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Abstract: This paper presents the similarity model of a rotary lobe expander (Roots ex-
pander) and calculates its power based on its other reference power. The rotors in these
expanders transfer unchanged gas volume within one rotation. In this model, the ex-
pander’s construction is represented by the single value of this transferred volume. The
derived model concerns the similarity of pressure loss due to the fluid viscosity, which
decreases the ideal maximum power of the limiting case of no viscosity. The basic thermody-
namic analysis of various fluids is also presented for this case. The novelty is the similarity
model of this expander type, which may be used in the analytical and fast engineering
calculation of the power before the use of the more precise but expensive numerical calcu-
lation. The similarity model is applied to the exemplary rotary lobe expander GGP16XA
from Armak Motors. In this paper, the similarity model is applied in two cases. The first
application concerns the manufacturer’s data on the power from the compressed air of
various inlet pressures and rotational speeds. The second one concerns the numerically
calculated power from various fluids: Air, R245fa, SES36, and HFE7100, with the power
from Air as a reference. The analyzed fluids are used in Organic Rankine Cycle (ORC)
applications. In both cases, the obtained similarity power is in good agreement with the
reference, with the same maximum relative error +5%.

Keywords: rotary lobe expander; Roots expander; similarity model; various fluids; Organic
Rankine Cycle (ORC)

1. Introduction

There are several types of volumetric expanders. The most popular are the scroll
expander [1], screw [2], reciprocating piston [3], rotary vane [4], and rolling piston [5]. In
this paper, the rotary lobe expander (Roots expander) is taken into account. This type of
expander is special because it has a built-in volume ratio equal to 1, which means that the
gas pockets do not change their volume during the rotation [6].

Volumetric expanders are used in many areas. Of special interest is their usage in
waste heat recovery and in combined heat and power generation [7,8].

Recently, there have been more publications in which this type of expander is ana-
lyzed [6,9,10]. Numerical calculations of the rotary lobe expanders are presented in [11,12];
similar numerical calculations, but for pumps of this type, are presented in [13,14].

In this paper, the simple analytical model of the power of these expanders is derived.
It is based on the similarity theory presented in many books, e.g., in [15,16]. The similarity
in the derived models involves the similarity in pressure loss due to fluid viscosity, which
decreases the power in case of no viscosity. This similarity allows the usage of known
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power from one working fluid in the calculation of the power of another. The construction
of the expander is represented by one value of the volume transferred by the rotors during
one shaft’s revolution. The presented model allows easy calculation of the power for
various fluids or for the other working conditions (pressure, rotational speed) before using
the more precise but expensive numerical calculation. The authors did not find any studies
on existing similarity models for the analyzed rotary lobe expander.

The similarity model was tested on the exemplary rotary lobe expander, the GGP16XA
from Armak Motors (Hull, East Yorkshire, UK) [17], due to its higher allowed temperature
compared with XGA16. This expander was disassembled and measured.

2. Geometry of the Analyzed Exemplary Rotary Lobe Expander

The analyzed exemplary expander GGP16XA [17] (Figure 1) is originally designed
to work with compressed air of the max inlet pressure of 16 bar(a) and the atmospheric
outlet one of 1 bar(a), and the max inlet temperature of 150 °C for continuous work.
The power is higher than 30 kW for the inlet pressure p;, = 16 bar(a) and the rotational
speed 7 = 3000 rpm. The maximum rotational speed is 3500 rpm, with the recommended
minimum being 1000 rpm.

(b)

Figure 1. (a) Partially disassembled rotary lobe expander GGP16XA.(b) Three-dimensional view of

the measured construction: 1 outer casing, 2 outlet, 3 inlet, 4 upper rotor, 5 lower rotor, 6 bearings.

The expander consists of the 126 mm upper rotor on the expander’s shaft and the
2180 mm lower rotor, rotating with 2/5 of the upper rotor’s speed. The distance between
the rotors” axes is 126 mm. The rotors are 100 mm long and are connected by the gear train.
The outer expander’s dimensions are 319 x 262 x 265 mm, and the weight is 82 kg.

In the derived similarity model, the construction of the rotary lobe expanders is
represented by the volume AV oy, transferred by the rotors during one shaft’s revolution.

Analysis of the particular rotors’ geometry is presented in Appendix A. The volumes
transferred in one shaft’s revolution by the upper and the lower rotors are analytically
derived in Appendix A: AVgeom,, = 5.3718-10~* m? and AV, = 2.4609-10~* m?. The total
volume transferred in one shaft’s revolution is their sum: AV geom = 7.8327-10% m3.

The measurement tolerance is 0.1 mm. For the measurements increased by 0.1 mm,
the obtained AV geop, is 7.8582-10~% m3. For the measurements decreased by 0.1 mm, the
obtained AV geop is 7.8074-10~% m3. The relative changes AV geop, are +0.33% and —0.32%,

respectively.
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The program in Object Pascal, Delphi 7 Environment, was developed to simulate the
expander’s geometry at various rotation angles. Figure 2 shows the screenshots from this
simulation program. The high-pressure inlet chamber and the low-pressure outlet chamber
are in red and blue. The upper and lower high-pressure gas pockets are in magenta and
yellow. The rapid gas expansion to the outlet (Figure 2c) does not produce work.

alfa1=100°

alfa2=-40°

(b) (c)

Figure 2. Screenshots from the geometry simulation program. The expander’s cross-section (a) at
an angle of 0, (b) just before the opening of the upper high-pressure gas pocket, and (c) just after its
opening, with no work from this gas expansion (white arrows).

3. Limiting Case of No-Viscosity Fluid

The limiting case of no-viscosity fluid of the expander’s power P is the basis for the
further-derived similarity model of the actual power P for the real viscous fluids.
The inlet/outlet pressure difference Apjy, ,,,; is defined as follows:

AIgin,out = Pin — Pout (1)

In the limiting case of no viscosity, the pressure difference Ap o acting on the rotors is
the highest and is equal to Ap;,, ,,;+ because there is no pressure loss:

APO = Apin,out (2)

The limiting and maximum work W produced by the rotors in one shaft’s revolution
is given as follows:
Wy = AVgeom “Apg = AVgeom “APinout 3)

where AV is the volume transferred by the rotors in one shaft’s revolution. It is a
constant value for the geometry of the particular rotary lobe expander.
It gives the limiting power Py, applied in the next section of the similarity model:

Ph=n-Wy =n- AVgeom “APinout @)

The limiting power Py is independent of the fluid because of no viscosity.

The ratio of the upper rotor’s power Py, to the total Py is given by the following
equation:

P(),u _ n- AVgeom,u : Apin,out _ AVgeom,u

Py - on- AVgeom “APinout B AVgeom

©)

Substitution of the numerical values (Appendix A) gives Py, /Py = 0.6858. The small
upper rotor produces 69% of the expander’s power Py in the limiting case of no viscosity.
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The manufacturer’s experimental characteristics of the expander’s power P, for
compressed air [17] are compared with the power Py of no-viscosity fluid. Figure 3 shows
the manufacturer’s plot of the power P, (solid lines) vs. the rotational speed n, for the
inlet air pressure p;, = 7...16 bar(a) and the atmospheric outlet one poy = 1 bar(a).

GGP16 Power
50
—15bar-(2175psi) 16 bar(a)
—12bar - (174ps) 13 bar(a) | e0
40 —10bar-(145ps) 11 bar(a)
8 bar - (116 psi) ( 50
=5 bar - (87 psi) (
230 140 £
g g
& 0 3
20
20
10
10
0 0
0 500 1000 1500 2000 2500 3000

Speed (RPM)

Figure 3. Manufacturer’s experimental plot of the expander’s power Py, vs. the rotational speed
n, for compressed air [17] (solid lines). The inlet pressure is p;;, = 7...16 bar(a) and the atmospheric
outlet pressure is p,,¢ = 1 bar(a). The limiting power Py of a no-viscosity fluid (dashed lines) is drawn
over the original plot.

The limiting power Py (4) of no viscosity (dashed lines) is drawn over the original
manufacturer’s plot. At the low rotational speed, 7, the influence of viscosity is almost
negligible, and the actual experimental power P, is close to the limiting power Py.

The expander’s power P depends on the mass flow rate and the specific enthalpy
change:

P = m-Ah = m-[h(pin, Tin) — B(Pout, Tout)] (6)

where the mass flow rate is given by the inlet volumetric flow rate Vi:
m = piy Vi @)

In the case of no viscosity, the inlet volumetric flow rate Vin,o is equal to the volumetric
rate Vgeom taken and transferred by the rotors, Vin,o = Vgeom because there is no pressure
loss or density change from the inlet to the rotors.

For the real viscous fluids, the inlet pressure p;, and the density p;, are higher than
those near the rotors, which means the volumetric flow rates Vin < Vgeom.

The geometric flow rate transferred by the rotors is given by the following equation:

Vgeom =n- AVgeom (8)

The mass flow rate taken by the rotors in the case of no viscosity is given by the
following equation:

My = Pip - Vin,O = Pin - Vgeom 9)
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In this case, the limiting power Py is given by the following equation:
Py = mg-Ahy = Oin - Vgeom - Ahy (10)

where Ahy is the specific enthalpy change in the case of no viscosity.
The combination of (4), (7), and (10) gives the formula for the specific enthalpy change
Ahy in the case of no viscosity, independent of the rotational speed #:

(11)

The value of Ahy (11) allows calculation of the corresponding outlet temperature Tyy,0,
by solving the equation for Ty o:

h(pin, Tin) — (Pout, Tourp) = Ahg (12)

The corresponding outlet density poyt g is given by the following equation:

Poutd = P(Poutr Tout,O) (13)

The highest available power P; from the isentropic expansion between the inlet and
outlet, for the same mass flow rate my as in (10) and the same inlet and outlet pressures, is

given by the following equation:
Py = 1ing - Ahg (14)

where the isentropic change in the specific enthalpy Ak is given by the following equation:
Ahs = h(pin, Tin) — h(Pout, Sin) (15)

with the inlet-specific entropy:
Sin = S(Pins Tin) (16)

A combination of (10) and (14) gives the isentropic efficiency 75 ¢ for the limiting case
of no viscosity, independent of the rotational speed n:

Py Ahg

;75,0 = PS - Ahs (17)

In Table 1, the calculation results for the limiting case of no viscosity are presented for
the expander working with compressed air and with the other fluids R245fa, SES36, and
HFE7100 in the Organic Rankine Cycle (ORC).

Table 1. Limiting case of no viscosity for the expander working with compressed air and with the
other fluids in the ORC. Py, Ps, and 1 are calculated for the rotational speed #n = 3000 rpm.

Fluid Pin T; Pin Pout Tout,0 Pout,0 Py b 15,0 g
Bar(a) °C kg/m3 Bar(a) °C kg/m3 kW kW Y% kg/s
Air 16.0 25.0 18.78 1.0 —-57.8 1.62 58.7 119.1 49.3 0.736
R245fa 16.0 115.8 91.09 1.0 74.1 4.74 58.7 187.3 31.4 3.567
SES36 16.0 149.8 125.9 1.0 94.1 6.22 58.7 192.8 30.5 4931

HFE7100  16.0 179.6 175.9 1.0 153.8 7.21 58.7 233.5 25.2 6.889
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The inlet pressure is p;,, = 16 bar(a), the atmospheric outlet pressure is poy+ = 1 bar(a)
and the rotational speed is # = 3000 rpm. In the ORC, the inlet temperature Tj, is 5 °C
higher than the boiling temperature of the working fluid at the inlet pressure pj,.

Each no-viscosity power Py (4) is the same as it depends only on the pressure difference
Apip ot and the rotational speed n. The isentropic power Ps (14) depends on the fluid, which
makes the values of the isentropic efficiency 75, (17) different.

Even in the ideal case of no viscosity, the isentropic efficiency 1 g is far below 100%
due to the expander’s principle of operation with an unproductive gas expansion to the
outlet, which strongly decreases the power. The rapid expansion of the gas to the outlet is a
real viscous dissipation process of mechanical energy.

The intention of this basic thermodynamic analysis is to show the thermodynamic
differences among the working fluids without viscosity effects being taken into account.

Figure 4 shows the isentropic efficiency 7 ¢ vs the inlet pressure p;, for the analyzed
fluids. The efficiency 7, ¢ increases to 100% as the inlet pressure p;, reduces to the outlet
pressure poy,, while the expander’s power reduces to 0.

00" %) N;,0=Po/P;

90 -
80 -
70
60 -
50 A
40 -

20—§

Epout=1 bar(a) Pin (bar(a))

T T T T T

0 2 4 6 8 10 12 14 16

Figure 4. Isentropic efficiency 75 vs. the inlet pressure p;, in the ideal case of no viscosity for
compressed air and for the other fluids working in the ORC.

The limiting power Py (4) and the specific enthalpy change Al (11) are also analyzed
regarding sensitivity to the variations in the quantities in these equations. The uncertainties
in Py and Ahg are determined by the use of the propagation of uncertainty [18,19].

The relative uncertainty of Py, for uncorrelated 1, AV geom, Apin,out in (4), is given by
the following equation:

2 2
(SPO> 2 — (Sn) 2 _|_ (SAV&’UW ) + ( SAPin,out ) (18)
Py n AVgeom APinout

The relative uncertainty of AVgeoy, is determined in Section 2. S AVgeon / AV geom = 0.33%.

The remaining relative uncertainties are assumed as Sn/n = 5%, Sapin,out/ Bpin,out = 5%. The
obtained relative uncertainty is Spg/ Py = 7.08%.
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The specific enthalpy change Ahg (11) may be directly compared with the same quantity
of the real, viscous working fluid. The relative uncertainty of Ahy, for uncorrelated Ap;, ;¢
pin in (11), is given by the following equation:

2
<5Ah0>2 _ <5AP) . <SP>2 (19)
Ahyg APin,out Pin

The relative uncertainties are assumed as Sapin,out / APin,out = 5%, Spin/ Pin = 5%. The

obtained relative uncertainty is Sapo/Ahg = 7.07%.

4. Similarity Model for Viscous Working Fluids

The presented limiting power P (4) of no viscosity is the basis for the similarity model
of the actual expander’s power P working with viscous fluids.

The derived model concerns the similarity of the pressure loss Apj,ss due to the fluid’s
viscosity, which decreases the expander’s power.

The actual power P is less than the limiting power Py due to the pressure loss Apjyss,
mainly because of the fluid viscosity. The influence of internal leakage is not analyzed in
this paper for the rotational speed n above the recommended minimum of 1000 rpm.

The actual pressure difference Ap acting on the rotors is less than the inlet/outlet
pressure difference Apj, ,,+ by the total pressure loss Apjyss:

AP = Apin,out - Ar)loss (20)

Both Ap and Apjyss are mean values within one shaft’s rotation.
The actual expander’s power P is a modification of the limiting power Py (4), where
Apin out is replaced by Ap (20), which makes the actual power P < Py:

P=mn- AVgeom “Ap = n- Avgfom : (Apin,out - Aploss) (21)

In the presented similarity model, the pressure losses are not separated and are
represented by the single total pressure loss Ap,,; between the inlet and the equivalent
piston (Figure 5). Both rotors with a constant rotational speed are represented by the single
piston with a constant velocity, jumping back to the beginning in every cycle. This way,
in this model, the fluid flow and the pressure loss are constant between the inlet and the
equivalent piston.

pin  pPm Ppstin = Ppst,out  Pout
) ﬁplossh ) Ap "
h Apin,out i

Figure 5. The model of the single inlet pressure loss Apj,s representing the total pressure losses.

Although the assumption of the single, constant pressure loss Apj,s; may seem rather
coarse, the results of the derived similarity model are in good agreement with the manufac-
turer’s experimental data and with the results of the numerical calculation.



Appl. Sci. 2024, 15,120

8 of 22

In this simplified model, the pressure py i, near the piston is given by the following
equation:
Ppst,in = Pin — Aploss (22)

Pressure drop Apjs in the incompressible viscous flow is a well-known phe-
nomenon [20] and is represented by the general relationship between the Euler and
Reynolds numbers:

1\7
Eu = f(Re) = A- <Re) (23)

The coefficient A depends on the channel’s geometry and the flow type and is reduced
in further derivation. The exponent oy depends on the flow type: v = 1 for laminar flows,
v = 0.25 for turbulent flows (the Blasius formula), and 7 = 0 for local losses (valves, sudden
channel contraction/expansion, etc.) or for very turbulent flows. These pure cases cover
the range of the possible cases and generally 0 < ¢ < 1.

However, for the compressible gas, the pressure drop Apj,ss from the inlet to the piston
makes the fluid’s density change significant. In this case, the simplified concept of the mean
gas pressure p;; and the corresponding mean gas density p,, [21] is used.

The mean pressure py, (Figure 5) is assumed to be the arithmetic mean of p;;, and ppst in:

Pm = (pin + ppst,in) /2 = Pin — Dpjes /2 (24)

The explicit form of the Euler and Reynolds numbers in (23) gives the equation:
A v
W . -
Pm * /2 O - dp - P

with the mean fluid density p,;, and viscosity p;, at the mean pressure p;;, and with the
equivalent hydraulic diameter d;, reduced further.

The mean fluid velocity vy, is calculated using the same mass flow rate m at the mean
pressure py, and at the pressure p,; i, near the piston, with the known volumetric flow rate

Vggom transferred by the piston:
m = Pp- Vm = Ppst,in " Vgeom (26)

It gives the volumetric flow rate V,, for the mean density o

_ Ppst,in
Pm

Vin

Vgeom 27)

The mean fluid velocity v,, used in (25) is calculated using the mean channel’s cross-
sectional area S;;;, which is reduced further:

Vi Ppstin Vgeom  Ppstin 1 AVgeom

0 = —_— = — . 28
" Sm Om Sm Om Sim @8
The combination of (25) and (28) gives the formula for the pressure loss Apjys:
A 1— Ppstin N - AVeeom =y
A — Yol D g >
Ploss 7. dz Hm - Pm < Om S ( 9)
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This formula is converted to the form in which the right-hand side depends only on
the geometry of the particular expander:

2
Aploss — A- Avggogl (30)
= 5=

7 Ppst}n . n2- 2. dz . Sm v

UG Pm

This way, the left-hand side in (30) also depends only on the geometry of the particular
expander.

It gives the similarity equation for the pressure loss Apj,ss with the similarity parameter
B of the particular expander:

A

Shes = B (31)
Y . pst,in . 2_7
m Pm n

The flow from the inlet to the piston is an isenthalpic process and is approximated by
the isothermal process of the perfect gas. The Clapeyron equation gives the density:

m p- Mmol

P=V = RT (32)

It gives the gas densities at the inlet pressure p;;, at the mean pressure p;;, between the
inlet and the piston, at the pressure p, ;, near the piston, for the same temperature Tj;;:

o= P Mot pec Mo Ppstin Mol
Pin = R-T, Pom = R-T,, Ppstin = R-T, (33)
which, using (22) and (24), gives the following:
Ppst,i
@ =1- Aploss/(2 : pin) PS‘ == 1- Aploss/pin (34)
Pin Pin

The equations in (34) are substituted into Equation (31), and the viscosity i, in (31)
is replaced by the known inlet y;, since gas dynamic viscosity weakly depends on the
pressure.

The final similarity equation for the pressure loss Apj,ss, with the parameter B for the
particular expander, is given by the following equation:

A

Ploss — — B (35)
T ol 0 Bpioss/pin) ™Y 0y
‘uin pin 1_Aplass/(2'piﬂ)

In the next sections, examples used to determine <y and B are presented.

5. Manufacturer’s Experimental Data for Power from Compressed Air

Table 2 presents the manufacturer’s experimental power P, from compressed air,
read from the original plot in [17] and also shown in Figure 3 (solid lines).

The inlet pressure is p;,, = 7...16 bar(a), the atmospheric outlet pressure is p,u; = 1 bar(a),
and the rotational speed is n = 250, 500, ... 3000 rpm.

To the best of the authors’ knowledge, the manufacturer’s plot in [17] is probably the
only published experimental data for the analyzed expander type. The inlet air temperature
is not presented. The lines in this plot are probably smoothed based on the unknown
number of measurements.
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Table 2. Manufacturer’s experimental power Prns for air [1], also in Figure 3 (solid lines), for
Pin =7...16 bar(a) and poyt = 1 bar(a).

n Py, KW
rpm 7 Bar(a) 9 Bar(a) 11 Bar(a) 13 Bar(a) 16 Bar(a)

0 0.000 0.000 0.000 0.000 0.000
250 1.830 2.440 3.080 3.720 4.630
500 3.650 4.870 6.090 7.310 9.130
750 5.350 7.140 8.930 10.720 13.430
1000 6.970 9.300 11.670 13.970 17.460
1250 8.420 11.270 14.070 16.880 21.110
1500 9.780 13.020 16.310 19.590 24.490
1750 11.030 14.750 18.400 22.120 27.670
2000 12.210 16.310 20.370 24.460 30.550
2250 13.260 17.730 22.160 26.620 33.250
2500 14.240 18.980 23.710 28.480 35.590
2750 14.920 19.930 24.900 29.910 37.380
3000 15.560 20.770 25.950 31.160 38.940

6. Similarity Analysis of the Manufacturer’s Experimental Data for Air

The first application of the similarity model uses the manufacturer’s experimental
data for air [17] (Table 2).

The measurements of Py, are in Table 2 for p;, =7...16 bar(a) and pout = 1 bar(a). The
assumed inlet temperature is Tj, = 25 °C, which is not given by the manufacturer. The
applied rotational speed is n = 750, 1000...3000 rpm because 1000 rpm is the recommended
minimum rotational speed.

The manufacturer’s power P, is approximated by the similarity power Pg;y, for the
corresponding inlet/outlet pressure difference Ap;, ,,; and the rotational speed 7.

The similarity power Pg;y,, is calculated from (21):

Py = n- AVgeom ’ (Apin,out - Aploss,sim) (36)

where the similarity pressure loss Apjysssin is calculated by numerically solving Equation
(35) with the inlet viscosity y;, and density p;, for the inlet pressure p;, and temperature
T,‘ni
Aploss,sim — - B (37)
Y. 1—y . (1_Apluss,sim/pin) . 1/12,7
yin pm 1_Aploss,sim/(2‘pin)

The parameters vy and B are approximated from the manufacturer’s experimental
power Py, via minimization of the function ¢(7y,B) (38).

This function is the maximum absolute value of the relative difference between the
similarity P, and the manufacturer’s power P;,,,.. It is determined using the all-inlet
pressures p;, and rotational speeds n:

: pin = 7..16bar(a),n = 750..3000 rpm| (38)

GD(')’/B) = MIZXH (Psim - Pmnf) /Pmnf
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The minimization of ¢(7,B) is the approximation in the maximum norm [22] of Py,,,s by
Pgjy,. It is different from the least squares minimization [22] and it minimizes the maximum
relative difference between Py, and Pyy;pp.

The Nelder-Mead method of minimization of ¢(v,B) gives 7 = 0.10886 (—) and
B = 119.8676, which is not dimensionless. The units of B are complicated; as in (31),
they depend on the value of 7.

The similarity power Pg;;, and the ratio Py, / Pyps are presented in Table 3 and Figure 6.
The ratio Pgjy, /Py is calculated to compare Py, and Ppy,¢ and to present the relative
errors of the approximation of Py by Psj,. The maximum relative error of Py, vs. Pyyyur
in the analyzed ranges of the pressure and the rotational speed is about £5% (Table 3
and Figure 6b). The obtained similarity power Pg;,, is in rather good agreement with the
manufacturer’s experimental power P,r.

Table 3. Similarity power for air Py, and the ratio Py, /Py of the similarity power and the
manufacturer’s experimental power for p;,, =7...16 bar(a) and p,,: = 1 bar(a).

} P, kW Pin! Pnf, —
rpm 7 Bar(a) 9 Bar(a) Balrl(a) Ballia) Balria) 7 Bar(a) 9 Bar(a) Balrl(a) Bal:za) Balr6(a)
0 0.000 0.000 0.000 0.000 0.000 1.0000 1.0000 1.0000 1.0000 1.0000
250 - - - - - - - - - -
500 - - - - - - - - - -
750 5.612 7.503 9.397 11.291 14.134 1.0490 1.0509 1.0522 1.0532 1.0524
1000 7.252 9.714 12.180 14.649 18.355 1.0404 1.0446 1.0437 1.0486 1.0513
1250 8.731 11.724 14.722 17.724 22.234 1.0370 1.0403 1.0463 1.0500 1.0532
1500 10.043 13.520 17.005 20.498 25.747 1.0269 1.0384 1.0426 1.0463 1.0513
1750 11.186 15.102 19.031 22.969 28.891 1.0141 1.0239 1.0343 1.0384 1.0441
2000 12.168 16.479 20.807 25.147 31.676 0.9966 1.0104 1.0214 1.0281 1.0369
2250 13.000 17.664 22.349 27.049 34.125 0.9804 0.9963 1.0085 1.0161 1.0263
2500 13.695 18.673 23.676 28.699 36.263 0.9617 0.9838 0.9986 1.0077 1.0189
2750 14.268 19.525 24.811 30.120 38.119 0.9563 0.9797 0.9964 1.0070 1.0198
3000 14.732 20.236 25.774 31.338 39.724 0.9468 0.9743 0.9932 1.0057 1.0201
o P aw) Pontr Pim A P/ Pont Pgim/Pron A
50 -~ psimi6bara)  1.15
L e e
0 | i - TIRTE S S5
S —Pme3bare) g s | 9bar(a)
20 ~ —Pmnf,11bar(a) ~7bar(a)
S e Pmnf,9bar(a)  0.90
10 % —Pmnf,7bar(a) 085 4
0 . . ?(rpm) 0.80 . . | n (rpm)
0 1000 2000 3000 0 1000 2000 3000
(a) (b)

Figure 6. (a) Comparison of the manufacturer’s experimental power Prng for air [17] (solid lines, also
in Figure 3) with the similarity power Pg;,,, (dashed lines) vs. the rotational speed n = 750...3000 rpm;
(b) the ratio Pg;y, / Pyyyf for the comparison of Py, and Pyyyr.
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7. Numerical Calculation of the Power for Air and the Other Fluids

The numerical Immersed Solid method in the program ANSYS/CFX 19.1 was used to
calculate the power Py, for Air, R245fa, SES36, and HFE7100 for two rotational speeds:
n = 1500 and 3000 rpm.

Figure 7 shows the meshes of the fluid and the solid domain. The thickness of the
domains is 10 mm. The results of the numerical calculation are multiplied by 10 to obtain
the power Py, for 100 mm long rotors.

Figure 7. Meshes of the fluid and two solid domains.

The number of used cells and their nodes for the fluid and two solid domains are
presented in Table 4.

Table 4. Number of nodes and cells in the domains.

Domain Number of Nodes Number of Cells
Total model 293,976 62,088
Fluid 222,053 47,748
Upper rotor 21,236 4305
Lower rotor 50,687 10,035

Clearance among the rotors and the housing is not taken into account. The used
turbulence model is two-equation RANS (Reynolds Averaged Navier-Stokes) k-¢ (Scalable
Wall Function), with turbulence intensity of 5%. The time step is 0.0002 s (3.6° and 1.8°
of the upper and lower rotors, respectively, at 3000 rpm of the shaft). In one time step,
there are 10 iterations. The discretization is the Second Order Backward Euler. The other
settings are advection scheme: high resolution; residual type: root mean square (RMS); and
convergence: 1074,

One of the subsequent stages of calculations of the rotary lobe expander involved
performing the mesh independence test. The aim was to examine the influence of grid
density on the obtained computational results. In this case, the calculation was conducted
for two grid densities. One of them corresponds to the grid whose number of elements is
presented in Table 4. In the second case, the aforementioned grid was doubled in density.
The results of the comparison between these two types of calculations are shown in Figure 8
using the example of the output power for the given inlet pressure p;, = 16 bar(a) of air,
outlet pressure pyy = 1 bar(a), and rotational speed n = 3000 rpm.
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Figure 8. Instantaneous output power as a function of the rotational angle of the upper rotor (the
expander’s shaft) for the various computational scenarios of the rotational angle and the numerical
grid density, given the inlet pressure p;, = 16 bar(a) of air, the outlet pressure p,y; = 1 bar(a), and the
rotational speed n = 3000 rpm.

The mesh independence was tested during the first two revolutions of the upper
rotor because of the high cost of the calculation. The comparison indicates relatively good
consistency in the calculation, as demonstrated in Table 5—the relative difference amounted
to approximately 0.53%. For this reason, it was decided to continue the calculation using
the coarser grid (Table 4), which, as in the case described above (for the time step), directly
contributed to saving computational time and the required disk space.

Table 5. Mean values of the output power P for air depending on the rotational angle of the upper
rotor (the expander’s shaft) during its two first revolutions for the pressure difference Ap;y, ,,,; = 15 bar
and the rotational speed n = 3000 rpm. The upper rotor’s increment in the rotational angle is 3.6°
(0.0002 s).

Pin = 16 Bar(a) Single Grid Double Grid Relative
Pout =1 Bar(a) Density, Table 4 Density Difference, (%)
Mean output power, kW 45.984 46.229 0.53

The values used in the calculation (Table 6) are the same as in Table 1. Only the air
density p;, is different at the fourth digit because in ANSYS/CFX, it is calculated from
the Clapeyron equation. The dynamic viscosity p;, of HFE7100 is calculated using the
Licht-Stechert formula.

Table 6. Values used in the numerical calculation and the critical parameters of the working fluids.

Fluid Pin T; Pin Hin-10° Pout Per Ter Per
Bar(a) °C kg/m? kg/ms Bar(a) Bar(a) °C kg/m3
Air 16.0 25.0 18.70 1.831 1.0 37.86 —140.6 3429
R245fa 16.0 115.8 91.09 1.440 1.0 36.51 154.0 516.1
SES36 16.0 149.8 125.9 1.841 1.0 28.49 177.6 517.6
HFE7100 16.0 179.6 175.9 1.553 1.0 22.29 195.3 555.0

The numerical results of the stabilized calculation after the first four revolutions of the
upper rotor, the Py, and §yum = Puum/ Po are presented in Table 7 and Figure 9.
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Table 7. Numerical power Py, and efficiency #yum = Ppum/Po for p;, = 16 bar(a) and pyy,¢ = 1 bar(a).

n Pyym, KW Hnum = Puyml/ Py, -
rpm HFE7100  SES36 R245fa Air Py HFE7100 SES36 R245fa Air
0 0.000 0.000 0.000 0.000 0.000 1.0000 1.0000 1.0000 1.0000
1500 20.255 21.142 21.905 24.000 29.373 0.6896 0.7198 0.7458 0.8171
3000 32.379 34.946 36.891 44.550 58.745 0.5512 0.5949 0.6280 0.7584
P kw - =
60 num ( ) I:,num . 1.0n2um ( ) r.|num Pnum/PO
! 09 -
50 e PO 08 - <Air
40 | -=-Air 0.7 + R245fa
R245fa 0.6 = =SES36
30 A -=-SES36 0.5 A <HFE7100
~-HFE7100 0.4 -
20 A 0.3 |
10 02
0.1 A
0 . ‘ . n (rpm) 00 . . ‘ n (rpm)
0 1000 2000 3000 0 1000 2000 3000
(a) (b)

Figure 9. (a) Numerical power Py, vs. the rotational speed n for various working fluids and
(b) efficiency #num = Pnum/Po. The dashed line shows the limiting power Py of the no-viscosity fluid.

The same expander type, but with the lower rotor on the expander’s shaft, was
numerically analyzed for air in [11]. They used the same Immersed Solid method in
ANSYS/CFX; however, for the rotational speed of the upper rotor, they used n = 2500 and
3750 rpm.

The open question is the difference between the manufacturer’s power Py 4 = 38.940 kW
and the numerically calculated P, i = 44.550 kW for the same n = 3000 rpm,
pin = 16 bar(a), and poyt = 1 bar(a).

It may be partly caused by the assumed lack of clearance among the rotors and the
housing in the calculation and by the possibly different inlet temperatures T}, for Py, and
Pyunf, which are not presented in the manufacturer’s data.

The main reason seems to be the assumed (forced) outlet pressure p,,; = 1 bar(a) at
the end of the fluid domain, i.e., at the end of the outlet chamber. In reality, the fluid (Air)
cannot go out fast enough at the high rotational speed of 3000 rpm to achieve p,,; = 1 bar(a)
in this place. The actual outlet pressure is higher and the actual power is lower.

The same issue is analyzed in [11] for the rotational speed of 3750 rpm for the upper
rotor, where the pressure 1 bar(a) at the outlet makes the calculated numerical power
too high in comparison with the manufacturer’s data. After increasing this pressure to
1.4 bar(a), the authors of [11] obtained good agreement between the calculated power and
the manufacturer’s power.

For n = 1500 rpm, the values Pz 4 = 24.490 kW and Py, 4;r = 24.000 kW are in good
agreement.

Because of this discrepancy, the manufacturer’s Pmnf and the numerical P, are used
separately in the similarity analysis and are not combined.
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8. Similarity Analysis of the Numerical Calculations for Air and the
Other Fluids

The second application of the similarity model uses the numerically calculated power
for the various fluids: Air, R245fa, SES36, and HFE7100.

The numerical power of the reference fluid (Air), Prefair (=Pjum,air) is used to calculate
the corresponding similarity power Pg;,, g for the other fluid “R”.

In this calculation, the same inlet and outlet pressures p;;, pout, and the rotational
speed n are used for Air and for the other fluid “R”.

Calculation of the similarity power Pg;y, g from the P 4, consists of four steps:

1. Calculation of the pressure loss Apjyss air (21) for the reference fluid Air for the known
reference power Pyyf 4t

Pref,Air

Aploss,Air = Apin,out - m (39)

2. Calculation of the similarity constant B (35) for the particular expander using the
pressure loss Apjyss air (39) for the inlet air viscosity y;, i and density p;, Air at piy, Tin:

B — Aploss,Air (40)

2=y
r P (1_Aploss/Air/pin)
‘uin’Air pin’Air 1_Aplass,Air/(2'Pin)

n2=

3. Calculation of the similarity pressure loss Apjy g for the other fluid “R” by solving
(numerically) the similarity equation using the constant B (40), and for the other fluid’s
“R” viscosity p;, g and density p;, r at the inlet p;;,, T;,:

Ap loss,R

2—
v . 177 . (17APIUSS,R/inl) ! . 2_7
yer per 17Aploss,R/(2'pin)

=B (41)

4. Calculation of the similarity power Py, g (21) for the other fluid “R” using the pressure
loss Apjossr (41):

Psipr = n- AVgﬁom ’ (Apin,out - Aploss,R) (42)

The obtained similarity power Pg;, g is further compared with the corresponding
numerically calculated P, r.

The exponent parameter 7 is determined for the particular pairs of Air and “R” by
minimization of the sum of squares ¢ for the rotational speed n = 1500 and 3000 rpm:

(P('Y) = 2 [(Psim,R - Pnum,R)/Pnum,R]2 (43)
n = 1500,3000

The Golden Section method of minimization of ¢ gives the individual values of -y for
the pairs of Air and R245fa, SES36, and HFE100 (Table 8).

Table 8. Exponent parameter 7y for individual pairs of fluids and the common value.

Air, HFE7100 Air, SES36 Air, R245fa Ycommon
0.5861 0.6578 0.5733 0.6029

Y-
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The minimization of ¢ for all the analyzed fluids gives the common value Y common:

@ (Yeommon) = Z Z [(Psim,r — Pnum,R)/Pnum,R]2 (44)
R = R245fa, SES36, HFE7100 n = 1500,3000

The common value Y¢ommon (Table 8) is more correct in the sense of similarity, but the
individual values of  give slightly better agreement between the similarity power Py,
and the corresponding numerical one Py, r-

The similarity power Pg;,,, g and the efficiency %y, r = Psin, r / Po for the individual «y
are presented in Table 9 and Figure 10. The values of Py, a;r and Py, air (Table 7) are
obviously equal.

Table 9. Similarity power Pg;,, g and efficiency #y, g = Psim r/Po for p;, = 16 bar(a) and poys = 1 bar(a).
The individual values of -y are used.

n Py, KW Ysim = Psim/Po, —
pm HFE7100  SES36 R245fa Air Py HFE7100  SES36 R245fa Air
0 0.000 0.000 0.000 0.000 0.000 1.0000 1.0000 1.0000 1.0000
1500 19.259 20.348 21.164 24.000 29.373 0.6557 0.6928 0.7205 0.8171
3000 33.582 35.936 37.831 44.550 58.745 0.5717 0.6117 0.6440 0.7584

60Piim (kw) Psim 1_onii'" ) I']sim=Psim/P0

0.9
50 1 R -e PO 0.8 - \\QﬁAir

20 . 7 o ir 0.7 D\E R245fa
R245fa 0.6 \Qasme

30 A » -=-SES36 0.5 | <-HFE7100
’ ~-HFE7100 0.4

20 4 03 |
10 4 0.2

p 0.1 A

# n{rpm n{rpm
0 . : . {rpm) 0.0 ‘ . ) (rpm)

0 1000 2000 3000 0 1000 2000 3000
(@) (b)

Figure 10. (a) Similarity power Pg;,, r vs. the rotational speed n for various working fluids and
(b) efficiency #simR = Psim,r/Po. The dashed line shows the limiting power P of the no-viscosity
fluid.

The similarity power Py, r for the various fluids, obtained from the reference numeri-
cal power Py 4y, is compared with the corresponding numerical power Py, for the same
fluids. Table 10 and Figure 11 present the ratio Py, r / Ppym r for these fluids.

Table 10. Ratio Py, / Ppum vs. the rotational speed n for the various fluids.

n Pgivi! Py, —
rpm HFE7100 SES36 R245fa Air
0 1.0000 1.0000 1.0000 1.0000
1500 0.9508 0.9624 0.9662 1.0000

3000 1.0372 1.0283 1.0255 1.0000
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Figure 11. Ratio of the similarity Pg;,, g and the numerical power P, g vs. the rotational speed # for
the various fluids for the comparison of Py, g and Py, r.

The ratio Psjy, r/ Puum R is calculated to compare Pg;p,, g and Py, g and to present the
relative errors of the approximation of Py, r by Psip, g in the analyzed ranges of pressure
and rotational speed. The maximum relative error of Py, vs. Pyf is about £5% (Table 9
and Figure 11), which is a rather good agreement. The same 35% as in Section 6 is probably
coincidental.

9. Discussion

The similarity model of the power P of a rotary lobe expander (Roots expander) is
derived. It is based on the limiting power of no viscosity and on the similarity of the
pressure losses. In this expander type, the volume transferred by the rotors from the inlet
to the outlet is the same (the built-in volume ratio is equal to 1). The presented model
concerns the similarity of pressure losses due to fluid viscosity, which decreases the power
calculated for the ideal case of no viscosity. In this model, it is necessary to know the total
volume transferred by the rotors within one shaft’s revolution. The model was tested on
the expander GGP16XA from Armak Motors, which was disassembled and measured.

The derived similarity model is rather simple. The intention was to develop an
analytical, fast engineering tool for calculating the expander’s power with acceptable
accuracy as the more precise numerical calculation is expensive. In this model, the heat
exchange with the ambient is not taken into account, along with the leakages. Two rotors
are modeled by the single piston and the expander’s geometry is represented by the
volume AV transferred by the rotors during the rotor shaft’s revolution. Pressure losses
are modeled by the single pressure loss at the high-pressure side, between the inlet and
the piston.

The similarity model was tested both for the manufacturer’s experimental power
for Air and for the numerically calculated power for Air, R245fa, SES36, and HFE100.
Additionally, the simple thermodynamic analysis for these fluids is presented. It shows the
difference among these fluids in the generated power in the limiting case of no viscosity.

In the first application of the model, the manufacturer’s values of power Punf (for five
different inlet pressures and the rotational speed n = 0...3000 rpm) are approximated by the
corresponding similarity power Pg;,,. The maximum relative error of this approximation
is £5%.

In the second application, the numerically calculated power from air Py, a;r for
pin = 16 bar(a) and the rotational speeds n = 1500 and 3000 rpm is used to calculate the
corresponding similarity power P, for the fluids R245fa, SES36, and HFE7100. The
similarity power is compared with the numerically calculated power Py, for these fluids.
The maximum relative error is again +-5%, which is probably a coincidence.
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The presented simple similarity model may be useful for quickly calculating the
expander’s power for various fluids, pressure conditions, and rotational speeds with
acceptable accuracy.

10. Conclusions

e  The similarity model of the power of a rotary lobe expander (Roots expander) is
derived. It is based on the limiting power of no-viscosity and on the similarity of the
pressure losses.

e  The novelty is the simple similarity model of this expander type, which may be used
in the analytical and fast engineering calculation of the power before the more precise
but expensive numerical calculation. It was tested in two applications.

e  The first application is the approximation of the manufacturer’s experimental power
using the similarity power. The maximum relative error is +5%.

e  The second application is the calculation of the similarity power for the fluids R245fa,
SES36, and HFE7100 based on the numerical power for Air. The obtained similarity
power is compared with the numerical powers for these fluids. The maximum relative
error is again £5% (it is potentially a coincidence).
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Nomenclature

A coefficient in the pressure drop equation, —

B constant in the similarity equation, units are explained in Section 5
Eu Euler number, —

h specific enthalpy, J/kg

m mass flow rate, kg/s

n rotational speed, 1/s

p
p

power, W
pressure (absolute), Pa
Re Reynolds number, —
S uncertainty
s specific entropy, ] /kgK
T temperature, K
1% volumetric flow rate, m3/s

Vgeom volumetric flow rate transferred by the rotors, m3/s
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v fluid velocity, m/s

W work produced during one shaft’s revolution, |
Greek symbols

¥ exponent in the pressure drop equation, —
AVeeom volume transferred by the rotors during one shaft’s revolution, mS>
7 efficiency, —

U dynamic viscosity, kg/ms

P density, kg/m?3

@ minimized objective function, —

Subscripts

0 limiting case of no viscosity

geom geometric (transferred by the rotors)

in inlet

loss losses (of the pressure)

m mean value between the inlet and the piston
out outlet

pst near the piston

R general name of the fluid

s isentropic

mnf manufacturer’s experimental data

num numerical calculation

sim similarity calculation

Appendix A. Derivation of the Volume Transferred by the Rotors

The volume AV gy, transferred by the rotors in one shaft’s revolution is a basic param-
eter in the presented similarity analysis. In the analyzed expander type, this volume does
not change along the rotor’s rotation, i.e., it remains the same from the inlet to the outlet.

For the particular analyzed expander, the volume AV is derived analytically using
the measured sizes of the disassembled expander, schematically shown in Figures 1 and 2.

The cross-sectional geometries of the upper and the lower rotors are shown in
Figure Al. The volumes transferred by the upper and the lower gas pockets in 1/2 of
one shaft’s revolution (i.e., of the upper rotor) are shown in grey. The measured radii
are r1 = 36 mm, rp = 90 mm, r3 = 29 mm, and r4 = 63 mm. The length of both rotors is
L =100 mm. The distance between the rotors” axes is r; + r, = 36 mm + 90 mm = 126 mm.
The ratio of the rotational speed of the lower n; and the upper rotor n,, connected by the
gear train, is ny/n, =r1 /1, =36 mm/90 mm = 2/5.

Analytical derivation of the volumes transferred by the upper and the lower rotor:

Because of the symmetry, only the values for x > 0 are used in the calculation.

In Figure Ala, the upper halves of three circles are given by the following equations:

y = y/ri—x2...... y = \Jri—(x—r)*...... y = /17— 2 (A1)

The coordinates of points A and B are determined from the systems of equations:

— J2_ 2
/4 L7A /B . (A2)

ya = \/’g—(x/a—rl)2 yp = \/13— (xp—11)

2 42
ry —Xg

which gives the following;:

2 2 2 2 2 2 2 2
xA:Z'rl_r?’ o 3 xB:r1+r4—r3 :ri+r4—r3 (A3)
2~1’1 2‘}’1 2'1’1 2 2~1’1
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In Figure Alb, the upper and the lower halves of two circles are given by the following:

y = \/ri—x2... ... y =r—/ri—x2 (A4)

r4 r2 i
D B! ;
x |
Sy | *
r4 i
r3 2] 1 r3 i
(a) (b)

Figure A1l. Geometry of the (a) upper rotor and the (b) lower rotor. The gas pockets, shown in grey,
are transferred in 1/2 of the upper rotor’s shaft revolution.

The coordinates of point E are determined from the system of equations below:

— Jr2_ 2
YE 27 AE (A5)
yE = r2—\[r5—x}
which gives the following:
2
3
xp = r3-4/1 (2.r2> (A6)
The solutions are equal to the following;:
xa = 243194 mm xp = 61.4444 mm xp = 28.6212 mm (A7)

The volumes of the upper and lower gas pockets (Figure A1, in grey) are given by the
following equations:

Vpacket,u =2 (IA + IB) L Vpocket,l =2-Ig-L (A8)

where the integrals I4, I, and I are given by the equations:

Iy = /OXA (\/rﬁxQ\/r%xz)dx (A9)
Iy = /XB <\/rﬁx2\/r§(xr1)2)dx (A10)

A

XE
Ir = / \JrE—x2—r +\/r2—x2>dx All
E ) ( r; —X 2 3 ( )

The integrals are solved analytically as follows:
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X 2
Iy = 1/2- [r arcs1n< >+x A1 —x2 1 arcszn( ) /12 xz] (A12)
4" 2 4 1" o
. X —n
Ig = 1/2- [r arcsm( >+x r2x2r2~arcszn< ) (x —11) (x —11) } (A13)
4 2 Vs 3 s \/ ‘
XE

Ig = 1/2- —x2-2. — x2 Al4
E / {7’2 arcszn<r2>—|—x r3—x rp-x+73- arcszn(r3>+x \/ 73 x} . (A14)

The upper and lower volumes transferred in one shaft’s revolution are given as follows:
AVgeomu = 2+ Vyocketu BVeom1 = 2+ Vpocket,l (A15)

which gives the following:
AVgeomu = 53718107  m® AVgepy; = 2.4609-10 % m® (A16)

The total volume transferred by two rotors in one shaft’s revolution is equal to

the following:
AVgeom = AVeomu + AVgeomy = 7.8327 -107* m’ (A17)
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