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Abstract: This paper investigates the distributed formation control problem of underactuated un-
manned surface vehicles (UUSVs) with uncertainties and disturbances and proposes a novel dis-
tributed formation controller. The proposed controller redefines the dynamic and kinematic models
for each UUSV, which reduces the complexity of the underactuated controller design. Dynamic
surface control (DSC) is employed to eliminate the repeated derivatives of the virtual control law,
which is crucial for the generation of real-time control signals. The proposed controller integrates
neural network approximation with MLP-based adaptive laws to enhance the model’s resistance
to disturbances. Then, an auxiliary adaptive law is designed for each UUSV to obtain a continuous
controller under the compensation of approximate errors and disturbances. The results demonstrate
that the controller achieves the desired goals for the formation control, and all control signals are
guaranteed to be semi-global uniformly ultimately bounded (SGUUB). The final simulation results
thoroughly prove the effectiveness of the theoretical results.

Keywords: UUSV; distributed control; formation control; dynamic surface control

1. Introduction

With the development of ocean engineering technology and the expansion of mission
requirements in both military and civilian fields, the control of unmanned surface vehicle
(USV) formation has received widespread attention in recent years. The cooperation of
multiple USVs offers several advantages, including greater flexibility, adaptability, and
higher performance. For instance, in maritime search and rescue operations, multiple USVs
can achieve extensive coverage of the target area, completing the entire mission in less
time. Other applications include marine mineral exploration, territorial sea monitoring, the
escorting of vehicles, fire support, and anti-submarine operations [1–8].

For multi-vehicle formation cooperative systems, Li et al. [9] provided a novel adaptive
fuzzy output regulation method to address the multi-vehicle formation problem. Firstly, a
distributed observer was employed to obtain the feedforward information of the reference
system, and, then, within the backstepping framework, a distributed adaptive fuzzy
control law for USV formation was designed. Based on neurodynamical optimization
and fuzzy approximation techniques, Peng et al. [10] have not only achieved formation
keeping for multi-vehicle formation but also enabled flexible formation maneuvers. Peng
et al. [11] designed an adaptive dynamic surface multi-vehicle formation control scheme
for USV clusters with uncertain dynamics. Subsequently, they developed a neural network
formation controller for USV clusters based on graph theory formation structures, which
can handle two types of cooperative formation problems for USVs with uncertain dynamics,
both in leaderless and leader-based scenarios [12]. He and Zhao et al. [6,13] studied the
control problem of a group of fully actuated USVs with a decentralized leader–follower
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structure. He et al. [14] improved the formation control design of a multi-vehicle radial
basis function (RBF) neural network by introducing a robust feedback term in the feedback
control to compensate for the neural network approximation error and external disturbance,
thus obtaining the asymptotic tracking performance of USV formation. Chen et al. [15]
proposed an adaptive cooperative control law for USVs based on the adaptive backstepping
method to estimate the reference orbiting velocity in bidirectional communication topology,
thus eliminating the limitation that every vehicle must obtain the reference trajectory in the
existing literature. Aiming at the parametric uncertainty of the USV model, a new adaptive
fault-tolerant formation control scheme for USVs with a leader–follower structure was
designed, which is suitable for the control of UUSV clusters with a partially known input
gain function [16]. Riahifard et al. [17] provided a multi-vehicle adaptive formation control,
which can solve the leader–follower formation problem of UUSV clusters with uncertain
dynamics and input constraints. Qu et al. [18] proposed a nonlinear positioning control for
the UUSV, which resists unknown disturbance through adaptive heading control. Karnani
et al. [19] considered UUSV trajectory tracking, provided an optimal control strategy for
the vehicle in the presence of external disturbance, and proposed a controller-based model
reference adaptive control scheme with an integrator, ensuring the stability of closed-loop
systems. Mu et al. [20] considered the trajectory tracking control problem of UUSVs affected
by uncertain dynamics and input saturation. This paper uses first-order and second-order
sliding mode surfaces to design an underactuated trajectory tracking controller. The
auxiliary system solves the potential input saturation problem, uses the MLP method of the
neural network to further reduce the computational burden of the controller, and further
enhances the robustness of the trajectory tracking system by introducing an adaptive
robust term.

On this basis, we further studied the distributed formation control problem of UUSVs
with uncertainties and disturbances, in which UUSVs can communicate with each other
under directed interaction topology. For each UUSV, a new distributed neural network
formation controller with two adaptive laws is proposed. First, a virtual control law
is established based on static consensus protocol and directed graph theory. Then, the
formation controller is derived using DSC, and, then, the adaptive law based on MLP is
used to deal with uncertain dynamics. When compensating for approximation errors and
external disturbances, auxiliary control laws and corresponding adaptive laws are added
to obtain a continuous controller.

The main contributions of this paper are summarized as follows:

(1) For the underactuated problem, the dynamic and kinematic models of the formation
were transformed, redefined, and decomposed into the attitude subsystem and po-
sition subsystem, thereby achieving independent control of each degree of freedom
of UUSVs.

(2) For the complex differential explosion problem caused by the virtual control law in
the calculation process, DSC technology was adopted in the controller design to avoid
the repeated differentiation of the virtual control law and reduce the computational
complexity. At the same time, combining RBF neural network approximation with
MLP-based adaptive law enhances the model’s anti-disturbance ability.

The rest of this paper is organized as follows: Section 2 introduces the basic knowledge
of graph theory and RBF neural networks. Section 3 introduces the design process of the
cooperative formation controller. Section 4 conducts simulation. Section 5 summarizes
this paper.

Notations: RN represents the N-dimensional real number space, given the vector
x = [x1, . . . , xN ]

T, ∥x∥1 represents the 1-norm of x, ∥x∥2 represents the 2-norm of x, and
∥x∥∞ represents the ∞-norm of x. Define tanh(x) = [tanh(x1), · · · , tanh(xN)]

T. De-

fine vector h =
[
hT

1 , . . . , hT
N

]T
, where hi, i =1, . . . , N is also a vector. Define h ◦ h =[

hT
1 h1, . . . , hT

NhN

]T
. I is a column vector with all elements being 1. AT represents the trans-
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position of matrix A. λ(A) represents the eigenvalues of matrix A, A = diag{A11, . . . , ANN}
represents the extraction of diagonal elements in matrix A. A ⊗ B represents the Kronecker
product of matrices A and B.

2. Related Works and Problem Statement
2.1. Graph Theory

In a directed graph G, for a system containing N UUSVs, the information interaction
model can be represented by the graph G = {V , E , A}, where V = {v1, · · · vN} represents
the set of UUSVs, E ⊆ V × V represents the set of edges between N UUSVs. If (i, j) ∈ E ,
it means that UUSV i and UUSV j are adjacent (the neighbors of UUSV i are represented
by Ni); that is, UUSV j is within the communication radius of UUSV i and can receive the
signal sent by UUSV i. A =

[
aij
]
∈ RN×N represents the adjacency matrix of the directed

graph G. Generally speaking, there are no self-loops in the graph G; that is, edges (i, i)
cannot appear. All the diagonal elements aii = 0 in A. aij > 0 indicates that UUSV i can
send information to UUSV j through the edge (i, j); aij = 0 indicates that there is no path
between UUSV i and j.

The value of element A in the adjacency matrix of directed graph G is as follows:

aij =

{
1 (i, j) ∈ E , i ̸= j
0 other

(1)

The Laplace matrix L ≜
[
lij
]
∈ RN×N of a directed graph G can be obtained from the

adjacency matrix:

ij =

 ∑
j∈Ni

aij, i = j

−aij, i ̸= j
(2)

Lemma 1 [21]. If the interaction graph G contains at least one directed spanningtree, then its
corresponding Laplacian matrix L is positive definite.

2.2. Function Approximation Based on RBF Neural Network

Because of the special structure of the RBF neural network, it can approximate any
continuous function. In this paper, the RBF neural network was used to approximate the
unknown part of the UUSV mathematical model. The principle is as described in Lemma 2.

Lemma 2. For a given arbitrary continuous function f (t), there is an arbitrary network weight
W = [w1, . . . , wN ]

T, so that
f (t) = WTh(t) + ε (3)

where t is the input vector, εis the approximation error of RBF network, h (t) is the hidden layer of
the network, and outputs the following equation:

hi(t) = exp

(
−∥x(t)− ci(t)∥2

2
2b2

i

)
, i = 1, · · · N (4)

where bi is a positive scalar representing the width of the i-th Gaussian basis function of the hidden
layer; N is the number of hidden layer nodes.
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2.3. Problem Statement

Considering the formation composed of N UUSVs, the kinematic and dynamic equa-
tions of UUSV i are described as { .

Pi = Ji(θi)Qi.
θi = ri

(5)

{ .
Qi = Fi(xi, yi) + τw

i + τi.
ri = fi(σi) +

1
m33

i
τwσ

i + 1
m33

i
τσ

i
(6)

where i = 1, 2, . . . , N represents the identification number of the UUSV, Pi = [xi, yi]
T is

the position vector of the UUSV in the earth coordinate system, (xi, yi) are the position

coordinates; Ji(θi) =

[
cos θi − sin θi
sin θi cos θi

]
is the rotation matrix related to the yaw angle,

θi is the yaw angle; Qi = [ui, vi]
T is the velocity vector in the hull coordinate system,

with ui and vi representing the forward and lateral drift velocities, respectively, and ri

representing the yaw angular velocity of the UUSV. Fi(xi, yi) = [ fi(xi), fi(yi)]
T and fi(σi)

denote the unknown unmodeled dynamics. τw
i =

[
1

m11
i

τwX
i , 1

m22
i

τwY
i

]T
and τwσ

i are the

external disturbances of the UUSV, and τi =

[
1

m11
i

τX
i , 0

]
and τσ

i are the control inputs of

the UUSV.
Since the above model is underactuated, Ui =

√
u2

i + v2
i is further defined as the

resultant velocity, ui = Ui cos φi, φi is the sideslip angle, and φi = arctan
(

vi
ui

)
, so the above

dynamic model can be simplified as{ .
Pi = UiRi(θi).
θi = ri

(7)

where Ri(θi) = [cos θiw, sin θiw]
T. θiw = θi + φi is the heading angle.

Since ui = Ui cos φi, it can be concluded that

.
ui =

.
Ui − 2

.
Ui sin2

( φi
2

)
−

.
Ui sin2(φi)

.
φi (8)

The kinetic equation can be further organized into the following form:
.

Ui = 2
.

Ui sin2( φi
2
)
+

.
Ui sin2(φi)

.
φi + fi(xi) +

1
m11

i
τwX

i + 1
m11

i
τX

i
.
ri = fi(σi) +

1
m33

i
τwσ

i + 1
m33

i
τσ

i
(9)

For the convenience of further research, the UUSV model can be expressed as the
attitude subsystem and position subsystem. Based on the previous derivation, the attitude
subsystem and the position subsystem can be written as

.
θi = ri
.
ri =

1
m33

i
τσ

i +
¯
f

σ

i

(10)

where
¯
f

σ

i = fi(σi) +
1

m33
i

τwσ
i . 

.
Pi = UiRi(θi)
.

Ui =
1

m11
i

τX
i +

¯
f

X

i

(11)
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where
¯
f

X

i = 2
.

Ui sin2( φi
2
)

+
.

Ui sin2(φi)
.
φi + fi(xi) + 1

m11
i

τwX
i ,

¯
f

X

i = 2
.

Ui sin2( φi
2
)
+

.
Ui sin2(φi)

.
φi + fi(xi)+

1
m11

i
τwX

i ;
¯
f

σ

i and
¯
f

X

i represent state-dependent

nonlinearities, including unmodeled dynamics and external disturbances.

Remark 1. Compared to fully actuated USVs, UUSVs are difficult to independently control all
degrees of freedom through control inputs. Therefore, this paper solves this issue by performing
the aforementioned transformations and redefinitions on the dynamic and kinematic models of the
UUSVs. For multiple UUSVs, the system is described using (10), (11), and a directed graph G. By
relying on the state (θi, ri, Pi, Ui) of each UUSV and the state

(
θj, rj, Pj, Uj

)
, j ∈ N of its neighbors

within the directed graph G, the distributed control laws τX
i and τσ

i for each UUSV are designed
using (10) and (11) to achieve the formation control of UUSVs.

Control Objective: Considering a formation composed of N UUSVs, design a dis-
tributed adaptive controller under conditions of unknown model parameters and complex
disturbances to achieve stable formation control.

Next, some important assumptions and lemmas are introduced for later use.

Assumption 1. Considering the boundedness of the time-varying reference trajectory rj and the
expected velocity Ur, there are positive constants ρM, ρU ∈ R such that

∥∥rj
∥∥

1 ≤ ρM, ∥Ur∥1 ≤ ρU .

Assumption 2. Considering the boundedness of external perturbation
¯
f

X

i ,
¯
f

σ

i , there are positive

constants bX
d , bd ∈ R such that

∥∥∥∥∥¯
f

X

i

∥∥∥∥∥
2

≤ bX
d ,

∥∥∥∥∥¯
f

σ

i

∥∥∥∥∥ ≤ bd.

Lemma 3. The following inequality holds for any constant ε > 0 and any vector x ∈ RN, where
the constant kp = kp1 = 0.2785:

∥x∥∞ ≤ kpε + xTtanh
( x

ε

)
(12)

Lemma 4 [22]. Given two vectors x,y ∈ RN, there is the following inequality for any constantε > 0:

xTy ≤ 1
2
(εxTx +

1
ε

yTy) (13)

Lemma 5 [23]. Consider a system
.
x = f (x),x ∈ RN, for its bounded initial state x(0), if there

exists a continuous positive definite Lyapunov function V(x), κ1(∥x∥) ≤ V(x) ≤ κ2(∥x∥), and
.

V ≤ −αV + β, where κ1(·) and κ2(·) are the K function. α and β are positive constants. Then, its
solution x is SGUUB.

3. Controller Design

The adaptive controller design of multi-UUSVs is divided into two parts. First, the
attitude subsystem is used to design the control law τσ

i for each UUSV, and, then, the
position subsystem is used to design the control law τX

i for each UUSV. The specific design
process is below.
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3.1. Attitude Controller Design

For the attitude subsystem, define the error variables zi1, zi2, zi3 as follows:
zi1 = θi − θj
zi2 = αi1 − αi1
zi3 = ri − αi1

(14)

where αi1 is a virtual control law. αi1 is a filter control law. αi1 is obtained by αi1 through a
first-order filter. Time constant γi is given by the corresponding diagonal element and is a
diagonal positive definite matrix.

γi
.
αi1 + αi1 = αi1 (15)

The derivative of the error variable zi1, zi2, zi3 can be obtained as follows:
.
zi1 = zi2 + zi3 + αi1 −

.
rj

.
zi2 = −γ−1

i zi2 −
.
αi1

.
zi3 = 1

m33
i

τσ
i +

¯
f

σ

i + γ−1
i zi2

(16)

In this paper, DSC is adopted to deal with the complex differential problem in the
calculation process of virtual control law αi1, which further improves the practicability of
the controller.

Firstly, a Lyapunov function is selected as follows:

V1 =
1
2

zT
1 z1 (17)

The derivative of V1 with respect to time is

.
V1 = zT

1
[
z2 + z3 + α1 −

.
rj
]

(18)

Construct the virtual control law as

αi1 = −Ki1zi1 − Ki0tanh
(

Nzi1
ε

)
(19)

where Ki1,Ki0 ∈ R3×3 is a diagonal matrix. ε is a variable positive constant. Definition z1 =

[z11, . . . , zN1]
T, z2 = [z12, . . . , zN2]

T, z3 = [z13, . . . , zN3]
T, K0 = diag{Ki0}, K1 = diag{Ki1},

and γ = diag{γi},α1 = [αi1, . . . , αN1]
T.

Therefore, the virtual control law αi1 can be written in the following form:

α1 = −K1z1 − K0tanh
(

Nz1

ε

)
(20)

Substituting (21) into (19),

.
V1 = zT

1 (z2+z3)− zT
1 K1z1 − K0zT

1 tanh
(

Nz1

ε

)
− zT

1
.
rj (21)

According to Lemma 3, it can be obtained as follows:

.
V1 ≤ zT

1 (z2 + z3)− zT
1 K1z1 − K0zT

1 tanh
(

Nz1
ε

)
+ ∥z1∥∞NρM

≤ zT
1 (z2 + z3)− zT

1 K1z1 − K0zT
1 tanh

(
Nz1

ε

)
+ NρMkpε + N2ρMzT

1 tan h(Nz1
ε )

(22)



Appl. Sci. 2024, 14, 12064 7 of 19

Let λ(K0)min > N2ρM, and we can further conclude that N2ρMzT
1 tan h(Nz1

ε )

−K0zT
1 tanh

(
Nz1

ε

)
< 0. Then, the derivative of V1 satisfies

.
V1 ≤ −zT

1 K1z1 + zT
1 z2 + zT

1 z3 + NρMkpε (23)

Next, the attitude control law τσ
i of each UUSV is designed. A Lyapunov function is

selected as follows:
V2 = V1 +

1
2

zT
2 z2 +

1
2

zT
3 z3 (24)

The derivative of V2 with respect to time is

.
V2 =

.
V1 + zT

2
.
z2 + zT

3
.
z3 (25)

According to (16),
.
z2 can be represented as follows:

.
z2 = −γ−1z2 + K1

.
z1 + K0

[
1 − tanhT

(
Nz1

ε

)
tanh

(
Nz1

ε

)]
N

.
z1

ε
(26)

Let B = K1
.
z1 + K0

[
1 − tanhT

(
Nz1

ε

)
tanh

(
Nz1

ε

)]
N

.
z1
ε , B consist of bounded functions,

so there is a positive constant B and ∥B∥2 ≤ B.
Equation (25) can be written as

.
V2 =

.
V1 + zT

2
(
−γ−1z2 + B

)
+ zT

3
.
z3

= −zT
1 K1z1 − zT

2 γ−1z2 + zT
1 z2 + zT

2 B + zT
3
(
z1 +

.
z3
)
+ NρMkpε

(27)

According to Lemma 4, the following inequalities can be obtained:

zT
1 z2 ≤ 1

2
(εzT

1 z1 +
1
ε

zT
2 z2) (28)

zT
2 B ≤ 1

2
(

1
ε

zT
2 BTBz2 + ε) (29)

.
V2 can be written as

.
V2 ≤ −

(
K1 − 1

2 εI
)

zT
1 z1 − zT

2

[
γ−1 − 1

2ε

(
1 + BTB

)
I
]
z2

+
(
0.5 + NρMkp

)
ε + zT

3
(
z1 +

.
z3
) (30)

With B1 = z1 +
.
z3, fi(·) =

¯
f

σ

i + γ−1
i zi2, the following equation can be obtained:

zT
3 B1 =

N

∑
i=1

zT
i3

[
zi1 +

1
m33

i
τσ

i + fi(·)
]

(31)

¯
f

σ

i is difficult to be accurate. Thus, the RBF neural network is used to process it.

fi(·) = Wi ◦ hi + εi (32)

where Wi =
[
WT

i1, WT
i2, WT

i3
]T, hi =

[
hT

i1, hT
i2, hT

i3

]T
, and ∥εi∥ ≤ εN , i = 1, . . . , N, εN > 0.
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.
V2 can be written as

.
V2 ≤ −

(
K1 −

1
2

ε

)
zT

1 z1 − zT
2

[
γ−1 − 1

2ε

(
1 + BTB

)
I
]

z2 +
(
0.5 + NρMkp

)
ε

+
N
∑

i=1
zT

i3

[
zi1 +

1
m33

i
τσ

i + Wi ◦ hi + εi

] (33)

The attitude control law τσ
i of each UUSV is designed as follows:

τσ
i = m33

i

(
−Ki2zi3 −

Nϕ̂i
2ε

zi3 ◦ (hi ◦ hi)− zi1 −
Nb̂di

2ε
zi3

)
(34)

In τσ
i , Ki2 is a diagonal matrix, where the diagonal element is a positive constant, and

the other elements are 0.
Adaptive control law

.
ϕ̂i and auxiliary adaptive law

.
b̂di based on MLP are as follows:

.
ϕ̂i = Γ

{
N
2ε

3

∑
j=1

z2
i3,j
∥∥hij

∥∥2
2 − Kϕi [ϕ̂i − ϕ̂i(0)]

}
(35)

.
b̂di = Γb

{
N
2ε
∥zi3∥2

2 − Kbi
[b̂di − b̂di(0)]

}
(36)

where ϕi =
∥∥Wij

∥∥2
2, ϕi > 0. ϕ̂i is the estimation of ϕ. The initial value of ϕ̂i is ϕ̂i(0).

ϕ̃i = ϕ̂i − ϕi is the estimation error. Γ > 0 is the adaptive gain. Kϕi > 0 is the feedback
gain. b̂di is the estimation of bdi = εN + bd. b̃di = b̂di − bdi is the estimation error. Γb is the
positive adaptive gain. Kbi

is the positive feedback gain.
.

V2 can be written as

.
V2 ≤ −

(
K1 −

1
2

εI
)

zT
1 z1 − zT

2

[
γ−1 − 1

2ε

(
1 + BTB

)
I
]

z2

−zT
3 K2z3 +

(
0.5 + NρMkp

)
ε

+
N
∑

i=1
zT

i3

[
Wi ◦ hi −

N
2ε

ϕ̂izi3 ◦ (hi ◦ hi)−
N
2ε

b̂dizi3 + εi

] (37)

where K2 = diag{Ki2}. For the convenience of subsequent discussion, let Kϕ = diag
{

Kϕi

}
,

Kb = diag
{

Kbi

}
.

Theorem 1. Under Assumptions 1 and 2, a formation composed of N UUSVs (10) is considered
in a directed graph G. The proposed attitude control law (35), MLP-based adaptive control law
(36), and auxiliary control law (37) for each UUSV guarantee that the formation system is SGUUB
by selecting positive controller parameters K0, K1, K2, Kϕ, Kb, Γ, Γb, γ, ε under bounded initial
conditions, where K0, K1, γ satisfy the following conditions:

λ(K0)min > N2ρM, λmin(K1) >
1
2

ε, λmax(γ) <
2ε

1 +
¯
B

2 (38)

Let ϕ = [ϕ1, . . . , ϕN]
T, ϕ̂ =

[
ϕ̂1, . . . , ϕ̂N

]T, ϕ̂(0)=
[
ϕ̂1(0), . . . , ϕ̂N(0)

]T, ϕ̃=
[
ϕ̃1, . . . , ϕ̃N

]T,

¯
bd= [bd1, . . . , bdN]

T,

^
¯
bd=

[
b̂d1, . . . , b̂dN

]T
,

~
¯
bd =

[
b̃d1, . . . , b̃dN

]T
, and

^
¯
bd(0) =

[
b̂d1(0), . . . , b̂dN(0)

]T
.
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Consider the candidate Lyapunov function V3 as follows:

V3 = V2 +
1

2Γ
ϕ̃Tϕ̃ +

1
2Γb

~
¯
b

T

d

~
¯
bd (39)

The derivative of V3 with respect to time is

.
V3 = B2 +

(
0.5 + NρMkp

)
ε +

N
∑

i=1



zT
i3(Wi ◦ hi)−

N
2ε

ϕ̂izT
i3zi3 ◦ (hi ◦ hi)

+ϕ̃i

(
N
2ε

3
∑

j=1
z2

i3,j

∥∥hij
∥∥2

2

)
+zT

i3

[
εi −

N
2ε

b̂dizi3

]
+

N
2ε

b̃di∥zi3∥2
2


−

N
∑

i=1

{
Kϕi ϕ̃i

[
ϕ̂i − ϕ̂i(0)

]
+ Kbi

b̃di

[
b̂di − b̂di(0)

]}
(40)

Let B2 = −
(

K1 − 1
2 εI
)

zT
1 z1 − zT

2

[
γ−1 − 1

2ε

(
1 + BTB

)
I
]
z2 − zT

3 K2z3.
According to Lemma 4, we have

zi3,jWT
ijhij ≤

N
2ε

ϕiz2
i3,jh

T
ijhij +

ε

2N
(41)

It can then be concluded that

zT
i3(Wi ◦ hi) =

3

∑
j=1

zi3,jWT
ijhij ≤

N
2ε

ϕi

3

∑
j=1

z2
i3,jh

T
ijhij +

ε

2N
(42)

N
2ε

ϕ̂izT
i3zi3 ◦ (hi ◦ hi)−

N
2ε

ϕ̃i

(
3

∑
j=1

z2
i3,j
∥∥hij

∥∥2
2

)
=

N
2ε

ϕi

3

∑
j=1

z2
i3,jh

T
ijhij (43)

zT
i3

[
εi −

N
2ε

b̂dizi3

]
≤ ∥zi3∥2bdi −

N
2ε

b̂di∥zi3∥2
2 (44)

zT
i3

[
εi − N

2ε b̂dizi3

]
≤
(

N
2ε∥zi3∥2

2 +
ε

2N

)
bdi − N

2ε b̂di∥zi3∥2
2

= − N
2ε b̃di∥zi3∥2

2 +
ε

2N bdi
(45)

.
V3 can be written as

.
V3 ≤ B2 +

[
1
2
+ NρMkp +

1
2
(εN + bd)

]
ε −

N

∑
i=1

{
Kϕi ϕ̃i

[
ϕ̂i − ϕ̂i(0)

]
+Kbi

b̃di

[
b̂di − b̂di(0)

] } (46)

According to the following two inequalities,

ϕ̃i
[
ϕ̂i − ϕ̂i(0)

]
≥ 1

2
ϕ̃2

i −
1
2
[
ϕi − ϕ̂i(0)

]2 (47)

b̃di

[
b̂di − b̂di(0)

]
≥ 1

2
b̃2

di −
1
2

[
bdi − b̂di(0)

]2
(48)
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it can further be obtained as

.
V3 ≤ B2 +

[
1
2
+ NρMkp +

1
2
(εN + bd)

]
ε − 1

2

N
∑

i=1

{
Kϕi ϕ̃

2
i + Kbi

b̃2
di

}
+

1
2

N
∑

i=1

{
Kϕi

[
ϕi − ϕ̂i(0)

]2
+ Kbi

[
bdi − b̂di(0)

]2
}

= −
(

K1 −
1
2

εI
)

zT
1 z1 − zT

2

[
γ−1 − 1

2ε

(
1 + BTB

)
I
]

z2 − zT
3 K2z3

−1
2

ϕ̃TKϕϕ̃ − 1
2

~
¯
b

T

d Kb

~
¯
bd +

1
2
[
ϕ − ϕ̂(0)

]TKϕ

[
ϕ − ϕ̂(0)

]
+

1
2

¯
bd −

^
¯
bd(0)


T

Kb

¯
bd −

^
¯
bd(0)


+

[
1
2
+ NρMkp +

1
2
(εN + bd)

]
ε

(49)

If

β = 1
2
[
ϕ − ϕ̂(0)

]TKϕ

[
ϕ − ϕ̂(0)

]
+ 1

2

¯
bd −

^
¯
bd(0)


T

Kb

¯
bd −

^
¯
bd(0)


+
[

1
2 + NρMkp +

1
2 (εN + bd)

]
ε

(50)

we have

.
V3 ≤ −

(
λmin(K1)− 1

2 ε
)

zT
1 z1 −

(
λmin

(
γ−1)− 1

2ε

(
1 +

¯
B

2
))

zT
2 z2 − λmin(K2)zT

3 z3

− 1
2 λmin

(
Kϕ

)
ϕ̃Tϕ̃ − 1

2 λmin(Kb)

~
¯
b

T

d

~
¯
bd + β

(51)
If

λ(K0)min > N2ρM, λmin(K1) >
1
2

ε, λmax(γ) <
2ε

1 +
¯
B

2 (52)

.
V3 can be written as

.
V3 ≤ −αV3 + β (53)

where

α = min

 [2λmin(K1)− ε],

[
2λmin

(
γ−1)− 1

ε

(
1 +

¯
B

2
)]

, 2λmin(K2), Γλmin
(
Kϕ

)
, Γbλmin(Kb)

 (54)

According to Lemma 5, we can conclude that all attitude subsystems are SGUUB.

3.2. Position Controller Design

For the position subsystem, define error variables zi4, zi5, zi6 as follows:
zi4 =

N
∑

j=1
aij
[
(Pi − ∆i)−

(
Pj − ∆j

)]
+ di(Pi − ∆i − Pr)

zi5 = αi2 − αi2
zi6 = Ui − αi2

(55)
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where αi2 is a virtual control law. αi2 is a filter control law. αi2 is obtained by αi2 through
a first-order filter. χi is given by the corresponding diagonal element and is a diagonal
positive definite matrix.

χi
.
αi2 + αi2 = αi2 (56)

The derivative of the error variable zi4, zi5, zi6 can be obtained by

.
zi4 =

N
∑

j=1
aijRi(θi)

[
zi5 + zi6 + αi2 − Ur
−
(
zj5 + zj6 + αj2 − Ur

) ]+ diRi(θi)(zi5 + zi6 + αi2 − Ur)

.
zi5 = −χ−1

i zi5 −
.
αi2

.
zi6 =

1
m11

i
τX

i + f
X
i + χ−1

i zi5

(57)

where
.
z4 is expressed by the Kronecker product as

.
z4 = RT(L⊗ I1

)
(z5 + z6 + α2 − Ur),

R = diag{Ri(θi)}.
Consider the candidate Lyapunov function V4 as follows:

V4 =
1
2

zT
4 z4 (58)

The derivative of V4 with respect to time is

.
V4 = zT

4

[
RT(L⊗ I

)
(z5 + z6 + α2 − Ur)

]
(59)

Construct the virtual control law as

αi2 = −Mi1zi4 − Mi0tanh
(

Nzi4
δ

)
(60)

where Mi1,Mi0 ∈ R3×3 is a diagonal matrix. δ is a variable positive constant. Definition
z4 = [z14, . . . , zN4]

T, z5 = [z15, . . . , zN5]
T, z6 = [z16, . . . , zN6]

T, M0 = diag{Mi0}, M1 =

diag{Mi1}, and χ = diag{χi}, α2 = [αi2, . . . , αN2]
T.

Therefore, the virtual control law αi2 can be written in the following form:

α2 = −M1z4 − M0tanh
(

Nz4

δ

)
(61)

Substituting (61) into (59), we have

.
V4 = zT

4RT(L⊗ I
)
(z5 + z6)− zT

4RT(L⊗ I
)
M1z4

−M0zT
4RT(L⊗ I

)
tanh

(
Nz4

δ

)
− zT

4RT(L⊗ I1
)
Ur

(62)

According to Lemma 3, it can be obtained as

.
V4 ≤ zT

4RT(L⊗ I
)
(z5 + z6)− zT

4RT(L⊗ I
)
M1z4

+∥z4∥∞RT(L⊗ I1
)

NρU − M0zT
4RT(L⊗ I

)
tanh

(
Nz4

δ

)
≤ zT

4RT(L⊗ I
)
(z5 + z6)− zT

4RT(L⊗ I
)
M1z4 + NρUkp1δRT(L⊗ I1

)
+N2ρUzT

4 RT(L⊗ I1
)
tan h(Nz4

δ )− M0zT
4RT(L⊗ I

)
tanh

(
Nz4

δ

) (63)

Let λ(M0)min > N2ρU , and we can further conclude that

N2ρUzT
4 RT(L⊗ I1

)
tan h(Nz4

δ )−M0zT
4RT(L⊗ I

)
tanh

(
Nz4

δ

)
< 0.

Further, we have
.

V4 ≤ −zT
4RT(L⊗ I

)
M1z4 + zT

4RT(L⊗ I
)
(z5 + z6) + NρUkp1δRT(L⊗ I1

)
(64)
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Let s = RT(L⊗ I
)
. We have

.
V4 ≤ −zT

4 sM1z4 + zT
4 s(z5 + z6) + NρUkp1δs (65)

Next, the attitude control law τX
i of each UUSV is designed. And a Lyapunov function

is selected as follows:
V5 = V4 +

1
2

zT
5 z5 +

1
2

zT
6 z6 (66)

The derivative of V5 with respect to time is

.
V5 =

.
V4 + zT

5
.
z5 + zT

6
.
z6 (67)

where
.
z5 can be represented as follows:

.
z5 = −χ−1z5 + M1

.
z4 + M0

[
1 − tanhT

(
Nz4

δ

)
tanh

(
Nz4

δ

)]
N

.
z4

δ
(68)

Let C = M1
.
z4 + M0

[
1 − tanhT

(
Nz4

δ

)
tanh

(
Nz4

δ

)]
N

.
z4
δ . And there exists a positive

constant C that satisfies ∥C∥2 ≤ C.
Then, (67) can be written as

.
V5 = −zT

4 sM1z4 + szT
4 z5 + zT

6
(
sz4 +

.
z6
)
+ zT

5

(
−χ−1z5 + C

)
+ NρUkp1δs (69)

According to Lemma 4, the following inequalities can be obtained:

zT
4 z5 ≤ 1

2
(δzT

4 z4 +
1
δ

zT
5 z5) (70)

zT
5 C ≤ 1

2

(
1
δ

zT
5 CTCz5 + δ

)
(71)

.
V5 can be written as

.
V5 ≤ −

(
sM1 − 1

2 sδ
)

zT
4 z4 − zT

5

[
χ−1 + 1

2δ

(
1 + CTC

)
I
]
z5

+
(

1
2 + NρUkp1s

)
δ + zT

6
(
sz4 +

.
z6
) (72)

With C1 = sz4 +
.
z6, FX

i (·) =
¯
f

X

i + χ−1
i zi5, the following equation can be obtained:

zT
6 C1 =

N

∑
i=1

zT
i6

[
szi4 +

1
m11

i
τX

i + FX
i (·)

]
(73)

¯
f

X

i is difficult to be accurate. Thus, the RBF neural network is used to process it.

FX
i (·) = WX

i ◦ hX
i + δi (74)

where Wi =
[
WT

i4, WT
i5, WT

i6
]T, hi =

[
hT

i4, hT
i5, hT

i6

]T
, and ∥δi∥ ≤ δN , i = 1, . . . , N, δN > 0.

.
V5 can be written as

.
V5 ≤ −

(
sM1 −

1
2

sδ

)
zT

4 z4 − zT
5

[
χ−1 +

1
2δ

(
1 + CTC

)
I
]

z5

+

(
1
2
+ NρUkp1s

)
δ +

N
∑

i=1
zT

i6

[
szi4 +

1
m11

i
τX

i + WX
i ◦ hX

i + δi

] (75)
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The attitude control law τX
i of each UUSV is designed as follows:

τX
i = m11

i

(
−Mi2zi6 −

Nϕ̂X
i

2δ
zi6 ◦ (hX

i ◦ hX
i )− szi4 −

Nb̂X
di

2δ
zi6

)
(76)

where Mi2 is a diagonal matrix.

Adaptive control law
.
ϕ̂

X

i and auxiliary adaptive law
.
b̂

X

di based on MLP are as follows:

.
ϕ̂

X

i = ΓX

{
N
2δ

3

∑
j=1

z2
i6,j

∥∥∥hX
ij

∥∥∥2

2
− MϕX

i
[ϕ̂X

i − ϕ̂X
i (0)]

}
(77)

.
b̂

X

di = ΓX
b

{
N
2δ

∥zi6∥2
2 − MbX

i
[b̂X

di − b̂X
di(0)]

}
(78)

where ϕX
i =

∥∥Wij
∥∥2

2,ϕX
i > 0. ϕ̂X

i is the estimation of ϕX. ϕ̂X
i (0) is the initial value of ϕ̂X

i .
ϕ̃X

i = ϕ̂X
i − ϕX

i is the estimation error. ΓX > 0 is the adaptive gain. MϕX
i
> 0 is the feedback

gain. b̂X
di is the estimation of bX

di = δN + bX
d . b̃X

di = b̂X
di − bX

di is the estimation error. ΓX
b is the

positive adaptive gain. MbX
i

is the positive feedback gain.
.

V5 can be written as

.
V5 ≤ −

(
sM1 −

1
2

sδ

)
zT

4 z4 − zT
5

[
χ−1 +

1
2δ

(
1 + CTC

)
I
]

z5 − zT
6 M2z6

+

(
1
2
+ NρUkp1s

)
δ +

N
∑

i=1
zT

i6

[
WX

i ◦ hX
i −

Nϕ̂X
i

2δ
zi6 ◦ (hX

i ◦ hX
i )−

Nb̂X
di

2δ
zi6 + δi

] (79)

where M2 = diag{Mi2}. For the convenience of subsequent discussion, let MϕX= diag
{

MϕX
i

}
,

MbX = diag
{

MbX
i

}
.

Theorem 2. Under assumptions 1 and 2, a formation composed of N UUSVs (11) is considered in
a directed graph G. The proposed position control law (76), the MLP-based adaptive control law (77),
and the auxiliary control law (78) for each UUSV guarantee that the formation system is SGUUB
by selecting positive controller parameters M0, M1, M2, MϕX , MbX , ΓX , ΓX

b , χ, δ under bounded
initial conditions, where M0, M1, χ satisfy the following conditions:

λ(M0)min > N2ρU , λmin(sM1) >
1
2

sδ, λmax(χ) <
2δ

1 + C2 (80)

Let ϕX =
[
ϕX

1 , . . . , ϕX
N
]T, ϕ̂X =

[
ϕ̂X

1 , . . . , ϕ̂X
N
]T, ϕ̂X(0) =

[
ϕ̂X

1 (0), . . . , ϕ̂X
N(0)

]T, ϕ̃X=

[
ϕ̃X

1 , . . . , ϕ̃X
N
]T,

¯
b

X

d =
[
bX

d1, . . . , bX
dN
]T,

^
¯
b

X

d =
[
b̂X

d1, . . . , b̂X
dN

]T
,

~
¯
b

X

d =
[
b̃X

d1, . . . , b̃X
dN

]T
, and

^
¯
b

X

d (0)=
[
b̂X

d1(0), . . . , b̂X
dN(0)

]T
.

Consider the candidate Lyapunov function V6 as follows:

V6 = V5 +
1

2ΓX ϕ̃XTϕ̃X +
1

2ΓX
b

~
¯
b

XT

d

~
¯
b

X

d (81)



Appl. Sci. 2024, 14, 12064 14 of 19

The derivative of V6 with respect to time is

.
V6 = C2 +

(
1
2
+ NρUkp1s

)
δ +

N
∑

i=1



zT
i6

(
WX

i ◦ hX
i

)
−

Nϕ̂X
i

2δ
zT

i6zi6 ◦ (hX
i ◦ hX

i )

+ϕ̃X
i

(
N
2δ

3
∑

j=1
z2

i6,j

∥∥∥hX
ij

∥∥∥2

2

)

+zT
i6

[
δi −

Nb̂X
di

2δ
zi6

]
+

N
2δ

b̃X
di∥zi6∥2

2


−

N
∑

i=1

{
MϕX

i
ϕ̃X

i [ϕ̂
X
i − ϕ̂X

i (0)] + MbX
i

b̃X
di[b̂

X
di − b̂X

di(0)]
}

(82)

Let C2 = −
(

sM1 − 1
2 sδ
)

zT
4 z4 − zT

5

[
χ−1 + 1

2δ

(
1 + CTC

)
I
]
z5 − zT

6 M2z6. According to
Lemma 4, we have

zT
i6

(
WX

i ◦ hX
i

)
≤ N

2δ
ϕX

i

3

∑
j=1

z2
i6,jh

XT
ij hX

ij +
δ

2N
(83)

Nϕ̂X
i

2δ
zT

i6zi6 ◦ (hX
i ◦ hX

i )− ϕ̃X
i

(
N
2δ

3

∑
j=1

z2
i6,j

∥∥∥hX
ij

∥∥∥2

2

)
=

N
2δ

ϕX
i

3

∑
j=1

z2
i6,jh

XT
ij hX

ij (84)

zT
i6

[
δi −

Nb̂X
di

2δ
zi6

]
≤
(

N
2δ

∥zi6∥2
2 +

δ

2N

)
bX

di −
N
2δ

b̂X
di∥zi6∥2

2 = − N
2δ

b̃X
di∥zi3∥2

2 +
δ

2N
bX

di (85)

.
V6 can be written as

.
V6 ≤ C2 +

(
1
2
+

1
2

(
δN + bX

d

)
+ NρUkp1s

)
δ −

N

∑
i=1

{
MϕX

i
ϕ̃X

i [ϕ̂
X
i − ϕ̂X

i (0)]

+MbX
i

b̃X
di[b̂

X
di − b̂X

di(0)]

}
(86)

According to the following two inequalities,

ϕ̃X
i [ϕ̂

X
i − ϕ̂X

i (0)] ≥
1
2

ϕ̃X2
i − 1

2

[
ϕX

i − ϕ̂X
i (0)

]2
(87)

b̃X
di[b̂

X
di − b̂X

di(0)] ≥
1
2

b̃X2
di − 1

2

[
bX

di − b̂X
di(0)

]2
(88)

Further, it can be obtained

.
V6 ≤ C2 +

(
1
2
+

1
2
(
δN + bX

d
)
+ NρUkp1s

)
δ − 1

2

N
∑

i=1

{
MϕiX ϕ̃X2

i + MbX
i

b̃X2
di

}
+

1
2

N
∑

i=1

{
MϕX

i

[
ϕX

i − ϕ̂X
i (0)

]2
+ MbX

i

[
bX

di − b̂X
di(0)

]2
}

= −
(

sM1 −
1
2

sδ

)
zT

4 z4 − zT
5

[
χ−1 +

1
2δ

(
1 + CTC

)
I
]

z5 − zT
6 M2z6

−1
2

ϕ̃T
XMϕX ϕ̃X − 1

2

~
¯
b

XT

d MbX

~
¯
b

X

d +
1
2
[
ϕX − ϕ̂X(0)

]TMϕX
[
ϕX − ϕ̂X(0)

]
+

1
2

¯
b

X

d −
^
¯
b

X

d (0)


T

MbX

¯
b

X

d −
^
¯
b

X

d (0)


+

(
1
2
+

1
2
(
δN + bX

d
)
+ NρUkp1s

)
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If
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(90)

we have
.

V6 ≤ −
(

λmin(sM1)− 1
2 sδ
)

zT
4 z4 −

(
λmin

(
χ−1)− 1

2δ

(
1 + C2

))
zT

5 z5
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6 z6 − 1
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(
MϕX

)
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~
¯
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~
¯
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X
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(91)

If
λ(M0)min > N2ρU , λmin(sM1) >

1
2

sδ, λmax(χ) <
2δ

1 + C2 (92)

.
V6 can be written as

.
V6 ≤ −αXV6 + βX (93)

where

αX = min

 [2λmin(sM1)− sδ],
[
2λmin

(
χ−1)− 1

δ

(
1 + C2

)]
, 2λmin(M2), ΓXλmin

(
MϕX

)
, ΓX

b λmin(MbX )

 (94)

According to Lemma 5, we can conclude that all position subsystems are SGUUB.

4. Simulation

This section intends to validate the effectiveness of the distributed formation control
algorithm proposed in Section 3. For this purpose, numerical simulation is carried out
for a formation mission scenario. The parameters are shown in Table 1 [24]. Consider a
formation composed of six UUSVs. The initial state of the formation is set as shown in
Table 2.

Table 1. Main model parameters of the UUSV.

Parameter Value Parameter Value

m11 25.8 Yvi |vi | 36.2823
m22 33.8 Yvi |ri | 0.805
m33 2.76 Nri 1.9
Xui 0.7225 Nri |vi | −0.08

Xui |ui | 1.3274 Nri |ri | 0.75
Yvi 0.8612

Table 2. Initial states of the UUSV formation.

Description Value

Vehicle 1 [−20, 30, 0, 0.1, 0.1, 0.1]T

Vehicle 2 [−10, 20,−π/4, 0.1, 0.1, 0.1]T

Vehicle 3 [−15, 5, 0, 0.1, 0.1, 0.1]T

Vehicle 4 [−25, 10, 0, 0.1, 0.1, 0.1]T

Vehicle 5 [−10, 5, 0, 0.1, 0.1, 0.1]T

Vehicle 6 [−5, 5, 0, 0.1, 0.1, 0.1]T

By using the proposed control law and adaptive law, the simulation results are depicted
in Figures 1–4. Figure 1 shows the trajectories of six vehicles on the plane, and it is obvious
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that the desired formation shape is finally obtained. Using the designed controller, all the
closed-loop systems should be SGUUB.
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Figure 2 shows the error variables of each vehicle. It is obvious that the chattering of
the curve is less, and the error variables of the model are SGUUB.

The virtual control laws α1 and α2 of each vehicle are shown in Figure 3. We can ob-
serve that the control of the attitude subsystem and the position subsystem are continuous
and SGUUB.

The control inputs τX and τσ of each vehicle are shown in Figure 4. We can observe
that the simulation curve of τσ is relatively chattering-free, and all the controls of the
position subsystem and attitude subsystem are continuous and SGUUB.

The above simulation results are consistent with Theorems 1 and 2.

5. Conclusions and Discussion

This paper presents a distributed adaptive formation control scheme for UUSV based
on a directed graph. In the design process, considering the underactuation characteris-
tics, we redefine the dynamic and kinematic models of the formation. The RBF neural
network based on MLP is used for the online approximation of uncertain model parameters
and external disturbances. DSC is used to solve the complex differential problem in the
calculation process, which further improves the practicability of the controller. From the
simulation results, it can be seen that the controller and two adaptive laws designed by
this scheme successfully realize the effective control of the formation, achieve the desired
goal, and effectively solve the underactuated control of UUSV formation and the uncertain
problems of the dynamic model and quantitative parameters. In the future, we will carry
out research on the event-triggered UUSV formation control technology.
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