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Abstract

Reliability analysis of complex engineering products often involves high-dimensional
nonlinear state functions, with random variable distributions hard to determine due to
limited samples, restricting the fourth-order moment method that fails to link moments
of variables and state functions. This study proposes a method combining a back prop-
agation (BP) neural network and a fourth-order moment method: a BP neural network
surrogates the mapping between the model approximation variables and the state function,
generating samples for estimating the first-fourth-order moments of the state function, and
thus performing reliability analyses based on the fourth-order moment method. Valida-
tion shows the BP model outperforms Kriging in predicting high-dimensional nonlinear
functions; it aligns with Monte Carlo simulation (MCS) results in rolling bearing reliability
analysis with higher efficiency and applies to time-varying fatigue analysis. This method
overcomes limitations of the fourth-order moment method, offers higher accuracy than
existing surrogate-based methods, and retains the efficiency of moment methods, suitable
for limited-sample and time-varying scenarios.

Keywords: reliability analysis; fourth-order moment; BP neural network; limited samples;
high-dimensional nonlinear state function

1. Introduction
The study of reliability issues has a long history, with commonly used methods includ-

ing Monte Carlo simulation (MCS) [1,2], response surface methodology [3,4], stochastic
finite element method [5,6], and others, which have been widely applied in practical
engineering. Nevertheless, in practical applications, analyses for structural reliability
are frequently carried out with a restricted amount of data. In these circumstances, the
challenge of maximizing the use of the scarce available samples while executing precise
reliability assessments has drawn the attention of researchers. The mainstream approach
involves fitting precise probability models through the rational use of limited samples.
For example, the bootstrap method [7,8], which estimates values or tests in statistical
distributions by resampling data or models estimated from the data, has been widely
applied and continuously improved. An alternative perspective arises from the theory of
imprecise probabilities, which considers the probability of failure as an interval. Notably,
the probability box (p-box) method for analyzing reliability has garnered considerable
attention [9].
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Among the many mainstream methods, the higher-order moment method has at-
tracted widespread attention due to its simplicity and practicality. Unlike traditional
first-order reliability methods (FORMs) and second-order reliability methods (SORMs), the
higher-order moment method uses moments beyond the second order for precise reliability
analysis [10]. It offers two advantages: first, it requires only statistical moments rather than
specific distributions, and second, it avoids the computationally expensive most probable
point (MPP) search required by classical FORM and SORM [11]. A method utilizing the
third-order moment was introduced, relying on the premise that random parameters adhere
to a three-parameter logarithmic distribution. From the standardization of these random
parameters, a reliability index was established using the initial four moments. Furthermore,
an enhanced fourth-order moment approach took into account previously overlooked
parameters, yielding more precise reliability outcomes for scenarios with explicit state
equations across different types of input parameter distributions [10].

However, through previous research [12], a research group found that in practical
applications, the state functions of complex engineering problems often exhibit high-
dimensional nonlinear characteristics [13], making it difficult to express them as explicit
functions. As a result, the fourth-order moment method cannot be directly applied because
it is challenging to establish the connection between the first four moments of input random
variables and those of high-dimensional nonlinear state functions.

Methods involving surrogate models have been extensively implemented to improve
the computational efficiency of reliability assessments by estimating the connection be-
tween parameters and their corresponding responses. Commonly used surrogate models
include Kriging [14], neural networks (NN) [15], support vector machines (SVM) [16], and
polynomial chaos expansion (PCE) [17]. Among these surrogate modeling techniques, the
backpropagation (BP) neural network, one type of artificial neural network (ANN), exhibits
stronger nonlinear modeling capabilities and better adaptability to high-dimensional data
compared to methods like Kriging. Notably, it avoids the distribution type dependency
of PCE and the kernel function sensitivity of SVM [18], making it particularly suitable for
constructing surrogate models of high-dimensional nonlinear state functions in complex
engineering problems, especially when the input variables lack explicit distribution patterns.

Beyond BP neural networks, other neural network architectures have been extensively
studied, including deep neural networks (DNNs), radial basis function (RBF) networks, and
convolutional neural networks (CNNs). DNNs can capture complex nonlinear relationships
through deep network structures but require large amounts of labeled samples for training,
which easily leads to overfitting in the limited-sample scenario of this study; additionally,
their large-scale network parameters result in low training efficiency [19]. RBF networks
achieve fitting based on local radial basis functions, offering strong local approximation
capabilities but insufficient global fitting stability, with significant fluctuations in prediction
errors especially in sparsely sampled regions [20]. CNNs, with their convolutional and
pooling layer designs, perform excellently in processing grid-structured data, yet their
feature extraction capabilities are underutilized for non-grid-structured random variable
inputs commonly encountered in reliability analysis, coupled with high network structure
redundancy [21].

In contrast, the BP neural network features flexibly adjustable architectures. Under lim-
ited sample conditions, through rational structural design and optimization algorithms [22],
it can balance fitting accuracy and generalization ability, overcoming the heavy reliance of
DNNs on large sample sizes and the insufficient global stability of RBF networks [23].

In this paper, we propose a fourth-order moment reliability method based on the BP
neural network (BP-FM). This method establishes a mapping relationship between random
variables and high-dimensional nonlinear state functions through BP neural networks
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and conducts reliability analysis using the fourth-order method of moments. Notably, it
does not require a sufficient sample size to obtain the distribution type of input variables.
Compared to existing methods, our approach offers two significant advantages: (1) it
addresses the challenge of computing fourth-order moments of the state function under
high-dimensional nonlinear conditions, which can be complex or costly; and (2) it retains the
efficiency advantages of the moments method over simulation methods when compared to
the existing MCS method. A numerical example of reliability analysis for high-dimensional
nonlinear state functions of ball bearing fatigue shows that the BP-FM method proposed is
capable of efficiently and accurately conducting reliability analysis and computation even
when utilizing a limited number of samples.

The remaining sections of this paper are structured as detailed below. In Section 2, we
provide a concise overview of the principles underlying the fourth moment method, along
with the specific construction of BP neural networks utilized in this research. Section 3
showcases three numerical examples. Lastly, Section 4 concludes the discussion.

2. Methods
2.1. Improved Fourth-Order Moment Method for Reliability Index

In general, the fundamental task of structural reliability analysis is to determine the
failure probability Pf associated with the state function g corresponding to structural
characteristics [24], which is typically expressed as follows:

Pf = P(g < 0), (1)

By normalizing g as gs =
g−µg

σg
, it can be derived that E(gs) = 0 and E

(
gs

2) = 1, where
µg and σg denote the mean and standard deviation of g, respectively.

Assuming y follows a normal distribution, it can be expressed in terms of gs as follows:

y = gs + cgs
2, (2)

where c is a constant. According to the properties of the normal distribution, it can be
derived as follows:

µy = E(y) = c, (3)

σy
2 = E

[(
y − µy

)2
]
, (4)

α3y =
E
[(

y − µy
)3
]

σy3 = 0, (5)

That is,

E
[(

y − µy
)3
]
= c3(α6g − 3α4g + 2

)
+ 3c2(α5g − 2α3g

)
+ 3c

(
α4g − 1

)
+ α3g = 0, (6)

where α6g = E
[
gs

6], α5g = E
[
gs

5], α4g = E
[
gs

4], and α3g = E
[
gs

3], denoting the sixth, fifth,
fourth, and third-order dimensionless central moments of g, respectively.

After neglecting higher-order infinitesimals, c can be approximated as follows:

c =
−α3g

3
(
α4g − 1

) , (7)

Normalize y as follows:

v =
y − µy

σy
, (8)
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Thus, Equation (1) can be expressed as follows:

Pf = P(g < 0) = P
(

gs < −
µg

σg

)
= Φ

(
−

µg

σg

)
, (9)

According to the definition of the reliability index βSM in the first-order second-
moment (FOSM) method, it can be expressed in the following equation:

βSM =
µg

σg
, (10)

Substituting Equations (2) to (7) into Equation (8), we obtain the following:

v =
−gs3

(
1 − α4g

)
− α3g

(
gs

2 − 1
)√

5α3g
2(1 − α4g

)
+ 9
(
1 − α4g

)2
, (11)

According to the definitions in the equations, the reliability index βFM′ defined by the
fourth-order moment method [11] can be derived as follows:

βFM′ =
3
(
α4g − 1

)
βSM + α3g

(
βSM

2 − 1
)

√
5α3g

2(1 − α4g
)
+ 9
(
1 − α4g

)2
, (12)

Based on this, by taking into account the higher-order infinitesimal quantities ignored
in Equation (7), the expression for c is further developed [10] as follows:

c =
−5α3g

3
(
3α4g + 1

) , (13)

As a consequence, the following equation is derived:

v =
3
(
3α4g + 1

)
gs − 5α3g

(
gs

2 − 1
)√

9
(
1 + 3α4g

)2 − 5α3g
2(13α4g + 11

) , (14)

Further derivation leads to the reliability index βFM defined by the improved fourth-
order moment method, which is given as follows:

βFM =
3
(
3α4g + 1

)
βSM + 5α3g

(
βSM

2 − 1
)

√
9
(
1 + 3α4g

)2 − 5α3g
2(13α4g + 11

) , (15)

This reliability index has been proven to exhibit higher accuracy than the traditional
FOSM method in multiple application cases with finite samples [10,25]. Therefore, this
paper employs it for reliability analysis.

2.2. State Function Surrogate Model Based on BP Neural Network

Calculating fourth-order moment reliability using the improved method requires the
use of fourth-order moments associated with the state function. Zhang et al. [10] derived
a method for deriving the fourth-order moments of the state function through the input
parameters under explicit state function conditions. However, for mechanical products,
the state function often has high-dimensional nonlinear characteristics, and simplifying it
into an explicit function will significantly increase the calculation error [26]. Therefore, this
study constructs a surrogate model between the input parameters and the state function



Appl. Sci. 2025, 15, 9046 5 of 16

through a BP neural network and approximates the moments by generating state function
samples through the surrogate model.

Let x = (x1, x2, · · · , xn)
T denote the set of input parameters of the mechanical struc-

ture, while g = [g1(x), · · · , gm(x)] denotes the set of corresponding responses of the output
derived by the finite element method (FEM) or other computational methods.

In Figure 1, x0 = −1, z0 = −1, The input vector X =
(
X1, X2, . . . , Xr, . . . , Xp

)T , for any

given training sample denoted as Xr =
(

x1, x2, . . . , xr, . . . , xp
)T , and the resulting vector

from the hidden layer is Zr =
(
z1, z2, . . . , zj, . . . , zm

)T , while the output vector generated by
the output layer is Gr = (g1, g2, . . . , gk, . . . , gl)

T . The anticipated output vector is referred
to as dr = (d1, d2, . . . , dk, . . . , dl)

T . The connection between the input layer and the hidden
layer is defined by the weight matrix V =

(
V1, V2, . . . , Vj, . . . , Vm

)
, where Vj represents

the weight vector associated with the j-th neuron in the hidden layer. Similarly, the
matrix W = (W1, W2, . . . , Wk, . . . , Wl) denotes the weights connecting the hidden layer to
the output layer, with Wk indicating the weight vector linked to the k-th neuron in the
output layer.

Figure 1. Schematic diagram of the constructed three-layer BP network structure.

(1) Forward propagation process
The input signal travels from the input layer through the neurons in the hidden layer

to reach the output layer, resulting in an output signal at the output endpoint. If this output
signal satisfies the specified output criteria, the computation concludes; however, if it fails
to meet these criteria, the process will transition to signal backpropagation.

For the output layer, there are the following:

gk = f (netk), (k = 1, 2, . . . , l) (16)

netk =
m

∑
j=0

wjkzj, (k = 1, 2, . . . , l) (17)

For the hidden layer, there are the following:

zj = f
(
netj

)
, (j = 1, 2, . . . , m) (18)
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netj =
m

∑
i=0

vijxi, (j = 1, 2, . . . , m) (19)

In Equations (16) and (18), the activation functions are both Hyperbolic Tangent
functions.

f (x) =
ex − e−x

ex + e−x (20)

f (x) has the characteristics of continuity and differentiability, and has the following
characteristics:

f ′(x) = 1 − f
(

x)2 (21)

If the output from the network does not match the anticipated result, an output error
E is present, which can be defined in the following manner:

E =
1
2
(d − G)2 =

1
2

l

∑
k=1

(
dk − gk)

2 (22)

Further expanding Equation (22) to the input layer, we derive the following:

E =
1
2

l

∑
k=1

{
dk − f

[
m

∑
j=0

wjk f
(
netj

)]}2

=
1
2

l

∑
k=1

{
dk − f

[
m

∑
j=0

wjk f (
n

∑
i=0

vijxi)

]}2

(23)

Based on Equation (23), it is evident that the network error depends on the weights
wjk and vij associated with each layer, indicating that modifying these weights can alter the
magnitude of the error E. The calculation concludes when E is less than or equal to e or
when the specified number of learning iterations has been completed. If neither condition
is satisfied, backpropagation will be utilized for further calculations.

(2) The calculation process of backpropagation
The key idea behind modifying weights is to consistently minimize the error. Therefore,

adjustments need to occur in the direction of the negative gradient of the weights. This
means that the amount by which the weights are adjusted should be proportional to the
gradient descent of the error.

∆wjk = −η
∂E

∂wjk
, (j = 0, 1, . . . , m; k = 1, 2, . . . , l) (24)

∆vij = −η
∂E
∂vij

, (i = 0, 1, . . . , n; j = 1, 2, . . . , m) (25)

In the equation, learning rate η is a given constant, usually taken as 0 < η < 1.
Equations (24) and (25) are only mathematical expressions of the weight adjustment

idea, instead of detailed formulas for calculating weight adjustments. Assuming that
throughout the entire derivation process, there are j = 0, 1, 2, . . . , m; k = 1, 2, . . . , l for
the output layer. For all hidden layers, i = 0, 1, 2, . . . , n; j = 1, 2, . . . , m.

After deduction (see Appendix A), there is the following:

∆wjk = ηδ
g
k zj = η(dk − gk)

(
1 − gk

2
)

zj (26)

∆vij = ηδ
y
j xi = η

(
l

∑
k=1

δ
g
k wjk

)(
1 − zj

2
)

xi (27)

We continuously adjust the weights and thresholds of neuron connections for the
upcoming cycle of network training and learning, using the acquired connection weights
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and the increments in closure values for each layer. The formula for updating the network
weights and idle values is then as follows:

Wjk(n + 1) = Wjk(n) + ∆Wjk (28)

Vij(n + 1) = Vij(n) + ∆Vij (29)

After obtaining the new weights and threshold values for each layer, the process shifts
toward forward propagation.

(3) The weight adjustment process
After inputting all samples, calculate the total error E of the network.

E =

√√√√1
2

P

∑
p=1

l

∑
k=1

(
dp

k − gp
k

)2
(30)

where P represents the number of training samples.
Then, based on the total error E, the error signals of each layer are calculated and

the weights are adjusted. This batch processing method for accumulating errors is called
batch training, also known as periodic training or batch processing. When the total error E
is less than the preset error value Emin after multiple iterations, the algorithm process is
determined to be over, as shown in Figure 2.

 

Figure 2. Flowchart of BP neural network algorithm for constructing state function surrogate model.

(4) Reason for selection
Based on the general approximation theorem, a single hidden layer architecture is

adopted to balance the modeling ability and computational efficiency of high-dimensional
nonlinear state functions, while reducing the risk of overfitting and training complexity. By
adjusting the hyperparameters of the system to determine the optimal number of hidden
neurons, the best bias variance trade-off is achieved on the validation set to capture complex
nonlinear mappings. The hyperbolic tangent activation function (tanh) is adopted due to
its zero center output characteristic, which can promote a uniform gradient distribution
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and accelerate convergence [27]. Compared with Sigmoid, its enhanced gradient amplitude
in key areas effectively alleviates the problem of gradient vanishing. Gradient descent
optimization is achieved through carefully selected initial learning rates and triggering
adaptive decay after verifying loss stability. This configuration ensures the stability of
parameter updates while suppressing optimization oscillations. The dataset is randomly
divided into three mutually exclusive subsets: the training set is used for weight updates;
the validation set is used for hyperparameter adjustment and early stopping; and the
test set is used for final performance evaluation. Training termination follows strict early
stopping criteria: when the validation loss stops significantly improving over a continuous
period of time, optimization stops and the model weights return to the optimal validation
checkpoint to maintain generalization ability.

3. Results
To verify the effectiveness and accuracy of the proposed method, firstly, a high-

dimensional nonlinear mathematical model is selected in this study to compare the predic-
tion performance of the Kriging model and the BP neural network as a surrogate model
under high-dimensional nonlinear state functions. Secondly, considering that the strength
equation of state of rolling bearings as a multi-component transmission part often ex-
hibits high-dimensional nonlinear characteristics in practical engineering problems [26],
ball bearing 6016 is chosen as the research object for the strength reliability analysis and
time-varying fatigue reliability analysis in this study.

3.1. Comparison of Prediction Performance of Surrogate Models

The target high-dimensional nonlinear mathematical model selected for this study is
as follows:

g(x) =
n

∑
i=1

x2
i + ∑

1≤i<j<k≤n
xixjxk + e(∑

n
i=1 xi) (31)

Among them, x =(x1, x2, · · · , xn) as an n-dimensional input vector, and it can be
clearly seen that the function has the following characteristics:

(a) High dimensional: dependent on n variables;
(b) Nonlinear: including quadratic terms, cubic cross terms, and exponential terms.
In this study, the input parameter dimension n = 10 is selected and 200 training samples

and 100 test samples are randomly generated in a 10-dimensional space of [−1, 1]. In this
study, the Kriging model [28] and BP neural network surrogate model were constructed
based on MATLAB R2024b software using DACE toolbox and neural network toolbox,
respectively. The test sample set was predicted after the model training was completed,
and the mean square error (MSE), root mean square error (RMSE) and mean absolute error
(MAE) were calculated based on the prediction results. The comparison results are shown
in Figure 3.

It can be seen that the surrogate model constructed by the BP neural network method
has smaller prediction errors MSE, RMSE, and MAE on the test set compared to the Kriging
model. Comparing the predicted values and true values of the two models on the test set
as shown in Figure 4, it can be more intuitively seen that the proposed BP neural network
has better prediction performance for the currently set target high-dimensional nonlinear
state function.
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Figure 3. Comparison of prediction errors of the Kriging model and BP neural networks for target
high-dimensional nonlinear state functions.

 

Figure 4. Comparison of the prediction performance of the Kriging model and BP neural networks
for target high-dimensional nonlinear state functions.

A t-test was conducted to analyze the prediction errors between the two models,
yielding a p-value of 0.0039, a t-statistic of −2.9557, and a degree of freedom of 99, with the
95% confidence interval being [−3.0963, −0.6089]. This suggests that there is a statistically
significant difference in prediction performance between the two models at the 0.05 signifi-
cance level, further verifying the advantage of the BP neural network in terms of prediction
accuracy under the current high-dimensional nonlinear scenario.

3.2. Reliability Analysis of 6016 Bearing Strength

The size parameters, material parameters, and operating conditions of rolling ball
bearings directly affect the contact stress between balls and raceways, thereby affecting
the strength and reliability of bearings [12]. By studying the size, material, and operating
parameters of the research object, a finite element model is established to calculate the
contact stress between the balls and the raceways [29]. The failure of the rolling ball bearing
is judged based on whether the contact stress exceeds the strength threshold. This process
can be described by a typical high-dimensional nonlinear state equation problem. The
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basic parameters of the standard deep groove ball bearing 6016 used in this article are as
follows: outer diameter D = 125 mm, inner diameter d = 80 mm, and ball count Z = 14. The
working conditions were selected as mild: rotational speed n = 1000 r/min, radial force
Fr = 500 N, to prevent the failure mode of the bearing from changing due to overly extreme
working conditions [29]. The material selected is the common bearing steel GCr15, with its
corresponding elastic modulus E = 208 GPa, Poisson’s ratio v = 0.3, and hardness HB = 200.

In order to illustrate the proposed method, the input vector X = [Dm, Dw, Ri, Ro,
n, Fr, E, v, HB]T of the reliability analysis algorithm of rolling bearing 6016 was constructed.
Further, in order to obtain the dimensional parameters Dm, Dw, Ri and Ro in the input
parameter vector X, Fifteen 6016 bearings with the same precision are chosen and processed
into the measurement specimens as shown in Figure 5 by electrical discharge machining
(EDM) wire-cutting and the measured values of the dimensions of the specimens were
obtained by the coordinate measuring machine (CMM), respectively. Based on these 15 sets
of measurements, the statistical moments of the dimensional parameters Dm, Dw, Ri and
Ro in X were calculated and shown in Table 1.

Cutting 
position

6016 bearing
Test specimens

+

+EDM 
wire-cutting

CMM
Measurement

Inner ring cutting part

Outer ring cutting part

Ball

 

Figure 5. Processing of bearing measurement specimens (6016) and the measurement process of their
dimensional parameters.

Table 1. Statistical parameters for the calculation of dimensional measurements of 6016 bearing test
specimens.

Size Parameters Mean Variance

Center circle diameter Dm (mm) 102.4874 2.6 × 10−5

Ball diameter Dw (mm) 13.4940 3.9 × 10−6

Inner ring groove radius Ri (mm) 7.1010 1.2 × 10−6

Outer ring groove radius Ro (mm) 6.9960 1.3 × 10−6

Randomly generate 20 sets of input vector samples based on the data in Table 1 and
solve the stress simulation by establishing a finite element model. The finite element
model establishes the interactions between the inner ring and the ball, as well as between
the ball and the outer ring, and assumes that all contact surfaces are smooth. All parts
are constructed from GCr15 material. The outer ring is affixed with rigid constraints,
connecting the inner surface of the inner ring to the central point while exerting radial
concentrated force on it. Finally, the maximum contact stress under the current working
condition, σmax(X), is obtained. A BP neural network surrogate model is established
between the training sample set and σmax(X), and the proposed method is used for updating
and optimization.
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Assuming that the maximum allowable contact stress threshold σ̂ between the ball
and the raceways is 859 MPa, the contact state function g6016 can be defined as follows:

g6016 = σ̂ − σmax(X), (32)

Clearly, when g6016 ≥ 0, it indicates a safe state; conversely, when g6016 < 0, it signifies
a failed state. MCS is widely recognized as the most accurate reliability calculation method
under the condition of sufficient sample size (>10 × 106) [30]. The previous examples in
this paper have already demonstrated the superiority of the adopted BP neural network
method over the Kriging model in high-dimensional nonlinear problems. Therefore, under
the same condition of constructing a surrogate model between input parameters and state
functions using BP neural networks, the comparison between the MCS method and the
fourth-order moment method adopted in this paper can prove the accuracy and efficiency
of the proposed method in actual high-dimensional nonlinear problems. The reliability
outcomes derived from the proposed BP-FM method are juxtaposed with the results
from the Monte Carlo simulation utilizing the BP neural network (BP-MCS) method, as
illustrated in Table 2.

Table 2. Comparison of contact reliability results of 6016 bearings.

Method Initial Training
Sample Size

Number of
Predictions

Running
Time s

Reliability
/%

Relative
Error/%

BP-FM 20 1000 2.66 83.53 0.1438
BP-MCS 20 106 8.49 83.41 /

106 The table illustrates that both methods utilize the identical BP neural network
surrogate model when dealing with limited samples, resulting in minimal differences in the
calculated reliability outcomes. Nevertheless, the proposed BP-FM method demonstrates a
significantly reduced number of predictions for the state function compared to the BP-MCS,
providing greater benefits in terms of efficiency.

3.3. Reliability Analysis of Stable Time-Varying Fatigue of 6016 Bearings

The method proposed in this article has a more significant efficiency advantage com-
pared to the BP-MSC method when applied to time-varying reliability problems, taking into
account the costs associated with cumulative reliability calculations at sequential individual
time points.

On the basis of the calculation example of contact reliability of rolling bearings, con-
sidering the cumulative fatigue damage of rolling bearings under steady time-varying
conditions [31,32], the 6016 bearing steady time-varying fatigue cumulative state equation
g f 6016 can be constructed as follows:

g f 6016 = 1 − ∆Drb(X)

T
× t, (33)

where ∆Drb(X) is the fatigue rate factor corresponding to one stress cycle under the current
input parameter X. The specific calculation method can be based on the previous work of
our research group [31], where T represents the time corresponding to one stress cycle. By
using the method proposed in this article to calculate reliability and setting a time interval
∆t =10 h, the curve of reliability varying with time is shown in Figure 6.
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Figure 6. Fatigue reliability curve for 6016 bearings with current parameter settings for stabilization
time variation.

Choose the interval from 2600 to 3100 h in which the reliability curve exhibits sig-
nificant changes, and analyze the reliability curve derived from the approach suggested
alongside the reliability curve obtained through the BP-MCS method, as illustrated in
Figure 7.

Figure 7. Comparison of fatigue reliability curves of 6016 bearing at 2600–3100 h of stabilization time
variation under current operating conditions.

It can be seen that the calculation results of the two methods are basically consistent
within the interval of 2600–3100 h. Further selecting time points t = 2800 h, t = 2850 h,
t = 2900 h, t = 2950 h and t = 2992 h, the proposed method for predicting the state function
1000 times was compared with the reliability calculation results of BP-MCS 106 times, as
shown in Table 3.
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Table 3. Comparison of reliability calculation results at specific time t.

Point of
Time Method

Initial
Training

Sample Size

Number of
Predictions for the

State Function
Reliability/% Error Value

t = 2800 h
BP-FM 20 1000 94.8427

0.1836BP-MSC 20 106 94.6591

t = 2850 h
BP-FM 20 1000 76.0754 −0.1592BP-MSC 20 106 76.2346

t = 2900 h
BP-FM 20 1000 43.8098 −0.2703BP-MSC 20 106 44.0801

t = 2950 h
BP-FM 20 1000 16.6548

0.2491BP-MSC 20 106 16.4057

t = 2992 h
BP-FM 20 1000 5.3447

0.4121BP-MSC 20 106 4.9326

Based on the findings presented in Table 3, it is evident that, firstly, the estimation
errors between the approach introduced in this study and the BP-MCS method are rel-
atively minor across various time points, with the highest error noted at t = 2992 h. At
this instance, the reliability estimation error values computed by both methods stand at
0.4121%. Furthermore, the prediction frequency of the state function generated by the
approach outlined in this research is considerably lower than that of the BP-MCS technique.
This indicates that the method discussed in this paper enhances computational efficiency
for reliability analyses within stationary time-varying state equations.

4. Conclusions
Based on previous research on the adaptive Kriging fourth-order moment method (AK-

FM) [12], our research group discovered its weakness when dealing with high-dimensional
nonlinear problems, which is consistent with the conclusions reached by other scholars
in recent years in the practical application research of the adaptive Kriging Monte Carlo
simulation method (AK-MCS) [33]. To address high-dimensional nonlinear problems under
limited sample conditions, this paper proposes a reliability analysis method that combines
a BP neural network with an improved fourth-order moment method. Quantitative valida-
tion confirms the superiority of the BP model: in predicting a 10-dimensional nonlinear
function, the BP model exhibits a significantly lower RMSE than the Kriging model (t-test,
p = 0.0039), demonstrating stronger fitting capability for high-dimensional nonlinearity.
For the stress-strength reliability analysis of 6016 bearings, its reliability prediction result
differs from that of BP-MCS by only 0.12%, while the computational efficiency is improved
by 3.19 times. In the time-varying fatigue analysis of 6016 bearings, the maximum er-
ror between the proposed method and BP-MCS at critical time points is merely 0.4121%,
with the proposed method requiring only 1000 predictions, which is far fewer than the
106 predictions needed for BP-MCS.

The originality lies in three aspects: (1) bridging the fourth-order moment method’s
limitation in linking moments of variables and state functions via a BP surrogate model;
(2) achieving higher accuracy than Kriging-based methods in high-dimensional scenarios;
(3) retaining the efficiency of moment methods while adapting to limited-sample contexts.

Notably, the method has limitations: its accuracy may degrade for ultra-high-
dimensional problems (n > 50) or extreme nonlinearity; and it relies on BP network training
quality, risking underfitting with extremely scarce samples. It is most suitable for high-
dimensional nonlinear systems (n ≤ 30) with limited data and time-varying characteristics.
Of course, the method proposed in this paper is an attempt to combine the BP neural
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network method with the fourth-order moment method. Other advanced neural net-
work methods also have great potential to be combined with the fourth-order moment
method. In the future, how to enhance the accuracy of uncertainty quantification while
maintaining the computational efficiency advantage of the fourth-order moment method
will be a hot direction for the application of neural network methods in the fourth-order
moment method.
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FOSM First-Order Second-Moment
FEM Finite Element Method
MSE Mean Square Error
RMSE Root Mean Square Error
MAE Mean Absolute Error
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Appendix A
The differential calculations related to Equations (24) and (25) are as follows.
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For the output layer:

∆wjk = − ∂E
∂wjk

= − ∂E
∂gk

· ∂gk
netk

· ∂netk
∂zj

·
∂zj

∂wjk
(A1)

δ
g
k = − ∂E

∂netk
= − ∂E

∂gk
− ∂gk

∂netk
= − ∂E

∂gk
f ′(netk) = (dk − gk)gk(1 − gk) (A2)

For the input layer:

∆vij = − ∂E
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= − ∂E
∂gk

· ∂gk
netk

· ∂netk
∂zj

·
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∂netj
·
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∂netj
(A4)

∂E
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= −(dk − gk) (A5)

∂E
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= −
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∑
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(dk − gk) f ′(netk)wjk (A6)
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