detailed analysis of
the curve’s behavior and interaction is given in the results section.

After the separation of the GAW modes, the characteristic parameters were calculated
by the Equations (15)-(18). Additionally, to cope with the fluid loading, a further parameter
for the decoupling behavior of the waves was calculated. To derive the attenuation factor
D, we started with the wave equation and manipulated it:

|A(x)| = | Ag-e/@t=Fe)| (24)
|A(x)| _ |AO [ |ei(27'(frt+27riﬁt—kxx)| (25)
|A(X)| = 1A ,6—27Tfit, |ei(27'ffrt+—kxx)| (26)

The time-dependent decay coefficient of the envelope in Equation (26) can be reformu-
lated into the usual local variant by using the group velocity of the wave:

p= X 27)

=
Therefore, the final expression for D is given by

D= 2nfi (28)
Cor

in Np/m.
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3.5. Numerical Reference Models

Two non-FEM-based methods, the GMM and SCM, were selected as reference models.
The parameters used for these models are listed in Table 1 (free plate) and Table 2 (fluid-
loaded plate).

1.  Global Matrix Method (GMM)

The GMM is a well-established method for the calculation of dispersion relations [31,32,48].
It is suitable for single-layer and multi-layer models. In this work, the commercial software tool
Disperse (Version 2.0.20a) [48] from Imperial College London was used to set up and solve the
GMM models. Since Disperse has been extensively tested and improved for a long time, it is
perfectly suited for the validation of the FEM model.

Generally, GMM models describes the complete waveguide system by a single matrix,
the so-called global matrix. In contrast to the FEM, the plate in our geometry is not dis-
cretized. Instead, the individual sections of the matrix only represent the interfaces between
two neighboring layers. In the first and last section of the matrix, it is specified whether the
system is limited by a solid half-space, a fluid half-space, or a vacuum region, depending
on the implementation. The system of equations is solved for the partial amplitudes in each
layer describing the wave’s frequency, wavenumber, and attenuation. For this purpose,
the Disperse software uses an iterative algorithm based on a Gaussian elimination scheme.
The removal of artifacts and the post-processing of the data is automatically organized in
Disperse. Further details on the GMM and how to handle the software can be found in the
literature [49] and the Disperse User’s Manual [48].

2. Spectral Collocation Method (SCM)

To find GAW solutions the SCM uses the same Helmoltz equations approach as the
GMM [20,26,27]. The SCM works with local discretization similar to the FEM model.
However, the geometry is discretized only in one dimension along a line through the plate’s
cross-section, perpendicular to the direction of wave propagation. Similar to the GMM,
the SCM takes the fluid space into account by applying a suitable boundary condition
without further discretization. To obtain the dispersion relation, the eigenvalues of the
system of equations have to be determined. In this work, a spectral collocation method
with Chebyshev polynomials was implemented in MATLAB R2024b, based on the work of
Kiefer et al. [20]. To ensure good comparability with FEM simulations, the same amount
of sampling points for the plate discretization was chosen. Similar to the FEM, the SCM
produces unordered solutions, which must be assigned to individual modes by post-
processing and purged of non-physical artifacts.

4. Results

In this section, the validity of the FEM model is evaluated by comparing the results
with the two reference models and the experimental data.

4.1. Numerical Validation for a Free Plate

The dispersion relation of Lamb waves in free plates is well known and was therefore
used as a benchmark to validate our algorithms. Figure 8 shows the traced and unwrapped
band structure diagrams obtained from the FEM model (blue line) and the two reference
models (symbols). Each curve is labeled with the name of the mode and a small image of
the corresponding displacement field. For better readability’s sake, only every 15th data
point of the reference models is shown. It is obvious that the reference model results and
the FEM curves agree exactly. No significant deviations can be recognized in this diagram.
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Figure 8. Calculated band structure diagram for Lamb waves. The Lamb wave associated with each
curve is named based on its order and symmetry type. Additionally, a characteristic displacement
field is visualized for each mode. The FEM data (blue) is overlaid with data points calculated by
the GMM (red) and SCM (green). To avoid overloading, only every 15th point is displayed for both
reference methods. The three methods produce the same curves with no visible variations.

For a more detailed analysis, the relative deviations were calculated. Due to their
different calculation methods, each model used different discrete values of k and f. To
compute the deviations, the results of the two reference methods were resampled to the
k values used in the FEM by linear interpolation. Figure 9 shows the relative deviations,
comparing the three different simulation methods.
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Figure 9. Relative deviation of the Lamb wave results obtained by the two reference methods and by
the FEM model: (a) GMM vs. FEM, (b) SCM vs. FEM, and (c) GMM vs. SCM.

Unsurprisingly, the largest relative deviations can be observed at lower frequencies.
This is due to the fact that, in relative evaluation, very small frequency values are involved,
leading to high relative deviations even when the absolute differences are small. The
comparison of the FEM model with both reference methods shows similar trends, with
deviations almost always well below 0.1%. However, the deviation between the FEM and
SCM model is larger than that between the FEM and GMM, which is also evident when
comparing the two reference methods against each other. The SCM struggles especially in
the case of the S1 mode. Here, only a few data points are available at the curve’s minimum,
caused by the used parameter sweep over f and the intention to obtain approximately
the same number of data points in each method. This leads to a comparison of numerous
interpolated values, introducing artificial uncertainty. Additionally, the comparison of the



Appl. Sci. 2025, 15,9116

15 of 25

100 200 300 400 500 6

reference methods highlights that the SCM tends to show deviations not only from the
FEM but also from the GMM. However, only in the FEM model, the deviations increase
with higher frequencies. This is related to the fact that the FEM is the only method that
discretizes the wavelength along the plate in addition to the plate thickness. The decrease
in accuracy is synonymous with a dwindling number of elements per wavelength by
increasing frequencies.

4.2. Parametric Optimization by Experimental Dispersion Data

To validate the applicability of the FEM model to experimental data, the optimization
algorithm described in Section 3.3 was applied using the experimental data visualized in
Figure 2. To select the sampling points, it is important to consider the limits of the measured
data. In this case, the limit is the wavelength resolution caused by the step width of the
point-by-point scanning laser. For example, Figure 2 reveals an aliasing effect in the upper
right corner (backfolding of A0 mode) caused by reaching the wavelength limit calculated
in Equation (3). To demonstrate the efficiency of this method, only a small number of
supporting points were used. For this purpose, five equidistant wavenumbers (k = 83
1/m,2501/m, 417 1/m, 583 1/m, 750 1/m) were selected. The corresponding frequencies
were evaluated and passed on to the optimizer. Due to this discretization the amount of
sampling points per mode may vary in the optimizer (AQ: five points, S2: just one). The
starting values and the results of the optimizing process are listed in Table 3.

Table 3. Optimized parameters for the FEM model.

Parameter Variable Start Optimized
Young’s Modulus 1 Ep 68 GPa 72.7388 GPa
Poisson’s Ratio 12 vp 0.34 0.3445

! These parameters were used for the SCM reference model. 2 These parameters were used for the GMM
reference model.

Figure 10 displays the experimental data in comparison with the optimized FEM
results. The agreement is very good for each mode over a wide range. Sometimes slight
deviations occur, especially for the higher modes, which might be due to lower weighting
of a smaller number of sampling points in the optimizer. These results were achieved with
just 17 points used in the optimizer. If a higher resolution is required, additional sample
points can be added or further parameters such as plate thickness can easily be included in

the optimization process.

I Experiment
= = = = Simulation
00 700 800

k (1/m)

Figure 10. Experimentally observed one-sided dispersion relation (surface plot) and the parameter-
optimized FEM results (red lines) for a free aluminum plate.
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Due to the excellent agreement of the measured and simulated dispersion curves, these
values were used for the fluid-loaded modeling, too. Therefore, the optimized parameters
are listed in Table 2.

4.3. Characteristics of Finite Element Models with Fluid Loading

To improve understanding of FEM solution characteristics with fluid loading, three ex-
emplary solutions were analyzed. The A0 and QSP modes—both GAWs of interest—were
compared to each other and with one artifact solution caused by the height of the fluid
domain. Figure 9 displays the mode shapes and pressure profiles of these solutions.

Figure 11a,b shows the results for the A0 mode. The leaking of this A0 mode with
a pressure wave in the fluid is caused by the higher phase velocity of the wave on the
plate as compared to the sound velocity of the fluid. This leads to the plane pressure front
visible in Figure 11a. In Figure 11b the corresponding vertical pressure profile is displayed.
The pressure amplitude shows an exponential increase with distance in the y-direction
away from the plate. The reason for this is that the solutions represent a snapshot of
waves decoupling into the fluid from an infinitely long plate. The pressure values at the
solid-liquid boundary are linked to the instantaneous amplitude on the plate. Pressure
values further away are caused by higher amplitudes which were leaked in the past. The
aspect of time-dependent leaking is just translated from time to space by the speed of sound
in the fluid. Based on this, the plate’s attenuation factor D (28) leads to an exponential
increase in pressure in the fluid according to Equation (29) along the Rayleigh angle ¢ and
according to Equation (30) along the y-axis.

. 27t f;
p(dy)| = poexp(ag-dy) withay = fo' (29)
. 27
lp(dy)| = po-exp(ay-dy) witha, = creos(q)’ (30)

Here, pg is the pressure amplitude at the plate surface, d,, the distance along the
Rayleigh angle, d,, the distance along the y-axis, and « denotes the corresponding growth
rates. Caused by the fluid loading, most GAWSs radiate energy into the fluid. Here, the only
exception is the QSP (Figure 11c,d). The reason for this is the phase velocity of the wave.
When the velocity of the wave is slower than the speed of sound in the fluid, it cannot leak,
which leads to an evanescent pressure field. In the case of QSP, the sound pressure in the
fluid decreases exponentially with the distance to the plate. The corresponding Rayleigh
angle ¢ is 90° in theory. The decoupling factor &, can be calculated by two pressure values
at two points: P1 (p1|y1) and P2 (pa|y2)-

_ ()

Ky = with yo > y;. 31
y V2 — 11 Y2 > 1 (31)

The mode visualized in Figure 11e,f is an example of a spurious mode generated by the
presence of the fluid domain. At first sight this mode looks quite similar to the other two.
The vibration behavior of the plate resembles that of the A0 mode for all three modes. And
the leaking behavior also looks familiar to the A0 mode. On closer inspection, however,
the artifact solution does not produce a plane wave front in the fluid and the displacement
profile of the plate looks slightly skewed. Furthermore, the pressure profile in Figure 11f
no longer increases exponentially away from the plate surface.
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Figure 11. Visualization of the leaky A0 mode (a,b), the evanescence QSP mode (c,d) and an artificial
fluid mode (e,f) calculated for a 1.5 mm thick aluminum plate covered with one-sided fluid domain of

the heights Hr = 5 mm; Hpys, = 3 mm. Shown are mode shapes (a,c,e) with corresponding vertical

pressure and elongations (b,d,f).

Figure 7 reveals the existence of many spurious modes which have to be sorted out by
the mode tracer. As already mentioned the artifacts of the fluid-loaded model vary with

the parameters Hr and Hpyr. The thicker the fluid domain, the more natural frequencies
appear in the frequency range investigated. Unfortunately, depending on the choice of
these parameters, there are weaker or stronger interactions between the modes of the
GAWs and the spurious modes. This effect can be clarified by overlaying the band structure
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diagrams for a free plate, with the solution of a free fluid domain with PML and their
coupled combinations. Figure 12 shows two examples with different thicknesses of the
fluid domain.
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Figure 12. Small sections of unwrapped band structure diagrams for a free plate (P), a free fluid
domain with PML (F) and the Multiphysics interaction (P + F) for two different heights Hr and Hppr .
(a): HF = 2mm; Hpyp = 0.5 mm and (b): Hr = 0.5 mm; Hpyq = 2.5 mm.

The two examples reveal several aspects of the FEM model. The coupled fluid/plate
model solution (solid green lines in Figure 12) are mainly combinations of the solutions
of the pure models (dashed red and blue lines) modified by small interactions. But the
interactions can become especially strong where the dispersion curve of the low-frequency
A0 mode is crossed by a curve associated with a fluid mode artifact. As a consequence
of the interactions, the pure-mode dispersion curves no longer intersect (which would
indicate a mode degeneracy) but fall apart into clearly separated smooth curves, much
in the same way as coupled identical resonators that no longer resonate at the same
(degenerate) frequency but at different frequencies. These effects often occur when the
PML fails to damp incident waves sufficiently. In this case the first attempt should be to
increase the PML thickness. Nonetheless, a complete avoidance of such interactions was
never successfully achieved. They always occurred at low frequencies for the A0 mode.
It is therefore particularly difficult to determine the exact cut-off behavior of the mode by
FEM. The most pragmatic approach was to select parameters to produce one remaining
interaction. Beyond the transition, the traced mode converges to the correct solution of the
A0 mode.

4.4. Validation of the Fluid-Loaded Model

Similar to the free plate, the solutions of the model with fluid loading were compared
with both reference methods. However, when calculating the reference model of a plate
with one-sided fluid loading using the GMM, the used commercial software (Disperse)
failed. Although several local minima of the equations were found, the algorithm was not
able to determine the progression of the mode curves. It is assumed that the algorithm is not
able to determine the classical symmetric and antisymmetric modes due to the asymmetric
boundary conditions. In order to be able to validate the FEM model with both reference
methods, all models were extended by a two-sided fluid loading for the model-based
validation. Due to its simpler experimental setup, the one-sided fluid loading is still used
for the experimental validation.

Figure 13 shows the dispersion relation as determined by the two-sided fluid-loaded
FEM model and the GMM and SCM models.
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Figure 13. Calculated band structure diagram for Lamb waves in a fluid-loaded aluminum plate. FEM
results (solid blue lines) are shown together with GMM and SCM results (red circle and green squares,
respectively). To avoid overloading, only every 15th point is displayed for both reference methods.

Similar to the analysis for the free plate, the most important features of the reference
models show up in the FEM curves very well. However, as expected from the interaction
of the fluid artifacts with the GAW modes (Figure 12), there are obvious deviations in the
vicinity of the cut-off frequency of the A0 mode. The same holds true for the initial area
of the S1 and S2 modes. For a more detailed view, magnifications of these corresponding
sections are displayed in Figure 14.
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Figure 14. Enlarged sections of the band structure diagram in Figure 13: (a) cut-off region of A0
mode and (b) minimum of S1 mode curve. Both plots show significant deviations between the curves
determined by different methods.

Figure 14a reveals the fact that each of the used methods resulted in a different cut-off
behavior of the A0 mode, with the FEM deviating most from both reference models. The
reason for this behavior was, again, the influence of the spurious fluid solution. With the
increasing wavenumber k, all mode curves converged to each other. Above a wavenumber
k of 200 1/m, the FEM results deviated by less than 1% from the reference values, whereas
in the case of the free plate, all methods reproduced the minima of the S1 mode very well
(cf. Figure 8) and both reference models behaved differently (Figure 14b). The GMM
software only yielded values for k greater than 210 1/m. The SCM, on the other hand,
converged with the same values as the FEM both for lower and higher k. However, near
the S1 minimum, the SCM behaved in a completely different manner in that the predicted
dispersion curve split into two separate curves which quickly dropped to lower frequencies.
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Whenever the GMM and SCM both obtained S1 mode solutions, these solutions agreed
very well. Further deviations can be observed at the cut-off frequency of the S2 mode. For

further analysis, relative deviations were calculated for all modes (Figure 15).
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Figure 15. Relative deviation of the Lamb wave results obtained by the two reference methods and
by the FEM for the fluid-loaded plate: (a) GMM vs. FEM, (b) SCM vs. FEM, and (¢) GMM vs. SCM.

Due to method-related differences in discretization, the reference systems were linearly interpolated
to the frequency steps of the FEM data.

Except for the conspicuous sections already discussed, most mode curves agreed very
well, with typical deviations of less than 0.1%. However, it is noticeable that the FEM model
result tended to deviate from the two reference model results. This is likely to be caused
by the fact that the GMM and SCM solve the same problem with different algorithms,
whereas the FEM model is based on discretization of the whole domain. In addition, the
fluid loading enters the GMM and SCM only via boundary conditions.

Finally, Figure 16 compares the results of the FEM model to the experimental data.
Since the A0 mode was not correctly described by the FEM model near its cut off, its
dispersion curve is only shown for wavenumbers above 180 1/m.
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Figure 16. Measured one-sided dispersion relation (surface plot) and the parameter-optimized FEM
results (dashed red lines) for a water-loaded aluminum plate.

The agreement between the measured and simulated dispersion curves is very good.
However, it is noticeable that the signal-to-noise ratio of this measurement is worse than
in the free plate case. In addition, some dispersion curve sections are not recognizable in
the measurement results (see, e.g., the cut-off behavior of the S1 mode, small k and f near
2 MHz, etc.). The reason for this is GAW attenuation due to coupling with pressure waves in
the fluid. This energy loss made the coupling modes more difficult to measure by the LDV.
The measured S1 and 52 mode curves therefore cannot shed any light on the critical model
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sections shown in Figure 14b. One also notices that even the evanescent QSP completely
vanishes in the measured diagram with increasing k. This is explained by a shift in the
energy distribution of the QSP. With increasing k, the center of the energy distribution shifts
away from the plate into the interior of the fluid, leaving no measurable displacement on
the plate surface.

5. Discussion and Outlook

In this work, a novel, universally applicable FEM approach was presented for the
calculation of GAWSs. This new method includes simple, straightforward post-processing,
which enables all relevant dispersion relations to be derived from the results of the FEM
eigenfrequency study. The method has been demonstrated to be a good choice for the
characterization of both free and fluid-loaded plates. The most significant findings of the
work are summarized briefly below.

The analysis of the free plate showed that the FEM model together with the presented
post-processing reliably produce good results. Even if the suggested post-processing cannot
be implemented directly into the COMSOL environment, the used algorithm performs
very successfully in tracing the modes reliably and deriving the corresponding dispersion
relation. All eigenfrequencies of the free plate FEM model were GAW solutions without
the need to handle any artifacts. This was especially not the case with the SCM reference
model. Even with the free plate, a large number of non-physical solutions had to be dis-
carded. Additionally, since the SCM delivers unsorted solutions, suitable post-processing is
necessary for that method, too. This step was omitted only for the GMM, as it was already
implemented in the commercial software Disperse. All reference methods yielded the same
trends for all five investigated modes. Detailed comparisons with the reference models
showed very good agreement throughout and the calculated deviations were negligible.
Additionally, very good agreement with experimental data could be achieved by the FEM
model through precise material parameter optimization. This underlines the flexibility and
accuracy of this method, especially when realistic material behavior has to be considered.

The extended models including a fluid loading proved to be particularly interesting.
Again, the results showed very good agreement between the three methods across wide
sections. However, there were also two noticeable regions where the models differed. The
first of these regions was the beginning of the A0 mode. Here, the FEM A0 mode inter-
acted with the artifacts of the fluid domain due to similarities. The geometry-dependent
interactions of the solutions rendered unfeasible the evaluation of the A0 mode in this
transition region proximate to the QSP in the actual model. Interestingly, all artificial fluid
modes showed a vibration profile similar to the A0 mode on the plate’s domain. This is
probably the reason why there are interactions between the modes in the FEM model at all.
This remains an exciting topic for future research. Perhaps an analysis of the similarities
of the modes using their orthogonality relations can provide an indication of the degree
of similarity between the interacting modes [50-52]. The second noticeable region was
the initial part of the S1 mode. The FEM showed behavior very similar to that of a free
plate, while the GMM could only determine the S1 mode for higher wavenumbers k. In
contrast, the SCM deviated strongly from this, as here the mode split up in the vicinity of
the minimum and fell off sharply. We have not been able to observe such behavior in any
experimental measurement yet. At this point, the question remains whether the results of
the FEM model were imprecise or whether an artifact interaction in the solution of the SCM
occurred. However, this issue is frequently not targeted by other scientific research.

Despite the exclusive utilization of a single aluminium plate in the experimental
validation of this study, this methodology can be seamlessly adapted for the investigation
of alternative materials, plate thicknesses, or multi-layer systems. However, the accuracy
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of the simulation in comparison to the experiments depends on the quality of the material
parameters used.

The main advantages of our method are its universal applicability and robustness.
Simplification and special cases are completely avoided when implementing structural
and fluid mechanics, so essentially all applications can be addressed with this approach.
In this context, the quality of the results depends entirely on the choice of parameters for
material properties and the mesh, such as the UC width L and the sweep parameter dk. It
is important to ensure that the mesh can represent all occurring waves, while L defines
the amount and positions of the occurring backfolding. Finally, the parameter dk has to be
selected in a way that allows all modes to be sampled with sufficient accuracy to enable the
mode tracer to follow all bends. If dk is set too high, it may cause unwanted transitions
between different modes. Tests employing a spline-based extrapolation algorithm did not
demonstrate any significant improvements in the performance of the mode tracer. Also,
high frequency-thickness products can be calculated by this method reliably. Here, the
width L of the UC should be reduced to reach high frequencies with a minimal amount of
backfolding. These circumstances imply that the evaluation of multi-layer systems or mod-
els based on unstructured 3D UCs remains consistent without any extensive adaptations.

In summary, the FEM, GMM, and SCM each have their own advantages and disadvan-
tages. While the GMM and SCM shine with simple plate geometries and fast performance,
the FEM is the only option for more complex problems, such as modeling periodic struc-
tures. So-called phononic crystals do not require any modifications in the FEM procedures
outlined in this study. Nevertheless, these structures have a significant influence on the
behavior of the resulting modes. These effects would require minor adjustments to the
post-processing and a detailed analysis of the resulting modes. Since the typical classifica-
tion of Lamb waves into symmetric and antisymmetric modes can be lost in this process,
these topics should be addressed in future work. In this context, the interaction of phononic
crystals with fluid loading emerges as a promising area of research. Furthermore, FEM
introduces the potential for multiphysics applications. For instance, the incorporation of
one or multiple additional simulation steps that consider acoustic streaming is a viable
approach for our fluid-loaded scenarios. In this case, dispersion calculations can be utilized
directly as a starting value without the need to change the simulation environment. The
scope of this procedure may be expanded by additional model steps that for example
address the dynamics of charge transport in galvanic processes, accompanied by the active
acoustic mixing of electrolytes. Another potential application for our method is the design
of acoustically based flow meters. In this case, with minor modifications to the implemen-
tation of the fluid, the impact of background flow on the modes could be calculated. All of
these possible applications may be evaluated in accordance with the standard protocol of
the presented post-processor. These examples demonstrate the potential of this method
and will hopefully help explore further areas of application for GAWs in the future.
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