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Abstract: Buffer allocation is a critical issue in the design stage of manufacturing systems, as buffer
capacities may have a great impact on system performance. In this paper, we consider the problem
of minimizing the total buffer capacity of a flow line to achieve a desired production rate. A recur-
sive optimization approach is proposed to solve the problem in large production lines. Instead of
optimizing a long line directly, the proposed approach decomposes it into two sub-lines, optimizes
them recursively, and combines their solutions to find the optimal buffer distribution of the original
line. Two different recursive algorithms are developed and their performance is demonstrated by
comparing them with a gradient search algorithm. The numerical results show that the recursive
algorithms are almost as accurate as the gradient algorithm, but much more efficient, especially for
large production lines.

Keywords: manufacturing flow line; buffer allocation problem; design optimization; recursive
algorithm

1. Introduction

A production line is composed of a series of machines, with buffers separating each
pair of consecutive machines. Material enters the system through the first machine, flows
through the intermediate buffers and machines, and finally, exits the system through the
last machine. The material flow may be disrupted by several random factors such as
machine failures and repairs. When a machine fails, its downstream buffer may become
empty, causing the downstream machine to be starved; similarly, the upstream buffer may
become full, causing the upstream machine to be blocked. These starvation and blockage
phenomena lead to a reduction in throughput (production rate).

The throughput of a production line can be improved by increasing buffer capacities
to reduce material flow disruptions. However, buffers require additional capital investment
and floor space, which may be costly. Moreover, buffers increase the level of work-in-
progress (WIP) inventory, resulting in longer lead times. If the buffers of a production line
are too large, the capital investment and WIP inventory will exceed the benefit of increased
throughput. Thus, buffer allocation is a critical issue in production line design.

The buffer allocation problem (BAP) has been one of the central themes in manufac-
turing systems research for the past 30 years [1]. According to Weiss et al. [2], the BAP is
classified into three categories: (1) the primal problem aims to minimize the total buffer
capacity to achieve a desired throughput; (2) the dual problem attempts to maximize the
throughput with a fixed amount of buffer capacity; (3) the other variants of BAP additionally
consider the WIP, the cycle time, the waiting time of customer orders, or their combinations in
the objective function. In this study, we focus on the primal problem, which is called BAP-2 in
Demir et al. [3] or the lean buffering problem in Li and Meerkov [4].

It is well known that the BAP is an NP-hard combinatorial optimization problem [5,6].
The computation time for solving a BAP increases significantly with the length of pro-
duction line. For example, Shi and Gershwin [7] describe a 30-machine line which takes
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about 50 min to optimize the buffer allocation. However, long computation times are
unacceptable in the planning process of production lines. The designers may consider
various design options, each with its unique set of machine parameters, and the BAP has
to be solved for each one. Therefore, it is desirable to develop efficient methods to solve
large-scale BAPs in a short amount of time.

In this paper, we propose a novel approach to speed up the solution process of BAPs.
The key idea is to decompose a long production line into two sub-lines, optimize them
recursively, and combine their solutions to find the optimal buffer allocation of the original
line. Two recursive algorithms are developed. Their performance is compared to that
of a gradient search algorithm. Numerical results show that they achieve the same level
of accuracy as the gradient algorithm, but the computation time is significantly reduced,
especially in the case of long production lines.

The rest of the paper is organized as follows. Section 2 presents a brief review of BAPs.
Section 3 formulates the problem. Section 4 describes the performance evaluation method
of production lines. Section 5 presents the recursive algorithms for BAPs. Numerical results
are given in Section 6. Finally, Section 7 concludes the paper.

2. Literature Review

In the literature, there is a substantial amount of research works on BAPs. For a
comprehensive review, the reader is referred to Weiss et al. [2], Demir et al. [3], Gershwin
and Schor [8], Hudson et al. [9], and Papadopoulos and Heavey [10].

According to Weiss et al. [2], the solution methods to BAPs can be classified into
explicit solutions, integrated optimization methods, and iterative optimization methods.
The three categories differ in how they incorporate the performance evaluation of a given
buffer allocation. The iterative optimization method is the most widely used method; it
consists of an evaluative method and a generative method. The two methods are combined
in a closed-loop configuration: the evaluative method calculates the performance measure
of a buffer allocation candidate, the generative method uses the evaluation result to select a
new candidate, and this candidate is further evaluated. In the following, we review the
most relevant works on the evaluative and generative methods.

Typical evaluative methods include simulation, exact analytical methods, and approx-
imate analytical methods. Comprehensive surveys of performance evaluation techniques
were provided by Dallery and Gershwin [11], Papadopoulos and Heavey [10], Li et al. [12],
Papadopoulos, Li, and O’Kelly [1], among others. Simulation is a flexible tool for evaluat-
ing complex realistic manufacturing systems [13], but it is very time consuming, especially
when many alternative system configurations have to be evaluated [14,15]. Exact analytical
methods are based on Markovian analysis and are only applicable to small systems due to
the state-space explosion problem. Therefore, considerable research effort was devoted to
approximate analytical methods, such as decomposition methods [16,17] and aggregation
methods [4,18]. Our work is based on decomposition methods.

Gershwin [16] proposed a well-known decomposition method for the approximate
analysis of synchronous production lines with geometrically distributed machine failure
and repair times. The core idea of this method was to decompose a long production
line into a set of equivalent two-machine systems with unknown parameters. A set of
decomposition equations were derived to determine the unknown parameters and the
performance measures of the original line was obtained by evaluating the two-machine
systems. Dallery, David, and Xie [17] proposed a similar method for the analysis of con-
tinuous flow lines with exponentially distributed failure and repair times. Moreover, they
developed an efficient computational algorithm (referred to as the DDX algorithm) to
solve the decomposition equations. Burman [19] extended the decomposition method
for evaluating inhomogeneous continuous flow lines and developed a more efficient al-
gorithm. In general, the above decomposition methods provide accurate performance
estimates. However, the accuracy of these methods may be poor when the machine reliabil-
ity parameters have different orders of magnitude. To solve this problem, Dallery and Le
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Bihan [20] proposed an improved method by using generalized exponential distributions
instead of exponential distributions to model the repair times of the virtual machines in
the decomposed systems. Le Bihan and Dallery [21] developed a more accurate method by
using hyper-exponential distributions to model the repair times. Other extensions of the
decomposition methods include Levantesi et al. [22], Bierbooms et al. [23] and Colledani
and Gershwin [24], among others.

As far as the generative methods are concerned, the existing methods can be roughly
classified into the enumeration method, metaheuristics, dynamic programming, and search
algorithms [2]. The enumeration method can guarantee the optimality of allocation results,
but is only applicable to small systems [25]. In the literature, it is typically used as a
benchmark for other generative methods [26].

Metaheuristics are high-level problem-independent algorithmic frameworks that pro-
vide a set of guidelines to develop heuristic optimization algorithms. Metaheuristics
algorithms applied to BAPs include simulated annealing [27], genetic algorithms [28],
tabu search [29], ant colony optimization [30], artificial immune [31], and big bang–big
crunch [32], among others. Some researchers proposed hybrid algorithms that combine
multiple metaheuristics algorithms [33], or combine metaheuristics with other search al-
gorithms [34]. The main disadvantage of metaheuristics is that they do not make use of
problem-specific properties [2,3].

Dynamic programming methods [35–37] decompose the BAP into sub-problems,
which are solved recursively along the forward or backward path of a production line.
The existing dynamic programming methods have to be used in conjunction with specific
performance evaluation methods. As a result, their applications are limited.

Search methods are based on mathematical principles or heuristic rules to find optimal
or near-optimal buffer allocations. Unlike metaheuristics, search methods typically exploit
some specific properties of BAPs. For example, several gradient search algorithms assume
the production rate function is continuous, monotonic, and concave [7,8,38]. It can be
expected that the gradient algorithms that exploit these properties are more efficient than
the metaheuristics algorithms that do not. However, gradient algorithms may lead to non-
integer solutions, and thus, some rounding techniques have to be employed. Other search
methods include Powell’s method [39], the Hooke and Jeeves method [40], rule-based local
search algorithms [41], and heuristic algorithms [42,43].

Artificial intelligence is one of the digital technologies emerging from Industry 4.0 [44]
and shows great potential in manufacturing system optimization [45]. Can and Heavey [46]
obtain training datasets of buffer allocations for neural networks by a genetic algorithm.
Tsadiras et al. [47] propose an artificial neural network-based decision support system for
solving the buffer allocation problem in reliable production lines.

Recently, several researchers have proposed decomposition-based search methods for
solving BAPs in large production lines. Shi and Gershwin [48] developed a segmentation
approach for BAPs, which divides a production line into several overlapping sub-lines.
These sub-lines are optimized separately under the constraint of the original line. The opti-
mal solutions of the sub-lines are combined to obtain a near optimal solution of the original
line. Li et al. [49] proposed employing three-machine, two-buffer systems as building
blocks for optimizing long production lines. The original BAP is solved by decomposing a
long line into a group of overlapping three-machine, two-buffer systems and solving the
simple BAPs in the decomposed subsystems. Xi et al. [25] divided a large production line
into multiple disconnected subsystems using conditional variables. The subsystems are
optimized independently under additional conditions, and their solutions are integrated to
achieve a near-optimal solution for the original line.

This paper proposes two novel decomposition-based search algorithms for BAPs.
Unlike the existing methods, we decompose a production line into sub-lines in a recursive
manner, and the original BAP is solved by recursively solving the BAPs in the sub-lines.
Numerical experiments show the recursive algorithms are very efficient for optimizing
long production lines.
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3. Problem Formulation
3.1. Production Line Model

A serial production line consists of K machines (M1, . . . , MK) separated by K − 1
buffers (B1, . . . , BK−1), as depicted in Figure 1. We consider the classic continuous flow
model of production lines [17]:

1. The material is modelled as a continuous fluid.
2. Each machine is unreliable and can be in either the up or down state. The processing

rate of machine Mi is si, i.e., if Mi operates in isolation, when it is up, a quantity of
material sidt is processed in an infinitesimal time dt. If all machines have the same
processing rate, the line is said to be homogeneous. In the case of homogeneous lines,
time is scaled and the processing rate is 1.

3. Buffer Bi has a capacity of bi ≥ 0, i = 1, . . . , K − 1, meaning that it can accommodate
bi units of material.

4. Machine Mi, i = 2, . . . , K, is starved at time t if one of its upstream machines is down
and all buffers between this machine and Mi are empty. The first machine M1 is
never starved.

5. Machine Mi, i = 1, . . . , K − 1, is blocked at time t if one of its downstream machines is
down and all buffers between this machine and Mi are full. The last machine MK is
never blocked.

6. The machines can fail only when they are working, i.e., they are up and neither starved
nor blocked.

7. The time to failure of machine Mi, i = 1, . . . , K, is exponentially distributed, with rate
λi. The mean time to failure (MTTF) is 1/λi.

8. The time to repair of machine Mi, i = 1, . . . , K, is exponentially distributed, with rate
µi. The mean time to repair (MTTR) is 1/µi.

M1 M2 MK–1 MKB1 BK–1B2

Figure 1. Serial production line.

3.2. Buffer Allocation Problem

We consider the primal BAP (Gershwin and Schor [8]), which seeks a buffer allocation
b = (b1, ..., bK−1) that minimizes the total buffer capacity N = ∑K−1

i=1 bi while a desired
production rate P∗ is achieved. Formally,

min
b

N =
K−1

∑
i=1

bi (1)

subject to

P(b1, ..., bK−1) ≥ P∗, (2)

bi non-negative integers, i = 1, ..., K − 1, (3)

where P(b1, ..., bK−1) denotes the production rate of the line as a function of buffer capacities
b1, ..., bK−1. The production rate is defined as the average amount of material produced by
the last machine MK per time unit in the steady state.

In the design stage of a production line, the designers specify the machine parameters
and a desired production rate. The buffer capacity vector b = (b1, ..., bK−1) is the decision
variable. Then, the BAP is well-defined. To solve the problem, two tools are needed.
The first tool is a performance evaluation method that calculates the production rate of a
given buffer vector. The second tool is an optimization method that generate an optimal or
near-optimal solution for the BAP. The two tools are discussed in the following two sections.
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4. Performance Evaluation Method

Gershwin [16] proposed a well-known decomposition method for approximate per-
formance evaluation of homogeneous production lines. This method was widely used
in the study of BAPs [8,32,48]. As illustrated in Figure 2, the idea of decomposition is to
decompose a K-machine production line L into a set of two-machine, one-buffer subsystems
L(i), i = 1, ..., K − 1. The virtual machine Mu(i) of L(i) represents the portion of line L
upstream of buffer Bi, i.e., machine M1 to machine Mi. Similarly, the virtual machine Md(i)
represents the portion of line L downstream of buffer Bi, i.e., machine Mi+1 to machine
MK. Moreover, the buffer B(i) of L(i) has the same capacity, Ni, as the original buffer Bi.
The decomposition principle is to determine the parameters of virtual machines such that
the behavior of material flow through buffer B(i) is as close to that of the flow through
buffer Bi as possible. Dallery, David, and Xie [17] established the decomposition equations
of virtual machine parameters for the continuous flow production line model described in
the previous section. They also proposed an efficient algorithm, called the DDX algorithm,
to solve the equations.

M1 M2 MK–1 MKB1 BK–1

...
B2

Mu(1)

...

L

L(1)

L(2)

L(K−1)

B(K−1)

Md(1)B(1)

Mu(2) Md(2)B(2)

Mu(K−1) Md(K−1)

Figure 2. Decomposition method for approximate performance evaluation.

We do not use Gershwin’s decomposition method to evaluate the production rate
of homogeneous lines. The reason is that the accuracy of Gershwin’s decomposition
method may be unacceptable when the reliability parameters of different machines have
different orders of magnitude [21]. This may lead to incorrect results when comparing
the performance of different buffer configurations. For example, consider the six-machine
line described in Table 1. The production rate of the line under several different buffer
configurations was evaluated by the DDX algorithm and the results are presented in
Table 2. Note that the buffer configurations C1–C5 are obtained from C0 by increasing
the buffer capacity bi by 1, i = 1, ..., 5, respectively. It can be observed that for each
buffer Bi, while its capacity increases, the production rate obtained by the DDX algorithm
decreases. This phenomenon is very strange and should not occur, since the production
rate is a monotonic function with respect to buffer capacities [50]. Table 2 also presents the
production rate obtained by simulation. To avoid incorrect comparisons due to simulation
errors, the random variable sequences in the simulations of different buffer configurations
were set to be the same, i.e., the sequences of times to failure and the sequences of times
to repair of each machine were the same for all the simulations. These simulations were
terminated when each machine had encountered at least 10,000 repair events. As can be
seen, the simulated production rates satisfy monotonicity.

To avoid the above problem, we use the robust decomposition method [21] to evaluate
homogeneous production lines. Unlike the decomposition method in [17], which models
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the repair times of virtual machines by exponential distributions, the robust decompo-
sition method uses two-stage hyper-exponential distributions to model the repair times.
The hyper-exponential distributions allow the use of a three-moment approximation in-
stead of a single-moment approximation of the repair times. In this way, the accuracy is
greatly improved. As can be seen from Table 2, the production rates evaluated by the robust
decomposition method are much closer to the simulated production rates than the DDX
algorithm. More importantly, the robust decomposition method leads to the same results as
the simulation method when comparing the performance of different buffer configurations.
For example, both methods show that buffer configuration C5 is the best one among C0–C5,
whereas the DDX method shows that C0 is.

Table 1. A six-machine production line.

i 1 2 3 4 5 6

λi 0.122 0.005 0.117 0.058 0.132 0.050
µi 0.393 0.013 0.484 0.436 0.354 0.326

Table 2. Production rate of the six-machine line under different buffer configurations using different
evaluation methods.

Production Rate
Case Buffer Capacities

DDX Robust Simulation

C0 (21, 19, 11, 9, 4) 0.6601 0.5968 0.5881
C1 (22, 19, 11, 9, 4) 0.6600 0.5969 0.5883
C2 (21, 20, 11, 9, 4) 0.6590 0.5978 0.5888
C3 (21, 19, 12, 9, 4) 0.6599 0.5979 0.5889
C4 (21, 19, 11, 10, 4) 0.6599 0.5983 0.5891
C5 (21, 19, 11, 9, 5) 0.6600 0.5994 0.5903

The robust decomposition method is only applicable to homogeneous production
lines. For inhomogeneous lines, we use the ADDX algorithm in [19] to evaluate the
production rate. It is an extended DDX algorithm and is widely used in the study of buffer
allocation problems [8,48,51].

5. Solution Approach

The core idea of the proposed approach is to decompose a long production line into
two short sub-lines, optimize them recursively, and combine their solutions to construct
the solution to the BAP in the original line. In the following, we first introduce a gradient
search algorithm for BAPs, and then, extend it to two recursive algorithms to improve
computational efficiency.

5.1. Gradient Search Algorithm

Consider the production rate function P(b1, ..., bK−1). Using the robust decomposition
method, its gradient can be evaluated numerically as follows:

gi =
P(b1, ..., bi + ∆b, ..., bK−1)− P(b1, ..., bi, ..., bK−1)

∆b
, (4)

where ∆b is a small positive number and i = 1, ..., K − 1. To solve the BAP, a simple
algorithm could start with an empty buffer configuration and move in the gradient direction
until the desired production rate is reached. However, this algorithm may lead to non-
integer solutions, and thus, some rounding techniques would have to be applied [8,51].

To avoid becoming involved in the analysis of various rounding techniques, we
use Algorithm 1, which always yields integer solutions. The algorithm starts with an
empty buffer configuration and searches in the direction determined by the maximum
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gradient component gj = max {g1, ..., gK−1}. Then, the buffer capacity bj is increased by
one buffer unit. The above procedure is repeated until the desired production rate is
achieved. The numerical experiments in Section 6 show the algorithm works well for
small production lines. It always achieves the optimal solutions in a short time. However,
for large production lines, the gradient algorithm is time consuming. It is not difficult to
see that the computational complexity of the algorithm is O(NK), where N is the total
buffer capacity of the optimal solution. For a long production line (i.e., K is large), the total
capacity N is typically large as well. As a result, the computational complexity is high.

Algorithm 1 Gradient search algorithm
Step 1: Initialization

set the initial solution (b1, ..., bK−1) to (0, ..., 0).
Step 2:

if P(b1, ..., bK−1) ≥ P∗, return (b1, ..., bK−1) as the best solution.
Step 3:

calculate the gradient (g1, ..., gK−1) according to Equation (4), where ∆b = 1.
Step 4:

find the index j such that gj = max {g1, ..., gK−1} .
bj := bj + 1.
go to Step 2.

5.2. Recursive Binary Decomposition Algorithm

On way to improve the efficiency of the gradient search algorithm is to start with
a good initial solution. For this purpose, we propose a recursive binary decomposition
(RBD) algorithm.

Consider the production line L in Figure 3, which consists of machines M1, ..., MK
and buffers B1, ..., BK−1. The middle machine of L is Mm, where m = ⌈(K + 1)/2⌉, i.e., m
is the smallest integer greater than or equal to (K + 1)/2. The line L is decomposed into
a left sub-line L1, which consists of machines M1, ..., Mm and buffers B1, ..., Bm−1, and a
right sub-line L2, which consists of machines Mm, ..., MK and buffers Bm, ..., BK−1. The
two sub-lines operate independently. Moreover, each sub-line is recursively decomposed
until the decomposed sub-lines have only two machines.

M1 MKB1 BK–1

...L

Bm–1 Mm Bm

...

M1 B1

...
Bm–1 Mm

MKBK–1Mm Bm

...

L1

L2

...

...

Figure 3. Recursive binary decomposition of a production line.

Consider the BAP in L with a desired production rate P∗, represented by BAP(M1, B1,
..., MK, P∗). Let b = (b∗1 , ..., b∗K−1) be the optimal solution to this problem. Then, (b∗1 , ..., b∗m−1)
can guarantee the sub-line L1 achieves the desired production rate P∗, because the last
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machine Mm in L1 is never blocked, meaning that PL1(b
∗
1 , ..., b∗m−1) > PL(b∗1 , ..., b∗K−1) ≥ P∗

(see [52] for a strict proof). Let x = (x1, ..., xm−1) be the optimal solution to the sub-problem
BAP(M1, B1, ..., Mm, P∗) in L1. It follows that ∑m−1

i=1 xi ≤ ∑m−1
i=1 b∗i , i.e., the sum of the buffer

capacities xi in L1 provides a lower bound for the sum of the respective buffer capacities b∗i
in the original line L. In the RBD algorithm, we use xi as a lower bound of b∗i , i = 1, ..., m− 1
to speed up the search process. Similarly, let y = (ym, ..., yK−1) be the optimal solution
to the sub-problem BAP(Mm, Bm, ..., MK, P∗) in L2 ,and yi is used as a lower bound of the
respective buffer capacity b∗i in the original line L , i = m, ...K − 1. The main steps of the
RBD algorithm are exhibited as a flowchart in Figure 4 and the pseudocode is given in
Algorithm 2.

Start

K=2

Step 2: Decompose L into a left 

subline L1 and  a right subline L2 

without overlapping buffers.

Step 1: Solve the base case

by gradient search.  

Step 3: Recursively call the 

RBD algorithm to solve the 

BAP in  L1 .

Step 4: Recursively call the 

RBD algorithm to solve the 

BAP in  L2 .

NO

YES

Step 5: Combine the solutions in L1 

and L2 as the initial solution to the 

BAP in L, and solve it by gradient 

search. 

End

Figure 4. Flowchart for the RBD algorithm.

Note that the sub-lines L1 and L2 may have multiple optimal solutions. For exam-
ple, consider a five-machine, four-buffer line with identical machines. The left sub-line
L1 = (M1, B1, M2, B2, M3) may have two optimal solutions (a, a + 1) and (a + 1, a), be-
cause when the current solution of the gradient algorithm is (a, a), the components g1 and
g2 are the same due to symmetry. The right sub-line L2 may also have the ambiguity prob-
lem. In our implementation, the following rule is used: if L1 has more than one maximum
gradient component, the buffer on the right is prioritized higher; if L2 has more than one
maximum gradient component, the buffer on the left is prioritized higher. According to
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this rule, the initial solution to the original BAP is (a, a + 1, a + 1, a), which is consistent
with the inverted bowl phenomenon [53].

Algorithm 2 Recursive binary decomposition algorithm (RBD)
Step 1: Solve the base case

If K = 2
call the gradient search algorithm to solve BAP(M1, B1, M2, P∗).
return the obtained solution b∗.

Step 2: Decompose the line L into a left sub-line L1 and a right sub-line L2
m := ⌈(K + 1)/2⌉
L1 := (M1, B1, ..., Mm)
L2 := (Mm, Bm, ..., MK)

Step 3: Solve the BAP in the left sub-line L1
call the RBD algorithm to recursively solve BAP(M1, B1, ..., Mm, P∗).
let x = (x1, ..., xm−1) be the obtained solution.

Step 4: Solve the BAP in the right sub-line L2
call the RBD algorithm to recursively solve BAP(Mm, Bm, ..., MK, P∗).
let y = (ym, ..., yK−1) be the obtained solution.

Step 5: Solve the BAP in the original line L
b := (x1, ..., xm−1, ym, ..., yK−1)
call the gradient search algorithm to solve BAP(M1, B1, ..., MK, P∗) with the
initial solution b.
return the obtained solution b∗.

Table 3 presents an example to further illustrate how the RBD algorithm works.
Consider a five-machine line L with si = 1, MTTFi = 90 and MTTRi = 10, i = 1, ..., 5.
The desired production rate P∗ is 0.85. The RBD algorithm decomposes the line L into
two sub-lines L1 and L2. Each sub-line is recursively solved by the RBD algorithm. In the
recursive execution, L1 is further decomposed into L1.1 and L1.2. Since the length of both
L1.1 and L1.2 is 2, they belong to the base case and are solved by gradient search. Then,
the solutions of L1.1 and L1.2 are combined as the initial solution (13, 13) for L1 and the
gradient algorithm generates the optimal solution of L1, i.e., (30, 31). The BAP in L2
is solved similarly and the solution is (31, 30). The optimal solutions of L1 and L2 are
combined to provide the initial solution (30, 31, 31, 30) for the gradient algorithm to solve
the original BAP in L, and the final solution (37, 50, 51, 37) is obtained.

Table 3. Solution process of the RBD algorithm for a five-machine line with MTTFi = 90,
MTTRi = 10, i = 1, ..., 5, and P∗ = 0.85.

Label Line/
Sub-Lines

Left
Sub-Line

Right
Sub-Line

Initial
Solution b

Optimal
Solution b∗ P(b∗)

L (M1, B1, ..., M5) L1 L2 (30, 31, 31, 30) (37, 50, 51, 37) 0.850054
L1 (M1, B1, ..., M3) L1.1 L1.2 (13, 13) (30, 31) 0.850417

L1.1 (M1, B1, M2) (0) (13) 0.850610
L1.2 (M2, B2, M3) (0) (13) 0.850610
L2 (M3, B3, ..., M5) L2.1 L2.2 (13, 13) (31, 30) 0.850417

L2.1 (M3, B3, M4) (0) (13) 0.850610
L2.2 (M4, B4, M5) (0) (13) 0.850610

5.3. Recursive Overlapping Decomposition Algorithm

In the previous algorithm, a production line is divided into two sub-lines without
overlapping buffers, i.e., each buffer of the sub-lines corresponds to a different buffer in
the original line. In this subsection, we propose a recursive overlapping decomposition
(ROD) algorithm, which allows the sub-lines have overlapping buffers, i.e., the buffers of
the sub-lines may correspond to the same buffer in the original line.
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Consider the production line L in Figure 5, which consists of machines M1, ..., MK
and buffers B1, ..., BK−1. Let s = ⌊K/3⌋ be the largest integer less than or equal to K/3.
The line L is decomposed into a left sub-line L1, which consists of machines M1, ..., MK−s
and buffers B1, ..., BK−s−1, and a right sub-line L2, which consists of machines Ms+1..., MK
and buffers Bs+1, ..., BK−1. Clearly, when K > 3, the two sub-lines have overlapping buffers
Bs+1, ..., BK−s−1. As in the previous case, the sub-lines L1 and L2 operate independently
and they are recursively decomposed until the decomposed sub-lines have only three
machines. Figure 6 shows the flowchart of the ROD algorithm and the pseudocode is given
in Algorithm 3.

M1 MKBK–1

...L

B1 Ms+1 Bs+1

...
MK–s

Ms+1 Bs+1

L1

...

L2

...

BK–s–1

M1

...
B1

...
MK–s

Ms+1 Bs+1

...
MK–sBK–s–1

BK–s–1

...

MKBK–1

...

Figure 5. Recursive overlapping decomposition of a production line.

Algorithm 3 Recursive overlapping decomposition algorithm (ROD)
Step 1: Solve the base case

If K ≤ 3
call the gradient search algorithm to solve BAP(M1, B1, ..., MK, P∗).
return the obtained solution b∗.

Step 2: Decompose the line L into a left sub-line L1 and a right sub-line L2
s := ⌊K/3⌋
L1 := (M1, B1, ..., MK−s)
L2 := (Ms+1, Bs+1, ..., MK)

Step 3: Solve the BAP in the left sub-line L1
call the ROD algorithm to recursively solve BAP(M1, B1, ..., MK−s, P∗).
let x = (x1, ..., xK−s−1) be the obtained solution.

Step 4: Solve the BAP in the right sub-line L2
call the ROD algorithm to recursively solve BAP(Ms+1, Bs+1, ..., MK, P∗).
let y = (ys+1, ..., yK−1) be the obtained solution.

Step 5: Solve the BAP in the original line L
b := (x1, ..., xs, max(xs+1, ys+1), ..., max(xK−s−1, yK−s−1), yK−s, ..., yK−1)
call the gradient search algorithm to solve BAP(M1, B1, ..., MK, P∗) with the initial
solution b.
return the obtained solution b∗.
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Start

K≤ 3

Step 2: Decompose L into a left 

subline L1 and  a right subline L2 

with overlapping buffers.

Step 1: Solve the base case

by gradient search.  

Step 3: Recursively call the 

ROD algorithm to solve the 

BAP in  L1 .

Step 4: Recursively call the 

ROD algorithm to solve the 

BAP in  L2 .

NO

YES

Step 5: Combine the solutions in L1 

and L2 as the initial solution to the 

BAP in L, and solve it by gradient 

search. 

End

Figure 6. Flowchart for the ROD algorithm.

Table 4 shows how the ROD algorithm solves the BAP described in the previous
subsection. The line L is decomposed into two sub-lines L1 and L2, which are further de-
composed into sub-lines L1.1, L1.2, L2.1, and L2.2. These three-machine, two-buffer systems
belong to the base case and they have the same solution (30, 31). Then, the solutions of L1.1
and L1.2 are combined as the initial solution (30, 31, 31) for the gradient algorithm to obtain
the optimal solution of L1, i.e., (35, 46, 36). The BAP in L2 is solved similarly. The optimal
solutions of L1 and L2 are combined to provide the initial solution (35, 46, 46, 36) for the
gradient algorithm to solve the original BAP in L. As can be seen, the initial solution is
quite close to the final solution (37, 50, 51, 37), and thus, it can speed up the search process
of the gradient algorithm.

Table 4. Solution process of the ROD algorithm for a five-machine line with MTTFi = 90,
MTTRi = 10, i = 1, ..., 5, and P∗ = 0.85.

Label Machines and
Buffers

Left
Sub-Line

Right
Sub-Line

Initial
Solution b

Optimal
Solution b∗ P(b∗)

L (M1, B1, ..., M5) L1 L2 (35, 46, 46, 36) (37, 50, 51, 37) 0.850054
L1 (M1, B1, ..., M4) L1.1 L1.2 (30, 31, 31) (35, 46, 36) 0.850218

L1.1 (M1, B1, M2, B2, M3) (0, 0) (30, 31) 0.850417
L1.2 (M2, B2, M3, B3, M4) (0, 0) (30, 31) 0.850417
L2 (M2, B2, ..., M5) L2.1 L2.2 (30, 31, 31) (35, 46, 36) 0.850218

L2.1 (M2, B2, M3, B3, M4) (0, 0) (30, 31) 0.850417
L2.2 (M3, B3, M4, B4, M5) (0, 0) (30, 31) 0.850417
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6. Numerical Experiments

In this section, numerical experiments are provided to show the accuracy and efficiency
of the recursive algorithms. As discussed in Section 4, homogeneous production lines are
evaluated by the robust decomposition method [21] and inhomogeneous lines are evaluated
by the ADDX algorithm [19]. Since the accuracy of the ADDX algorithm is not as good
as the robust decomposition method, most experiments are based on homogeneous lines.
First, we consider a set of BAPs in small production lines with K = 5. The solutions
obtained by the recursive algorithms are compared to the optimal solutions obtained by
complete enumeration. Then, we consider three sets of BAPs in long production lines
with K = 20, 40, 80, respectively. The complete enumeration method is not applicable
to large-scale BAPs due to the extremely long computation time. We use the gradient
search algorithm to solve these BAPs, and the results serve as benchmarks for comparing
the performance of the recursive algorithms. Finally, we consider several BAPs in an
inhomogeneous line. All the algorithms were implemented in the C# language and run on
a computer with a 2.7 GHz Intel Core i7 processor and 8 GB RAM.

6.1. Five-Machine Lines

We studied one hundred five-machine production lines with machine reliability pa-
rameters randomly generated from the following sets:

MTTFi =
1
λi

∈ {5, 6, ..., 200}, i = 1, ..., K, (5)

MTTRi =
1
µi

∈ {5, 6, ..., 200}, i = 1, ..., K. (6)

Moreover, a constraint was used to guarantee the generated machine parameters were
realistic: the efficiency of each machine had to be greater than or equal to 0.85, i.e.,

ei =
MTTFi

MTTFi + MTTRi
≥ 0.85, i = 1, ..., K. (7)

If the parameters of a machine violated the above constraint, they were rejected
and regenerated.

The desired production rate P∗ of the 100 lines was set to 0.8. We solved the BAPs by the
gradient, RBD, and ROD algorithms, respectively. The results (see Supplementary Materials)
show that all the algorithms lead to the optimal solutions, which were verified by complete
enumeration. For example, consider the production line in Table 5. Each algorithm
obtains the optimal solution (57, 68, 58, 45) with a production rate of 0.800048. For the
100 small lines, all the algorithms are very efficient and the average computation time of
each algorithm is within 0.1 s.

Table 5. A five-machine production line.

i 1 2 3 4 5

MTTFi 138 184 137 173 154
MTTRi 23 21 21 16 24

6.2. Twenty-Machine Lines

Similar to the previous experiment, one hundred 20-machine production lines were
randomly generated and the desired production rate P∗ was set to 0.8. We compare the
performance of the RBD and ROD algorithms to that of the gradient algorithm. Since the
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objective of the BAP is to minimize the total buffer capacity of a production line, we define
the percentage error of each algorithm as follows:

ϵ =

∣∣∣∣∣N∗ − Nbest

Nbest

∣∣∣∣∣× 100%, (8)

where N∗ is the minimum total buffer capacity obtained by the algorithm under considera-
tion and Nbest is the best minimum total buffer capacity obtained by all the three algorithms.

The results show that all the algorithms lead to the same N∗ for each line, and thus,
the percentage error of each algorithm is zero . However, this does not mean they lead
to the same solution, since the optimal buffer allocation may not be unique. For example,
consider the production line described in Table 6. The optimization results obtained by the
three algorithms are given in Table 7. As can be seen, the solutions obtained by the RBD and
ROD algorithms are the same, but they differ from the solution obtained by the gradient
algorithm in b∗10 and b∗11. Nevertheless, all the algorithms lead to the same minimum total
buffer capacity, i.e., N∗ = 869.

Table 6. A twenty-machine production line.

i 1 2 3 4 5 6 7 8 9 10

MTTFi 147 42 128 197 139 96 175 137 53 84
MTTRi 21 7 13 11 23 10 18 8 6 5

i 11 12 13 14 15 16 17 18 19 20
MTTFi 132 96 193 128 70 98 135 200 79 167
MTTRi 15 16 28 22 12 7 12 24 6 17

Table 7. Optimization results for the twenty-machine production line.

Algorithm b∗ = (b∗1 , ..., b∗19) N∗ P(b∗)

Gradient (43, 42, 35, 39, 48, 36, 25, 24, 25, 29, 60, 99, 113, 98, 46, 36, 35, 21, 15) 869 0.800055
RBD (43, 42, 35, 39, 48, 36, 25, 24, 25, 28, 61, 99, 113, 98, 46, 36, 35, 21, 15) 869 0.800056
ROD (43, 42, 35, 39, 48, 36, 25, 24, 25, 28, 61, 99, 113, 98, 46, 36, 35, 21, 15) 869 0.800056

Regarding the computational efficiency, the three algorithms differ significantly. As il-
lustrated in Figure 7, the recursive algorithms show a great advantage over the gradient
algorithm. The average computation time for optimizing the 100 lines by the gradient algo-
rithm is 100.1 s, while the average computation times using the RBD and ROD algorithms
are 13.0 s and 3.7 s, respectively. Clearly, the recursive algorithms are much more efficient
than the gradient algorithm.
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Figure 7. Computation times for optimizing the 100 twenty-machine lines.
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6.3. Forty-Machine Lines

As in the previous two experiments, one hundred 40-machine production lines were
randomly generated and the desired production rate P∗ was set to 0.8. Table 8 compares the
performance of the gradient, RBD, and ROD algorithms. The gradient and RBD algorithms
always obtain the best result Nbest in the 100 problems, whereas the ROD algorithm obtains
Nbest in 76 problems. Although the ROD algorithm does not obtain Nbest in the remaining
24 problems, the maximum deviation is just 1 buffer unit, with a maximum percentage
error of only 0.08%.

The deviation of the ROD algorithm is due to the non-uniqueness of the solutions
to the decomposed sub-problems. Note that the optimal solution to an integer-valued
BAP is essentially an approximation of the optimal solution to the corresponding real-
valued BAP. Thus, an integer-valued BAP may have multiple optimal solutions. Consider
the pseudocode of the ROD algorithm in Table 6. Due to non-uniqueness, the solutions
of the sub-lines L1 and L2, i.e., (x1, ..., xK−s−1) and (ys+1, ..., yK−1), may not be accurate
lower bounds of the respective buffer capacities in the original line L. One way to avoid
this problem is to reduce xi, i = 1, ..., K − s − 1 and yi, i = s + 1, ..., K − 1 by one buffer
unit. For example, consider the production line described in Table 9. The minimum
total buffer capacities obtained by the gradient, RBD, and ROD algorithms are 1489, 1489,
and 1490, respectively, with corresponding computation times of 2849.7 s, 119.8 s, and 11.4 s.
If the ROD algorithm is modified as described above, it leads to the same solution as the
gradient and RBD algorithm, but the computation time increases from 11.4 s to 182.7 s. We
feel that the modification is unnecessary, because the ROD algorithm is accurate enough.
The average percentage error for the 100 BAPs is only 0.02%.

Figure 8 compares the computation times of the three algorithms. The average time
for optimizing the 100 lines by the gradient algorithm is 2961.7 s, while the average
computation times using the RBD and ROD algorithms are 134.7 s and 15.8 s, respectively.
Once again, the recursive algorithms show a great advantage over the gradient algorithm.

Table 8. Performance comparison of the gradient, RBD, and ROD algorithms for 100 BAPs in
forty-machine production lines.

Algorithm
#Problems to

Find Nbest
Max. Deviation

from Nbest Avg. ϵ Max. ϵ
Avg. Computation

Times (s)

Gradient 100 0 0.00% 0.00% 2961.7
RBD 100 0 0.00% 0.00% 134.7
ROD 76 1 0.02% 0.08% 15.8

Table 9. A forty-machine production line.

i 1 2 3 4 5 6 7 8 9 10
MTTFi 110 78 47 193 148 171 191 162 182 83
MTTRi 17 8 8 12 23 13 28 5 17 12

i 11 12 13 14 15 16 17 18 19 20
MTTFi 195 142 69 87 161 130 105 162 180 150
MTTRi 16 12 6 14 6 13 9 9 18 16

i 21 22 23 24 25 26 27 28 29 30
MTTFi 181 96 132 183 139 55 62 151 192 139
MTTRi 20 5 13 6 19 8 9 19 11 24

i 31 32 33 34 35 36 37 38 39 40
MTTFi 168 170 164 199 189 146 162 150 166 122
MTTRi 7 29 28 22 5 9 6 16 23 5
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Figure 8. Computation times for optimizing the 100 forty-machine lines.

6.4. Eighty-Machine Line

We consider an 80-machine line that is composed of two 40-machine blocks. Each
block is the same as the 40-machine line described in Table 9. The desired production rate
P∗ was set to 0.8. The gradient, RBD, and ROD algorithms produced minimum total buffer
capacities of 3092, 3092, and 3095, respectively, with corresponding computation times of
71,448.8 s, 987.3 s, and 45.2 s. The gradient algorithm takes an incredibly long time to solve
this problem, whereas the ROD algorithm takes only a short time to obtain a near-optimal
solution with an error of less than 0.1%.

6.5. Inhomogeneous Line

Table 10 shows the data of a real-life production line, which are taken from [54]. Clearly,
the line is inhomogeneous, since the machine processing times are different. The isolated
production rate of each machine is presented in the last column of Table 11. Note that the
worst machine (M18) has an isolated production rate of 1.948, which is an upper bound of
the production rate of the whole line. Table 11 presents the results for BAPs with different
target production rates. Tempelmeier [54] studied the case of P∗ = 1.80 and obtained the
result N∗ = 485, which is the same as the results obtained by the proposed algorithms. We
further studied the cases of P∗ = 1.90 and P∗ = 1.94. It can be seen that the RBD and ROD
algorithms lead to the same total buffer capacity as the gradient algorithm, but they are
much faster.

Table 10. A real-life production line.

i Processing Time (min)
τi = 1/si

Availability
ei

MTTRi (min) Isolated Production Rate
ρi = siei

1 0.47 0.978 49 2.081
2 0.47 0.98 41 2.085
3 0.493 0.984 55 1.996
4 0.488 0.993 28 2.035
5 0.463 0.984 47 2.125
6 0.463 0.977 28 2.11
7 0.498 0.987 68 1.982
8 0.467 0.97 35 2.075
9 0.473 0.967 43 2.044
10 0.487 0.996 33 2.045
11 0.498 0.997 36 2.002
12 0.478 0.996 31 2.082
13 0.488 0.97 60 1.988
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Table 10. Cont.

i Processing Time (min)
τi = 1/si

Availability
ei

MTTRi (min) Isolated Production Rate
ρi = siei

14 0.488 0.988 39 2.025
15 0.482 0.975 38 2.023
16 0.43 0.989 48 2.281
17 0.473 0.981 47 2.097
18 0.5 0.992 55 1.948
19 0.467 0.974 43 2.071

Table 11. Optimization results for the real-life production line.

Target Rate
P∗ Algorithm Total Capacity

N∗
Actual Rate

P(b∗)
Computation Time

(s)

1.80
Gradient

RBD
ROD

485
485
485

1.800202
1.800202
1.800202

46.1
9.2
7.1

1.90
Gradient

RBD
ROD

1201
1201
1201

1.900065
1.900065
1.900064

63.3
6.8
4.5

1.94
Gradient

RBD
ROD

1958
1958
1958

1.940010
1.940010
1.940009

86.6
8.7
3.9

6.6. Discussion

The above experiments show that the accuracy of the RBD and ROD algorithms is quite
good. For production lines with five machines, they always produce the optimal solutions.
For production lines with no more than 20 machines, they are as accurate as the gradient
algorithm. Although the ROD algorithm has a small margin of error for longer lines (less
than 0.1%), the accuracy is acceptable, considering the fact that the machine parameter
data available on a factory floor are rarely within 1% of their actual values. In terms of
computational efficiency, the RBD and ROD algorithms show a great advantage over the
gradient algorithm. For long production lines, the computation time can be reduced by
more than 95%. Therefore, the proposed algorithms achieve a good trade-off between
solution quality and computation time.

In general, a gradient-based search algorithm is more efficient than combinatorial
approaches (e.g., genetic algorithm, simulated annealing, etc.), since it exploits the concavity
of BAPs [7,8]. Theoretical analysis and extensive numerical experiments show this property
does hold. See [7,8] for a detailed discussion. For production systems with large buffers,
the error of the proposed recursive algorithms can be neglected, but they are more efficient
than the gradient algorithm for BAPs in long production lines. However, for just-in-time
production systems with small buffer capacities, it is recommended to use the gradient
algorithm directly, because the computational complexity is not high when the total buffer
capacity is small.

Another limitation of the RBD and ROD algorithms is that the gradient of the pro-
duction rate has to be evaluated. In some cases, the gradient is unavailable. For example,
if the machine failure time is not exponentially distributed, the production rate cannot
be evaluated by the robust decomposition method or the ADDX method. In this case,
the proposed algorithms cannot be applied. An alternative solution approach is to combine
metaheuristics algorithms with simulation-based evaluation methods [30].
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7. Conclusions

In this paper, we propose two recursive algorithms (i.e., the RBD algorithm and the
ROD algorithm) for solving the buffer allocation problem of minimizing the total buffer
capacity of a line to achieve a desired production rate. The algorithms decompose a long
line into two sub-lines, optimize them recursively, and combine their solutions to find the
optimal buffer distribution of the original line. The two algorithms differ in how the line is
decomposed: the RBD algorithm does not allow overlapping buffers in the decomposed
sub-lines, whereas the ROD algorithm does. Numerical experiments were performed to
compare the performance of the two algorithms to that of a gradient search algorithm.
The results show that both algorithms achieve the same level of accuracy as the gradient
algorithm, but they are much more efficient. For long production lines, the two recursive
algorithms reduced the computation time dramatically. The RBD algorithm is slightly more
accurate than the ROD algorithm, whereas the ROD algorithm is faster.

In a future study, the proposed algorithms will be extended to production systems
with complex topologies, such as assembly/disassembly systems. Another future research
direction is the adoption of artificial intelligence techniques to solve various types of buffer
allocation problems.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/app14219953/s1, Data: randomly generated production lines.
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