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Abstract: Recently, there has been a significant focus on developing various energy harvesting
technologies to power remote electronic sensors, data loggers, and communication devices for
smart grid systems. Among these technologies, magnetic energy harvesting stands out as one
straightforward method to extract substantial power from current-carrying overhead lines. Due to
the relatively small size of the harvester, the high currents in the distribution system quickly saturate
its magnetic core. Consequently, the magnetic harvester operates in a highly nonlinear manner.
The nonlinear nature of the downstream AC to DC converters further complicates the process,
making precise analytical modeling a challenging task. In this paper, a clamped type overhead
line magnetic energy harvester with a controlled active rectifier generating significant DC output
power is investigated. A piecewise nonlinear analytical model of the magnetic harvester is derived
and reported. The modeling approach is based on the application of the Froelich equation. The
chosen approximation method allowed for a complete piecewise nonlinear analytical treatise of the
harvester’s behavior. The main findings of this study include a closed-form solution that accounts
for both the core and rectifiers’ nonlinearities and provides an accurate quantitative prediction of
the harvester’s key parameters such as the transfer window width, optimal pulse location, average
DC output current, and average output power. To facilitate the study, a nonlinear model of the core
was developed in simulation software, based on parameters extracted from core experimental data.
Furthermore, theoretical predictions were verified through comparison with a computer simulation
and experimental results of a laboratory prototype harvester. Good agreement between the theoretical,
simulation, and experimental results was found.

Keywords: magnetic cores; analytical models; saturation magnetization; magnetic flux; magnetic
energy harvesting

1. Introduction

Electrical power transmission systems are, perhaps, the world’s largest technical
installations. Transmission lines span over vast distances, often pass through remote and
hardly accessible locations, and are prone to the forces of nature. To alleviate the task of
inspection of power systems, monitoring equipment based on smart sensors [1–3], remote
cameras [4,5], etc., have recently been developed. To power such electronic devices, several
types of magnetic energy harvesters have been proposed [6]. Compared to other energy
harvesting methods, a magnetic energy harvester is a mechanically rugged device that has
the advantage of higher reliability and greater power density.

An overhead line magnetic energy harvester (OLMEH) is designed to clamp onto
a transmission line and convert the magnetic energy generated by the line current into
DC power. The OLMEH aims to power electronic equipment or, in most cases, charge a
battery. The concept of an OLMEH is similar to that of a current transformer (CT) [7]. Yet,
the operational conditions of a CT and an OLMEH are quite different. The CT is operated
under a short circuit (or very low impedance) load to keep the core within the linear region,
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whereas the OLMEH operates with a constant voltage load. To exploit the full range of
B-H characteristics, OLMEH’s core is usually allowed to run into the saturation regions.
The inherent nonlinearity of the magnetic core makes the OLMEH’s analysis and design
a challenging problem [6–9]. Furthermore, extracting the full available power that the
OLMEH can provide requires properly matching the OLMEH parameters to attain the
maximum power point conditions [10].

An additional advantage of an OLMEH is that it can harvest the energy from a multi-
kV level AC transmission line to power electronic devices operating at a low DC voltage of
only a few volts [11–14] while avoiding the application of bulky high-voltage step-down
transformers, thus saving hardware and installation costs.

To derive the DC voltage, an OLMEH requires a suitable power electronics interface,
which can be either passive or active. Passive OLMEHs utilize uncontrolled diode bridge
rectifiers to implement the AC-DC conversion, offering simplicity and higher reliabil-
ity [10,15]. To maximize the power density, the OLMEH should be matched to the load
(typically of a constant voltage type) by appropriate selection of cross-sectional area of the
core and number of secondary winding turns. Therefore, such an approach is referred to
as “maximum power point matching” (MPPM) and allows for maximizing the harvested
OLMEH power for a wide range of primary current magnitudes [16]. Yet, in cases where
the CVL is a battery, its voltage is expected to vary depending on its charging state. Thus,
only near-optimal matching can be attained.

Active rectification is another viable approach to attain DC power at OLMEH’s output.
One possible configuration of an OLMEH-based charger with an active rectifier operating
under a constant voltage load (CVL) is illustrated in Figure 1. The idea behind this circuit is
to short-circuit the OLMEH’s secondary winding so to preserve the stored magnetic energy
and then release it towards the load under optimal conditions. This helps to increase the
power output of the circuit, allows control over the depth of saturation, and, enables the
implementation of overcharge and overcurrent protection features. Moreover, the active
rectifier allows the application of better maximum power point tracking (MPPT) [17–19],
which can help attain a higher power under variable line current conditions.
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Figure 1. Overhead line magnetic energy harvester with an active rectifier feeding a constant voltage 

load. 
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Figure 1. Overhead line magnetic energy harvester with an active rectifier feeding a constant
voltage load.

The circuit in Figure 1 was investigated in the recent literature [19–22], which suggests
several approaches to deal with the challenging problem of core nonlinearity. For instance,
its earlier counterpart [19] applied a cot(*) function to accurately model core nonlinearity.
Yet, due to the complex nature of such an approximating function, after a few theoretical
steps, the final solutions were obtained only numerically.

This article aims to develop an approximated, yet complete, nonlinear analytical
model and solution for an overhead line magnetic energy harvester with an active rectifier
(OLMEH-AR), under a constant voltage load, as shown in Figure 1.

The proposed model is derived by applying piecewise nonlinear analysis, relying on
the Froelich equation to model the B-H characteristics of the magnetic core. The Froelich
approximation is based on a first-order rational function. The advantage of the offered
approach is that it lends itself to the analytical treatise. The result is a complete closed-form
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analytical solution to the problem that is quite accurate, simple, and suited for engineering
applications.

The rest of the paper is as follows: simulated waveforms, state analysis, and derivation
of equivalent circuits are given in Section 2; also, this section presents the analytical model
of the OLMEH-AR and derives the expressions for the power transfer window, output
current, and the output power and the conditions for maximum power. Experimental
measurements of a laboratory prototype are reported in Section 3 and stand in good
agreement with the proposed theoretical predictions.

2. The Applied Methodology
2.1. State Analysis and Equivalent Circuits

Analysis of the OLMEH-AR started with computer simulation (PSIM v. 9.1). Deriva-
tion of the computer model of the magnetic core in PSIM v9.1 software is a tedious trial-
and-error process; however, the computer simulation model proved to be an indispensable
tool in the undertaken study.

Examination of the simulated waveforms of the OLMEH-AR in Figure 2 reveals that its
operation period comprises two symmetrical half cycles. The positive half-cycle commences
when the secondary current becomes positive, i2(t) > 0 and comprises four states. Note that
during the negative half-cycle, a similar order of events occurs (with M2 interchanging its
function with M1 and D2 interchanging its function with D1). Therefore, it is sufficient to
analyze only the positive half-cycle.
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Figure 2. Typical simulated waveforms of an OLMEH-AR under CVL.

State 1 [0, t1], see Figure 3a, commences at t = 0. Here, both active switches conduct
and effectively short the secondary winding.

State 2 [t1, t2], see Figure 3b, commences at t = t1, when, by the controller’s command,
the M1 switch is turned off but M2 remains on. Here, the rectifier diode D1 turns on and
allows the current to charge the battery. Since a constant battery voltage is applied to the
secondary winding, the flux density in the core starts ramping up linearly, while causing
the magnetizing current to rise in a nonlinear fashion.

State 3 [t2, t1 + tpw], see Figure 3c, commences at t = t2 when the rectifier currents drop
to zero, iin = ib = 0. Here, the anti-parallel diode of the M1 switch starts conducting and
shorts the secondary winding.
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State 4 [t1 + tpw, T/2], see Figure 3d, commences when, by the controller’s command,
switch M1 is turned on again and helps its anti-parallel diode to keep the winding shorted.
Under short circuit conditions, the flux density in the core remains constant until the end
of the positive half cycle.

The OLMEH-AR model based on a simplified cantilever model with a saturable
magnetizing inductance, Lm, placed on the secondary winding, while neglecting the leakage
inductance, is shown in Figure 4a. The ideal transformer 1 : N acknowledges the fact that
the line conductor acts as a single-turn primary winding, while the secondary one consists
of the N turn wound on the OLMEH’s core. The simplified equivalent circuit of the short-
circuit (SC) state (States 1, 3, and 4) is shown in Figure 4b, and the simplified model of State
2, the only charging state (CS) that allows current to the load, is presented in Figure 4c.
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Figure 4. General model of the overhead line magnetic energy harvester with an active rectifier
(OLMEH-AR) with a constant voltage load (a); its equivalent short circuit States 1, 3, and 4 (b) and
the equivalent charging State 2 (c).

2.2. The Froelich Equation Review

To facilitate the analysis approach, the following simplifying assumptions are adopted.
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Firstly, ideal (lossless) rectifiers and ideal switches are assumed with no voltage drop
and zero ON resistance. Secondly, the core is assumed to be un-hysteretic (lossless), whose
nonlinearity can be described by the Froelich equation:

B(H) =
aH

b + H
, (1)

Here, the parameter a is the saturation flux density at infinite field intensity:

Bsat = lim
H→∞

aH
b + H

= a, (2)

whereas b is related to the magnetic permeability of the core at the low field intensity
(linear) region

µ(H ≪ b) =
a
b

(3)

2.3. Analysis: Power Transfer Window

The following definitions are introduced: N is the number of OLMEH secondary
turns, I1m is the line (primary) current amplitude, and I2m = I1m/N is the amplitude of the
secondary current. As usual, f = 1/T = ω/2π is the line frequency.

Examining the waveforms in Figure 2 reveals that the magnetic flux density swings
from its initial negative saturation value B(t1) = −Bs towards the positive saturation value
B(t2) = +Bs. The transition is linear since it results from the application of the constant
voltage Vb to the secondary winding; see Figures 3b and 4c. Therefore

B(t2) = +Bs =
1

NAc

∫ t2

t1

Vbdt − Bs, (4)

whence
Bs =

Vb
2NAc

(t2 − t1), (5)

The practical saturation level that the core can reach, Bs, is presumed to be lower than
the heavy saturation flux density level, Bs < Bsat, defined by (2).

The time interval that appears in (5)

Tw = (t2 − t1), (6)

is defined as the power transfer window. To allow the charging current pulse to terminate
naturally, the pulse width, tpw, set by the controller, see Figure 2, has to be appropriately
matched so that tpw > Tw. Switching the MOSFET on, see Figure 3d, decreases the
resistance of the conductive path, minimizes the conduction losses during the SC states,
and so increases the OLMEH’s conversion efficiency.

Combining (5) with the Froelich Equation (1) yields the magnetic field intensity at-
tained by the core at the peak of saturation:

H(t2) = H(Bs) =
bBs

a − Bs
=

b Vb
2NAc

(t2 − t1)

a − Vb
2NAc

(t2 − t1)
=

N
lc

im(t2), (7)

The right-hand side of (7) was attained by Ampere’s law.
Further examination of the waveforms in Figure 2 suggests that charging State 2 is

terminated when the magnetizing current equals the secondary current:

im(t2) = i2(t2) = I2msin(ωt2), (8)
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Hence, substituting (8) into (7) yields

b Vb
2NAc

(t2 − t1)

a − Vb
2NAc

(t2 − t1)
=

N
lc

I2msin(ωt2), (9)

Since t1 is set by the controller and assumed to be known, (9) is an equation of a
single variable t2. Yet, (9) is difficult to solve. A straightforward approach to obtain the
solution of (9) is to proceed with numerical analysis. An alternative approach offered
here is obtaining an analytical solution through approximation of the sine function on
the right-hand side of (9) by a rational function, considering that the range of interest lies
somewhere in 2

3 π < ωt < 5
6 π. As a compromise between complexity and accuracy, it is

suggested to approximate the falling segment of the sine function using

sin(ωt) ≈ K1(π − ωt)
K2 − ωt

, (10)

With K1 = 3.232 and K2 = 6.003, (10) agrees with the sin(ωt) function at 120◦, 150◦, and
180◦, thus providing good accuracy within the range of interest. A comparison plot of the
sin(ωt) function to the chosen approximation function (10) is shown in Figure 5.
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Substitution of (10) into (9) yields

lc
N

b
[

Vb
NAc

(t2 − tZ)
]

a −
[

Vb
NAc

(t2 − tZ)
] = I2m

K1(π − ωt2)

K2 − ωt2
, (11)

Introducing the definitions of the normalized time

tN =
ω

π
t, (12)

the normalized secondary current

IN =
I2m

Ibase
=

NI2m

blc
=

I1m
blc

, (13)

the normalized load voltage

VN =
Vb

Vbase
=

πVb
ωaNAc

, (14)
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and applying (12)–(14) to (11) yields the normalized equation:

VN(t2N − t1N)/2
1 − VN(t2N − t1N)/2

= IN
K1π(1 − t2N)

K2 − πt2N
, (15)

which, after some manipulation, can be written in the form of a standard quadratic equation:

αt2
2N + βt2N + γ = 0, (16)

where the coefficients are
α =

π

2
VN(1 + K1 IN), (17)

β = −
[

πK1 IN +
π

2
K1(1 + t1N)VN IN +

1
2
(πt1N + K2)VN

]
, (18)

γ = πK1 IN +
π

2
K1t1NVN IN +

K2

2
t1NVN , (19)

Only the solution for t2N < 1 (i.e., t2 < T/2) has a physical meaning, therefore:

t2N =
−β −

√
β2 − 4αγ

2α
, (20)

Translating (20) from the normalized time to the real-time, see (12), gives the termina-
tion instant of charging State 2:

t2 =
T
2

t2N , (21)

Since the firing instant t1 is set by the controller and is known and the extinction
instant t2 can be obtained from (21), the power transfer window can be found by (6). This
allows for the calculation of the output power of the OLMEH-AR as shown next.

2.4. Analysis: Output Current and Power

The rectifier’s input current is the difference between the secondary current, i2(t), and
the magnetizing current, im(t); see Figure 4c. Therefore, the charge delivered to the CVL
during a half cycle is

qb =
∫ t2

t1

(i2(t)− im(t))dt, (22)

Examining the waveforms in Figure 2 reveals that in the steady-state, the magnetizing
current is symmetrical. This means that the charge drawn by the magnetizing current is
zero: ∫ t2

t1

im(t)dt = 0, (23)

This also complies with the principle that for the lossless system in the steady state,
the energy captured by an ideal magnetizing inductance is fully recycled.

Combining (22) and (23), the average output current can be found as:

Ib =
2
T

∫ t2

t1

I2msin(ωt)dt =
I2m

π
(cos (ωt1)−cos(ωt2)), (24)

whence the average output power delivered to the constant voltage load is

Po = Vb Ib =
2
√

2
πN

Vb I1rms(cos (ωt1)−cos(ωt2)), (25)

2.5. Analysis: Maximum Power Conditions

Recall again that the delay time, t1, in (25) is an independent variable set by the
controller’s command, whereas t2, given by (20), (21) is a function of t1 as well as the
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OLMEH’s parameters and operation conditions. Thus, the question arises regarding
the proper choice of the delay time to optimize/maximize the OLMEH’s power output.
Symmetry considerations, see Appendix A for details, suggest that the maximum output
power can be attained when the power transfer window is aligned symmetrically to the
line current peak:

t2mpp =
T
2
− t1mpp , (26)

Substituting (26) into (25), the maximum power that can be obtained from the OLMEH-
AR under the MPP condition is

Pompp =
4
√

2
πN

Vb I1rmscos
(
ωt1mpp

)
, (27)

Whereas the optimum delay time, t1mpp , required to implement the MPP condition is
found by normalizing the condition (26) and substituting it into (15). Further manipulation
of the expression leads to the following quadratic equation:

αmppt2
1Nmpp + βmppt1Nmpp + γmpp = 0, (28)

where
αmpp = −2πVN(1 + K1 IN), (29)

βmpp = −[(2K2 − 3π)VN + πK1(2 − VN)IN ], (30)

γmpp = (K2 − π)VN , (31)

Only the positive solution for t1Nmpp has a physical meaning:

t1Nmpp =
−βmpp −

√
β2

mpp − 4αmppγmpp

2αmpp
, (32)

Translating the normalized time (32) to the real-time yields:

t1mpp =
T
2

t1Nmpp, (33)

The results of (32), and (33) allow for optimally locating the power transfer window
for optimal energy harvesting; see (27).

3. Comparison with the Experimental Results

An experimental laboratory OLMEH prototype, as shown in Figure 1, and its power
processing unit were built and tested. The OLMEH’s core was constructed by stacking to-
gether three pairs of 10H10 C-cores made of silicon steel (EILOR MAGNETIC CORES). The
magnetic path length was lc = 120 mm, and the total core cross-section of Ac = 1800 mm2.
The total number of secondary turns was N = 40.

NTP011N115MC MOSFETs and Schottky rectifiers STP80H100TV were used. The
prototype controller was developed and built to allow for adjustment of the delay time, t1,
and the controller’s power transfer window width, tpw, independently.

The Froelich parameters of the core a and b were established by curve fitting to the
experimental data. Measured B-H characteristics of a silicon steel core sample vs. the fitted
BH curve, drawn by using the extracted Froelich parameters, are shown in Figure 6. Here,
a = 2.05 [T] and b = 109.4 [At/m] were found, the same as in [10].

Typical waveforms of the experimental OLMEH with an active rectifier at line current
I1 = 100 A rms under constant voltage load, Vb = 45 V, are shown in Figure 7. Here, the
waveforms shown are: line current i1(t), the rectifier input current iin(t), and the gating
signal of the M1 switch, vg(t), generated by the controller. The math channel shows the
instantaneous output power po(t). Recall that energy transfer to the CVL occurs during the
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high level of the v1(t) waveform. Note that the primary voltage, v1(t), was measured across
the line conductor segment of only about 10 cm long. Also, it is worth noting that (during
the positive half cycle), the saturation of the core manifests itself by the rapidly falling edge
of the iin(t) current. The energy stored by the magnetizing inductor manifests itself by the
offset segment seen in the iin(t) waveform, when the v1(t) is at its zero level. The release of
the stored energy is manifested by the down-going step in the iin(t) waveform.
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Figure 6. Comparison of the measured BH curve of the silicon steel core sample (EILOR MAGNETIC
CORES) to its Froelich approximation [10].
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Figure 7. Typical waveforms of the experimental OLMEH with an active rectifier at line current
I1 = 100 A rms: Vb = 45 V. Delay time: (a) t1 = 1 mS; (b) t1 = 1.5 mS; (c) t1 = 2 mS; (d) t1 = 2.5 mS;
(e) t1 = 3 mS; (f) t1 = 3.5 mS; (g) t1 = 4 mS.

The theoretical derivations were first verified by simulation. Figure 8 shows the
comparison of the calculated vs. the simulated results for the output power. Here, the
assumed line current was Iline = 100 A rms and Iline = 200 A rms (also N = 40, Vb = 45 V).
Good agreement between the results was found.
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delay time, t1, for line current of Iline = 100 A rms and Iline = 200 A rms, (here, N = 40 and Vb = 45 V).

Comparison of the experimentally measured vs. calculated by (33) and (27) output
power as a function of the delay time t1, for line current Iline = 100 A rms and constant
load voltage Vb = 45 V, as shown in Figure 9. A good match between the experimental and
theoretically predicted power can be observed.
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Figure 9. Comparison of the experimentally measured vs. calculated output power as a function of
the delay time t1. (For Iline = 100 A rms; Vb = 45 V).

The experimental work revealed that handling the OLMEH prototype brought about
variations in its magnetic properties, primarily due to variations in the technological air
gap between the two halves of the C-core, which depend on factors like mounting force
and surface imperfections. Therefore, some inaccuracies can be seen in the presented
comparison plots.

The view of the experimental prototype OLMEH and its test bench are shown in
Figures 10a and 10b, respectively, and they are similar to that used in [10].
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Figure 10. View of the experimental prototype OLMEH (a) and its test bench (b) [10].

4. Conclusions

This paper aims to offer a closed-form solution for an overhead line magnetic energy
harvester with an active rectifier (OLMEH-AR) operating under a constant voltage load.

The article initially examines the Froelich equation, which is subsequently utilized
as a fundamental instrument to scrutinize the OLMEH-AR’s functionality. The selection
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of the Froelich equation as the approximation function to characterize the core BH curve
is crucial and has been demonstrated to be well suited for facilitating the derivation of
a comprehensive analytical model of an OLMEH-AR. The offered model allowed for
an extensive analytical study of the OLMEH-AR which yielded approximate analytical
solutions for charging and idle periods, the power transfer window, the mean output
current, and the mean output power.

An important note drawn from the experimental work is that manipulating the
OLMEH-AR prototype affects the magnetic core parameters. This is primarily due to
variations in the technological air gap remaining between the two halves of the C-core,
which depend on factors such as misalignment, mounting force, and surface imperfections.
Therefore, the authors believe that developing a more precise and complex theoretical
model, including hysteresis effects, temperature effects, etc., is of limited practical value
because of the unavoidable core parameter variations.

As compared to the passive rectifier case, the application of an active rectifier sig-
nificantly increases the harvester’s output power [10]. This comes as a result of two key
features, which the passive rectifier does not possess. First is that the controlled rectifier
allows for the storage of magnetic energy by short-circuiting the OLMEH’s secondary
winding, and, secondly, the active rectifier allows aligning the power transfer window to
track the optimal power point. The output characteristics of the OLMEH and its proper
matching, considering variable line current and load voltage conditions, have also been
reported in recent papers [23–25].

While the advantage of the uncontrolled rectifier is its simplicity and robustness, the
advantages of the active rectifier are the ability to control the CVL charging current as well
as providing overcharge and line overcurrent protection features. However, realizing the
active rectifier functions requires a somewhat sophisticated approach, synchronized to the
line current control circuit.
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Nomenclature
Throughout this paper, the following definitions of key parameters were adopted.

Time (continuous) t
State 1 termination instant t1
State 2 termination instant t2
Flux density zero crossing instant tZ
Power line angular frequency ω

Flux density B(t)
Saturation flux density Bs
Field intensity H(t)
Saturation field intensity Hs
Froelich coefficients a, b
Number of turns N
Magnetic path length lc
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Magnetic core area Ac
Line (primary) current instantaneous i1(t)
Line (primary) current amplitude I1m
Secondary current instantaneous i2(t)
Secondary current amplitude I2m
Magnetizing current, (instantaneous) im(t)
Rectifiers’ input (AC side) voltage vin(t)
Rectifiers’ input (AC side) current iin(t)
CVL voltage Vb
CVL current ib(t)
Average output power Po

Appendix A

In our case, the delay angle is θ = ωt1 and the extinction angle is ϑ + δ = ωt2. We
found the condition on ϑ maximizing the function cos (ϑ)−cos(ϑ + δ).

Applying the classical extremum finding procedure:

d
dϑ

(cos (ϑ)− cos(ϑ + δ)) = −sin (θ) + sin(ϑ + δ) = −sin ϑ + sinϑcos δ+cos ϑsin δ = 0 (A1)

whence

tan ϑ =
sin δ

1 − cos δ
=

2sin δ
2 cos δ

2

2
(

sin δ
2

)2 = cot
δ

2
= tan

(
π

2
− δ

2

)
, (A2)

Comparison of the argument on the left hand-side and the right hand-side yields the
delay angle:

ϑ=
π

2
− δ

2
, (A3)

whence the extinction angle is

ϑ+δ =
π

2
+

δ

2
. (A4)

Hence, to attain the MPP condition, the pulse edges should be aligned symmetrically
relative to π/2; thus, (26) follows.
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