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Abstract

Compeact toroid (CT) injection, with its characteristics of high plasma density and extremely
high injection velocity, is considered a highly promising method for core fueling in fusion
reactors. Previous studies have lacked investigation into the transport process of CT within
drift tubes. To investigate the dynamic processes of CT in drift tubes, this study developed
a compressible magnetohydrodynamics (MHD) solver and a magnetic diffusion solver
based on the OpenFOAM platform. They were integrated into a multi-region coupling
framework to create a multi-region coupled MHD solver, mhdMREF, for simulating the
dynamic behavior of CT in drift tubes and its interaction with finite-resistivity walls.
The solver demonstrated excellent performance in simulations of the Orszag-Tang MHD
vortex problem, the Brio-Wu shock tube problem, analytical verification of magnetic
diffusion, and validation of internal coupling boundary conditions. Additionally, this
work innovatively explored the effects of the geometric structure at the end of the inner
electrode and finite-resistivity walls on the transport processes of CT. The results indicate
that optimizing the geometric structure at the end of the inner electrode can significantly
enhance the confinement performance and stability of CT transport. The resistivity of the
wall profoundly influences the magnetic field structure and density distribution of CT.

Keywords: MHD; compact toroid; multi-region; OpenFOAM; CFD; finite-resistivity wall

1. Introduction

Core fueling plays an important role in maintaining the steady operation of fusion
reactors [1], enhancing fusion power, and reducing the requirement for tritium breeding
rate [2,3]. Due to the high-temperature and high-density characteristics of fusion reactors,
the commonly used fueling technologies (for example, supersonic molecular beam injection
(SMBI) [4], cryogenic pellet injection [5], and gas puffing [6]) have difficulty achieving core
fueling. Compact toroids (CTs), which possess high plasma densities (typically up to ten
times those of target fusion reactor plasma densities) and stable axisymmetric poloidal and
toroidal magnetic field structures, can be accelerated to hundreds of kilometers per second
using a CT injection device. Thus, CT injection is considered one of the most promising
methods for core fueling. The concept of CT was first proposed by Alfvén in 1958. The ring
accelerator experiment at Lawrence Livermore National Laboratory successfully acceler-
ated CT to approximately 2500 km/s [7,8]. In 1988, Parks and Perkins first proposed the
application of CT for fueling in fusion devices [9,10]. Over the past decades, CT fueling
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systems have been widely employed in experimental reactors, including the ENCORE
device at the California Institute of Technology [11], the STOR-M device at the University
of Saskatchewan in Canada [12], and the JFT-2M device in Japan [13]. China’s first CT
injection device, KTX-CTI [14], was developed for fueling experiments on the reversed
field pinch (RFP) device KTX at the University of Science and Technology of China. An-
other device, EAST-CTI, serves as a CT injection system for the Experimental Advanced
Superconducting Tokamak (EAST) [15], capable of achieving continuous fueling through
multi-pulse, repetitive operation.

Although extensive theoretical [9] and experimental [16-19] studies have been con-
ducted on the formation and injection processes of CT, the dynamic processes of CT within
the injection devices and after injection into the target reactor remain poorly understood
due to limitations in diagnostic techniques. MHD simulations under experimental parame-
ter conditions can provide an accurate depiction of CT injection dynamics and offer critical
guidance for experimental efforts [20-22]. However, numerical simulation studies have
been scarce in the past few decades, and most existing numerical simulations have con-
sidered the direct injection of an ideal CT into the target plasma, neglecting the variations
during the transport process of the CT in the drift tube. For example, Suzuki investigated
the effects of penetration depth and injection angle of the CT using three-dimensional
MHD numerical simulations employing an ideal CT model [20]. Similarly, Liu explored the
influence of different parameter ranges of the CT on injection performance and its evolution
in the target plasma using ideal MHD simulations, also assuming an ideal CT model at the
initial moment of injection into the target plasma [22]. In recent years, the only numerical
simulation study on the transport process of CT in the drift tube was conducted by Suzuki,
who examined the deceleration effect of stray magnetic fields from fusion devices on the CT
and demonstrated that longer inner electrode lengths lead to poorer confinement [21]. To
enable the numerical investigation of CT dynamics within drift tubes, this work develops a
multi-region coupled MHD solver named mhdMRF, based on the OpenFOAM platform.

OpenFOAM, short for Open-Source Field Operation and Manipulation, is a compu-
tational fluid dynamics (CFD) platform written in C++ and based on the finite volume
method [23]. As an open-source framework, it supports dozens of solvers for different
physical processes, including compressible and incompressible flows, multiphase flows,
electromagnetics, heat transfer, and chemical reactions. Its open architecture allows users to
modify or add physical models as needed to meet their simulation requirements. The built-
in solver mhdFoam supports simulations of incompressible magnetohydrodynamics, and
Xisto later extended it to a compressible MHD solver [24]. Charles developed ideal MHD
Riemann solvers based on the Kurganov—Noelle-Petrova (KNP) and Kurganov-Tadmor
(KT) schemes [25]. Simone [26], using the multi-region heat transfer solver (chtMultiRegion-
Foam) as a base, developed a multi-region MHD solver for tritium transport simulation
in fusion systems. Lorenzo [27] also developed multi-region, multiphase MHD solvers
for liquid metal simulations based on this framework. In this work, we first develop a
compressible MHD solver (mhdF), based on the PIMPLE algorithm, and a magnetic diffu-
sion solver capable of simulating resistive wall effects. These solvers are then integrated
into a multi-region coupling framework, resulting in the mhdMRF solver. This solver can
be applied to numerical simulations of compressible MHD coupled with finite-resistivity
walls in two-dimensional (2D) or three-dimensional (3D) domains and can be utilized to
investigate the effects of finite-resistivity walls on CT dynamics.

The paper is organized as follows: Section 2 presents a detailed exposition of the phys-
ical models, numerical algorithms, coupling strategies, and the formulation of interfacial
coupling boundary conditions adopted in the program development. Section 3 verifies
the computational accuracy of the mhdF solver and the magnetic diffusion solver through
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two benchmark cases. Furthermore, the accurate implementation of interfacial coupling
boundary conditions in the mhdMRF solver is validated using a comparative case against
an analytical solution. Section 4 presents simulation results of the fundamental dynamic
processes of the CT propagating through a drift tube based on the developed solver. It
investigates, for the first time, the influence of the end geometry of the inner electrode
and the finite-resistivity conducting wall on the behavior of the CT. The results reveal
that the end geometry of the inner electrode plays a key role in regulating the magnetic
and flow field distributions, while the wall resistivity directly affects the rate of magnetic
field diffusion and the spatial distribution of plasma density. Finally, Section 5 concludes
the study.

2. Models
2.1. Physical Model

The mhdF solver addresses the non-ideal MHD equations, incorporating two primary
non-ideal effects in the plasma: electrical resistivity and viscosity. In CT plasmas, the
temperature variation is relatively small, and within this temperature range, the electrical
conductivity, thermal conductivity, and viscosity do not change significantly. To reduce
the complexity of the governing equations, these parameters are therefore treated as con-
stants. This approach has also been commonly adopted in previous magnetohydrodynamic
numerical simulations of CT [21]. The governing equations are as follows:

dp _
5+ V() =0 ()
Ne) | G- (outr) = ~Vp+ Vot + ] x B )

ot
%(pe) + V-(pel) + %(pk) + V-(pkU) = V-(aVe) — V-(pU)

3)
+u-(%(v X B) x B) + 1= (V x B)?
B 1,
V x B = po] )
p = pRT (6)

Here, p, U, B, ], T, and p denote the density, velocity, magnetic flux density, current,
temperature, and pressure, respectively; T is the stress tensor; pe = pc, T and pk = 1/2pU?
represent internal energy density and kinetic energy density, respectively; ¢, is the specific
heat capacity at constant volume; & = x/c, represents the thermal diffusivity (with x being
the thermal conductivity); p is the vacuum permeability; and 0y, is the plasma conductivity.
The model is based on the equations derived by Xisto, but the form of the energy equation
has been modified [24].

The finite-resistivity wall region includes only the resistive Faraday’s law:

0B 1

— =-V X
at (“l/l()O'u)

V x B) @)

The wall conductivity oy, is assumed to be spatially uniform and constant, and
V-B = 0, so the equation can be simplified to
oB 1

D v 22
5~ oos VB (8)



Appl. Sci. 2025, 15, 7569

4 0f22

2.2. Implementation of the mhdF Solver Algorithm

The mhdF solver numerically solves the full set of MHD equations using the PIMPLE
algorithm—a hybrid of PISO and SIMPLE methods—which employs m outer iterations
and n inner iterations for convergence. The main workflow is as follows:

1.  Momentum prediction: In this step, the pressure gradient Vp and Lorentz force term
J x B are treated explicitly to obtain an estimated velocity U* for the current time step.

2. Energy equation solution: Based on the estimated velocity U* and other explicitly
treated variables, the energy equation is solved. Subsequently, the estimated temper-
ature T* is derived from the relationship between temperature and internal energy.
This allows for the estimation of the compressibility coefficient ¢* = 1/(RT*) and the
density p* = ¢*P.

3. ninner loops for solving the pressure equation: The pressure equation is derived from
the combination of the momentum and continuity equations using the previously
estimated velocity U*, density p*, and the compressibility coefficient ¢*. After n inner
iterations, the corrected pressure value is obtained, the velocity flux and velocity U**
are updated, and the density is recalculated using the equation of state.

4. ninner loops for solving the magnetic induction equation: The algorithm for solving
the magnetic induction equation is analogous to the PISO algorithm and fundamen-
tally follows Brackbill’s projection method, aiming to enforce the divergence-free
constraint V-B = 0. First, the magnetic induction equation is solved to obtain an
estimated magnetic flux density B*. Subsequently, based on Brackbill’s projection
method and the relationship between the magnetic flux density and its vector/scalar
potentials B = V x A + V¢, a Poisson equation for the scalar potential ¢ is formulated
and solved. The scalar potential ¢ is then used to correct the magnetic flux density,
yielding B**. After n iterations, the magnetic flux density approximately satisfies the
divergence-free constraint.

The magnetic diffusion solver solves the magnetic diffusion equation, which does not
involve complex algorithms and can be implemented by modifying OpenFOAM'’s existing
heat conduction solver. Detailed discussion will be presented in the following example to
verify the computational accuracy of this part.

2.3. Multi-Region Coupling Framework and Interface Coupling Boundary Conditions

Multi-region coupling methods are mainly divided into monolithic and segregated
coupling. Monolithic coupling integrates the governing equations of multiple regions into
a unified system and solves them synchronously with the coupling conditions treated
implicitly. Its advantage lies in the direct consideration of interactions between regions
and theoretically better convergence, but it faces challenges such as large matrix systems,
high computational resource requirements, and high implementation complexity. In con-
trast, segregated coupling solves equations in each region independently and achieves
inter-region coupling through custom internal interface boundary conditions (such as
transfer boundary conditions), iterating multiple times until convergence. Segregated
coupling often uses non-overlapping domain decomposition methods, also known as
Schwarz methods, with the typical example being the Dirichlet-Neumann algorithm. This
method imposes Dirichlet boundary conditions and Neumann boundary conditions on
opposite sides of the interface to achieve data exchange [28,29]. mhdMRF is based on the
chtMultiRegionFoam framework. By modifying the PIMPLE loop and adding n iterations
at the outermost level, it performs multi-region coupling iterations to ensure that the cou-
pled physical quantities between regions converge after n cycles. The above mhdF solver
and magnetic diffusion solver are embedded into this framework. Through the boundary
relationships of magnetic flux density and the flux of magnetic flux density at internal
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interfaces, data transfer is achieved via custom interface coupling boundary conditions.
The internal interface coupling boundary condition of the magnetic field is introduced
as follows.

From the boundary relationships in electromagnetic theory,

Bin = By (9)

Hys — Hyy = J (10)

Here, By,, By, are the normal components of the magnetic flux density at the interface
in region 1 and region 2, respectively. The normal direction is taken to be the same. Hy; and
Hj; are the tangential components of the magnetic field intensity in region 1 and region 2,
respectively. J; = hh_r}rgo JAh refers to the surface current density at the interface, where J is

the conduction current in the medium and Ah denotes the thickness of the computational
region. It can be shown that in a finite-conductivity medium, J; = 0, meaning the surface
current density at the interface is zero. Since the magnetic permeability of the CT is
approximately equal to the vacuum permeability, and if the conductor wall is made of non-
magnetic materials such as copper or aluminum, then the magnetic boundary conditions
of interface can be simplified to

By, = Bay (11)

Bit = By (12)

That is, both the normal and tangential components of the magnetic flux density are
continuous at the internal interface. Therefore, the normal and tangential fluxes of magnetic
flux density at the interface should also be continuous:

0B1, 0By,

UmlaT = Um2 on (13)
JB JB
WmlT: = szT; (14)

w1 = 1/pooy and 1,2 = 1/ poos represent the magnetic diffusion coefficients in the
two media, reflecting the speed at which the magnetic field diffuses in the medium.

With the above conditions of continuity of values and fluxes at the interface, this
work implements a custom magnetic field interface coupling boundary condition using the
Dirichlet-Neumann algorithm, named magneticCoupleBC.

3. Program Verification

3.1. The mhdF Solver Verification
3.1.1. Orszag-Tang MHD Vortex Problem

Here, the classical Orszag-Tang MHD vortex problem is selected as a benchmark case
to verify the mhdF solver. This case is a classic two-dimensional numerical test problem in
MHD, widely used to verify the accuracy of MHD solvers and their ability to simulate the
coupling effects between magnetic fields and fluid dynamics. It demonstrates the nonlinear
interaction between magnetic fields and fluid motion, especially complex phenomena
such as magnetic field stretching, compression, shock formation, and energy dissipation.
This problem does not have an analytical solution but can be verified by comparing the
results with those of other standard MHD solvers. After non-dimensionalization, the
computational domainis x, y € [0 1]2, and the initial conditions for magnetic flux density
and velocity are as follows:

By = [—sin(27y), sin(4mx)]/y (15)
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where v = 5/3 is the adiabatic index; the initial values of pressure and density are Py = 0.6,
oo = 1.0; and magnetic permeability is 4 = 1. Here, we compare the results with those
computed by the ideal MHD solver of the FLASH code [30]. The simulation results are
as follows.

Figure 1 displays the distribution of magnitude of the magnetic flux density and
density calculated by the mhdF solver at t = 0.4. The results exhibit high structural
consistency with those from the FLASH code [30], demonstrating identical complex vortex

2.5
2
1

— 3.6x1071

flow patterns.

1.6
0.5 0.6

- 1. X y
1 0 10 ]

density

—

0.2

06 08 1 0

x Axis 0 02 04 06 08 1

X AXis

Figure 1. Displays the magnitude of the magnetic flux density and density distribution of the
Orszag-Tang MHD vortex calculated by the mhdF solver at t = 0.4.

Figure 2 compares the results calculated by the mhdF solver and the FLASH code
at t = 0.4 along the line y = 0.25, showing the variations in the magnetic flux density
components (By, By) and the density along the x-axis. The blue solid lines represent the
results calculated by the mhdF solver, while the red dashed lines correspond to the results
from the FLASH code. The overall computational results are largely consistent, with some
discrepancies at peak values. The PIMPLE algorithm in the mhdF solver explicitly treats
the pressure term, resulting in insufficient resolution for transonic shock discontinuities. In
contrast, FLASH uses a high-order Godunov method, which better captures shock waves.
Nevertheless, for supersonic problems, the calculation has already met the requirements
for simulating the dynamic processes of CTs in the drift tube to a certain extent.

m— mhdF 0.8F (b) m— mhdF

0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 7.0
X X

Figure 2. The variations in three physical quantities along the x-axis at y = 0.25 and t = 0.4. (a) By,
(b) By, (c) density.
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Here, the convergence order of the solver mhdF is discussed through relative errors.
For the numerical results of the Orszag-Tang vortex simulation on an N x N grid at time ¢,
the relative error of each variable is defined as follows:

NN N max
Z Z Wi,k - Wi,k

on(W) = = 17)
LY |wpe
i=1k=1

Here, W1}? represents the simulated value at the coordinate (i,k) on the high-
resolution grid. The value of max is taken as 512. The combined relative error for multiple
variables is defined as follows:

1
on = 3 (On(Us) + on(Uy) +On(Bx) +x(By)) (18)
The corresponding formula for calculating the order of convergence is

Ry = 80 /0n)

1g(N/Np) 19)

Here, let Ny = 50, which refers to the number of grid points in the coarsest grid, and
Ny < N. The results at time ¢t = 0.4 show the distribution of relative errors and conver-
gence orders for the two velocity components and the two magnetic field components, as
illustrated in Table 1. It can be observed that as the grid resolution increases, the relative
errors of each variable gradually decrease, and the convergence order of the mhdF solver
falls within the range of 1 to 2. Although its convergence efficiency is lower than that of
solvers using denser basis representations, it offers higher stability and demonstrates better
fidelity in problems involving scattered optimization.

Table 1. Relative errors and convergence orders of the velocity components and magnetic induction
components for the Orszag-Tang MHD vortex problem.

N on(Bx)  on(By)  Oon(lh)  on(Uy) SN Ry
50 0.19712 0.20513 0.23659 0.19642 0.20881 —
100 0.11271 0.11359 0.13713 0.10884 0.11807 0.82
200 0.05668 0.05661 0.06963 0.05531 0.05956 0.90
300 0.03443 0.03243 0.04792 0.03846 0.03831 0.95
400 0.01792 0.01764 0.02222 0.01736 0.01878 1.16

Through the simulation of the Orszag-Tang MHD vortex problem, the reliability of
the mhdF solver in ideal magnetohydrodynamic scenarios has been systematically verified.
This demonstrates that the program possesses engineering applicability in complex mag-
netic field coupling problems and meets the basic requirements for compact toroidal MHD
simulations. In the following, another test case is used to verify the spatial convergence
and temporal stability of the mhdF solver.

3.1.2. Brio-Wu Shock Tube Problem

The Brio—-Wu shock tube problem is a classic one-dimensional benchmark test in
magnetohydrodynamics (MHD) used to evaluate a solver’s ability to handle the interaction
between magnetic fields and shock waves [31]. It was first proposed by Brio and Wu
in 1988. After non-dimensionalization, the initial conditions are shown in Figure 3. At
time t = 0, the thin layer between the two regions ruptures, and the gases on either side
interact to form a system of shock waves in the center of the tube. Due to the limited
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capability of the mhdF solver in handling shock problems, a modification was made to the
original initial conditions: the magnetic field was reduced from 1 to 0.5. Figure 4 shows the
simulation results at time t from both the mhdF solver and the Roe solver implemented in
the Athena++ code. It can be seen that the results for the magnetic field component B, and
the density p produced by the two solvers are largely consistent.

p=1 p=0.125
p=1 p=0.1
B =(0.75,0.5,0) B =(0.75,-0.5,0)
U =(0,0,0) U = (0,0,0)

-0.5 0 0.5

Figure 3. Initial conditions of the Brio-Wu shock tube problem.

1.0

0.8

(@) (b)

0.6
Q
0.4
— Athena++ - Athena++
02k —0.4F
SIS mhaf | e mhdF
W E— 50 53 0'a 0.4 =02 0.0 0.2 0.4
X X

Figure 4. Simulation results of the Brio-Wu shock tube problem at time t = 0.1: (a) distribution of the
y-component of magnetic induction intensity; (b) distribution of density.

The following section analyzes the Brio-Wu shock tube problem to examine the
temporal stability and spatial convergence of the mhdF solver. The relative numerical error
in density is defined as follows:

£ [o - pr|
Sn(p) = H (20)
Y | pfxact|
i=1
exact refers to the density value at position x; computed by the Roe solver in
the Athena++ code with a grid resolution of N = 3072, which is treated as the reference
solution. The relative errors in density computed by the mhdF solver under grid reso-
lutions of N = 500,1000, 2000 are then evaluated, and the results are shown in Figure 5.
For all simulations—including both the Athena++ Roe solver and the mhdF solver—the
one-dimensional Courant number Co = UnaxAt/Ax is kept below 0.2. Here, At denotes
the time step size and Ax the spatial grid spacing. The results show that the error produced

Here, p
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by the mhdF solver does not exhibit abrupt changes over time and remains relatively
stable, indicating good temporal stability. Moreover, as the number of grid points in-
creases, the error decreases significantly, and the fluctuation in the error over time is also
suppressed to a certain extent. This demonstrates that the mhdF solver has good spatial
convergence properties.

1.0:- —— N=500
- —=— N=1000
08 —o— N=2000
= o06f
s |
> |
= |
0.4F
0.2F
0.00

Figure 5. Time evolution of density error under different grid resolutions for the Brio-Wu problem.

3.2. Magnetic Diffusion Solver Verification

To verify the accuracy of the magnetic diffusion solver, this study selects the conductive
cylinder model with analytical solutions proposed by Miller [32] for numerical testing. This
model considers an axisymmetric 2D cylindrical conductor, where the current source is
applied axially, and the magnetic field is distributed only in the azimuthal direction and is a
function of radius r and time t, assuming the electrical conductivity o is a spatially uniform
constant and both ends of the cylinder apply zero normal flux boundary conditions. If the
total current is S(t), the magnetic field at the surface of the cylindrical conductor can be
calculated using the integral form of Ampere’s law:

25(1)

: 1)

B (1’, t )exterior =
When the total current is a constant S(t) = S, the analytical solutions for magnetic
flux density and current density are

r 2

© ]l( ]/n) Yn

2rSy Ry Ry —t 5
B(r,t) = — |1+2 LN Je b 22
) R, n; Y Jo(yn) .

I ( -y ) Ya
. So o JO R7w " —f%
r,t) = 1+) —FZe b
it = o |1 L)

(23)

where b = Ry ,/Jio0 and y,, are the n-th non-zero roots of J;(y) = 0.
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B(T)

2.0

1.5

1.0

0.5

0.0

-0.5

Numerical simulation parameters are set as follows: total current Sg = 1.0A, cylinder
radius Ry = 1.0 m, vacuum permeability g = 1.256 x 10~® N/A?, electrical conductivity
0 = 1.0 S/m. The initial value of magnetic flux density is

J (Lyl)
B(r,0) = 20 |1 4 pRe TAReTl] (24)
R% 1 Jo(y1)

The magnetic diffusion solver is used to compute and compare the numerical solution
with the analytical solution at t = 0, 0.05, 0.1 s. As shown in Figure 6, the blue solid lines
represent the numerical solutions, and the red dashed lines denote the analytical solutions.
The numerical and analytical solutions match closely in the distribution of magnetic flux
density and current density, indicating that the magnetic diffusion solver can accurately
capture the dynamic process of magnetic field diffusion.

— T

—

—

(a)

= Numerical
= = Analytical

8 (b)
= Numerical
= = Analytical

0.0

0.2

0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

r(m) r(m)

Figure 6. Comparison of numerical and analytical solutions for the magnetic diffusion problem in a
conducting cylinder. (a) Magnetic flux density; (b) current density.

3.3. The mhdMRF Solver Verification

To verify the mhdMRF solver, based on the validations of the two individual solvers
above, this study designs a one-dimensional analytical example to verify the correctness of
the interface coupling boundary conditions. This model assumes a very small velocity field,
so that magnetic field evolution in the fluid region approximately follows the magnetic
diffusion equation. Then, the governing equation in both regions simplifies to

0B(x,t) 0 { maB(x,f)] (25)

ot ox|™ ox

where 1, = 1/uc is the magnetic diffusion coefficients. The computational domain is
defined as x € [—L, L], with the material interface at x = 0, and the electrical conductivities
in the solid region x € [—L, 0] and fluid region x € [0, L] are as follows:

O_(x) _ 0, X€ [7L/0}/ (26)
Oy, X € [O,L],

Boundary conditions:
B(—L,t) =0, B(L,t) =0 (27)
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At the interface, continuity of field and flux must be satisfied:

B(0~,t) = B(0",t) (28)
dB(0~ dB(0*
Wml% = UmZ% (29)

Using the method of separation of variables, the analytical solution can be expressed
as an eigenfunction expansion:

B(x,t) = i 1, Xy (x)e Mt (30)
n=1

The eigenfunction X, (x) is expressed in the solid and fluid regions as

Xﬂﬂ:{AﬁmRm@+Lﬂ x€[~L,0] o

Cpusinlky (L —x)], x€[0,L]

where k1, = \/Au/Ym1, kow = /Au/Nm2, and coefficients A;,, C, are determined by

interface matching conditions:
Ay sin(ky ;L) = Cysin(ky,L) (32)

The eigenvalue A, is determined by the transcendental equation:

sin(kq ,L) _ 11 €08 (k1,4 L) (33)
sin(kp,,L) \/ 7m2 cos(kpuL)
The first eigenvalue is A ~ 0.771. Simulation parameters: L =1, y = 1, o5 = 10,
0y = 1. Initial condition:

Asinlki(x+L)], x¢€[-L,0]

(34)
Csinfka(L — x)], x € [0,L]

B(x,0) = X(x) = {

Taking C = 0.1, we find A ~ 0.216 based on matching conditions. Other variables in
the fluid region are set to small values to avoid interfering with magnetic field evolution.

Figure 7 compares analytical and numerical solutions at ¢t = 0.4, 0.8, 1.2; the blue
solid line represents the numerical solution calculated by the solver, while the red dashed
line corresponds to the analytical solution. The results show high spatial agreement. The
relative error of magnetic induction is defined as follows:

% qul _ B"rtllm‘
-~ i i
on(B) = (35)
¥ [B{"|
i=1

The error at each time point is approximately dy(B) ~ 1 x 10~%. The continuity of
field and flux is correctly implemented through the custom interface coupling boundary
condition. This shows that the mhdMRF solver can accurately handle the dynamic matching
of magnetic fields and fluxes at interfaces.
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Figure 7. Comparing the analytical and numerical solutions for the validation case of the mhdMREF solver.

4. Numerical Simulation of CT Magnetohydrodynamics

This section aims to conduct numerical simulation of the motion process of CTs
in drift tubes using the developed mhdF solver and mhdMREF solver, focusing on the
influence of the inner electrode end geometry and finite resistivity wall on the magnetic
field distribution and overall dynamic characteristics.

4.1. Geometric Structure and Simulation Parameter Settings

In the CT injection device, the acceleration region adopts a cylindrical metal conductor
as the inner electrode. To investigate the influence of the inner electrode end geometry
on the MHD behavior of the CT, this paper innovatively introduces a conical transition
section at the end of the cylinder. To systematically study this problem and simultaneously
consider the effect of the finite resistive wall, four typical cases are designed. The simulation
domains can be categorized into three types, as shown in Figure 8.

e Case 1: the internal metal electrode is a pure cylinder (hereinafter referred to as the
cylindrical inner electrode);

e Case 2: a conical transition section is added to the end of the cylinder (hereinafter
referred to as the conical inner electrode);

e Cases 3 and 4: based on the geometry of Case 2, an outer finite resistivity wall region
is added, with different wall resistivity values in each case.

In terms of simulation parameters, the inner electrode radius, r;;, = 1.75L,, and the
outer radius from the central axis to the wall, r,,; = 5L,, are based on the EAST-CTI device
parameters [15], where L, = 0.01 m and the axial length L, = 0.1 m. The initial magnetic
field distribution of the CT is calculated using the analytical solution by Degnan [33]
under perfectly conducting wall conditions. The magnetic field is distributed within the
region of inner radius 1.75L;, outer radius 5L,, and axial length L., that is, the region from
z = —0.2mto z = —0.1 m, and the characteristic value is set as the minimum value. The
initial magnetic field in other regions is zero. The initial density of the CT is given by the
poloidal flux function ¥, = rAy, satisfying the following expression [21]:

| lppol |

—_— 36
|1l7axis | ( )

£ = Pmin + (Pmax — Pmin)
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Figure 8. Schematic diagrams of the simulation domains for each case, where (a—c) correspond
to Case 1, Case 2, and Cases 34, respectively. (a) The internal metal electrode is a pure cylinder.
(b) A conical transition section is added to the end of the cylinder. (c) Based on the geometry of
(b), an outer finite resistivity wall region is added.

Here, the peak density and background plasma density of the CT are
Pmax = 2 X 1072 kg/m3 (corresponding to ncr = 10?2 m~3) and ppmin = 2 x 1077 kg/m?,
respectively, and t,4is is the poloidal flux at the axis. The background density equals
1% of the peak density of the CT. Experimentally measured CT temperatures typically
range within 1 eV-10 eV. Here, the initial temperature at the location of the maximum
CT density is taken as 5 eV. The initial pressure across the entire domain is kept equal,
calculated via the ideal gas equation of state, yielding approximately 2.4 x 10° Pa. The
initial velocity of the CT and other regions is set to a typical experimental value of 100 km/s,
in the positive z-direction. Magnetic permeability is set to vacuum permeability, dynamic
viscosity is ¢ = 0.001 kg/(m-s), and thermal conductivity is x = 1w/ (m:-K). The resistivity
of the CT is estimated using the Spitzer resistivity formula as 7ct = 1 x 107 Q'm, and
the finite resistive wall resistivity in Cases 3 and 4 are set as 17, = 1 x 1077 Q'm and
fw =1 x 1075 Q-m, respectively.

In Cases 1 and 2, the surfaces of the inner electrode and the outer wall use zero-
gradient conditions for temperature and pressure and perfectly conducting wall conditions
for magnetic flux density. Since viscous effects are largely neglected in the simulation,
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slip boundary conditions are used for velocity at the wall. In Cases 3 and 4, the inner
surface of the finite resistive wall is set to zero-gradient conditions for temperature and
pressure and slip conditions for velocity, and the magnetic flux density uses the custom
internal coupling boundary condition mentioned in Section 2. The outer surface of the
finite conductive wall is set to fixed zero magnetic field. Moreover, since the CT satisfies
toroidal symmetry, all four cases adopt OpenFOAM'’s built-in wedge boundary condition
(for solving axisymmetric problems), reducing the 3D problem to 2D r-z plane simulation.
The maximum grid size is 4mm.

4.2. Influence of Inner Electrode End Geometry on CTs

By comparing the simulation results of the cylindrical inner electrode and the conical
inner electrode, significant differences in the magnetic field evolution of the compact toroid
under the two structures can be observed. Figure 9a,b, respectively, show the distributions
of poloidal magnetic flux at time ¢t = 0, 2, 5 ps in the two cases. The definition of poloidal
magnetic flux is

ot = / B.-dS, (37)

where S is a circular area with radius r starting from the z-axis. The color shade reflects the
magnitude of the magnetic flux. The scale above represents the coordinate along the z-axis
in meters. The results show that in the case of the cylindrical inner electrode, the originally
closed magnetic field structure near the end region of the inner electrode (located near the
z-axis) is disrupted, and the outer magnetic field is stretched in the negative z-direction. In
contrast, under the conical inner electrode structure, the magnetic field structure is better
preserved, and the overall distribution is more complete.

In addition, Figure 10a,b show the distribution of density and magnetic flux density
magnitude along the radial direction (r-direction) near the CT density peak (located at
z = 0.305 m for Case 1 and z = 0.335 m for Case 2) at time = 5 ps. The comparison
clearly shows that under the conical inner electrode configuration, the density peak is
steeper and more concentrated (the maximum density for the cylindrical inner electrode is
approximately 6.4 x 10~5 kg/m?, and that for the conical inner electrode is approximately
8.1 x 10~° kg/m?), indicating that the introduction of the transition region improves the
confinement effect of the CT. Meanwhile, in the area near the z-axis, the magnetic field
strength under the cylindrical inner electrode is generally slightly higher, which is likely
caused by velocity non-uniformity.

Based on the spatial distribution of velocity, Figure 10c,d compare the velocity compo-
nents in the radial direction, including the radial component U, and the axial component
U,. Figure 10c displays results for Case 1 at t = 0.5 us, z = —0.1 m; Figure 10d displays
results for Case 2 at t = 1 us, z = —0.05 m. (Here, the z-coordinates indicate locations
where velocity variations are most pronounced, and the times correspond to moments
when the compact torus traverses these positions.) A considerable variation in velocity
is observed in the region 0 m < r < 0.03 m under the configuration of a cylindrical inner
electrode. In the case of the conical inner electrode, the presence of a transitional region
effectively reduces the velocity gradient in the corresponding area, resulting in a smoother
propagation process of the CT.
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Figure 9. (ab) display the simulation results for Case 1 and Case 2, respectively, showing the
distribution of poloidal magnetic fluxatt =0, 2, 5 ps.

This indicates that the geometric structure at the end of the inner electrode has a
significant influence on the motion of the CT within the drift tube. In addition to serving
as an accelerating component in the acceleration zone, the inner electrode also acts as
a perfectly conducting wall, providing effective confinement for the CT. However, for a
cylindrical inner electrode, this confinement effect abruptly disappears at the electrode’s
terminal point, where the original wall boundary is suddenly replaced by a free boundary,
leading to rapid changes in both magnetic field and velocity in that region. By incorporating
a conical transition section at the end of a cylindrical inner electrode, the velocity variation
can be effectively mitigated, thereby facilitating stable transport of the CT. Moreover,
this structural modification significantly enhances the confinement capability and better
preserves the integrity of the magnetic field configuration.
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Figure 10. Radial distributions of four physical quantities: (a) density p, (b) magnetic flux density
magnitude Byqpitude, () radial velocity component Uy, and (d) axial velocity component U.

4.3. Influence of Finite-Resistivity Walls on CTs

Cases 3 and 4 are solved using the mhdMRF solver. Figure 11a,b show the distributions
of poloidal magnetic flux at t = 0, 2, 5 ps for the two cases with different resistivities of
the finite resistivity wall: 17, = 1 x 1077 Q-m (small resistivity) and 17, = 1 x 107> Q-m
(large resistivity), respectively. The depth of color reflects the magnitude of the poloidal
magnetic flux, while the closure of contour lines indicates the integrity of the magnetic field
structure. By observing Figure 11a,b, it is evident that closed magnetic field structures near
the wall surfaces gradually disappear over time. In the case of small wall resistivity, the
magnetic field structure is more complete compared with the large-resistivity case. The
poloidal magnetic flux values are also larger in the lower resistivity case. This is because
the higher the wall resistivity, the faster the magnetic field of the CT diffuses into the wall
and the more the magnetic structure at the wall surface is affected.
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Figure 11. Comparison of poloidal magnetic flux spatial distribution at t = 0, 2, 5 us for finite-
resistivity walls with resistivity values: (a) 1 x 1077 O-mand (b) 1 x 107> Q-m.

Figure 12a,b compare the spatial density distributions of two cases att =0, 2, 5 ps.
Darker colors indicate higher densities, which also reflect the confinement effectiveness.
In this study, the density evolution is primarily driven by the diffusion effects of the CT
itself, as thermal conduction effects of the plasma are included. However, compared with
the lower-resistivity case, the density distribution in the higher-resistivity case shows a
significant shift toward the finite-resistivity walls. Att = 2,5 ps, the darker colors near the
walls in Figure 12b compared with Figure 12a suggest enhanced particle accumulation in
the vicinity of the walls under higher resistivity conditions.
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Figure 12. Comparison of density spatial distribution at t = 0, 2, 5 us for finite-resistivity walls with
resistivity values: (a) 1 x 1077 O-mand (b) 1 x 10~% Q-m.

By comparing the radial distributions of physical quantities under different conditions,
the influence of finite-resistivity walls on the CT can be visualized more directly. Figure 13
presents the radial distributions of magnetic flux density magnitude and density at
t = 2, 5 us under three configurations: perfectly conducting wall (Case 2) and finite-
resistivity walls with resistivity values of 1 x 1077 Q'm and 1 x 10> Q-m. The z-
coordinates selected correspond to the locations where the magnetic flux density magni-
tude or density reaches its maximum value. The influence of finite-resistivity walls on
the CT magnetic field exhibits regional variations in the radial direction. The influence
of wall resistivity on the magnetic field is primarily concentrated within the range of
0.036 m < v < 0.05 m. In contrast, within the core region 0 m < r < 0.012 m, the effect
is minimal, with virtually no observable difference in the central region. Under the large-
resistivity case, there is obvious density accumulation near the wall, and the peak density
is relatively low. In contrast, in the small-resistivity case and the perfectly conducting wall
case, the density distribution remains well peaked.
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Figure 13. Simulation results under three configurations: perfectly conducting wall and finite-
resistivity walls with resistivity values of 1 x 1077 Q-m and 1 x 107> Q)-m. (a) Radial distribution of
magnetic flux density magnitude; (b) radial distribution of density.

This type of radial transport of density is likely caused by differences in magnetic field
diffusion rates at the wall surface when the compact torus interacts with the boundary. The
boundary conditions for a compact torus forming a force-free magnetic field configuration
differ from those in the drift tube. As a result, when the compact torus moves into the
drift tube, its original force-free magnetic configuration gradually decays, leading to the
emergence of Lorentz forces. The higher the resistivity of the conducting wall, the faster the
force-free magnetic configuration of the compact torus deteriorates, resulting in differences

in its radial transport behavior. Figure 14 examines the time evolution of magnetic energy
B2 :
Enw = [ ng and internal energy E;,; = [ pC,TdV for two simulation cases, where
0
V denotes the volume of the computational domain. The blue line represents magnetic

energy, the green line represents internal energy, solid lines correspond to a resistivity of
1 x 107> O'm, and dashed lines correspond to a resistivity of 1 x 1077 Q-m. The change
in internal energy shows little difference between the two resistivity cases; however, the
internal energy is slightly higher when the resistivity is lower. This is because magnetic
field dissipation at the boundary occurs more slowly, allowing more magnetic energy to
be converted into internal energy via Ohmic dissipation. In contrast, there is a significant
difference in magnetic energy dissipation. With a resistivity of 1 x 107> Q2-m, the magnetic
energy drops to one-third of its initial value after approximately 1.8 us, while with a
resistivity of 1 x 1077 Q)-m, it takes about 3.6 s to reach the same level—a difference of
nearly a factor of two in time.
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Figure 14. Time evolution of magnetic energy and internal energy under different electrical resistivi-
ties of finite-resistance walls.
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5. Conclusions

This study developed a compressible MHD solver, mhdF, and a magnetic diffusion
solver on the OpenFOAM platform. These solvers are integrated into a multi-region
coupling framework to create a multi-region coupled compressible MHD solver, mhdMREF,
aimed at investigating the dynamic processes of CT in drift tubes and the influence of
finite-resistivity walls. The solvers’ accuracy and engineering applicability in addressing
MHD and magnetic diffusion problems were validated. By implementing custom interface
coupling boundary conditions, the magnetic field coupling between fluid regions and
finite-resistivity wall regions was achieved. The research further explored the effects
of the geometric structure of the inner electrode tip and finite-resistivity walls on the
MHD behavior of the CT. Numerical results demonstrate that during the transition of
the CT from the acceleration zone to the drift tube, the geometric structure of the inner
electrode tip plays a critical role in regulating the distributions of the magnetic and flow
fields. Introducing a conical transition section to the traditional cylindrical inner electrode
significantly reduces local velocity gradients, enhances magnetic field structural integrity,
and improves CT confinement. These findings provide crucial design guidelines for
optimizing device configurations. The resistivity of finite-resistivity walls directly impacts
the magnetic field diffusion rate. A lower resistivity slows magnetic field dissipation and
suppresses plasma accumulation near the walls, thereby enhancing CT stability. Although
the solver achieved ideal numerical simulation results for CT magnetohydrodynamics
processes, limitations remain in capturing transonic shock phenomena and incorporating
coupled effects of magnetic fields on material properties (e.g., dynamic viscosity, thermal
conductivity). Future work will focus on algorithm improvements, coupled effect modeling,
and experimental validation.
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