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Abstract: Evaluating the brittleness of rocks or rock masses is a fundamental problem in geotechnical
engineering. This study proposed a new index that expresses brittleness as the rate of damage
development in rock. The brittleness index was derived from statistical damage theory. It depends
on the four material parameters, i.e., the peak strain, peak strength, Poisson’s ratio and elastic
modulus. The validity of the proposed brittleness index was confirmed through two case studies,
including triaxial compression test results for coals subjected to varying confining pressures and
for sandstones at various temperatures. Uniaxial compression experiments were then performed
on rock-like materials to examine the effects of model size and joint dip angle on rock brittleness
using the proposed brittleness index. Results show that the brittleness of the jointed specimens
varies in a complex pattern with the model size and joint dip angle. Generally, the brittleness index
initially reduces and then grows with the increasing joint dip angle, and larger specimens tend to be
more brittle. Furthermore, large specimens containing horizontal or vertical joints are particularly
susceptible to brittle damage. The proposed brittleness index has merits such as a clear physical
meaning and simple expression, making it a valuable tool for evaluating rock brittleness.

Keywords: brittleness index; damage mechanics; statistical damage theory; size effect; joint dip angle

1. Introduction

The characterization of the brittleness of rocks or rock masses is a fundamental topic
in rock mechanics and engineering, and it can be affected by a variety of factors, e.g., the in
situ stress environment and the physical properties of the rock itself [1–3]. To ensure the
safe building and operation of rock-related engineering structures, it is crucial to propose a
straightforward and reasonable brittleness index.

Rock brittleness is considered an indirect test parameter as it cannot be obtained
directly from tests but needs to be acquired via substituting test data into a series of
formulas derived from different definitions [4]. Due to the complexity of rock stress vs.
strain curve characteristics and the effects of different coupled factors on the rock damage
characteristics [5], it is challenging to establish a uniform standard for quantifying the
brittleness characteristics of rocks. Numerous brittleness definitions for rock-like materials
have been proposed, including mineral composition-based, mechanical parameter-based,
stress–strain curve-based and strain energy-based definitions [6–9]. Recently, there has
been a growing recognition that the deformation process of rocks can be considered as the
evolution of various strain energies (including elastic energy, dissipation energy, etc.) [10],
and this concept has gained attention in the establishment of rock-like material brittleness
evaluation indexes based on strain energy. For example, Liu et al. [11] put forward an
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energy-based brittleness index applicable to coal that can avoid the subjectivity of human
experience. Zhang et al. [12] proposed a new index applicable to the evaluation of the
brittleness of rock-like materials subjected to a true triaxial stress state and used the index
to accurately identify the brittleness strength of basalt, granite and marble. Gong and
Wang [13] proposed a new brittleness index for rock-like materials via the peak elastic
energy consumption proportion and tested the validity of the index with multiple rocks.

The deformation and destabilization process of rocks involves both strain energy
and damage evolution [14,15]. The degree of damage in rock-like materials is typically
described by a dimensionless damage variable ranging from 0 to 1. Statistical damage
models based on phenomenological models, particularly statistical damage theory, have
attracted attention for modelling rock deformation due to their simplicity and small num-
ber of parameters [16–18]. Li et al. [19] and Li et al. [20] used the exponential function,
Weibull function and Gaussian function distributions to develop statistical damage models
and correlated brittleness with damage parameters. Their approaches demonstrated the
relationship between the damage and brittleness of rocks. Nevertheless, these brittleness
indexes are still based on strain energy and their calculation processes are complicated.
Furthermore, existing studies on brittleness evaluation mainly focus on intact rocks and
there are few studies related to jointed rock masses.

Given the significant need and existing deficiencies, a novel brittleness index for
rock-like materials is put forward via the statistical damage theory and rock damage
mechanics. The proposed brittleness index represents the rate of damage development
and is expressed concisely. It can identify brittleness responses to changes in confining
pressure and temperature. Uniaxial compression tests of rock-like materials are performed
using the proposed index to investigate the impact of model size and joint dip angle on
rock brittleness.

2. The Proposed Rock Brittleness Index

According to the theory of elasticity, the axial strain of a lossless material under the
pseudo-triaxial condition can be expressed as follows:

ε1 =
σ1 − 2νσ3

E
(1)

where σ and ε represent stress and strain, respectively, and the subscripts denote the stress
direction; ν and E symbolize the Poisson’s ratio and elastic modulus, respectively.

Similarly, the axial strain of a damaged material is obtained from Equation (1) using
Lemaitre’s strain equivalence assumption [21], i.e.,

ε1 =
σ̃1 − 2νσ̃3

E
(2)

where the superscript denotes the effective stress. Let the damage variable be D; Equation (2)
is rephrased as

ε1 =
σ1 − 2νσ3

E(1 − D)
(3)

Transforming Equation (3) yields

σ1 = Eε1(1 − D) + 2νσ3 (4)

According to the statistical damage theory [22], the damage variable can be determined
by the following:

D = 1 − exp
[
−
( ε1

F

)m]
(5)

where m and F denote two fitting parameters. Substituting Equation (5) into Equation (4)
leads to

σ1 = Eε1 exp
[
−
( ε1

F

)m]
+ 2νσ3 (6)
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It is clear that the following relationship is satisfied when the stress reaches the
peak point:

σ1|ε1=ε1p
= σ1p (7)

dσ1

dε1

∣∣∣∣
ε1=ε1p

= 0 (8)

where σ1p and ε1p denote the peak stress and peak strain, respectively.
Substituting Equation (6) into Equations (7) and (8) yields the display expressions for

the fitting parameters m and F as follows:

m =
1

− ln(1 − Dp)
(9)

F = ε1p
[
− ln(1 − Dp)

]−1/m (10)

where Dp represents the damage value at the peak point. It can be obtained by transforming
Equation (4).

1 − Dp =
σ1p − 2νσ3

Eε1p
(11)

According to the damage mechanics, it is found that the faster the damage develops,
the more brittle the rock [23]. Changes in damage variables can be used to represent the
rock’s brittleness. Therefore, we can define a brittleness index as follows:

B = ln
[

D
ε1

]
= ln

[
D

F[− ln(1 − D)]1/m

]
(12)

Generally, the damage variable (D) ranges from 0 to 1, but it cannot reach 1 due to
residual strength and other factors. Previous studies have shown that the damage variable
reaches approximately 0.9 when the rock is destroyed [24]. D is taken as 0.9 in this paper. At
a damage variable of 0.9, the physical interpretation of Equation (12) is shown in Figure 1.
This indicates that the faster damage development corresponds to a more brittle rock.
Incorporating Equations (9) and (10) into Equation (12), the following formula is derived:

B = ln

[
0.9/

(
ε1p

[
2.3026

− ln(1 − DP)

]− ln (1−DP)
)]

(13)
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terial parameters, this paper simplifies the rock deformation process, as suggested in pre-
vious studies [6,7].  

Table 1. Mechanical parameters of coal in Case 1. 
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6 34.33 0.0125 3310 0.26 

12 43.74 0.0152 3770 0.26 
18 64.92 0.021 3910 0.26 
24 68.44 0.023 4350 0.26 
30 80.03 0.029 4510 0.26 

Note that Poisson’s ratio was selected, in accordance with Gao et al. [26]. 
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Additionally, substituting Equation (11) into Equation (13), the brittleness index, which
depends on the peak strain, peak strength, Poisson’s ratio and elastic modulus, can be
expressed as

B = ln

0.9/

ε1p

[
−2.3026/ln

(
σ1P − 2νσ3

Eε1P

)]− ln (
σ1P−2νσ3

Eε1P
)
 (14)

By making ln
(

σ1p−2νσ3
Eε1p

)
= A, the brittleness index (B) can be abbreviated as follows:

B = ln

[
0.9/

(
ε1p

(
2.3026
−A

)−A
)]

(15)

The brittleness index B characterizes the brittleness of the rock or rock mass. Specif-
ically, the greater the brittleness index B, the more brittle the rock or rock mass. The
proposed brittleness index is dependent on four material parameters (as shown in Table 1),
which can be obtained through conventional tests. It should be noted that the statistical
damage theory used in this study does not account for the impact of the initial damage (or
so-called initiation stress [25]) but assumes that damage is present and gradually increases
during rock mass deformation. To maintain reasonableness while minimizing material
parameters, this paper simplifies the rock deformation process, as suggested in previous
studies [6,7].

Table 1. Mechanical parameters of coal in Case 1.

Confining Pressure (MPa) Peak Strength (MPa) Peak Strain Elastic Modulus (MPa) Poisson’s Ratio

0 23.99 0.0075 3220 0.26
6 34.33 0.0125 3310 0.26
12 43.74 0.0152 3770 0.26
18 64.92 0.021 3910 0.26
24 68.44 0.023 4350 0.26
30 80.03 0.029 4510 0.26

Note that Poisson’s ratio was selected, in accordance with Gao et al. [26].

3. Verification
3.1. Case 1: Verification of Rock Brittleness Under Different Confining Pressures Using
Proposed Index

The triaxial compression test is an essential approach to investigate the mechanical
behaviour of rocks. Over the years, numerous triaxial compression tests have been con-
ducted [27–29], revealing that rock brittleness is significantly affected by confining pressure.
The deformation behaviour of rocks changes from brittleness to ductility with the incre-
ment of confining pressure. We utilized triaxial compression test data of coal obtained by
Zhang et al. [30] to verify Equation (15). Table 1 shows the calculated parameters (peak
strain, peak strength, Poisson’s ratio and elastic modulus) for various circumferential
pressures (0, 6, 12, 18, 24 and 30 MPa). Note that the selection of Poisson’s ratio refers to
Gao, Stead and Kang [26]. Based on Table 1, Figure 2 displays the brittleness index of coal
obtained by Equation (15). As the confining pressure rises from a zero-stress level to 30 MPa,
the brittleness index declines from 4.75 to 2.60, which indicates that the defined brittleness
index validly identifies the influence of confining pressure on brittleness characteristics.
The results acquired from our proposed index are consistent with an energy-based indicator
proposed by Zhang et al. [30].
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3.2. Case 2: Verification of Rock Brittleness Under Varying Temperatures Using Proposed Index

Triaxial compression tests have shown that temperature poses an obvious effect on
rock brittleness. The properties of rocks shift from brittleness to ductility with the increasing
temperature. To further validate Equation (15), we referred to triaxial compression test
data conducted by Wei et al. [31] on sandstone under a constant confining pressure of
10 MPa. For different temperature conditions (25, 400, 600, 800 and 1000 ◦C), the mechanical
parameters were calculated, including peak strain, peak strength, Poisson’s ratio and elastic
modulus, as listed in Table 2. Using Equation (15), the sandstone brittleness index is shown
in Figure 3, which decreases from 3.70 to 2.95 as the temperature grows from 25 to 1000 ◦C.
This result confirms that the proposed index accurately captures the impact of temperature
on rock brittleness characteristics. Our findings are consistent with an index proposed by
Wang et al. [4].

Table 2. Mechanical parameters of sandstone in Case 2.

Temperature (◦C) Peak Strength (MPa) Peak Strain Elastic Modulus (MPa) Poisson’s Ratio

25 139.6 0.011 18,290 0.28
400 155.7 0.013 19,730 0.28
600 165.79 0.018 16,480 0.28
800 176.72 0.02 15,840 0.28
1000 148.07 0.022 10,650 0.28

It should be noted that some composite indicators based on combinatorial approaches
have been proposed as a means of evaluating rock brittleness [32]. Although these compos-
ite indicators can effectively characterize the brittle properties of rock-like materials, they
often contain complex expressions. In contrast, the proposed index has an explicit physical
background and can accurately identify the brittleness of rock-like materials.
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4. Investigation of Influence of Model Size and Joint Dip Angle on Rock Brittleness
4.1. Experimental Scheme and Design

Previous research has emphasized the significance of model sizes and joint dip angles
in determining the strength and deformation properties of rocks. Nonetheless, there are
very few studies on how the brittleness of rock masses is influenced by model size and
joint dip angle. To address this gap, we conducted uniaxial compression tests on rocks that
considered both size effects and joint dip angle in our previous work [33]. Specifically, we
examined the impact of these two factors on the brittle characteristics of rock masses using
the proposed brittleness index (Equation (15).

Figure 4 displays the test specimens. Note that L, H and W symbolize the length,
height and width of the specimens, respectively, and α denotes the dip angle of the joints.
We prepared the specimens using comparable materials (silicate cement, pure water and
fine sand in a ratio of 2:1:2). Given the practical constraints of laboratory tests, we neglected
the boundary effects of the joints. To simulate the intermittent joints typically encountered
in real-world conditions, we combined the smallest specimens of the test design in equal
ratios to create larger specimens for assessing the influence of size on rock properties.
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For the test, we examined a total of 20 groups, with three specimens in each group,
using four joint dip angles (α = 0◦, 30◦, 60◦ and 90◦) and five model sizes (L = 40, 80, 120,
160 and 200 mm). Table 3 illustrates the testing protocol. We employed a rock mechanics
rigid servo testing machine (model: RMT-150C) manufactured by the Chinese Academy of
Sciences (Beijing, China), to conduct the laboratory experiments. The tests were performed
using a constant displacement-controlled loading of 0.005 mm/s. The test equipment and
loading diagram are shown in Figure 5.

Table 3. Experimental scheme of jointed specimens.

Specimen
No. L (mm) α (◦) Specimen

No. L (mm) α (◦) Specimen
No. L (mm) α (◦) Specimen

No. L (mm) α (◦)

1 40 0 6 40 30 11 40 60 16 40 90
2 80 0 7 80 30 12 80 60 17 80 90
3 120 0 8 120 30 13 120 60 18 120 90
4 160 0 9 160 30 14 160 60 19 160 90
5 200 0 10 200 30 15 200 60 20 200 90
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4.2. Experimental Results

A representative relationship between stress and strain is illustrated in Figure 6. The
deformation process of the jointed specimens under all conditions is similar to intact
rock specimens and it includes the crack closure phase, elastic deformation phase, crack
growth phase and post-peak phase. Unlike intact rock, the jointed specimens may exhibit
“multi-peak” characteristics in their deformation curves due to the presence of joints.

The uniaxial compression strength (UCS) is an indispensable strength indicator of the
rock mass. The UCS values of jointed specimens present an overall V-shaped distribution
with the increasing joint dip angle (Figure 7). Specifically, the UCS value originally declines
and then grows as the dip angle of joints increases. This conclusion agrees with the law
obtained from the existing compression experiments of joints [34,35]. Generally, the UCS
values of the rock mass decline with the growth in the model size, which indicates an
obvious size effect.
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Elastic modulus is an important deformation index of the rock mass. Similarly to the
uniaxial compression strength, the elastic modulus generally falls down and then grows
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with the increasing joint dip angle. Elastic modulus presents an overall downward trend as
the model size grows. It is worth emphasizing that the above experimental results reveal
the model size effect of rock mass, which indicates it is necessary to obtain the equivalent
mechanical parameters of rock mass through a representative element volume (REV) [36]
in practical engineering design.

4.3. Analysis of Brittleness Characteristics

This study quantitatively analyzed the influence of joint dip angle and model size on
the brittleness features of the specimens using Equation (15). Figure 8a shows changes in
the brittleness index of the specimens concerning the model size. The brittleness index
displays a monotonic increasing pattern as the model size increases when the joint dip
angle is constant at 0◦. As the dip angle of the joints increases to 30◦, the specimen gradually
shifts from plasticity to brittleness with the growth in model size. Similarly, as for the joint
dip angle of 60◦, the brittleness of the specimen maintains an upward tendency with the
model size. When the joint dip angle reaches 90◦, the brittleness index rises from 3.74 to
4.45 with the increasing model size. Among these four joint dip angles, the least significant
impact of model size on the specimen brittleness is found in the case where the joint dip
angle is 60◦.
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The impact of joint dip angle on the rock brittleness properties was quantitatively
discussed using Equation (15), as illustrated in Figure 8b. For a model size of 40 mm,
the brittleness index initially drops and then increases with the increasing joint dip angle.
For a model size of 80 mm, there is no clear correlation between the specimen brittleness
and the joint dip angle, which could result from the inherent discreteness of the specimen
material. The brittleness of the jointed specimen with a model size of 120 mm initially
declines and then grows with the increasing joint dip angle, while it decreases for a model
size of 160 mm. For a model size of 200 mm, the brittleness index initially decreases and
then increases as the joint dip angle grows. Among the mentioned sizes, the effect of the
joint dip angle on the brittleness of the specimens is relatively insignificant for a model
size of 160 mm. Furthermore, the brittleness index of the specimens has been observed
to decrease at joint dip angles of 30◦ or 60◦, which may be attributed to the impact of the
initial damage on the jointed rock mass at these angles, as demonstrated by Liu et al. [23].

Figures 9 and 10 illustrate the relationships between the two fitting parameters (m
and F) and the model size (L) and joint dip angle (α). The parameter m generally increases
with the model size, while it shows a trend of first increasing and then declining as the
joint dip angle grows. Previous research has demonstrated that the parameter m refers to a
shape parameter related to the shape of the post-peak stress–strain curve [15]. The larger
the value of m, the more brittle the material. This result aligns with the overall results
of the proposed index and offers further confirmation supporting the proposed index’s
soundness. In contrast, the parameter F tends to decrease as the model size increases and
there is no clear relationship with the joint dip angle.
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As depicted in Figure 11, the brittleness distribution of jointed rock masses was
plotted using an interpolation method for various combinations of model sizes (ranging
from 40 mm to 200 mm) and joint dip angles (ranging from 0◦ to 90◦). It can be observed
that the rock brittleness index increases with the increase in model size, and the brittleness
index shows an approximate V-shaped variation with the increase in joint dip angle. In
fact, the brittleness index of rock mass is very complex, which is not only related to the
mechanical properties of the rock itself, but also to the geometric distribution of joints in
the rock mass and the size of the model. Additionally, the results show that large-sized
specimens with horizontal or vertical joints are more prone to brittle damage.
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5. Conclusions

This study put forward a novel statistical damage theory-based index to evaluate rock
brittleness, which is defined as the rate of damage development. The proposed brittleness
index was calculated by the four material parameters, i.e., peak strain, peak strength,
Poisson’s ratio and elastic modulus. It can accurately identify the effects of temperature
and confining pressure on rock brittleness. The results indicate that the properties of rocks
shift from brittleness to ductility with the increment of confining pressure and temperature.
Moreover, uniaxial compression tests on rock-like materials were conducted to analyze
the influence of model size and joint dip angle on rock brittleness. The results show a
complex pattern of rock brittleness with the model size and joint dip angle. Generally,
the brittleness index increases with the increasing model size and there is an approximate
V-shaped change in the brittleness index with the increasing joint dip angle. The impact
of model size on the brittleness of jointed specimens is least obvious with a joint angle of
60◦, while the influence of joint dip angle on the brittleness of jointed specimens is least
significant when the model size is equal to 160 mm. The results can provide a reference for
the evaluation of the brittleness index of fractured rock masses.
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Abbreviations

σi Stress
∼
σi Effective stress
εi Strain
σ1p Peak stress
ε1p Peak strain
D Damage variable
ν Poisson’s ratio
E Elastic modulus
B Brittleness index
i Stress/strain direction
m Fitting parameter of damage variable
F Fitting parameter of damage variable
Dp Damage value at the peak stress
L Length of specimen
H Height of specimen
W Width of specimen
α Dip angle of the joint
UCS Uniaxial compressive strength
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