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Abstract: The increasing use of finite element analysis in modern infrastructure design emphasizes
the importance of determining soil stiffness at small strains. This is usually represented by the
normalized shear modulus degradation curve, which is crucial for accurate design. In the absence of
specific measurements on the local soil, engineers often rely on empirical correlations and assume
comparable behavior of soils with similar intrinsic properties. However, the application of this
approach leads to uncertainties, especially for unique geological formations such as the soft cohesive
soils of the Ljubljana Marsh. The main objective of this study was to determine the small strain
shear modulus of Ljubljana Marsh soil with a plasticity index between 11 and 35%. Isotropic and
anisotropic stress conditions were investigated as part of an extensive laboratory test program that
included 45 bender element and 89 resonant column tests on 20 soil samples. By emphasizing the
importance of measuring soil stiffness at small strains, this study not only provides reliable data
for the development of the built environment in the Ljubljana Marsh and similar areas, but also
underlines its necessity.

Keywords: small strain shear modulus; cohesive soil; resonant column; bender elements; isotropy;
anisotropy; laboratory testing

1. Introduction

In recent decades, the expansion of the Slovenian capital Ljubljana has focused pri-
marily on the Ljubljana Marsh, which poses a major geotechnical challenge due to its soft
ground. The uppermost layers of the marsh consist of soft lacustrine sediments of Holocene
origin, mainly silt and clay [1], overlying a layer of gravelly alluvial sediments, which in
turn rest on the pre-Quaternary bedrock. The depth to bedrock can be up to 150 m [2].

An accurate prediction of soil–structure interaction requires a thorough site char-
acterization of the soft lacustrine layer and a comprehensive understanding of its basic
mechanical properties. Jardine et al. [3] and Burland [4] have shown that neglecting soil
stiffness at small strains can lead to incorrect predictions of stresses and strains in soils and
structures. With advances in computer technology, finite element analysis programs have
been developed that can take this phenomenon into account. In modern finite element
programs for geotechnical engineering, an extension of the Hardening Soil (HS) model [5]
is often available. This extension, known as the Hardening Soil model with small-strain
stiffness (HSS) [6], takes into account the increased stiffness of soils at small strains. The
HSS model is particularly useful in dynamic applications or when dealing with problems
arising from unloading scenarios [7]. It contains not only the basic parameters required
for the HS model, but also additional parameters that consider the soil properties at small
strains. These additional parameters are derived from specific tests, such as bender element
(BE) and resonant column (RC) tests.
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This article presents measurements of the small strain shear modulus of the soft
lacustrine sediments of the Ljubljana Marsh using bender element (BE) and resonant
column (RC) tests. This study not only compares these measurements with widely used
empirical relationships, but also investigates the effects of stress anisotropy on soil stiffness
at small strains. These measurements help to identify missing parameters that are crucial
for the implementation of the HSS model and make a valuable contribution to the further
development of the built environment in the Ljubljana Marsh.

Assessment of Soil Stiffness at Small Strains

The soil stiffness or shear modulus G at small to large strains generally results from
the material properties of the soil (grain characteristics, plasticity, void ratio, cementation),
the stress state or stress history (overconsolidation ratio, mean effective stress) and the dy-
namic loading characteristics (frequency, number of cycles, drained/undrained conditions).
However, factors that significantly influence G are the engineering shear strain amplitude
γ, soil plasticity index PI and effective stress σ′ [8,9].

The initial shear modulus G0 is defined at an infinitesimally small shear strain, typically
γ = 10−6, and can be measured in the laboratory using the BE and RC tests. According to
the studies, the BE technique provides G0 similar to that obtained with the RC technique
(e.g., [10–13]). In addition, Sas et al. [14] found that performing BE and RC tests separately
may lead to a possible discrepancy in the determination of G0. Nonetheless, the behavior
of materials in practice may differ from laboratory test results due to factors such as sample
disturbance and variations in assessment methods [15].

In the past, numerous researchers have formulated empirical relationships for estimat-
ing G0 derived from laboratory tests. In general, these empirical equations follow the form
proposed by Hardin and Black [16], in which G0 is expressed as a function of the material
constant S, void ratio e, overconsolidation ratio OCR, and effective stress σ′:

G0 = S· f (e)·g(OCR)·h
(
σ′) (1)

Vucetic and Dobry [17] have shown that G0 for normally consolidated soils (OCR = 1)
is not influenced by PI. However, for overconsolidated soils (OCR > 1), G0 increases with
higher PI. For practical applications, it is sometimes suggested that the effects of OCR on
G0 can be completely neglected [18]. Due to advances in measurement technology, direct
measurement of G0 is now widely used in various laboratory or field tests, as it provides
more reliable and cost-effective measurements compared to empirical relationships [19].

Usually, laboratory measurements of the secant shear modulus G are normalized
with respect to G0 as a function of γ. The shape of the G/G0 curve for cohesive soils
is notably influenced by factors such as PI, σ′ and the void ratio e [20–22]. In cohesive
soils, however, e is closely related to σ′ and OCR [6]. Therefore, most research focuses on
studying the effects of PI, while the influence of σ′ and OCR on the G/G0 curves is only
occasionally considered.

Hardin and Drnevich [21] formulated G/G0 curves with hyperbolic stiffness reduction
in the form of a normalized reference engineering shear strain γre f . After modification by
Santos and Correia [23], the modulus reduction model is expressed as follows:

G
G0

=
1

1 + 0.385·
(

γ
γ0.7

) (2)

where γre f = γ0.7 is the reference engineering shear strain at which the shear modulus
G0 decreases to about 70%. Numerical modelling software usually requires inputs for G0
and γ0.7 to construct the G/G0 curve, as is the case with the HSS model. In addition, such
a formulation of the G/G0 curve is characterized by a lower susceptibility to numerical
errors [6].
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For cohesive soils, it was shown that the γ0.7 increases with PI, σ′ and OCR. This
effect is more pronounced in soils with lower PI, while it decreases with increasing
PI [24,25]. Many studies have shown that the G/G0 curve is generally not affected by
OCR (e.g., [17,26]). Nevertheless, Sobol et al. [19] pointed out in their study on cohesive
Warsaw soils that there may not be a universal model for G/G0 curves. They pointed
out the importance of establishing numerous regional relationships to better capture the
variability of behavior.

Several research studies have formulated regression models using experimental data
(Table 1) to predict G/G0 curves for cohesive soils. These models can be represented
graphically or by given sets of equations. In addition, some authors (e.g., [22,27,28]) add
the power factor n to the Hardin–Drnevich model to achieve a better fit to the test results:

G
G0

=
1

1 +
(

γ
γre f

)n (3)

However, such a formulation of the hyperbolic model is not included in the HSS
model and is, therefore, not considered in this study. In addition, Darendeli [22] reported
the standard deviation of his proposed model, while Vardanega and Bolton [28] found an
uncertainty of 50% in the predicted γre f over the entire range of fitted data.

Table 1. Regression models for G/G0 for cohesive soils.

Reference
G/G0

Presentation Parameters

Vucetic and Dobry (1991) [17] graphically PI

EPRI (1993) [29] graphically PI

Darendeli (2001) [22] equation PI, OCR, p′

Zhang et al. (2005) [30] equation PI, p′

Vardanega and Bolton (2013) [28] equation PI

Ciancimino et al. (2020) [31] equation PI, p′

While natural soils are subjected to anisotropic stress conditions, most soil properties
are determined experimentally at small strains using isotopically reconsolidated sam-
ples [32]. Most research has investigated the effects of stress anisotropy on soil stiffness
at small strains, focusing on cohesionless soils (e.g., [33–35]). Limited studies specifically
address the effects of stress anisotropy on cohesive soils, often using the BE technique
(e.g., [36,37]). These studies show that the shear wave velocity vs increases with a higher
stress ratio (σ′

1/σ′
2=3) at the same mean effective stress p′ (calculated as

(
σ′

1 + σ′
2 + σ′

3
)
/3).

However, it is noteworthy that none of the available research papers considered the influ-
ence of stress anisotropy on the G/G0 curve.

2. Testing Equipment and Methods
2.1. Bender Elements

The BE technique is a non-destructive method that enables the determination of vs,
which in turn allows the calculation of G0. Since its introduction to soil testing by Shirley
and Hampton [38], the BE technique has become widely accepted and is used in various
geotechnical testing devices (e.g., [39,40]). The generation of shear waves is based on the
principle of the piezoelectric effect. When a voltage is applied to a piezoelectric element,
it deforms and generates mechanical stress and vice versa. The transmitted and received
signals are recorded (Figure 1) to determine the arrival time of the shear waves t, from
which vs can be calculated if the distance between the piezoelectric elements Ltt is known:
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vs =
Ltt

t
(4)
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Assuming homogeneous linear elastic material with known density ρ, the G0 can be
calculated as:

G0 = ρ·v2
s (5)

Although the BE technique is widely used, signal interpretation remains a challenge,
especially in the determination of t [41–43]. There are several methods to determine t,
which can be categorized into two main groups: time domain methods (arrival-to-future,
peak-to-peak and cross-correlation methods) and frequency domain methods (discrete and
continuous methods) [41]. Each of these methods has its own advantages and limitations,
and there is currently no method for interpreting BE test results that has been clearly shown
to be better than others [44]. As there is no clear approach for determining t, the results
obtained with BE are subject to a considerable degree of uncertainty and subjectivity [42].
However, time-domain methods are generally simpler and more straightforward, as t
can be determined directly by analyzing the time interval between specific points in the
transmitted and received waveforms [14].

In this study, the peak-to-peak method was used to determine t, as it gave better
agreement with the results of the RC test (Figure 2). In contrast, the start-to-start method
consistently yielded slightly shorter t or higher vs, which is close to the results reported
by Sas et al. [45]. Given the larger specimen size (Ltt > 80 mm), we also investigated the
possible effects of wave attenuation as discussed by Gao et al. [43].
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2.2. Resonant Column Test

The RC test device is the most commonly used laboratory device for determining G
and the material damping ξ of soils in the range of γ between 10−6 and 10−3 (e.g., [46,47]).

The RC technique was originally developed in the 1930s by the Japanese engineers
Ishimato and Iida [48]. It was further developed in the 1960s (e.g., [49–51]) and has since
become a popular technique for studying the stress–strain response of soil. It is based on
oscillation of a solid or hollow cylindrical specimen in one of its vibration modes (torsional,
flexural and normal modes) to determine the resonant frequency. In general, RC devices
can be divided into two groups: free-free and fixed-free [52]. In the free-free RC device, the
actuator is attached to either the upper or lower end of the sample, while the other end
remains free to rotate. In a fixed-free RC device, one side of the specimen is restricted in
its rotation, while the other end with the mounted actuator is free to rotate. RC devices
are often limited in their performance, as they are usually unable to measure a very small
strain (down to γ ≈ 10−6) without additional equipment [52].

In this study, the fixed-free torsional RC device from Wille Geotechnic was used
(Figure 3); this device is capable of performing RC and BE tests simultaneously under
isotropic and anisotropic stress conditions. The pneumatic system controls the cell and the
back pressure up to 1000 kPa. To measure the axial deformation of the sample, the vertical
displacement sensor is positioned in the confinement chamber. The volume changes during
the saturation and consolidation stages are measured with a burette. The device works
with sinusoidal torsional vibrations generated by two mini shakers attached to the top of
the specimen, while the bottom of the specimen remains fixed. The force generated by the
shakers is measured by a force sensor (excitation signal), while the movement of the sample
is measured by an accelerometer (response signal) mounted on one side of the drive plate:

amplitude =
1

ω2 ·
VRMS,

..
u

VRMS,F
=

1

(2·π· f )2 ·
VRMS,

..
u

VRMS,F
(6)

where VRMS,
..
u is the root mean square RMS value of the response sensor voltage, VRMS,F

is the RMS value of the excitation signal voltage, ω is the angular velocity, and f is the
frequency. Normally, the resonant frequency is determined by finding the maximum
amplitude (e.g., [53]). Theoretically, this method is not applicable to larger strains when the
soil has significant damping ξ, since the resonant frequency fr is defined by a 90-degree
phase shift between the response and the excitation (as shown in Figure 4 where the shift is
applied to obtain a phase jump), and the frequency at maximum amplitude is:

f = fr·
√
(1 − 2·ξ2) (7)
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The information required to calculate vs in the soil under the given conditions results
from the resonant frequency fr, specimen height h and boundary conditions defined by a
factor α [54]. Thus, G can be calculated as:

G = ρ·
(

2·π·h· fr

α

)2
(8)

The corresponding magnitude of engineering shear strain γmax induced in a specimen
can be calculated from the peak acceleration sensor amplitude at resonance

..
u, the accelerom-

eter relative position S and the specimen radius R [54]. Thus, γmax can be calculated as:

γmax =

..
u
f 2

r

2·R
12·π·h·S (9)

Typically, RC devices adhere to a 2:1 ratio between specimen height and diameter.
However, this ratio can be adjusted to change the fr if there are limitations in the testing
equipment or due to specific characteristics of the soil specimen [55].

3. Test Arrangement and Procedure

During the preparation stages, the soil samples were trimmed to produce cylindrical
specimens with a final diameter of 70 mm. The height of the specimens, either 140 or
100 mm, was chosen considering the estimated effective stresses in situ and the consistency
of the samples. For softer soil samples from shallower depths, problems were encountered
with the performance of the mini oscillators at the lowest effective stress, particularly
during oscillation with small shear stresses. To remedy this, the specimen height was
adjusted to 100 mm to increase the resonant frequency and address the issues with the mini
oscillators, following an approach similar to that of Kumar and Clayton [55]. The effect of
specimen height on the measured G was tested in advance to confirm the validity of the
results on specimens with a lower height to diameter ratio.

Before and after testing, specimens were measured and weighed to determine water
content and density [56,57]. Throughout the test, the vertical displacements of the specimen
were measured using an internal transducer. The specimen volume was determined con-
sidering the final volume and the corresponding volume change during each consolidation
stage. The specimen diameter was calculated assuming a perfect cylindrical shape, with
constant radial strains over the entire height.

After inserting the specimen into the RC device, a low isotropic effective stress was
applied, and the soil was saturated by increasing the back pressure. After the saturation
stage, the vertical displacements were measured.
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Each specimen was subjected to at least four consolidation stages, including isotropic
and anisotropic conditions. In the first consolidation stage, an isotropic consolidation was
performed in which the effective stress was set close to the horizontal stress under field
conditions. The estimated coefficient of lateral earth pressure at rest K0 was approximately
0.5 for all samples; therefore, to simplify the procedures, the value 0.5 was used for all
tests. In the second consolidation phase, an isotropic consolidation was performed with
an effective stress corresponding to the stress p′ under field conditions. In the third
consolidation stage, anisotropic consolidation was carried out with an effective vertical
stress corresponding to the field conditions and a horizontal stress set at 0.5 times the
effective vertical stress. In the fourth consolidation stage, a further isotropic consolidation
was performed with an effective stress corresponding to the effective vertical stress under
field conditions. To investigate the effect of the stress state on the stiffness at small strains,
some specimens were subjected to additional isotropic consolidation stages with stresses
2 or 4 times higher than the fourth consolidation stage.

After each consolidation stage, both BE and RC tests were performed. The BE test was
repeated three times with different frequencies of the transmitter (input signal) (black line
in Figure 1). For each BE test, the transit time was determined, and then the shear modulus
was calculated. The final result was calculated from the average of the three measurements.
After the BE test, an RC test was carried out under undrained conditions. The excess pore
water pressure ∆u during the vibrations was measured using a pore pressure transducer.

Unfortunately, BE tests could not be performed on all soil samples due to equipment
problems. In the cases labelled RCBE in Table 2, both BE and RC tests were performed. In
cases when only the RC test was performed, the sample is labelled RC.

Table 2. Properties of soil and testing conditions.

Specimen Soil Type (USCS) [58]
e0 PL LL PI Fines Testing Conditions

[/] [%] [%] [%] [%] σ′
1=σ′

2=3 or σ′
1/σ′

2=3 [kPa]

RCBE_1 ClM 0.835 21.1 43.6 23 97 50, 65, 50/100, 100

RC_2 ClM 0.644 16.6 35.4 19 72 55, 75, 55/110, 110

RC_3 ClM 0.827 20.1 46.0 26 95 55, 75, 55/110, 110, 220, 440

RCBE_4 SiH 0.784 33.0 60.6 28 98 60, 80, 60/120, 120

RCBE_5 ClM 0.848 23.0 49.7 27 99 65, 85, 65/130, 130

RCBE_6 ClH 0.772 24.0 56.6 33 97 70, 95, 70/140, 140

RCBE_7 ClL 0.718 20.5 33.2 13 80 75, 95, 75/150, 150

RC_8 ClH 1.107 24.0 57.4 33 98 80, 105, 80/160, 160

RCBE_9 ClH 0.905 23.7 55.3 35 97 80, 105, 80/160, 160, 320, 640

RCBE_10 ClM 0.828 19.2 42.3 23 98 90, 120, 90/180, 180

RCBE_11 ClH 0.814 25.8 55.7 30 92 90, 120, 90/180, 180

RC_12 ClM 0.905 21.5 46.2 25 99 95, 125, 95/190, 190

RC_13 SiH 1.066 30.0 54.4 24 96 115, 155, 115/230, 230

RC_14 ClH 0.799 23.5 52.8 29 92 120, 160, 120/240, 240

RCBE_15 ClH 0.620 20.2 52.8 33 81 120, 160, 120/240, 240

RC_16 ClL 0.626 14.4 29.3 15 61 125, 165, 125/250, 250, 500, 750

RC_17 ClM 0.873 17.3 39.6 22 85 125, 165, 125/250, 250, 500, 750

RCBE_18 ClM 0.624 17.4 37.8 20 74 130, 175, 130/260, 260

RCBE_19 ClM 0.616 17.2 38.6 21 91 140, 185, 140/280, 280

RC_20 ClL 0.521 17.3 28.0 11 78 145, 195, 145/290, 290

Where e0 is initial void ratio, PL plastic limit, LL liquid limit and PI plasticity index.
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4. Materials

For this analysis, cohesive soil samples were taken from a site in Škofljica on the
periphery of the Ljubljana Marsh. The soft lacustrine sediments at the site are cohesive
soils (OCR = 1), predominantly clays of medium to high plasticity with up to 39% fine
sand [58] and a PI between 11 and 35% according to Atterberg limits [59]. A total of 45 BE
tests and 89 RC tests were carried out on 20 soil samples under different stress conditions.
The influence of sample size was also considered in the study.

5. Test Results and Discussion

To illustrate the test results, sample RCBE_10 is examined in detail. Figure 5a shows
the test results for all four consolidation stages. As expected, G increases with increasing
effective stress. However, under anisotropic stress conditions, a marginal increase in G0 can
be observed for the same p′. This tendency can be observed in the BE and RC tests. The
increase in G0 may be the result of anisotropic stress conditions or a slight decrease in e due
to anisotropic loading stage (consolidation and creep).
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The ∆u induced by RC vibrations reduces the effective stresses at which the test is
performed. Similarly to liquefaction studies, Ru is expressed as [60]:

Ru =
∆u
σ′

3i
(10)

where σ′
3i is the initial horizontal effective stress (after consolidation stage). Based on the

HSS model, the corrected value of Gcorr was calculated assuming c′ = 0 kPa:

Gcorr = G·
(

c′·cosφ′ − σ′
3i·sinφ′

c′·cosφ′ − σ′
3·sinφ′

)m

= G·
(

σ′
3i

σ′
3

)m

(11)

where σ′
3 is the horizontal effective stress during test, φ′ is the friction angle, and m is the

parameter determined from the results of the tests performed, which is approximately 0.7.
As shown in Figure 5b, ∆u leads to a negligible degradation of G in the strain range up to
7.0 × 10−4. This correction agrees well with Hsu and Vucetic [61], who proposed a low
threshold for strength reduction due to ∆u for silts and clays with a PI between 14 and 30%,
where γ is between 2.4 × 10−4 and 6.0 × 10−4. Only at larger strains is some degradation
of G due to ∆u observed.



Appl. Sci. 2024, 14, 1984 9 of 16

5.1. Influence of Sample Size

As mentioned above, the RC device encountered some problems when testing softer
soil samples at low stresses. Therefore, the sample heights were selected in a range from
140 mm to 100 mm. The influence of sample height was investigated using sample RC_20.
The initial height of the specimen was 140 mm (height/diameter ratio 2:1). After the
isotropic final consolidation stage (p′ = 290 kPa), the specimen was shortened to 100 mm
(height/diameter ratio 1.4:1) and consolidated again under the same effective stress. As can
be seen in Figure 6, almost no differences were observed between G for the two specimen
heights along the entire shear strain range.
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The possible influence of wave attenuation [43] on the determination of vs from the BE
test results was investigated using sample RCBE_6. After the isotropic final consolidation
stage (p′ = 140 kPa), the specimen was shortened from the initial height of 110 mm to
90 mm, 70 mm and 50 mm and consolidated again with the same effective stress. For each
specimen height, the BE tests were repeated at three different frequencies of the transmitted
signal. The results in Figure 7 show that there are no significant differences in vs for
different specimen heights. The differences in vs for each of the three measurements are
more pronounced for shorter samples and are probably due to the accuracy of the transit
time determination. However, the differences between the lowest and highest vs measured
are 2.5% and reflect 5.9% differences between the G0 determined. Using the average value
of vs, the difference between the determined G0 is reduced to only 1%.
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5.2. G Measurements

As already mentioned, limitations of the RC device exist, as the measurements cannot
reach very small strains ( γ = 10−6). Figure 8a shows that there is no pronounced constant
G for soils with low plasticity, but that they increase slightly with decreasing γ. In contrast,
soils with higher plasticity in Figure 8b tend to have constant G at γ < 10−5.
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Figure 8. Example of fitting the modified Hardin–Drnevich model: G − γ curves for a specimen
(a) with low and (b) with high IP.

In RC experiments, the highest measured G can be regarded as Gmax. However,
to minimize the effects of measurement errors, it may be more appropriate to fit the
measurements to the modified Hardin–Drnevich (Equation (2)) model, as shown in Figure 8.
This leads to a slightly higher estimate of G0. The comparison between Gmax and G0
resulting from fitting the modified Hardin–Drnevich model shows that Gmax is consistently
about 10% lower than fitted G0 regardless of the isotropic or anisotropic stress conditions
(Figure 9).
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Figure 9. Comparison between G0 (model) and Gmax (RC), where solid black lines lay ± 10% from
identity line.

The measurements with the BE test could be compared with the modified Hardin–Drnevich
model, which was adapted to the measurements with the RC test (Figure 10). The results
show that there can be a difference of about ±10% between the G0 determined with the
BE test and the G0 resulting from the fit of the modified Hardin–Drnevich model. Only
at two data points is there a discrepancy between the BE and RC measurements of more
than 10%, the cause of which is not immediately apparent. In addition, these two outliers
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were subsequently excluded from the regression analysis. There were also no significant
differences under anisotropic stress conditions.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 11 of 16 
 

outliers were subsequently excluded from the regression analysis. There were also no sig-
nificant differences under anisotropic stress conditions. 

 
Figure 10. Comparison between 𝐺  (model) and 𝐺  (BE), where the solid black lines are ±10% away 
from the identity line. Two outliers that were excluded from regression analysis are marked with X. 

5.3. G/G0 Curves 
In practice, 𝐺  can be measured in situ, while laboratory measurements are used to 

determine the 𝐺 − 𝛾 and 𝐺/𝐺  curves. In this study, the 𝐺/𝐺  curves were determined 
using best-fit parameters according to the modified Hardin–Drnevich model. The results 
of the model fitting are the parameters 𝐺  and 𝛾 . . Figure 11 shows the 𝐺/𝐺  curves for 
all 20 samples (Table 2) tested under different stress conditions. 

 
Figure 11. 𝐺/𝐺  for all soil samples under different stress conditions. The circles outlined in black 
are test results performed under anisotropic stress conditions. 

The modified Hardin–Drnevich model was originally developed and tested primar-
ily for sandy soils [62]. Figure 12 shows that soil with a 𝑃𝐼 = 15% matches the model 
almost perfectly, while soil with a 𝑃𝐼 = 33% shows a more pronounced plateau in the 
range of 𝛾 smaller than 5 × 10−5. Better agreement can be achieved if the power factor co-
efficient is included (Equation (3)), as recommended by Stokoe [27]. However, such a for-
mulation of the hyperbolic model is not included in the HSS model. 

Figure 10. Comparison between G0 (model) and G0 (BE), where the solid black lines are ±10% away
from the identity line. Two outliers that were excluded from regression analysis are marked with X.

5.3. G/G0 Curves

In practice, G0 can be measured in situ, while laboratory measurements are used to
determine the G − γ and G/G0 curves. In this study, the G/G0 curves were determined
using best-fit parameters according to the modified Hardin–Drnevich model. The results of
the model fitting are the parameters G0 and γ0.7. Figure 11 shows the G/G0 curves for all
20 samples (Table 2) tested under different stress conditions.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 11 of 16 
 

outliers were subsequently excluded from the regression analysis. There were also no sig-
nificant differences under anisotropic stress conditions. 

 
Figure 10. Comparison between 𝐺  (model) and 𝐺  (BE), where the solid black lines are ±10% away 
from the identity line. Two outliers that were excluded from regression analysis are marked with X. 

5.3. G/G0 Curves 
In practice, 𝐺  can be measured in situ, while laboratory measurements are used to 

determine the 𝐺 − 𝛾 and 𝐺/𝐺  curves. In this study, the 𝐺/𝐺  curves were determined 
using best-fit parameters according to the modified Hardin–Drnevich model. The results 
of the model fitting are the parameters 𝐺  and 𝛾 . . Figure 11 shows the 𝐺/𝐺  curves for 
all 20 samples (Table 2) tested under different stress conditions. 

 
Figure 11. 𝐺/𝐺  for all soil samples under different stress conditions. The circles outlined in black 
are test results performed under anisotropic stress conditions. 

The modified Hardin–Drnevich model was originally developed and tested primar-
ily for sandy soils [62]. Figure 12 shows that soil with a 𝑃𝐼 = 15% matches the model 
almost perfectly, while soil with a 𝑃𝐼 = 33% shows a more pronounced plateau in the 
range of 𝛾 smaller than 5 × 10−5. Better agreement can be achieved if the power factor co-
efficient is included (Equation (3)), as recommended by Stokoe [27]. However, such a for-
mulation of the hyperbolic model is not included in the HSS model. 
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The modified Hardin–Drnevich model was originally developed and tested primarily
for sandy soils [62]. Figure 12 shows that soil with a PI = 15% matches the model almost
perfectly, while soil with a PI = 33% shows a more pronounced plateau in the range of γ
smaller than 5 × 10−5. Better agreement can be achieved if the power factor coefficient is
included (Equation (3)), as recommended by Stokoe [27]. However, such a formulation of
the hyperbolic model is not included in the HSS model.
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The comparison between the established empirical models (Table 1) and measurements
(Figure 13) is presented in this study in the form of γ0.7. The empirical G/G0 curves
for different PI were also fitted according to the modified Hardin–Drnevich model to
determine γ0.7, and then exponential trend lines were generated for each model (Figure 13).
Both the empirical G/G0 curves and the measurements show that γ0.7 increases with PI.
However, discrepancies in the γ0.7 exist not only between the empirical G/G0 curves and
the measurements, but also between the empirical G/G0 curves of different authors. When
analyzing the results in Figure 13, the empirical models of Darendeli [22], Zhang et al. [30]
and Ciancimino et al. [31], which also take p′ into account, show that the influence of PI is
less pronounced compared to the other models (the slope of the line is less steep). It can be
seen from the measurement results that the results for the local soils can deviate from the
general equations in the literature.

Figure 13. The comparison between the empirical models and the measurements represented by γ0.7,
with the black lines deviating ±25% from the trend [17,22,29–31].

This study also confirms that p′ should not be completely neglected in relation to
γ0.7. In the cases where only four consolidation stages were measured, there was no
significant increase in γ0.7 with p′. This could be due to random measurement errors or
other influences on γ0.7. To further investigate the effect of stress state on stiffness at small
strains, some specimens were subjected to additional isotropic consolidation stages with
stresses 2 or 4 times higher than those of the fourth consolidation stage. The result was a
significant increase in γ0.7 (Figure 14). It was also found that anisotropic stress conditions
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did not significantly change γ0.7. Isotropic and anisotropic tests at the same p′ (second
lowest p′) are so close to each other in Figure 14 that they can hardly be distinguished.
Comparing measurements with the empirical model of Darendeli [22] and Zhang et al. [30],
a comparable increase in γ0.7 can be observed. A comparison shows that the empirical
model proposed by Ciancimino et al. [31] has a less pronounced influence of p′ for soils
with higher IP, as the lines are less steep.

Figure 14. The comparison of increase in γ0.7 with p′ between the empirical models and the measure-
ments [22,30,31].

6. Conclusions

This article presents the first measurements of the shear modulus at small strains of
the soft lacustrine sediments of the Ljubljana Marsh. The extensive laboratory program
included 45 bender element (BE) and 89 resonant column (RC) tests on cohesive soils
with PI between 11% and 35%. This study not only compared these measurements with
widely used empirical relationships, but also investigated the effects of stress anisotropy
on soil stiffness at small strains. In addition, the influence of soil sample softness and/or
equipment limitations was also investigated in this study. For effective soil modeling, it is
important to know the limitations of the equipment used. This knowledge is crucial for
determining the necessary parameters for the implementation of the HSS model. These
measurements play an important role in the development of the built environment in the
Ljubljana Marsh. The main conclusions of this study are summarized below:

1. G0, measured with BE, is slightly higher than Gmax, measured with RC. The reason for
this is that RC was not able to measure G at γ = 10−6, which is also in agreement with
Schaeffer et al. [52]. When the measurements were extended according to the modified
Hardin–Drnevich model, both G0 (BE) and G0 (model) were within 10% of each other.
In addition, the integration of the BE into the RC device facilitates the quality control
of the measurements and thus increases the confidence in the measurement results.

2. For the BE test, no significant influence of specimen height on the vs was found in
this study. It was also found that for the RC test, shortening the specimen height
to 1.4 times the diameter had no significant effect on the measured G0 and the
G − γ curve.

3. Corrections of G due to ∆u for these soft soils are not absolutely necessary. The range
of γ in which ∆u developed in our experiments is similar to the results of Hsu and
Vucetic [61].

4. It was found that γ0.7 was dependent on PI and p′. Trends similar to those of the
empirical models were observed, with the exception that γ0.7 was lower than the
value reported by other authors. However, large differences were also found between
the empirical models. Apparently, there is no universally valid empirical model for
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the prediction of the G/G0 curve, as reported by Sobol et al. [19]. It is, therefore,
recommended to perform measurements on local soils, especially in cases where the
validity of the empirical relationships has not yet been confirmed.

5. G0 and γ0.7 at the same p′ were comparable for isotropic and anisotropic stress condi-
tions, indicating that there is no significant influence of the anisotropic stress conditions
on the G/G0 curve for this cohesive soil.

6. It can be seen that both isotropic and anisotropic tests led to an approximately equal
G/G0 curve if the test was performed at a stress state close to the field value of p′.
Testing at significantly higher or lower p′ led to different γ0.7. To obtain reliable shear
modulus values at small strains, the tests should, therefore, be performed close to the
field conditions.
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40. Jovičić, V.; Coop, M.P. The Measurement of Stiffness Anisotropy in Clays with Bender Element Tests in the Triaxial Apparatus.
Geotech. Test. J. 1998, 21, 3–10. [CrossRef]

41. Wang, Y.; Benahmed, N.; Cui, Y.-J.; Tang, A.M. A Novel Method for Determining the Small-Strain Shear Modulus of Soil Using
the Bender Elements Technique. Can. Geotech. J. 2017, 54, 280–289. [CrossRef]

https://doi.org/10.3233/978-1-61499-603-3-120
http://www.ejpau.media.pl/volume17/issue3/art-07.html
http://www.ejpau.media.pl/volume17/issue3/art-07.html
https://doi.org/10.1680/geot.2011.61.1.5
https://doi.org/10.1061/JSFEAQ.0001100
https://doi.org/10.1061/(ASCE)0733-9410(1991)117:1(89)
https://doi.org/10.3390/min10121127
https://doi.org/10.1061/JSFEAQ.0001760
https://doi.org/10.3208/sandf1972.33.182
https://doi.org/10.1061/(ASCE)1090-0241(1997)123:11(1035)
https://doi.org/10.3208/sandf1972.22.4_1
https://www.ncbi.nlm.nih.gov/pubmed/38406236
https://doi.org/10.1061/(ASCE)GT.1943-5606.0000887
https://doi.org/10.1061/(ASCE)1090-0241(2005)131:4(453)
https://doi.org/10.1007/s10518-019-00611-6
https://doi.org/10.1016/j.soildyn.2019.105726
https://doi.org/10.1016/j.soildyn.2020.106045
https://doi.org/10.1007/s11012-020-01229-8
https://doi.org/10.1680/geot.1997.47.3.391
https://doi.org/10.1121/1.381760
https://doi.org/10.1520/GTJ10419J
https://doi.org/10.1139/cgj-2016-0341


Appl. Sci. 2024, 14, 1984 16 of 16

42. Ingale, R.; Patel, A.; Mandal, A. Performance Analysis of Piezoceramic Elements in Soil: A Review. Sens. Actuators Phys. 2017,
262, 46–63. [CrossRef]

43. Gao, Y.; Zheng, X.; Wang, H.; Luo, W. Effect of Wave Attenuation on Shear Wave Velocity Determination Using Bender Element
Tests. Sensors 2022, 22, 1263. [CrossRef] [PubMed]

44. Yamashita, S.; Kawaguchi, T.; Nakata, Y.; Mikami, T.; Fujiwara, T.; Shibuya, S. Interpretation of International Parallel Test on the
Measurement of Gmax Using Bender Elements. Soils Found. 2009, 49, 631–650. [CrossRef]
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