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Abstract: Frost damage is one of the main influencing factors for the deterioration of support
structures in cold-region tunnels. A new dual transverse isotropic model of frozen rock mass is first
proposed based on parameter strain and elastic modulus to serve as the theoretical basis for tunnel
operation safety in cold regions. Subsequently, a unified elasto-plastic solution for high-speed railway
tunnels in cold regions is derived based on the new dual transverse isotropic model, and the accuracy
of the analytical solution is verified by comparisons with existing models and experimental results.
Finally, the effect of the model parameters on stress and displacement is explored. The results reveal
a significant negative correlation between the plastic radius of the frozen rock mass zone and the
pressure acting on the inner surface of the support structure, the influence coefficient of intermediate
principal stress, radial-gradient influence coefficient of the frozen rock mass, and anisotropic frost
heave coefficient of the frozen rock mass, as well as between the frost-heaving force and the influence
coefficient of intermediate principal stress parameter. However, the frost-heaving force is positively
correlated with the pressure acting on the inner surface of the support structure, the radial gradient
influence coefficient of the frozen rock mass, and the anisotropic frost heave coefficients of the frozen
rock mass. Therefore, the pressure acting on the inner surface of the support structure, the radial
gradient influence co-efficient of the frozen rock mass, and the anisotropic frost heave coefficients of
frozen rock mass should be reasonably considered, but the strength theory of the surrounding rock
should be strongly considered in the design of tunnel structures in cold regions.

Keywords: cold-regional tunnel; high-speed railway; dual transverse isotropic model; unified
strength theory; elasto-plastic solution

1. Introduction

Following the implementation of the “Strong Transportation Country” and “West
Development” strategies, the density of the transportation network in China is expected
to increase. Hence, new highway and railway tunnels will be designed, constructed, and
operated in the cold regions of western and northeastern China. Cold-region tunnels are
primarily characterized by the frost-heaving force, which differs from that in typical tunnels.
On-site surveys have shown that the frost heave force is one of the important external
factors causing damage to tunnel structures in cold regions [1,2], as shown in Figure 1.
Therefore, studying the frost-heaving force has important scientific value and engineering
significance in cold-region tunnels.

Based on the elastic solution of the frost-heaving force, a visco-elastic solution was ob-
tained by combining the corresponding principle and the Laplace transform. The analytical
results indicated that the frost-heaving force was an important influencing factor. If the
frost-heaving force was considered, the stress of the lining structure was higher than that
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when the frost-heaving force was ignored [1]. The Mohr–Coulomb yield criterion, as one of
the classic yield criteria, is widely used in the derivation of plastic solutions. The elasto-
plastic solution meets the Mohr–Coulomb yield criterion, revealing that the frost heave was
also an important factor during the development of plastic zones, and the frost heave will
promote the expansion of the plastic zone range [3,4]. Subsequently, the non-uniform frost
heave was further considered, and the analytical solution was established. The analysis
results demonstrated that the stress difference in the support structure increases when frost
heave is considered [5].
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Figure 1. Structural damage in cold-region tunnels.

For the saturated rock, the frost heave behavior was systematically studied by conduct-
ing a series of model experiments. The results demonstrated that the frost heave behavior
is more significant in the parallel freezing direction than in the vertical direction. A trans-
versely isotropic frost-heaving model was then presented based on the experimental results,
and the anisotropic frost heave coefficient was proposed and defined [6]. Additionally, by
combining different yield criteria and non-associated flow rules, the plastic behavior of
the frost heave that considers transversely isotropic frost heave was explored [7–9]. The
analytical results revealed that the frost-heaving force increases with the increase in the
frost heave coefficient, which indicates that the effect of transverse isotropy of the freezing
rock mass on the frost-heaving force is significant [10]. In addition, mechanical models
for composite lining structures [11] and dual non-uniform frost-heaving for the case of
frozen rock mass [12] were proposed, solved, and analyzed. Compared to hydrostatic
stress, non-hydrostatic stress more realistically reflects engineering practice. Accordingly,
elastic analytical solutions of circumferential and radial stresses and radial displacement
for rock mass and structure have been proposed [13], and the influence of the construc-
tion time of the structure on the stress and displacement has been explored [14]. The
results showed that the influence of the lateral pressure coefficient on the vertical direction
was slighter.

However, existing solutions mainly consider the transversely isotropic characteristic
of the frozen rock mass but neglect the impact of the radial temperature gradient on the
mechanical properties of the frozen rock mass. The literature indicates that the lowest
temperature zone is located on the inner surface of the frozen rock mass, and the tempera-
ture increases with the increase in the radial depth of the surrounding rock [15,16]. Cyclic
freeze–thaw action increasingly damages surrounding rock with the increase in the temper-
ature difference. Hence, the mechanical properties of frozen rock mass deteriorate with
increasing depth along the radial direction [17,18]. However, the mechanical properties of
the frozen rock mass along the radial direction in existing analytical models were assumed
constant, which is inconsistent with actual engineering practice.

Therefore, this study proposes a dual transverse isotropic model of frozen rock mass,
considering the variation in mechanical properties along the radial direction and the
transversely isotropic characteristic of the frozen rock mass. Subsequently, an elasto-
plastic solution for high-speed railway tunnels in cold regions is obtained based on the
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dual transverse isotropic model of the frozen rock mass. The accuracy of the proposed
mechanical model is verified by comparisons with existing solutions and experimental
results. Finally, the sensitivity analysis of analytical solution parameters is further explored.

2. Dual Transverse Isotropic Model of Frozen Rock Mass

A plane in which the properties of the rock in different directions are identical is called
an isotropic plane. When the properties of the rock perpendicular to the isotropic plane
are different from those within the isotropic plane, this rock is referred to as transversely
isotropic [19,20], as shown in Figure 2. Accordingly, such rock is an isotropic material.

Appl. Sci. 2024, 14, x FOR PEER REVIEW 3 of 18 
 

Therefore, this study proposes a dual transverse isotropic model of frozen rock mass, 

considering the variation in mechanical properties along the radial direction and the trans-

versely isotropic characteristic of the frozen rock mass. Subsequently, an elasto-plastic so-

lution for high-speed railway tunnels in cold regions is obtained based on the dual trans-

verse isotropic model of the frozen rock mass. The accuracy of the proposed mechanical 

model is verified by comparisons with existing solutions and experimental results. Fi-

nally, the sensitivity analysis of analytical solution parameters is further explored. 

2. Dual Transverse Isotropic Model of Frozen Rock Mass 

A plane in which the properties of the rock in different directions are identical is 

called an isotropic plane. When the properties of the rock perpendicular to the isotropic 

plane are different from those within the isotropic plane, this rock is referred to as trans-

versely isotropic [19,20], as shown in Figure 2. Accordingly, such rock is an isotropic ma-

terial. 

 

Figure 2. Schematic of transversely isotropic material. 

In cold regions, the longitudinal and circumferential temperature gradient is largely 

invisible, and the radial temperature gradient is prominent in tunnel engineering. On-site 

monitoring data from cold-region tunnels [21] also demonstrated that the measured tem-

perature gradient is positively correlated with the radial direction of the tunnel, as shown 

in Figure 3. Hence, the frozen rock mass can be regarded as a transversely isotropic mate-

rial. Subsequently, the strain was used as an indicator of the transverse isotropy of the 

frozen rock mass, and the corresponding expressions [6] are 

2

1

2

r v

l v

k

k

k


 

  


= +


 = =
 +

 (1) 

where ε represents strain. The subscripts r, θ, and l represent the radial, circumferential, 

and longitudinal directions, respectively. Parameters k and εv represent the anisotropic 

frost heave coefficients and volumetric strain, respectively. If k = 1 is assumed, the expres-

sions can be simplified as the isotropy case. 

Figure 2. Schematic of transversely isotropic material.

In cold regions, the longitudinal and circumferential temperature gradient is largely
invisible, and the radial temperature gradient is prominent in tunnel engineering. On-
site monitoring data from cold-region tunnels [21] also demonstrated that the measured
temperature gradient is positively correlated with the radial direction of the tunnel, as
shown in Figure 3. Hence, the frozen rock mass can be regarded as a transversely isotropic
material. Subsequently, the strain was used as an indicator of the transverse isotropy of the
frozen rock mass, and the corresponding expressions [6] are{

εr =
k

k+2 εv

εθ = ε l =
1

k+2 εv
(1)

where ε represents strain. The subscripts r, θ, and l represent the radial, circumferential, and
longitudinal directions, respectively. Parameters k and εv represent the anisotropic frost
heave coefficients and volumetric strain, respectively. If k = 1 is assumed, the expressions
can be simplified as the isotropy case.
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The periodic freezing and thawing caused by the alternation of winter and summer
significantly weaken the bearing capacity of the rock mass, which is composed of solid,
liquid, and gas materials. Weakening is mainly the result of the additional expansion
pressure exerted by the increases in volume as water freezes, which internally damages the
rock mass, as shown in Figure 4. Typically, a decrease in elastic modulus can indicate that
the surrounding rock has been damaged. The larger the temperature difference, the greater
the elastic modulus decreases. Therefore, similar to the temperature gradient, the elastic
modulus increases with the increase in the radial depth of the surrounding rock. The elastic
modulus becomes constant when the depth reaches the unfrozen rock mass boundary. The
increase in the elastic modulus with depth along the radial direction is assumed to be a
power-law function [22,23], and the formula is as follows:

Ef(r) = Euf(
r

Ruf
)

αf
(2)

where E represents elastic modulus; subscripts f and uf represent the frozen and unfrozen
rock mass, respectively; r represents the distance from the tunnel center in the radial
direction; Ruf represents the depth of the frozen rock mass; and αf represents the radial
gradient influence coefficient of the frozen rock mass. If αf = 0 is assumed, the expression
can also be simplified as an isotropy case.
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In summary, a dual transverse isotropic model of frozen rock mass was proposed
based on the strain and elastic modulus parameters. If the parameter values are reasonable
(e.g., k = 1 and αf = 0), the dual transverse isotropic model can be simplified as an isotropy
case. Subsequently, the mechanical model of the cold-region tunnel is established and
further solved by considering the dual transverse isotropy of frozen rock mass.

3. Establishing of Mechanical Model

Figure 5 shows a sketch of the mechanical model of the surrounding rock and lining
structure of a cold-region tunnel. Zone I represents the lining structure. Zone II and III
represent the frozen and unfrozen rock mass, respectively. Zone II is further subdivided
into II-1 and II-2, which represent the plastic and elastic rock mass, respectively. As zone
II freezes and expands, additional pressure is exerted on the lining structure due to the
limitations of zone I and III, which is referred to as the frost heave force [10,12,13]. As
shown in Figure 5, R_0 and R_1 represent the inner and outer radius of the lining structure,
respectively. R_2 and represent the outer radius of the frozen rock mass. RP represents
the radius of the yield range of frozen rock mass. In addition, P_0 represents the far-field
pressure in the tunnel situ. F_0 represents external pressure, such as aerodynamic force [8].
F_1 and F_2 represent internal pressure induced by freezes and expands of the frozen rock
mass. RP represents internal pressure acting on the contact surface between plastic and
elastic rock mass.

The following basic assumptions were adopted to solve the mechanical model:
(1) The cross-sectional shape of a deeply buried tunnel is circular. (2) Zone I and zone III
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are isotropic, homogeneous, and elastic media, and zone II is a transversely isotropic ho-
mogeneous elasto-plastic medium. (3) Zone II satisfies the unified strength theory [24,25].
(4) The plane strain condition is employed. (5) The body forces of the rock mass and
structure are ignored.
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In the circumferential and radial stresses of zones I, II, and III, the equilibrium equation
satisfied can be given as follows:

dσi
r

dr
+

σi
r − σi

θ

r
= 0 (3)

where σ represents the stress. Superscript i represents the zone number (e.g., I = I, II, II-1,
II-2, and III).

The geometric equations satisfied by the circumferential and radial strains of zones I,
II, and III can be given as follows:

εi
r =

dui
r

dr
εi

θ =
ui

r
r

(4)

where u represents displacement.
The constitutive equations satisfied by zone I can be given as follows: εI

r =
1−µ2

s
Es

(σI
r −

µs
1−µs

σI
θ)

εI
θ = 1−µ2

s
Es

(σI
θ −

µs
1−µs

σI
r)

(5)

where µ represents Poisson’s ratio and subscript s represents support zone I.
The constitutive equations [5,8] satisfied by zone II can be given as follows:

εIIe
r =

1−µ2
f

Ef(r)
((σIIe

r − P_0)− µf
1−µf

(σIIe
θ − P_0))− C1

εIIe
θ =

1−µ2
f

Ef(r)
((σIIe

θ − P_0)− µf
1−µf

(σIIe
r − P_0))− C2

C1 = ( kf
kf+2 εv + µf

1
k+2 εv)

C2 = ( 1
kf+2 εv + µf

kf
kf+2 εv)

(6)

where superscript e represents the elasticity in zone II.
The constitutive equations [7,22] satisfied by zone III can be given as follows: εIII

r =
1−µ2

uf
Euf

((σIII
r − P_0)− µuf

1−µuf
(σIII

θ − P_0))

εIII
θ =

1−µ2
uf

Euf
((σIII

θ − P_0)− µuf
1−µuf

(σIII
r − P_0))

(7)
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The expression of the unified strength theory can be written as follows:

σθ = Aσr + B (8)

where A and B represent the unified strength theory parameters, and the corresponding
expressions are  A = (2+br)+(2+3br) sin φ

(2+br)(1−sin φ)

B = 4(1+br)c cos φ
(2+br)(1−sin φ)

(9)

where br represents the influence coefficient of intermediate principal stress and c and
φ represent cohesion and internal friction angle, respectively. If br = 0.0 and br = 1.0 are
assumed, respectively, the unified strength theory can degraded into the Mohr–Coulomb
and twin-shear criterion, respectively [26].

4. Solution of Mechanical Model
4.1. Mechanical Analysis of Zone I

The stress boundary conditions in zone I can be given as follows:{
σI

r = F_0 r = R_0
σI

r = F_1 r = R_1
(10)

By combining the boundary conditions and the Lame solutions, the stress solutions
can be obtained:  σI

r =
1− R_12/r2

1− R_12/R_02 F_0 + 1− R_02/r2

1− R_02/R_12 F_1

σI
θ = 1+ R_12/r2

1− R_12/R_02 F_0 + 1+ R_02/r2

1− R_02/R_12 F_1
(11)

The displacement solution can be obtained by substituting Equations (11) and (5) into
Equation (4):

uI
r = F_0

(1 − 2µs + R_12/r2)(1 + µs)

Es(1 − R_12/R_02)
r + F_1

(1 − 2µs + R_02/r2)(1 + µs)

Es(1 − R_02/R_12)
r (12)

4.2. Mechanical Analysis of Zone II-1

The stress boundary conditions in zone II-1 can be given as follows:{
σII-1

r = F_1 r = R_1
σII-1

r = FP r = RP
(13)

By combining the equilibrium equation and the unified strength theory, the stress
solutions can be obtained: {

σII-1
r = DrA−1 + B

1−A
σII-1

θ = AσII-1
r + B

(14)

where D is an integral constant related to the boundary conditions.
The value of D can be determined from the boundary conditions of Equation (13), and

the stress solutions can be rewritten as follows: σII-1
r = (F_1 − B

1−A )
rA−1

R_1A−1 +
B

1−A

σII-1
θ = A(F_1 − B

1−A )
rA−1

R_1A−1 +
B

1−A

(15)

The strain in zone II-1 can be decomposed into elastic and plastic strains, and the
expression is as follows: {

εII-1
r = εII-1e

r + ε
II-1p
r

εII-1
θ = εII-1e

θ + ε
II-1p
θ

(16)
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where superscript p represents the plasticity in zone II-1.
The strain compatibility equation satisfied by zone II-1 can be given as

dεII-1
θ

dr
=

εII-1
r − εII-1

θ

r
(17)

The expression of the non-associated flow rule [27–29] for plastic strain in zone II-1 is

ε
II-1p
r + βε

II-1p
θ = 0 (18)

where β represents the characteristic parameters related to shear expansion.
After substituting Equations (16) and (18) into Equation (17), Equation (17) can be

rewritten as follows:

dε
II-1p
θ

dr
+

(β + 1)εII-1p
θ

r
= −

dεII-1e
θ

dr
+

εII-1e
r − εII-1e

θ

r
(19)

The corresponding boundary condition for plastic strain [30] in zone II-1 is

ε
II-1p
θ = 0 r = RP (20)

The elastic strain solutions in zone II-1 can be obtained by substituting Equation (15)
into Equation (6): εII-1e

r = (1−µf−Aµf)(1+µf)
Ef0( r/R_2 )α

rA−1

R_1A−1 (F_1 − B
1−A ) +

(1−2µf)(1+µf)
Ef0( r/R_2 )α

B
1−A − (1−2µf)(1+µf)

Ef0( r/R_2 )α P_0 − C1

εII-1e
θ = (A−Aµf−µf)(1+µf)

Ef0( r/R_2 )α
rA−1

R_1A−1 (F_1 − B
1−A ) +

(1−2µf)(1+µf)
Ef0( r/R_2 )α

B
1−A − (1−2µf)(1+µf)

Ef0( r/R_2 )α P_0 − C2

(21)

Equation (19) can be solved after substituting Equation (21) into Equation (19):

ε
II-1p
θ = Q

r1+β − (A−Aµf−µf)(1+µf)
Ef0R_1A−1(A+β−αf)

(F_1 − B
1−A )

A−1−αf
( 1/R_2 )αf rA−1−αf −

(A−1)(1+µf)
Ef0R_1A−1(A+β−αf)

(F_1 − B
1−A )

1
( 1/R_2 )αf rA−1−αf −

(1−2µf)(1+µf)
Ef0(αf+β+1)

B
1−A

αf
( 1/R_2 )αf rαf +

P_0 (1−2µf)(1+µf)
Ef0(αf+β+1)

αf
( 1/R_2 )αf rαf − C1−C2

1+β

(22)

where Q is an integral constant related to the boundary conditions.
The value of Q can be determined based on the boundary condition of Equation (20),

and Equation (22) can be rewritten as follows:

ε
II-1p
θ = (A−Aµf−µf)(1+µf)

Ef0
(F_1 − B

1−A )
A−1−αf
(1/R_2)αf

1
A+β−αf

R
A+β−αf
P

R_1A−1
1

r1+β +

(1−2µf)(1+µf)
Ef0

B
1−A

αf
(1/R_2)αf

1
αf+β+1

R
αf+β+1
P
r1+β +

(A−1)(1+µf)
Ef0

(F_1 − B
1−A )

1
(1/R_2)αf

1
A+β−αf

R
A+β−αf
P

R_1A−1
1

r1+β −

(1−2µf)(1+µf)
Ef0

P_0 αf
(1/R_2)αf

1
αf+β+1

R
αf+β+1
P
r1+β −

(A−Aµf−µf)(1+µf)
Ef0

(F_1 − B
1−A )

A−1−αf
(1/R_2)αf

1
A+β−αf

rA−1−αf

R_1A−1 −
(A−1)(1+µf)

Ef0
(F_1 − B

1−A )
1

(1/R_2)αf
1

A+β−αf
rA−1−αf

R_1A−1 −
(1−2µf)(1+µf)

Ef0
B

1−A
αf

(1/R_2)αf
1

αf+β+1 rαf +

(1−2µf)(1+µf)
Ef0

P_0 αf
(1/R_2)αf

1
αf+β+1 rαf +

Rβ+1
P

r1+β
C1−C2

1+β − C1−C2
1+β

(23)
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The circumferential strain in zone II-1 can be obtained by substituting
Equations (21) and (23) into Equation (18). Furthermore, the displacement solution can be
obtained from the geometric equation, Equation (4):

uII-1
r = (A−Aµf−µf)(1+µf)

Ef0
(F_1 − B

1−A )
A−1−αf

( 1/R_2 )αf
1

A+β−αf

R
A+β−αf
P

R_1A−1
1
rβ +

(1−2µf)(1+µf)
Ef0

B
1−A

αf
( 1/R_2 )αf

1
αf+β+1

R
αf+β+1
P

rβ +

(A−1)(1+µf)
Ef0

(F_1 − B
1−A )

1
( 1/R_2 )αf

1
A+β−αf

R
A+β−αf
P

R_1A−1
1
rβ −

(1−2µf)(1+µf)
Ef0

P_0 αf
( 1/R_2 )αf

1
αf+β+1

R
αf+β+1
P

rβ −
(A−Aµf−µf)(1+µf)

Ef0
(F_1 − B

1−A )
A−1−αf

( 1/R_2 )αf
1

A+β−αf
rA−αf

R_1A−1 −
(A−1)(1+µf)

Ef0
(F_1 − B

1−A )
1

( 1/R_2 )αf
1

A+β−αf
rA−αf

R_1A−1 −
(1−2µf)(1+µf)

Ef0
B

1−A
αf

( 1/R_2 )αf
1

αf+β+1 rαf+1 +

(1−2µf)(1+µf)
Ef0

P_0 αf
( 1/R_2 )αf

1
αf+β+1 rαf+1 +

Rβ+1
P
rβ

C1−C2
1+β − C1−C2

1+β r

(24)

4.3. Mechanical Analysis of Zone II-2

The stress boundary conditions in zone II-2 can be given as{
σII-2

r = FP r = RP

σII-2
r = F_2 r = R_2

(25)

By combining the boundary conditions and the Lame solutions, the stress solutions
can be obtained:  σII-2

r = 1− R_22/r2

1− R_22/RP
2 FP + 1− RP

2/r2

1− RP
2/R_22 F_2

σII-2
θ = 1+ R_22/r2

1− R_22/RP
2 FP + 1+ RP

2/r2

1− RP
2/R_22 F_2

(26)

The displacement solution can be obtained by substituting Equations (26) and (7) into
Equation (4):

uII-2
r = FP

(1−2µf+R_22/r2)(1+µf)

Ef0( r/R_2 )α(1−R_22/RP
2)

r + F_2 (1−2µf+RP
2/r2)(1+µf)

Ef0( r/R_2 )α(1−RP
2/R_22)

r

−P_0 (1−2µf)(1+µf)
Ef0( r/R_2 )α r − C2r

(27)

4.4. Mechanical Analysis of Zone III

The stress boundary conditions in zone III can be given as follows:{
σIII

r = F_2 r = R_2
σIII

r = P_0 r= +∞
(28)

By combining the boundary conditions and the Lame solutions, the stress solutions
can be obtained: {

σIII
r = P_0 − R−22

r2 (P_0 − F_2)
σIII

θ = P_0 + R−22

r2 (P_0 − F_2)
(29)

The displacement solution can be obtained by substituting Equations (7) and (29) into
Equation (4):

uIII
r =

(1 + µuf)(P_0 − F_2)
Euf

R_22

r
(30)
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4.5. Solution of Stress and Displacement

The continuous conditions for the displacement and stress of the model are as follows:

uI
r = uII-1

r (r = R_1) (a)

σI
r = σII-1

r = F_1 (r = R_1) (b)

uII-1
r = uII-2

r (r = RP) (c)

σII-1
r = σII-2

r = FP (r = RP) (d)

uII-2
r = uIII

r (r = R_2) (e)

σII-2
r = σIII

r = F_2 (r = R_2) (f)

(31)

After substituting Equations (11), (12), (15), (24), (26), (27), (29) and (30) into Equation (31),
Equation (31b,f) can be automatically satisfied. Parameters F_1, FP, F_2, and RP can
be solved using MATLAB 2021b software based on Equation (31a,c,d,e). The analytical
solutions for stress and radial displacement in zones I, II-1, II-2, and III can then be obtained.

5. Verification of Model Solution
5.1. Analysis of Model Solution

An elasto-plastic mechanical model considering the transverse isotropy and the radial
variation in the mechanical property of the frozen rock mass is established. The analytical
solutions of the rock mass and structure are derived. The values of the plastic radius of the
frozen rock mass zone and the frost-heaving force between the support zone and frozen
rock mass are obtained.

If F_0 = 0 is assumed, the mechanical model proposed by the authors in this paper can
be degraded into the non-pressure on the inner surface of the support structure cases. If
αfr = 0 is assumed in the proposed mechanical model, the analytical solution of this study
can be simplified as a transversely isotropic case. Furthermore, If kf = 0 is assumed, the
analytical solution can be simplified as an isotropic case. If br = 0 is assumed, the analytical
solution can be degraded into a Mohr–Coulomb yield criterion. This allows the application
scope of the analytical solution established in this study to be expanded.

5.2. Comparison with Existing Models

Based on the Mohr–Coulomb yield criterion, an elasto-plastic solution for the stress
and radial displacement of the rock mass and structure was obtained [4]. Likewise, a model
solution of frost-heaving force between the rock mass and structure was presented [10]. By
assuming F_0 = 0, αf = 0, br = 0, and kf = 0 in the proposed mechanical model, the analytical
solution of this study can be simultaneously compared with those of Feng et al. [4] and
Lv et al. [10].

The related parameters of the mechanical model were obtained from the Yuximolegai
tunnel located in Yuximolegaidaban of Tianshan Mountain in Xinjiang Province, China. The
altitude of the Yuximolegai tunnel site is approximately 3200 m. Moreover, the minimum
temperature of the air in the tunnel is approximately −28 ◦C. The excavation radius of
the Yuximolegai tunnel (R_1) is 5.0 m, and the thickness of the support zone (Ts) is 0.5 m.
Additionally, the freezing depth of the surrounding rock (R_2) is 7.0 m. The volumetric
strain of the surrounding rock caused by frost heave (εv) was 0.0055, and the initial ground
stress (P_0) was 2.5 MPa [4]. The other parameters are listed in Table 1.

Table 1. Model parameters based on the Yuximolegai tunnel.

Zone Elastic Modulus/GPa Poisson’s Ratio Cohesion/MPa Internal Friction Angle/◦

Support zone 28.0 0.16 / /
Frozen rock mass zone 7.8 0.35 1.7 45

Unfrozen rock mass zone 4.6 0.33 / /
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The comparison results between this study and existing models are shown in Figure 6.
Noticeably, the stress distribution curves along the tunnel radial direction obtained from
this study are similar to those from existing models. Regarding the plastic radius of the
frozen rock mass zone, the values from this study, Lv et al.’s [10] and Feng et al.’s [4], were
5.938 m, 5.938 m, and 5.603 m, respectively. The deviation of the plastic radius between this
study and Feng et al.’s [4] was 5.6%. Regarding the frost-heaving force between the support
zone and frozen rock mass, the values from this study, Lv et al.’s [10] and Feng et al.’s [4]
were 2.309 MPa, 2.309 MPa, and 2.750 MPa, respectively. The deviation of the frost-heaving
force between this study and Feng et al.’s [4] was 16.0%. Notably, the discrepancies in the
circumferential stress curves in support zone I and plastic zone III of the frozen rock mass
between this study [10] and Feng et al.’s [4] were due to the differences in plastic radius
and frost-heaving force. This verifies the rationality and accuracy of the analytical solution
obtained from the proposed mechanical model in this study.
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Figure 6. Comparison results between proposed and existing models [4,10].

5.3. Comparison with Experimental Results

A series of indoor physical model similar experiments were carried out by Sun [31]
to explore the characteristics of the frost-heaving force. For this model experiment, the
surrounding rock comprised similar materials, namely barite powder, fine sand, and
soil. A similar material of the support structure was gypsum. The length of the model
box was 1.6 m, the width was 1.2 m, and the height was 1.095 m, as shown in Figure 7.
Eight strained-pressure cells were arranged on the outer surface of the support structure,
as shown in Figure 8. The inner and outer radii of the support structure were 0.08 m and
0.095 m, respectively. The similarity ratio was set to 50. The freezing depth of the rock
mass was controlled using freezing equipment composed of a temperature control device,
air-blower, air compressor, and thermal insulation materials. The freezing depth during
the experiment was set to 0.1 m. The volumetric strain of the surrounding rock caused by
frost heave (εv) was 0.0203, and the far-field pressure (P_0) was 5.369 kPa [10]. The other
parameters are shown in Table 2.

Table 2. Experimental parameters.

Zone Elastic Modulus/MPa Poisson’s Ratio Cohesion/kPa Internal Friction Angle/◦

Support zone 615.0 0.205 / /
Frozen rock mass zone 74.0 0.41 4.5 31.2

Unfrozen rock mass zone 37.0 0.41 3.0 24.0
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The comparison results between this study and the model experiment are shown in
Figure 9. Noticeably, the results obtained from this study are largely consistent with other
content from the model experiment when the values of parameters br and kf are reasonable.
The maximum and minimum deviations between this study and the model experiment
were 1.5% and 3.9%, respectively. When br = 0.25, 0.50, and 0.75, kf increased from 1.0 to 2.0,
and the analytical solution always fell within the range of the model experimental results.
This further verifies the accuracy of the analytical solution in this study.
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6. Analysis of Model Parameters

In this section, the control variate method [32,33] is employed to explore the influences
of the main model parameters, such as the external pressure F_0, influence coefficient br,
the radial gradient influence coefficient αf, and the anisotropic frost heave coefficient kf on
the stress, displacement, and plastic zone radius, and frost-heaving force. The values of the
model parameters used for the control variate analysis are listed in Table 1.

The stress distribution curves of the rock mass and the support structure under
different model parameters are shown in Figure 10. Regarding the radial stress σr, except
for the slight effect of br on σr in the plastic zone of the frozen rock mass II-1, the influences
of parameters F_0, αf, and kf on σr were negligible, and the maximum deviation between
different parameters was less than 2.0%. Regarding the circumferential stress σθ , the
impacts of parameters F_0, br, αf, and kf on σθ were mainly reflected in support zone I and
frozen rock mass zone II, and the effects in unfrozen rock mass III were likewise negligible.
As F_0 increased from 0.0 MPa to 1.0 MPa, σθ increased in zones I and II-1 and decreased
in zone II-2. The influence of the intensity of F_0 on σθ in zone I was greater than that in
zones II-1 and II-2. As br increased from 0.0 to 1.0, σθ decreased in zone I and increased in
zones II-1 and II-2. The influence of the intensity of br on σθ in zones I and II-1 was greater
than that in zone II-2, especially in zone I and the elastic–plastic contact surface in zone II.
As parameter αf increased from 0.0 to 0.4, σθ increased in zones I and II-1 and decreased in
zone II-2. The influence of the intensity of αf on σθ in zone I was greater than that in zones
II-1 and II-2. As kf increased from 1.0 to 3.0, σθ increased in zones I and II-1 and decreased
in zone II-2. The influence of the intensity of parameters kf on σθ in zone II-2 was greater
than that in zones I and II-1.
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The effects of the model parameters on the plastic zone radius RP and the frost-
heaving force F_1 are shown in Figure 11. RP decreased with the increase in F_0, br, αf,
and kf. A significant negative correlation exists between RP and F_0, br, αf, and kf. For
example, when br increased from 0.25 to 0.75, RP decreased from 5.86 m to 5.76 m, and
the decreasing amplitude was approximately 1.7%. When αfr increased from 0.0 to 0.4,
RP decreased from 5.94 m to 5.87 m, and the decrease in amplitude was approximately
1.2%. Moreover, F_1 increased with the increase in F_0, αf, and kf, and a positive correlation
exists between F_1 and F_0, αf, and kf. F_1 decreased with the increase in br, and F_1
is negatively correlated with br. For example, when br increased from 0.25 to 0.75, F_0
decreased from 1.96 MPa to 1.54 MPa, and the decreasing amplitude was approximately
27.3%. When kf increased from 1.5 to 2.5, F_0 increased from 2.40 MPa to 2.50 MPa, a
decrease of approximately 4.2%. In summary, after considering br, RP decreased, and the
development of F_1 was suppressed. However, after considering parameters F_0, αf, and kf,
RP decreased, whereas the development of the F_1 was accelerated. Therefore, during the
design of tunnel structures in cold regions, parameters F_0, αf, and kf should be reasonably
considered, whereas parameter br should be carefully considered.
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7. Conclusions

The structural frost damage induced by the frost-heaving force is one of the main chal-
lenges in cold-region tunnels. The frost-heaving force was studied from a new perspective
in this paper, and the main conclusions obtained were drawn as follows:

(1) A dual transverse isotropic model of frozen rock mass is proposed based on strain and
elastic modulus. If the values of these parameters are reasonable, the dual transverse
isotropic model can be simplified as the isotropy case.

(2) By combining unified strength theory and the non-associated flow rule, an elasto-
plastic mechanical model for a high-speed railway tunnel in cold regions is established
and solved by considering the dual transverse isotropy of frozen rock mass. The
accuracy of the mechanical model proposed by the authors is verified by comparing it
with that of existing models and the test results based on the same model parameters.

(3) A significant negative correlation exists between RP and F_0, br, αf, and kf, as well as
between F_1 and parameter br. Further, a positive correlation exists between F_1 and
F_0, αf, and kf. During the design of tunnel structures in cold regions, parameters
F_0, αf, and kf should be reasonably considered, whereas parameter br should be
carefully considered.

(4) The increase in elastic modulus with depth along the radial direction is assumed to be
a power-law function. Other functional forms should be further explored based on
on-site monitoring and experimental results.
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Notations
σ Stress
ε Strain
k Anisotropic frost heave coefficients
εv Volumetric strain
E Elastic modulus
r Distance from the tunnel center in the radial direction
Ruf Depth of the frozen rock mass
αf Radial gradient influence coefficient of the frozen rock mass
R_0 Inner radius of zone I
R_1 Outer radius of zone I or the inner radius of zone II
R_2 Outer radius of zone II or the inner radius of zone III
RP Plastic radius of the frozen rock mass zone II
F_0 Pressure acting on the inner surface of the support structure
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F_1
Pressure acting on the outer surface of the support structure or the
frost-heaving force

FP Pressure acting on the contact surface between zone II-1 and zone II-2
F_2 Pressure acting on the contact surface between zone II-2 and zone III
P_0 Initial ground stress in the tunnel situ
u Displacement
µ Poisson’s ratio
A B Unified strength theory parameters
br Influence coefficient of intermediate principal stress
c Cohesion
φ Internal friction angle
D An integral constant related to the boundary conditions
β Characteristic parameters related to shear expansion
Q An integral constant related to the boundary conditions
subscripts r, θ, and l Radial, circumferential, and longitudinal directions, respectively
subscripts f and uf Frozen and unfrozen rock mass, respectively
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