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Abstract: The manipulator has been widely used in the wood processing industry; the
main problem currently faced is optimizing the motion trajectory to enhance the processing
efficiency and operational stability of the woodworking manipulator and worktable. A
5-7-5 piecewise polynomial interpolation method is proposed to construct the spatial
trajectories of each joint. An improved non-dominated sorting genetic algorithm (INSGA-
II) is proposed to achieve a time–jerk multi-objective trajectory planning that can meet the
dual requirements of minimal processing time and reduced motion impact. In order to
address the limitations of the standard NSGA-II algorithm, which is prone to local optima
and exhibits slow convergence, we propose a good point set method for multi-objective
optimization population initialization and a linear ranking selection method to refine the
parent selection process within the genetic algorithm. The improved NSGA-II algorithm
markedly enhanced both the uniformity of the population distribution and convergence
speed. In practical applications, selecting suitable weightings to construct a normalized
weight function can identify the optimal solution from the Pareto frontier curve. A high-
order continuous and smooth optimal trajectory without abrupt changes can be obtained.
The simulation results demonstrated that the 5-7-5 piecewise polynomial interpolation
curve effectively constructed a high-order smooth processing trajectory with continuous
and smooth velocity, acceleration, and jerk, free from discontinuities. Moreover, the INSGA-
II algorithm outperforms the original algorithm in terms of convergence and distribution,
enabling the optimal time–jerk multi-objective trajectory planning that adheres to constraint
conditions. Optimized by the improved NSGA-II algorithm, the optimal total running time
is 4.5400 s, and the optimal jerk is 17.934 m(rad)/s3. This provides a novel approach to
solving the inefficiencies and operational instability prevalent in traditional woodworking
equipment.

Keywords: woodworking manipulator and worktable; 5-7-5 piecewise polynomial;
improved NSGA-II: time–jerk optimal trajectory planning

1. Introduction
The manipulators applied in wood processing and furniture intelligent manufacturing

have greatly improved the degree of industrial automation, such as drilling, milling,
assembling, sorting, and so on [1]. Zhang et al. [2,3] have designed a coupled manipulator
and worktable apparatus for wood processing that is capable of performing drilling and
milling on wooden components, thereby enhancing the efficiency of wood processing.
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Trajectory planning represents a pivotal element of the manipulator’s motion control
system, exerting a substantial impact on joint wear, operational efficiency, and motion
smoothness. By optimizing the movement of the manipulators, one can enhance production
efficiency, reduce production costs, and extend the service life of the equipment. The
specific optimization objectives vary depending on the manipulators being utilized. If
the objective is to optimize time, trajectory optimization aims to enhance the operational
efficiency of the manipulators. If the objective is to optimize energy consumption, trajectory
optimization seeks to reduce energy usage in order to meet the demands of long-duration
operations. If the objective is to optimize jerk, trajectory optimization endeavors to enhance
the smoothness of the trajectory during the manipulators’ motion, thereby minimizing jerk
and safeguarding the structural integrity of the mechanical body [4].

At present, the majority of research endeavors concentrate on optimizing a single
motion target, such as using time-optimal trajectory planning to enhance operational
efficiency and applying jerk-optimal trajectory planning to prolong equipment lifespan.
To solve the issue of poor operational stability in traditional woodworking manipulators,
Chen et al. [5] proposed to use of an improved particle swarm optimization algorithm.
Its approach targets time as the optimization objective in trajectory planning, thereby
yielding an optimized trajectory characterized by smooth displacement and velocity, as
well as acceleration devoid of abrupt changes. Liu et al. [6] put forth a time-optimal
trajectory planning method for robotic arms, utilizing an adaptive elite genetic algorithm
with a singularity avoidance mechanism (AEGA-SA). The simulation results indicated
that the proposed method exhibited superior performance in terms of both smoothness
and efficiency compared to the conventional genetic algorithm (GA). However, the single-
objective optimization approach is constrained in that it can only enhance a single target.
Due to its simple and easy-to-control structure, PSO has a more stable performance for high-
dimensional complex functions. In solving some typical function optimization problems,
PSO can achieve better optimization results than genetic algorithms. Although the GA
is a mature function optimization algorithm, which often difficult to meet the desired
requirements in terms of convergence speed and accuracy of optimization, PSO does not
have the complex operation of selection, crossover, mutation, and other operators, which is
more adaptable to solving this kind of problem, and it can reach the global optimal value
faster [7–9]. In practical applications, it is often necessary to concurrently optimize multiple
performance criteria.

Multiple optimization objectives can be summed up by multiplying them by a weight-
ing factor to convert them into a single objective optimization problem. Rong et al. [10] put
forward a dynamic weighting method to comprehensively address the optimization prob-
lem of time, impact, and dexterity in order to improve the operating efficiency and impact
resistance of the robotic arm. At the same time, an improved particle swarm algorithm
is proposed to identify the optimal solution and obtain the global optimal solution. Fi-
nally, the validity of the method is verified through simulation and prototype experiments.
On the basis of five B-spline interpolation trajectories, Gasparetto et al. [11] proposed a
weighting method to transform the time–jerk optimization problem into a single-objective
problem and obtained the optimal solution through the Sequential Quadratic Programming
(SQP) method. This method effectively mitigated the complexity inherent in algorithmic
resolution, but it cannot accurately capture the nonlinear or intricate interrelations among
multiple objectives. Therefore, certain performance targets cannot achieve the desired opti-
mization outcomes. Furthermore, the fixed weights in the optimization process preclude
dynamic adjustments to accommodate varying constraint conditions [12,13]. There are
some disadvantages of using the weighting method to convert multi-objective optimization
to single-objective optimization. First, the selection of weights depends on the subjective
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judgment of the decision maker, and small adjustments of weights can lead to significant
changes in the solution. In addition, the weighting method can usually find only one
solution, and it is difficult to obtain multiple solutions on the Pareto frontier, especially
when there are serious conflicting objectives, and it may not be able to efficiently consider
all objectives. In contrast, the multi-objective optimization method can provide a set of
non-dominated solutions to help the decision-maker trade-off among multiple objectives
and explore more possible solutions through the diversity maintenance strategy, which
deals with objective conflicts more comprehensively and reduces the influence of subjective
factors. Therefore, despite the simplicity of the weighting method implementation, the
multi-objective optimization approach is more advantageous in dealing with complex
relationships and providing decision support [14].

In a recent study, Pu et al. [15] introduced an enhanced version of the dingo optimiza-
tion algorithm based on simulated annealing (SA-DOA). This new approach effectively
reduces time and jerk while enhancing the execution efficiency and motion control perfor-
mance of manipulators by optimizing quintic non-uniform rational B-spline (QNURBS)
trajectories. Liu et al. [16] put forth an external archives self-searching multi-objective parti-
cle swarm optimization algorithm (EASS-MOPSO), which constructs joint position curves
using quartic B-spline curves. It establishes a multi-objective optimization model focusing
on time, energy, and jerk, thereby achieving seamless and smooth trajectory optimization
without discontinuities. To enhance the operational efficiency and mechanical performance
of a six-degree-of-freedom manipulator, He et al. [17] proposed an advanced multi-objective
particle swarm optimization (IMPSO) algorithm. It used the improved NSGA-II algorithm
to sort the particles and optimize the weight allocation of the multi-objective function,
enabling comprehensive evaluation of operational time, joint torque, and jerk. It realized a
more optimal trajectory in the joint space. Liu et al. [18] put forth a multi-objective trajectory
planning model for manipulators based on the improved multi-objective salp swarm algo-
rithm (LMSSA). This model combines logistic-sine chaotic mapping, small-hole imaging
learning strategy, and golden-sine development strategy with the objective of optimizing
the control nodes of the seventh-order B-spline curve and completing the multi-objective
trajectory planning of manipulators with time–jerk-energy. Wu et al. [19] proposed an
SDE-NSGA-II algorithm to solve the problems of the traditional NSGA-II algorithm in
multi-objective trajectory optimization, such as being easy to fall into the local optimum,
slow convergence speed, etc. The SDE-NSGA-II algorithm adopts the initialization of the
population of the good point set as well as the improvement of the evolution strategy
with the DC operator. The results show that the improved algorithm solves the Pareto
solution set with a more uniform distribution and obtains a more continuous and smooth
trajectory. The discrete firefly algorithm has good global search capability and is easy to
implement by simulating the glow-in-the-dark behavior of fireflies, but it can easily fall
into local optimality in complex problems and is more sensitive to parameter settings. The
multi-objective particle swarm optimization (MOPSO) algorithm can deal with multiple
objectives simultaneously, maintain the Pareto front, and converge faster, but it is more
difficult to maintain the diversity of solutions in high-dimensional objective space, and
the parameter setting is more complicated. The multi-objective bottlenose dolphin swarm
algorithm has strong global search capability and adaptability by simulating the group
behavior of bottlenose dolphins and is suitable for dealing with complex multi-objective
problems, but it is relatively complex to implement and may require more computational
resources [20–22].

In order to solve the insensitivity problem to the shape of the Pareto front inherent
in traditional multi-objective optimization algorithms [23], we propose a multi-objective
trajectory optimization method based on an improved non-dominated sorting genetic
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algorithm II (NSGA-II). This method uses a 5-7-5 piecewise polynomial to construct motion
trajectories for manipulators and worktables, thereby ensuring continuous smoothness in
displacement, velocity, acceleration, and jerk. The primary optimization objectives are to
minimize motion time and reduce impact, with the goal of achieving an optimal balance
between time and jerk. This equilibrium allows the manipulators to complete machining
tasks in the shortest possible time while minimizing the impact and vibration generated
during joint movements. The multi-objective trajectory optimization method proposed
is very important for enhancing production efficiency, extending equipment lifespan,
and ensuring machining quality. The time–jerk optimal trajectory planning ensures that
the manipulator completes machining tasks in the shortest possible time while avoiding
excessive accelerations that could cause jerk, reducing equipment wear and damage to
wooden components and significantly enhancing production efficiency. Furthermore, multi-
objective trajectory optimization contributes to the reduction in wear on joints and drive
systems, thus extending the maintenance cycle and service life of equipment that operates
under high-intensity and prolonged conditions. Furthermore, multi-objective trajectory
planning guarantees that the manipulator operates at a constant velocity, preventing defects
caused by vibration and impact. This ensures the smoothness and precision of wooden
component surfaces and improves product quality [24,25].

2. Description and Design of the Woodworking Manipulator and
Worktable Under Study
2.1. Physical Model of Woodworking Manipulator and Worktable

Figure 1 illustrates the overall configuration of the woodworking manipulator and
worktable, along with the orthogonal relationship between the manipulator and worktable
axes of motion (X, Y, Z), with the X-axis serving as the common axis. Accordingly, the
worktable can be conceptualized as a manipulator with a right-angle coordinate system,
with two moving joints and one rotating joint, analogous to a PPR-type robot arm. This
configuration allows the end to move translationally along the X- and Y-axes and rotate
about the A′-axis [26]. The manipulator, on the other hand, can be considered a robot arm
with two moving joints and two rotating joints, which is analogous to a PPRR-type robot
arm. This configuration allows the end to move translationally along the X- and Z-axes
and rotate about the A- and B-axes. To simplify the kinematic model of the manipulator
and the worktable, the moving components of the manipulator and the worktable are
conceptualized as retractable rigid rods, and the moving joints are represented as prismatic
and revolute joints, as shown in Figure 2.

2.2. Kinematic Analysis and Modeling

After simplifying the structure of the woodworking manipulator and worktable, the
forward kinematics modeling is carried out by the D-H parametric method [27]. Due
to the advantages of few parameters, a simple form, and easy mathematical modeling,
the D-H parametric method is widely used in the kinematic analysis of manipulators,
which is generally divided into the standard D-H parametric method (SDH) and the
modified D-H parametric method (MDH), and the main difference between the two is
the way of placing the coordinate system, and its definition of a transformation matrix
is different. The standard D-H method focuses on the common plumb line between the
axes, which is suitable for most manipulator models with simple joint arrangements, but it
can lead to cumbersome modeling of complex mechanisms. The improved D-H method
simplifies the coordinate system arrangement, reduces redundant calculations, and is
suitable for modeling complex robotic systems. In this paper, the modified D-H parameter
method is used to model the manipulator and worktable more easily. After homogeneous
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transformation by using the modified D-H parameter method, the transformation matrix
of the adjacent linkage coordinate system can be obtained. Tables 1 and 2 show the D-H
parameter tables of the manipulator and worktable.
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Table 1. Modified D-H parameters of woodworking manipulator.

i θi/(rad) di/(mm) αi−1/(◦) ai−1/(mm) Joint Range

1 −π/2 d1 0 0 0–1500 mm
2 π/2 d2 −π/2 0 0–1500 mm
3 θ3 d3 −π/2 0 −π-π
4 θ4 d4 π/2 0 −π-π

where θ3 and θ4 represent the joint angle variables corresponding to revolute joints 3 and 4; the domain of
the θ3 and θ4 variables spans the interval [−180◦, 180◦]; d1 and d2 represent the joint displacement variables
corresponding to joints 1 and 2; the domain of the d1 and d2 variables span the interval [0, 1500]; d3 = 672 mm;
and d4 = 286.5 mm.
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Table 2. Modified D-H parameters of worktable.

i θi/(rad) di/(mm) αi−1/(◦) ai−1/(mm) Joint Range

1 0 d′1 −π/2 0 0–1500 mm
2 0 d′2 π/2 0 0–1500 mm
3 θ′3 d′3 0 0 −π-π

where θ′3 represents the joint angle variables corresponding to revolute joint; the domain of the θ′3 variable spans
the interval [−π, π]; d′1 and d′2 represent the joint displacement variables corresponding to joints I and II; the
domain of the d′1 and d′2 variables spans the interval [0, 1500]; and d′3 = 500 mm.

The parameters in the above table are inserted into the coordinate system transforma-
tion matrices of the joints of the manipulator and worktable to realize the transformation
from the base coordinate system to the tool coordinate system, and then the chi-square
transformation matrices T1 and T2 of the corresponding end-effector are obtained. In the
Equations (1)–(4), i−1 A i is the transformation matrix of the neighboring linkage coordinate
system of the i-th joint, Cθ denotes cosθ, Sθ denotes sinθ, T1 and T2 are the tool coordinate
system transformation matrices of the manipulator and worktable, respectively; T01 and T02

are the base coordinate system transformation matrices of the manipulator and worktable,
respectively; and Tool1 and Tool2 are the tool coordinate system transformation matrices,
respectively.

T1 = T01 · 0 A1 · 1 A2 · 2 A3 · 3 A4 · Tool1

=


r11 r12 r13 Px

r21 r22 r23 Py

r31 r32 r33 Pz

0 0 0 1



=


−Cθ4Sθ3 Sθ3Sθ4 Cθ3 d2 + d4Cθ3 + ySθ3Sθ4

Sθ3 Cθ4 0 d3 + yCθ4

−Cθ3Cθ4 Cθ3Sθ4 −Sθ3 d1 + z − d4Sθ3 + yCθ3Sθ4

0 0 0 1


(1)

where y and z are the parameters in Tool1, rij represents the pose information of the end-
effector of the manipulator, and Px, Py, and Pz represent the position information of the
end-effector of the manipulator.

T2 = T02 · 0 A ′
1 · 1 A ′

2 · 2 A ′
3 · Tool2

=


r′11 r′12 r′13 P′x
r′21 r′22 r′23 P′y
r′31 r′32 r′33 P′z

0 0 0 1



=


0 0 1 d′2 + d′3

Sθ′3 Cθ′3 0 d′1 + y2 + y3Cθ′3
−Cθ′3 Sθ′3 0 z2 + y3Sθ′3

0 0 0 1


(2)

where yi and zi are the parameters in Tool2, r′ ij represents the pose information of the
end-effector of the worktable, and P′

x, P′
y, and P′

z represent the position information of
the end-effector of the worktable.
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Since this paper focuses on trajectory optimization based on the position and orienta-
tion of the end-effector, an inverse kinematics solution is required to determine the position
information for each joint.

θ3 = arctan2(−r33, r13)

θ4 = arctan2(r12, r11)

d1 = Pz − z1 − y1Cθ3Sθ4 + d4Sθ3

d2 = Px − y1Sθ3Sθ4 − d4Sθ3

(3)


θ′3 = arctan2(r′11,−r′21)

d′1 = P′
y − z2 − y3Sθ′3

d′2 = P′
z − d′3 + y2

(4)

3. Solving the Time–Jerk Optimal Problem
In industrial applications, the actual operating trajectory of a manipulator is typically

divided into two categories: point-to-point discrete trajectory and continuous trajectory.
The continuous working trajectory needs to be segmented and realized by trajectory in-
terpolation. In this paper, the trajectory planning of the manipulator and worktable is
conducted in the joint space. The joint position qij of each joint i at each path point j is
obtained through the inverse kinematics solution, where i = 1, 2, ..., 7, j = 1, 2, 3, and tj is
the movement time of the joints from the path point j − 1 to path point j.

This paper presents a multi-objective optimization model with the objectives of time
and smoothness. The specific optimization objective function is as follows:

S1 = T =
3

∑
j=1

tj (5)

S2 =
7

∑
i=1

√
1
T

∫ T

0
[ji(t)]

2dt (6)

where S1 represents the total running time of the trajectory, and S2 represents the sum of
jerk.

In order to guarantee the safety of the manipulator and worktable in practical appli-
cations, it is essential to impose constraints on the movements of their respective moving
parts which are as follows: 

|v(t)| ≤ vm

|a(t)| ≤ am

|j(t)| ≤ jm

(7)

where v(t), a(t), and j(t) represent the joint velocity, acceleration, and jerk, respectively.
Similarly, vm, am, and jm denote the limit values of velocity, acceleration, and jerk, respec-
tively.

4. Joint Trajectory Equations Based on High Degree Polynomials
The piecewise polynomial interpolation method is a common approach to trajectory

planning. Its fundamental principle is the use of different numbers of polynomials to
generate trajectories in different time periods, with the aim of ensuring the smoothness and
continuity of the resulting trajectories. A single high-order polynomial is susceptible to
fluctuations and oscillations during the fitting process, and the parameters are challenging
to adjust when satisfying complex boundary conditions, which increases the computational
complexity [28–30]. Additionally, low-order polynomial curves are unable to guarantee the
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higher-order continuity of the joint trajectories of the robotic arm [31,32]. In contrast, the
piecewise polynomial is better suited to adapt to local characteristics, enhance fitting accu-
racy, and reduce computational complexity. In this paper, to circumvent the discontinuities
in acceleration that are inherent to 3-5-3 piecewise polynomial trajectory planning, a 5-7-5
piecewise polynomial is used for trajectory planning. Firstly, the time interval of the entire
trajectory is divided into three sections, and the trajectory simulation is conducted using
quintic, septic, and quintic polynomials in succession, as shown in Figure 3.
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A and D represent the initial and final points of the trajectory, respectively; B and C
represent intermediate points along the trajectory. The fifth-degree polynomials are used
for interpolation in the A-B and C-D segments, while in the B-C segment, a seventh-degree
polynomial interpolation is used. Equation (8) denotes the interpolating function of a
5-7-5 segmented polynomial trajectory of the joint variables with respect to time t, and
Equations (9)–(11) denote (angle)velocity, (angle)acceleration, and (angle)jerk, respectively.

θ1(t) = a10 + a11t + a12t2 + a13t3 + a14t4 + a15t5

θ2(t) = a20 + a21t + a22t2 + a23t3 + a24t4 + a25t5 + a26t6 + a27t7

θ3(t) = a30 + a31t + a32t2 + a33t3 + a34t4 + a35t5
(8)

ωi(t) = dθi(t)/dt (9)

αi(t) = d2θi(t)/dt2 (10)

ji(t) = d3θi(t)/dt3 (11)

In order to guarantee the continuity and smoothness of the operational trajectories
of the manipulator and worktable segments, it is essential to ensure that the following
constraints and constraint boundaries are satisfied for the joint variables, namely the angle
of velocity, the angle of acceleration, and the angle of jerk:

θ1(0) = θA

θ2(0) = θ1(1) = θB

θ3(0) = θ2(1) = θC

θ3(0) = θD

(12)


ω1(0) = ωA = 0
ω2(0) = ω1(1) = ωB

ω3(0) = ω2(1) = ωC

ω3(0) = ωD = 0

(13)
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
α1(0) = αA = 0
α2(0) = α1(1) = αB

α3(0) = α2(1) = αC

α3(0) = αD = 0

(14)


j1(0) = jA = 0
j2(0) = j1(1) = jB
j3(0) = j2(1) = jC
j3(0) = jD = 0

(15)

In accordance with Equations (12)–(15), the matrix A can be listed, and t1, t2, and
t3 in matrices B, D, and F denote the interpolation times of the three-piece polynomials,
respectively, and matrix b denotes the (angular) displacement matrices of the joints, and the
coefficients α of each of the terms in Equation (8) can be solved according to Equation (25)
to obtain the interpolation function of the 5-7-5 piecewise polynomial trajectory.

A =


B C 0
0 D E
0 0 F
G H I

 (16)

B =


1 t1 t2

1 t3
1 t4

1 t5
1

0 1 2t1 3t2
1 4t3

1 5t4
1

0 0 2 6t1 12t2
1 20t3

1
0 0 0 6 24t1 60t2

1

 (17)

C =


−1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −2 0 0 0 0 0
0 0 0 0 0 0 0 0

 (18)

D =


1 t2 t2

2 t3
2 t4

2 t5
2 t6

2 t7
2

0 1 2t2 3t2
2 4t3

2 5t4
2 6t5

2 7t6
2

0 0 2 6t2 12t2
2 20t3

2 30t4
2 42t5

2
0 0 0 6 24t2 60t2

2 120t3
2 210t4

2

 (19)

E =


−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −2 0 0 0
0 0 0 0 0 0

 (20)

F =


1 t3 t2

3 t3
3 t4

3 t5
3

0 1 2t3 3t2
3 4t3

3 5t4
3

0 0 2 6t3 12t2
3 20t3

3
0 0 0 6 24t3 60t2

3

 (21)
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G =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 2 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 6 0 0
0 0 0 0 0 0
0 0 0 0 0 0


(22)

H =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 1 0 0


(23)

I =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


(24)

a = A−1bT =
[

A1 A2 A3

]T
(25)

A1 =
[

a10 a11 a12 a13 a14 a15

]
(26)

A2 =
[

a20 a21 a22 a23 a24 a25 a26 a27

]
(27)

A3 =
[

a30 a31 a32 a33 a34 a35

]
(28)

b = [0 0 0 0 0 0 0 0 0 β4 0 0 0 β1 0 0 β2 β3 0 0] (29)

Figure 4 shows the 5-7-5 polynomial trajectory planning outcomes, which are exam-
ined in terms of displacement, velocity, acceleration, and jerk. The displacement curve
displays a smooth waveform, indicating that the joint motion remains continuous and
smooth throughout the process. This can reduce vibration and wear in the system. The
smooth change of the velocity curve ensures the controllability and stability of the motion.
The smoothness of the acceleration curve reflects that the trajectory planning method
ensures efficient and precise operation by accurately controlling each motion parameter,
which is of significant application value in automation systems that require high precision
and stability. The system exhibits no sudden change in acceleration and deceleration,
thereby reducing the impact on the mechanical structure. Furthermore, the uninterrupted
abrupt change of the jerk curve indicates that the system effectively avoids violent shocks
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and vibrations in the dynamic response, thus improving the smoothness and accuracy of
the motion.
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5. Improved NSGA-II Algorithm
The NSGA-II (non-dominated sorting genetic algorithm) is an improved genetic

algorithm that is primarily utilized to make optimal decisions under the conditions of
weighing between two or more conflicting objectives [33]. Additionally, it is used to
address the trade-off optimization problem between multiple conflicting and conflicting
objectives.

5.1. Good Point Set Population Initialization

The random initialization of populations in NSGA-II may result in several short-
comings, as outlined in reference [34]. Firstly, randomly generated populations may not
adequately cover the search space, particularly in high-dimensional optimization problems.
This may result in the algorithm prematurely converging to a locally optimal solution.
Furthermore, an unequal distribution of the initial population may impact the efficacy of
the non-dominated ordering and congestion distance calculations, which in turn influences
the diversity and distribution of the Pareto front. Furthermore, randomly generated indi-
viduals may not satisfy the constraints of the problem, necessitating additional correction
steps that increase the computational complexity and time cost. These factors may interact
to affect the overall performance and efficiency of NSGA-II. Therefore, the use of the good
point set for population initialization can significantly ameliorate these problems, enhance
population diversity by uniformly distributing individuals, improve the convergence speed
of the algorithm, and reduce the complexity of constraint processing, thereby improving
the overall effectiveness of the multi-objective optimization algorithm [35,36].

The good point set [37] was first proposed by mathematician Hua Luogeng.
Let Gs be the unit cube of s-dimensional Euclidean space, then r ∈ Gs,Pn(i) =

(r1i1, r2i2, r3i3, . . . rnin), i = 1, 2, 3, . . . n. n denotes the number of samples, Pn(i) de-
notes the set of good points, and r denotes the good points, which is generally taken
as r =

{
2cos

(
2π j

k i
)

, 1 ≤ i ≤ n; 1 ≤ i ≤ s
}

, or r =
{

eji
}

, where k is the smallest prime
number that satisfies (k − 3)/2 ≥ s.

Figure 5 demonstrates that the good point set initialization exhibits a more uniform
data distribution within the 0~1 interval, which is less random than the traditional random
initialization method. A comparison of scatterplots demonstrates that the good point set
markedly enhances the uniformity of the distribution in multidimensional space while
partially compromising the randomness inherent to the process. This approach effectively
circumvents the data aggregation issue commonly observed in traditional random sam-
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pling, thereby ensuring comprehensive coverage of the search space. Consequently, the
good point set initialization not only facilitates a more comprehensive global search for
the NSGA-II algorithm but also markedly reduces the probability of falling into a local
optimum.
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5.2. Parental Selection Based on Linear Ranking

The conventional NSGA-II algorithm typically uses tournament selection to identify
superior adapted parent individuals from the population and incorporate them into the
offspring population. This process is repeated until the new population size aligns with the
initial population size [38]. As a consequence of the fact that individuals are released back
into the original population each time they participate in the race, the random sampling
of put-back trials results in the repeated selection of individuals from the Pareto frontier.
This has the effect of reducing population diversity and raising the risk of premature
convergence of the algorithm [39]. The implementation of a linear ranking-based parent
selection method to ascertain the selection probability through the ranking of individu-
als [40] markedly diminishes the probability of the NSGA-II algorithm entering into local
optimization rather than relying directly on fitness and enables efficient selection even
in the presence of considerable differences in fitness. This approach mitigates the risk
of premature convergence due to significant discrepancies in fitness while maintaining
population diversity.

In linear ranking selection, the population of individuals is sorted from smallest to
largest fitness. When applied to the NSGA-II algorithm, this is followed by a descending
order of Pareto rank and followed by an ascending order of congestion distance. In the
event that the population size is N and x1 represents the highest ranked individual and xN

is the lowest ranked individual, the probability that individual xi is as follows:

P(i) =
1
N

(
n− +

(
n+ − n−) i − 1

N − 1

)
(30)
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where n−
N represents the probability that the least optimal individual is selected, whereas

n+

N denotes the probability that the most optimal individual is selected.
As illustrated in Figure 6, there is a notable discrepancy between the tournament

selection and the linear ranking selection with respect to the distribution of individual
selections. The density curve of the linear ranking selection is more concentrated with
higher peaks, indicating that its selection pressure is higher and that individuals are more
inclined to gather in high-fitness regions. This may facilitate rapid convergence of the
algorithm. In contrast, the density profile of the tournament selection is relatively smooth,
with a wider distribution and lower selection pressure, which helps to maintain population
diversity. This discrepancy may influence the algorithm’s global search capability and rate
of convergence. The linear ranking selection is more inclined to achieve rapid convergence,
whereas the tournament selection is more conducive to comprehensive exploration of the
solution space, increasing the probability of identifying a globally optimal solution.
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5.3. Crossover and Mutation

The crossover method chosen is a simulated binary crossover, and the mutation
method selected is a polynomial mutation.

The simulated binary crossover operator (SBX) [41] is a crossover operator commonly
used in real-coded genetic algorithms to address continuous variables. Its operation is
based on the following fundamental principles:

(a) The mean of the values of the two parents and the two children before and after the
crossover are equal; i.e.,

p1 + p2

2
=

c1 + c2

2
(31)

∫
ln
(

x2 + 1
)

dx (32)
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(b) The quotient of the interpolated values of the two parents and the interpolated values
of the two children before and after the crossover is approximately equal to 1; i.e.,

β =

∣∣∣∣ c1 − c2

p1 − p2

∣∣∣∣ ≈ 1 (33)

where c1 and c2 represent the two offspring individuals, p1 and p2 represent the
two parent individuals, and the SBX operator is used to invert the two offspring
individuals: {

c1 = 0.5[(1 + β)p1 + (1 − β)p2]

c2 = 0.5[(1 + β)p2 + (1 − β)p1]
(34)

where β is a random variable determined dynamically and randomly by the distribu-
tion factor η in the following way:

β =

(2µ)1/(η+1), µ ≤ 0.5(
1

2−2µ

)1/(η+1)
, µ > 0.5

(35)

where µ is a uniformly distributed random number on (0, 1).

Polynomial mutation (PM) [42] is a variation operation for sequential optimization.
Its purpose is twofold: firstly, to introduce a small range of stochastic variations in order
to ensure the population diversity of the solution space; secondly, to improve the global
search capability of the algorithm. The following is a description of the method in question:

(a) The initial parameters must be defined, the probability of variation pm must be
determined, and the distribution index ηm must be set.

(b) Select the variation points of variation and, for each variable, generate a random
number r. If r < pm, the variable is varied; calculate the variation δ:

δ =

 (2u)
1

ηm+1 − 1, u < 0.5

1 − (2 − 2u)
1

ηm+1 , u ≥ 0.5
(36)

where 0 < u ≤ 1.
(c) For the selected variation xi, the update is x′i = xi + δ·(xmax − xmin), where xmax and

xmin are the upper and lower bounds of the variable.

5.4. Fast Undominated Sorting

As shown in Figure 7, in the context of multiple optimization objective functions,
a set of optimization solutions can be obtained through the application of the NSGA-
II algorithm. It is important to note that there is no absolute superiority or inferiority
between the solutions obtained. Furthermore, it is not possible to improve one objective
at the expense of another. These solutions are therefore classified as Pareto-optimal or
non-dominated solutions. The Pareto frontier class is used to classify the superiority or
inferiority of the solutions in multi-objective optimization. The set of solutions is divided
into multiple classes through the application of the Pareto dominance relationship. The
initial level comprises all Pareto-optimal solutions, that is, solutions that are not dominated
by other solutions. Following the removal of the aforementioned solutions, a novel Pareto
optimal solution is identified amongst the remaining solutions, thus establishing the second
Pareto level. This process is repeated until all solutions have been assigned ranks [43].
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5.5. Calculation of Crowding Distance

In the NSGA-II algorithm, the confirmation of crowding distance (CD) represents a
crucial stage in the maintenance of population diversity [44]. The crowding distance is
initially set to 0 for each solution, and the population is subsequently ranked in accordance
with the specified optimization objectives. For the boundary solutions of each objective,
the crowding distance is set to infinity, thereby ensuring that these boundary solutions are
retained. The crowding distance value is then updated by calculating and normalizing the
neighboring differences of each solution on that objective. With regard to both optimization
objectives, the crowding distance is defined as the perimeter of the rectangle formed by the
adjacent i − 1 and i + 1, as illustrated in Figure 8.

CDim =
fm(xi+1)− fm(xi−1)

fm(xmax)− fm(xmin)
, i = 1, 2, · · · · · · , (l − 1) (37)

CDi =
M

∑
m=1

CDim (38)

Appl. Sci. 2025, 15, x FOR PEER REVIEW 15 of 25 
 

 

Figure 7. Pareto curve. 

5.5. Calculation of Crowding Distance 

In the NSGA-II algorithm, the confirmation of crowding distance (CD) represents a 
crucial stage in the maintenance of population diversity [44]. The crowding distance is 
initially set to 0 for each solution, and the population is subsequently ranked in accord-
ance with the specified optimization objectives. For the boundary solutions of each objec-
tive, the crowding distance is set to infinity, thereby ensuring that these boundary solu-
tions are retained. The crowding distance value is then updated by calculating and nor-
malizing the neighboring differences of each solution on that objective. With regard to 
both optimization objectives, the crowding distance is defined as the perimeter of the rec-
tangle formed by the adjacent 𝑖 − 1 and 𝑖 + 1, as illustrated in Figure 8. 𝐶𝐷௜௠ = 𝑓௠(𝑥௜ାଵ) − 𝑓௠(𝑥௜ିଵ)𝑓௠(𝑥௠௔௫) − 𝑓௠(𝑥௠௜௡) , 𝑖 = 1,2, ⋯ ⋯ , (𝑙 − 1) (37)

𝐶𝐷௜ = ෍ 𝐶𝐷௜௠ெ
௠ୀଵ  (38)

 

Figure 8. Calculate crowding distance. 

Figure 8 illustrates that 𝐶𝐷௜ is diminished in size and more densely populated in the 
vicinity of the individual in question. In order to maintain the diversity of the population, 
it is necessary to compare the crowding degree operators in order to guarantee that the 
algorithm converges on a uniform Pareto front. Consequently, as a consequence of the 
non-dominated ordering and crowding calculation, each individual (i) in the population 
is characterized by two attributes: The Pareto rank and the crowding degree (CD) are two 
key attributes. In the event that two individuals possess disparate non-dominated rank-
ings, the individual with the lower Pareto rank is selected. Conversely, if two individuals 
are in the same rank, the individual with the higher crowding degree is chosen, thereby 

Figure 8. Calculate crowding distance.

Figure 8 illustrates that CDi is diminished in size and more densely populated in the
vicinity of the individual in question. In order to maintain the diversity of the population,
it is necessary to compare the crowding degree operators in order to guarantee that the
algorithm converges on a uniform Pareto front. Consequently, as a consequence of the
non-dominated ordering and crowding calculation, each individual (i) in the population is
characterized by two attributes: The Pareto rank and the crowding degree (CD) are two key
attributes. In the event that two individuals possess disparate non-dominated rankings, the
individual with the lower Pareto rank is selected. Conversely, if two individuals are in the
same rank, the individual with the higher crowding degree is chosen, thereby promoting
diversity within the population and averting the potential issue of premature convergence.

Figure 9 shows the algorithm flow of Improved Non-dominated Genetic Algorithm
(INSGA-II) based on elite strategy with the following steps:



Appl. Sci. 2025, 15, 310 16 of 25

(a) Determine the time interval range ti ∈ [Di, Gi] for each path point based on the
maximum velocity vm of each joint, where Di and Gi represent the upper and lower
time limits. In this paper, we take 1 s as the lower limit and 3 s as the upper limit. The
initial parent population, designated as H0, is generated using the set of good points
in the time interval range. The population size is set to N to ensure that the initial
solution set is uniformly distributed.

(b) The adaptation value of each population target is calculated according to Equations
(5) and (6). Following the non-dominated sorting process, the initial generation of the
offspring population, designated as I1, is generated through the application of three
fundamental genetic algorithm operations: selection, crossover, and mutation.

(c) From the second generation onwards, a parent selection method based on linear rank-
ing was used to identify parent individuals for fusion with the offspring population,
thereby generating a population Pi with a population size of 2N. The new population
adaptation value was then calculated.

(d) The elite selection strategy entails non-dominated sorting of 2N individuals in the
population Pi according to fitness, with the crowding degree of individuals in the
same dominance layer calculated according to Equation (38). New individuals are
then selected based on dominance relationships and crowding degree values, forming
the parent population Hi+1 with a population number N.

(e) Repeat steps 2–3 until the termination condition is satisfied, and output the Pareto
optimal solution set.
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5.6. Optimization Results and Analysis

In order to verify the performance of the improved NSGA-II algorithm, this experi-
ment employs classical test functions, such as the ZDT series, to evaluate the algorithm’s
performance prior to and following the implementation of enhancements. The algorithm
parameters were set as follows: the population size is 200; the mating pool size is 100;
the crossover rate is 0.9; the mutation rate is 0.1; the crossover and mutation distribution
indexes are both 20; and the number of iterations is 500. As illustrated in Figure 10, the
improved NSGA-II demonstrates superior performance compared to the conventional
NSGA-II in terms of the Pareto front. The improved NSGA-II exhibits enhanced conver-
gence and a solution that is closer to the theoretically optimal solution. Additionally, the
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distribution of the solution is more uniform and covers a wider range, indicating that the
improved NSGA-II has accelerated convergence and higher solution accuracy.
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The comparison of the Pareto frontiers of the objective function optimized by the
NSGA-II and INSGA-II algorithms is presented in Figure 11. The improved NSGA-II
algorithm (INSGA-II) exhibits notable advantages in multi-objective optimization through
the initialization of the good point set population and the selection of parents based on
linear ranking. The good point set approach ensures diversity and coverage of the solution
by rationally distributing the initial population, thereby generating a more uniform Pareto
front and accelerating the convergence of the algorithm. The selection of parents based on
linear ranking increases the selection pressure, thereby increasing the likelihood of superior
individuals being selected. This approach balances global search and local exploitation
and improves the convergence speed and stability. These enhancements facilitate the
convergence of the INSGA-II algorithm to the Pareto front in a more expeditious and
uniform manner, reduce the number of iterations, circumvent premature convergence, and
enhance the overall optimization performance of the algorithm.

Figure 12 shows the evolution of the average objective value of the multi-optimization
objective over the course of the multi-generation evolution of the INSGA-II algorithm. The
vertical axis represents the average objective value, while the horizontal axis represents the
number of population iterations per generation. The objective value of the objective function
S1 remains relatively stable and has reached the global optimum near 10 generations. The
objective function S2 exhibits a rapid decline before 50 generations, followed by a gradual
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stabilization, indicating that S2 demonstrates superior optimization efficacy at the outset
and is in proximity to the global optimum. In consideration of the convergence of the multi-
objective function, the rate of convergence, and the optimal solution, this paper proposes
50 generations as the termination condition for the INSG-II algorithm’s population iteration.
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5.7. Solving Pareto Optimal Solution Set

In this study, the woodworking manipulator and worktable are taken as the research
object. Four path points, designated A(a), B, C(c), and D, are set in the space. The actuator
ends of the woodworking manipulator and worktable overlap at the two points B and D,
which are used to simulate the machining operation at these two points. Consequently, the
manipulator and the worktable can be regarded as woodworking equipment with seven
joints. The values of the joint variables of the joints are shown in Table 3.

Table 3. Seven joint positions and angle of path points.

Path Points 1 2 3 4 5 6 7

A(a) 0.800 m 1.200 m 3.141 rad 0.000 rad 0.400 m 0.500 m 0.000 rad
B 0.578 m 0.868 m 1.897 rad 1.047 rad 0.236 m 0.359 m −1.402 rad

C(c) 0.668 m 0.567 m 1.468 rad 1.711 rad 0.344 m 0.407 m −0.785 rad
D 0.459 m 0.964 m 2.355 rad 0.754 rad 0.325 m 0.310 m −0.098 rad
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The enhanced NSGA-II algorithm is used to identify the optimal Pareto solution
set within the context of multi-objective optimization. The INSGA-II algorithm has been
simulated, and the algorithm’s parameters have been configured as follows: The population
size is 200, the upper bound is 3, the lower bound is 1, the crossover rate is 0.9, the variance
rate is 0.1, the indexes of hybridization and variance distributions are both 20, and the
number of iterations is 50. The optimization objective is to minimize both the shortest time
and the smallest jerk. The optimization objective function is S1 and S2, and the decision
variables are three trajectory times (t1, t2, and t3). The velocity (v), acceleration (α), and
jerk (j) constraints are imposed on the individual joints to obtain the Pareto frontier curves
after trajectory optimization through the NSGA-II algorithm. These results are shown in
Figure 13.
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As illustrated in Figure 12, point A represents the time-first optimal solution, point
C denotes the jerk-first optimal solution, and point B signifies the balanced optimization
good point. As the point of reference is approached, the time required is reduced, and the
joint jerk increases. Conversely, as the point of reference is approached, the time required is
increased, and the joint jerk decreases. The time and jerk are two coupled and contradictory
motion indexes that restrict each other’s optimal performance.

In order to eliminate the influence of different features on parameter selection and
to facilitate the processing and comparison of data, the trajectory running time and jerk
are normalized and scaled to a target range of [0, 1]. This normalization allows for a fair
comparison of the advantages and disadvantages of different solutions. The normalization
transformation formula is as follows:

S∗ =
S − min(S)

max(S)− min(S)
(39)

where S∗ is the normalized [0, 1] range function value, and S is the original function value.
In order to select a solution from the Pareto curve that is applicable to actual working

conditions, it is necessary to introduce weight parameters ω1 and ω2 to define a weight
function as follows:

Sc = ω1S∗
1 + ω2S∗

2 (40)

where Sc is the normalized weight function, S∗
1 is the normalized running time, and S∗

2 is
the normalized total jerk.
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In this paper, we take ω1 = ω2 = 0.5, and in Figure 12, point B indicates this optimal
solution, the optimal total running time is 4.5400 s, the optimal jerk is 17.934 m(rad)/s3,
and the optimal time series is [1.327, 2.054, 1.159], which is carried into Equation (8), and
can be obtained as a 5-7-5 polynomial piecewise interpolation trajectory, and the joint
variables, velocity, acceleration, and jerk of each joint are shown in Figures 14–17.
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Figure 14. Displacement curve: (a) woodworking manipulator displacement; (b) woodworking
worktable displacement.
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Figure 15. Velocity curve: (a) woodworking manipulator velocity; (b) woodworking worktable
velocity.
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Figures 14–17 illustrate the displacement, velocity, acceleration, and jerk curves of the
manipulator and worktable. The displacement, velocity, and acceleration curves of each
joint are characterized by smooth, continuous, and uninterrupted behavior, and the jerk
is also continuous and uninterrupted. In examining the joint displacements, it becomes
evident that the manipulator (Joint1–Joint4) and the worktable (Joint5–Joint7) exhibit
discernible periodic fluctuations. However, both components reach the desired positions at
all four interpolation points, indicating that the system is functioning as intended. The joint
velocity curves and acceleration curves illustrate the dynamic response characteristics of
the system. Provided that the system constraints are satisfied, the velocity and acceleration
changes of the manipulator and the worktable are relatively smooth and approach the
extreme values, indicating that the joint operation efficiency has been enhanced. In the
context of manipulator systems, the discontinuity of the jerk can have a significant impact
on the stability of the operation. To ensure the continuity of the jerk, it is essential to
increase the order of the piecewise polynomials, thereby preventing the occurrence of
jumps and interruptions that may arise under a 3-5-3 trajectory planning approach.

The optimized trajectory curves of the manipulator and worktable are imported into
the MATLAB Robotic Toolbox, where they are treated as telescopic and rotating connecting
rods. The respective end-effector trajectories of the manipulator and the worktable are
then determined, as illustrated in Figure 18. The manipulator passes through the four
points A, B, C, and D, and the worktable passes through the four points A, B, C, and D.
The simulation results demonstrate that the proposed trajectories in this paper are highly
similar to the trajectory curves of the manipulator and the worktable. The simulation results
demonstrate that the INSGA-II algorithm proposed in this paper is capable of achieving
stable operational trajectory planning and cooperative control between the manipulator
and the worktable, while satisfying the time–jerk optimization.
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6. Conclusions
This paper studied the optimization trajectory for a woodworking manipulator and

worktable, with the objective of minimizing both time and jerk. The improved D-H para-
metric method is utilized for both forward and inverse kinematics analysis, and a trajectory
optimization method is proposed that integrates the 5-7-5 piecewise polynomial interpola-
tion method and the improved NSGA-II algorithm, which incorporates multiple strategies.
To ensure the smoothness and continuity of the trajectories, we increase the order of the
polynomials from the usual 3-5-3 to 5-7-5. This adjustment increases the computational
complexity while improving the continuity and smoothness of the trajectories. For high-
degree of freedom robotic arms, this complexity can limit the real-time and scalability of the
algorithm. Therefore, a balance between performance and computational complexity must
be found to ensure the effectiveness of the algorithm in practical applications. In order to
solve the NSGA-II algorithm susceptibility of local optimization and slow convergence
speed, a novel approach is proposed. By substituting the random population initialization
in the original algorithm with a good point set, the non-uniform distribution of the Pareto
frontier is effectively avoided. The parent selection mechanism based on sex ranking is
proposed to replace the tournament selection method in the original algorithm, which accel-
erated the convergence process of the algorithm. This resulted in a notable acceleration of
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the algorithmic convergence process. The objective of this paper is to optimize the time–jerk
of the manipulator and worktable. The results showed that the 5-7-5 piecewise polynomial
interpolation method can achieve a high-order, smooth, and continuous running trajectory
for each joint. Moreover, this approach can be constrained in terms of both start–stop speed
and acceleration, thereby preventing any abrupt and uninterrupted changes in impact. The
trajectory obtained by improving the INSGA-II algorithm is smooth, and the joint motion is
more stable, thus reducing mechanical damage. The simulation results demonstrated that
the improved NSGA-II algorithm was more effective than the original algorithm in com-
pleting the task of multi-objective trajectory optimization of the woodworking manipulator
and worktable.
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