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Abstract: This article presents a new method for obtaining the electrical parameters of a supercapacitor
(SC) modeled as a constant resistor in series with a capacitance that linearly varies with its internal
voltage. This model provides sufficiently accurate results when the SC is subjected to rapid, short-term
charging and discharging. In other methods described in the literature, the parameters are obtained by
charging or discharging the SC with a constant current source of high value. In this study, the electrical
parameters are calculated by charging or discharging the cell with a real constant voltage source
(RVS) or by discharging the SC through a known and constant resistance. The calculation procedure
requires the measurement of the cell voltage as a function of time. Two alternative estimation methods
have been employed: the three-point method (3PM) and the least squares method (LSM). A series of
experimental tests were conducted on cells from various manufacturers, with capacitances ranging
from 150 F to 600 F. The laboratory measurements were then compared with the results obtained
from theoretical models incorporating the parameters obtained for the variable capacity model. The
results demonstrated that this straightforward procedure is capable of accurately characterizing the
main branch of any SC.

Keywords: electrical parameters estimation; model validation; supercapacitors; voltage source

1. Introduction

Supercapacitors (SCs) are energy storage devices used in many industrial applications
due to their unique characteristics. These include their high specific power, which allows
them to be charged and discharged very quickly. Their low internal resistance makes
them to dissipate very little energy in the form of heat, which provides them with a high
efficiency. Moreover, their useful life, under certain temperature conditions, can reach
up to a million cycles, a value that is well above other storage systems, such as batteries,
which makes them a good option in those applications that require a continuous exchange
of energy. These devices have a wide operating temperature range, typically between
−40 ◦C and 65 ◦C. Between 0 ◦C and 65 ◦C, their electrical parameters (resistance and
capacitance) are quite stable and vary very little. In addition, at the end of their useful life,
they can be easily recycled since they do not contain polluting or toxic chemical elements.
The main component of porous membranes is carbon, an abundant material that is also
compostable [1–7]. For all these reasons, these devices are a good option in many facilities.

In any industrial application where SCs are used it is essential to have a perfect
understanding of their performance in different situations. Therefore, it is necessary to
develop equivalent circuit models that combine simplicity and good accuracy. There are
a multitude of SC models in the literature, which can essentially be divided into four
categories [8]: electrochemical models, equivalent-circuit-based models, neural-network-
based models, and fractional-order models. The final two groups, despite their ability to
accurately reproduce the dynamic characteristics of SCs, do have some disadvantages. One
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such drawback is that they require a set of parameters that are not specified in the datasheets
provided by manufacturers. In some cases, some of their variables do not even have a
physical meaning and must be measured in laboratory tests using complex estimation
algorithms. In addition, the accuracy they provide is rarely a necessary requirement for
most industrial applications. This, together with their complexity, leads many researchers to
opt for simpler solutions, even if they slightly penalize accuracy. In these cases, equivalent
circuit models are usually chosen, as they can be used to obtain simple mathematical
expressions for the different operating modes, producing results that, in the vast majority
of cases, correctly characterize the real behavior of the SC. Moreover, these models can be
employed in electrical circuit simulation environments.

The most common circuit-based models are shown in Figure 1. The first one (Figure 1a)
is the constant capacitance RC series model. This representation of the SC is the most
widely used due to its extreme simplicity and the existence of standardized test protocols,
from which manufacturers provide its parameters in catalogs or datasheets. Moreover, it
allows analytical expressions to be obtained for the four main operating modes: constant
voltage charge/discharge, constant current, constant power [9–12], and constant resistance
discharge, for both electrical and thermal analyses [13–16]. For the aforementioned reasons
and because its results are more than acceptable, it is mostly used in the sizing of SC
banks [17–22]. In studies of self-discharge, a leakage resistor (RL) is connected in parallel
with the capacitance. However, in the majority of other studies, this is typically considered
to be negligible, given that its ohmic value is very high, and therefore, the current flowing
through it is very low. Although many researchers consider RL to be constant, H. Yang
et al. [23] have treated it as a variable resistance dependent on the internal voltage. However,
there are no mathematical expressions that allow its analytical function to be determined
by laboratory testing.
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A more sophisticated SC model than the previous one is depicted in Figure 1b, where
the capacitance is not constant but varies linearly with the internal voltage [24–27]. This
model accurately emulates the behavior of the SC when it is rapidly charged or discharged
(short-term characterization), but its accuracy may be insufficient to analyze the cell re-
sponse when it is charged or discharged slowly (medium- or long-term characterization),
due to the charge redistribution phenomena that occur inside the SC [28]. To enhance the
precision of this model, additional RC branches are frequently connected in parallel, typi-
cally of constant capacity, with time constants that are considerably larger than those of the
primary branch [29–31]. Two-branch (Figure 1c) or three-branch (Figure 1d) models can be
employed, and even more branches can be added. As in the constant capacitance model, the
leakage resistance, RL, can be included if self-discharge requires to be analyzed. The models
with two or more branches, despite their ability to accurately simulate the behavior of the
SC in all situations, present a disadvantage in that they are complex to express mathemati-
cally in terms of the main operating variables, such as current and voltage. Consequently,
these models are often considered using electrical circuit simulation software.

Other models that accurately reproduce the dynamic behavior of SCs are transmission
line models (Figure 1e). However, working with them requires numerical simulation
tools applied to a model carefully adjusted to the characteristics of the cell. Unfortunately,
this adjustment, which involves measuring all the components using complex estimation
methods, limits their use to very specific studies. In fact, the high accuracy provided by
these models is rarely needed in industrial applications.

Among the models based on electrical circuits that have been presented by other
researchers, two are particularly suitable to be used in most industrial applications, com-
bining simplicity and good accuracy. The one-branch variable-capacity model (Figure 1b) is
valid for the study of short-term behavior, while the two-branch model shown in Figure 1c
is suitable for characterizing the behavior from short-term to medium- to long-term opera-
tion. Both models do not require the calculation of many components, as in more complex
approaches, and provide sufficiently accurate results for most studies requiring the analysis
of SCs. However, manufacturers do not provide the values of all the parameters of these
models, so estimation procedures from laboratory tests have been developed in previous
studies. These methods typically use charging or discharging the cell with a very high
constant current source.
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The main operating modes of SCs can be summarized as follows: constant current
charge/discharge, constant power, constant voltage real source, or constant resistance
discharge. Although the first two are widely used, the latter also appear in many industrial
applications. For example, when charging an SC, it is common to do so in two stages. The
first one is carried out at a constant current of a high value. To avoid damaging the SC,
the external voltage of the cell is controlled. When the rated value of the cell is reached
externally, UN, the internal voltage will not yet have reached this rated voltage due to the
voltage drop across its series resistor, so the cell will not be 100% charged [32]. Therefore,
in the second phase, the charge is completed using a real constant voltage source, whose
no-load voltage is equal to UN. In this way, full charge is achieved with high efficiency and
in a relatively short time. This method is known as the constant-current, constant voltage
method (CC/CV) [33–35].

Recent works have explored the possibility of installing SCs on solar panels, so that
they have their own built-in energy storage system. This can be very useful in stand-alone
systems, uninterruptible power supplies, or emergency lighting. In these cases, the SCs are
usually connected directly to the solar panel, which will work, in almost all the range of
voltages, as a real constant voltage or current source, both of which can be reduced to the
first case [36–38].

SCs are also used to absorb transient surge voltages of several kV, but of short duration,
where the energy involved is low, in an application known as SCASA (Supercapacitor As-
sistant Surge Absorb). Although SCs have low internal resistance, because their capacitance
is very high, their time constant is high enough to withstand the transient surge voltages
that occur in the grid, whose durations are usually in the order of milliseconds. To analyze
their ability to absorb these surges, SCs are subjected to high-voltage pulses, generated
with a constant and very high voltage source, but of short duration [39–42].

There are industrial applications where SCs work as a power supply for resistive
heaters. N. Kularatna et al. [43,44] have proposed a system for heating water in domestic
installations, where the SCs discharge their energy on resistors. These are usually made of
nichrome, a material whose resistivity varies only slightly with temperature. As the heat
generated in them will be transmitted directly to the water, their ohmic value will hardly
increase. A similar idea is used by D. S. Chavan et al. [45] to avoid ice accumulation on
wind turbine blades, which can affect their aerodynamic performance. In the manufac-
turing process, a nichrome coil is embedded along the entire length of the blade, which
receives current pulses every minute generated by an SC that discharges its energy on these
filaments, which act as heaters. In both cases, it is considered that the SCs are discharged
rapidly over practically constant resistances. The main disadvantage of this technique
is that it is necessary to charge the SC many times, since its stored energy is low, and in
addition, it must be delivered very quickly, so the SC is discharged very fast. However, this
system has a very high efficiency since the resistance used as a heater will be quite larger
than the internal resistance of the SC, so almost all the energy discharged by the SC will be
transformed into heat in the heating resistor. In addition, since the SC withstands a high
number of charge and discharge cycles, it will make the set very durable.

The main interest in estimating the values of the electrical parameters of a cell is to
find out its aging level. According to the manufacturers, when a cell reaches the end of its
useful life, it will show a decrease in its capacity (typically 20–30%) compared to what it had
at the beginning, while the internal resistance increases by 100%. To know how far a cell
is from reaching its end, it is necessary to make periodic monitoring of these parameters.
When they reach values close to the limit thresholds, the cells must be replaced with new
ones, before an unexpected failure occurs that could affect the entire system where they are
installed. This monitoring will be part of the system’s predictive maintenance.

This study proposes an alternative method for the calculation of the variable capaci-
tance main branch parameters (R, C0, and kc) by rapidly charging or discharging the SC
with a real voltage source or by discharging the cell with a constant resistance, which can be
used by taking advantage of any of the industrial applications mentioned previously. This
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new method makes the necessary test equipment simple and economical, especially when
discharging on a constant resistance. The values of the external voltage, uco(t), measured
during the charging or discharging of the SC, will be taken as the starting data. These will
be employed considering the model depicted in Figure 1b. In the event that the parameters
of the second branch (Figure 1c) are also to be obtained, since it is necessary to calculate
the parameters of the first branch beforehand, the newly developed algorithm will also be
very useful.

The paper is arranged as follows: Section 2 will show the mathematical study to obtain
the electrical variables of an SC connected to a voltage source, valid for both charging
and discharging. Section 3 describes two methods for obtaining the equivalent circuit
parameters. In Section 4, several tests are carried out with cells of different capacitances
and from different manufacturers, on which the methods described in the previous section
have been verified. Finally, the study finishes with a section on conclusions.

2. Materials
2.1. Variable Capacitance Model

The short-term branch, as depicted in Figure 1b, comprises a resistor, R, of a constant
value, connected in series with a capacitance that varies linearly with the internal voltage,
u, according to the following expression:

C(u) = C0 + C1(u) = C0 + kc·u. (1)

The capacitance of the SC, C(u), is equivalent to the parallel association of two others.
The first is a constant value, C0, which is known as the Initial Capacitance. This is the value
presented by the SC when it is completely discharged. The second one is C1(u), which
represents the variable part and grows linearly with the internal voltage. The slope of the
linear function C(u), kc, is measured in [F/V]. The rated capacitance, CN, provided by the
manufacturers, is the capacitance of the SC when it is charged up to its rated voltage, UN,
and exhibits the following value:

CN = C0 + kc·UN. (2)

The capacity C(u) can be expressed as a function of the rated capacity, CN, and the
rated voltage, UN, as follows:

C(u) = C0 +
CN

UN
·
(

1 − C0

CN

)
·u =CN·k0 +

CN

UN
·(1 − k0)·u. (3)

The k0 value, designated as the Normalized Initial Capacitance, is the quotient between
the Initial Capacitance, C0, and the rated capacitance, CN. This variable typically ranges
between 0.6 and 0.85 in most families of SCs [46]. In the one-branch model (Figure 1b),
three parameters must be obtained: R, C0, and kc. Although all three components are
known to vary slightly with temperature, if the SC is operating between 20 ◦C and 65 ◦C,
the variations they undergo can be considered negligible [47,48]. Significant changes in
the resistance R occur only below 0 ◦C, which increases as the viscosity of the electrolyte
increases (the capacitance decreases very slightly); therefore, the influence of temperature
will not be considered in this study. The proposed method is valid for the determination
of the cell parameters at any operating temperature. Over the brief duration of the test,
the temperature of the SC will remain constant or will present small variations that are
considered negligible.

In the calculation of the variables of the first branch of the SC, it can be assumed that
all the current injected during fast charging will flow into the variable capacitance of the
first branch. The secondary branch (R2, C2–Figure 1c) will have a negligible influence
because its dynamics are much slower, given that it presents a much larger time constant
(R·CN << R2·C2). While the voltage in the first branch rises rapidly, it hardly increases in
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the secondary branch. Once the charging current is canceled, part of the charge stored
in the first branch will be slowly redistributed to the second branch, in a new transient
state, until the voltages of the capacities of both branches are equalized. It will therefore be
considered that, during fast charging, the secondary branch can be neglected [49–51].

2.2. Test Bench

In this novel procedure, the SC will be connected to a real constant voltage source,
whose no-load voltage, E, and its internal resistance, Rc, are known (Figure 2). The internal
voltage of the SC, which defines the energy stored in it, will be designated by u(t), while
the external voltage, uco(t), will be measured at its terminals. The initial internal voltage of
the SC, u (t = 0), will be denoted as U0.
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The equations presented in this article are valid for both the charging and discharging
modes of the SC. The method is also valid if a constant value resistor Rc is used instead
of a real voltage source, since this would be a “particular” voltage source where E = 0
V. To present the most comprehensive and general results possible in the cases studied
below, a charging process will be used in the whole study. It is not necessary to utilize
high-performance instrumentation to apply the method proposed in this paper. A low-cost
data acquisition card or an oscilloscope with waveform storage capability may be employed
to measure the evolution of the external voltage, uco(t), as a function of time. If the voltage
source presents a reduced capacity to deliver current, a limiting resistor, Rlim, can be series
connected with the SC. This will result in the resistance Rc that will appear in the equations
being the sum of the internal resistance of the real voltage source plus the limiting resistor
and the resistances of the cables used to connect all the elements.

2.3. Electrical Analysis of an SC Connected to an RVS

When an SC modeled with the main branch only is connected to a real constant voltage
source (E, Rc), a time function, g(t), measured in volts, can be defined, as demonstrated
in [31], whose expression is as follows:

g(t) =
1

km
·W0

(
kp· exp(−kn·t)

)
. (4)

The function W0(x) is the main or upper branch of the Lambert-W function [52,53].
The constants km [V−1], kn [s−1], and kp (dimensionless) depend on the variables of the
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main branch (C0, kc, and R), those of the real voltage source (E, Rc), and the initial internal
voltage of the SC, U0, as shown in the following expressions:

km =
2·kc

C0+2·kc·E
. (5)

kn =
1

(Rc+R)·(C0+2·kc·E)
. (6)

kp = km·(U0 − E)· exp(km·(U0 − E)). (7)

In (7), exp(x) represents the exponential function. The variable g(t), as defined in (4),
presents a positive sign when the SC is discharging on the RVS (U0 > E) and a negative sign
otherwise (U0 < E). The instantaneous values of the internal voltage, u(t), the discharge
current, i(t), and the external voltage of the cell, uco(t), can be obtained from the following
equations, which are derived from the function g(t) [31]:

u(t)= E + g(t). (8)

i(t) =
g(t)

Rc + R
. (9)

uco(t)= E+
(

Rc

Rc + R

)
·g(t). (10)

The function g(t) can be defined as the difference between the internal voltage of the
SC, u(t), and the no-load voltage of the RVS, E. It is also possible to calculate the time that
must elapse for the variable g(t) to reach a specific value, given an initial value g0 = U0 − E.
This time, t, presents the following value:

t = 2·kc·(Rc+R)·
[(

C0

2·kc
+E
)
· log

(
U0 − E

g

)
+ U0 − E − g

]
. (11)

In (11), log(x) represents the Neperian or natural logarithm of x. To simplify the
expressions that will be part of the final solution, the following constants are defined:

k1 =
C0

2·kc
+E. (12)

k2= 1+
R
Rc

. (13)

k3 =
1

2·kc·(Rc+R)
. (14)

The first constant, k1, is measured in units of voltage [V], the second, k2, is dimension-
less, and the third, k3, is measured in [V·s−1]. The functions u(g) and uco(g), derived from
(8) and (10), respectively, facilitate the straightforward determination of g(u) and g(uco).
By composing these functions with t(g), as presented in (11), the time required for the
internal and external voltage to reach a specified value can be calculated, thereby obtaining
the functions t(u) and t(uco). The function t(uco) will be employed to compute the three
parameters of interest. The final expression, as a function of the constants k1, k2, and k3, is
as follows:

t =
1
k3

·
[

k1· log
(

U0 − E
k2·(uco − E)

)
+ U0 +

R
Rc

·E − k2·uco

]
. (15)

3. Methods

This section will present two methods for obtaining the main branch parameters from
the cell terminal voltage, uco(t), while charging or discharging through an RVS.
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3.1. Three-Point Method (3PM)

The external voltage as a function of time during cell charging will produce a curve
like that shown in Figure 3. Three measurements will be taken at sufficiently distant points
in time, whose values will be P1 = (0, uco1), P2 = (t2, uco2), and P3 = (t3, uco3). It is assumed
that the initial sample will be collected at t1 = 0 s. If the value of the voltage source, E, is
added to both members of the function t(uco) presented in (15), the relationship between
the time t and the external voltage uco is expressed as follows:

k3·t + E =k1· log
(

U0 − E
k2·(uco − E)

)
+ U0 + k2·(E − uco). (16)
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The value of R can be calculated from the first value of the external voltage, uco1. At
time t = 0, this voltage is given by:

uco1 =
Rc·U0 + R·E

R + Rc
. (17)

From (17), the value of R is directly calculated as follows:

R =

(
uco1−U0

E − uco1

)
·Rc. (18)

Once the value of R has been obtained, the value of the constant k2 can be calculated
using Equation (13). The two remaining measurements, corresponding to the points P2 and
P3, can then be combined into a system of equations, where the value of k2 is already known:k3·t2+E =k1· log

(
U0−E

k2·(uco2−E)

)
+ U0 + k2·(E − uco2)

k3·t3+E =k1· log
(

U0−E
k2·(uco3−E)

)
+ U0 + k2·(E − uco3)

. (19)

Solving this system of equations yields the values of the constants k1 and k3:

k1 =
E − U0 + k2·

((
t2

t3−t2

)
·(uco2 − uco3) + uco2 − E

)
log

((
U0−E

k2·(uco2−E)

)
·
(

uco3−E
uco2−E

) t2
t3−t2

) . (20)

k3 =
k1· log

(
uco2−E
uco3−E

)
+ k2·(uco2 − uco3)

t3 − t2
. (21)
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Once the three constants, k1, k2, and k3, are known, it is straightforward to obtain C0
and kc values from the expressions (12) and (14):

kc =
1

2·Rc·k2·k3
. (22)

C0 =
k1 − E

Rc·k2·k3
. (23)

The proposed method is straightforward, requiring only three measurements of the
function uco(t) to obtain the desired parameters. When the three external voltage mea-
surements (uco1, uco2, and uco3) are acquired, they may have oscillations with respect to
the real value due to the errors that occur when using a data acquisition system, e.g., due
to the resolution of the A/D converter. If a low sampling period has been used when
measuring the voltage uco(t), instead of only using the three-point measurements, ucoi, one
or two more measurements can be taken around each sample, above and below that value,
and then averaged between them. This compensates for the error that may occur with a
single measurement.

Another way to estimate the three parameters of the main branch is by using a
mathematical procedure that utilizes the complete recording of the external voltage to
identify the values of R, C0, and kc, which provide the best fit between the theoretically
calculated external voltage and the measured voltage. One suitable approach is the least
squares method, as it enables the errors that arise when measuring the series of values of
the function uco(t) to be compensated. By using a real voltage source, this method can be
applied in a single step, as uco(t) can be expressed as a function of the three constants to
determine the time, the RVS values, and the initial internal voltage of the SC, obviating the
necessity to know other functions such as the circuit current and the instantaneous internal
voltage of the SC or its derivative. In addition, the SC need not be initially discharged but
can have any initial internal voltage U0.

3.2. Least Squares Method (LSM) Using the External Voltage, uco(t)

As mentioned above, this section will present the application of the least squares
method using the entire time series of uco(t). During the acquisition of the signal, two
vectors will be obtained; the first formed by the times elapsed from the beginning to the
end of the measurement, ti, with i = 1, 2, . . ., n, and the second with the values reached by
the external voltage, ucoi, for each time instant ti. One of the advantages of this procedure is
that it does not require the use of a high sampling frequency, which reduces the cost of the
necessary instrumentation. To apply the calculation method, U0, E, Rc, and the expression
of the time, t, when uco would reach a certain value, that is, the function t(uco) obtained
in Equation (15), are available. This function can be expressed in a more compact form
as follows:

t =α+ β· log(uco − E) + γ·uco. (24)

To abbreviate the above expression, the constants α, β, and γ will be defined. The first
two are measured in [s], while the third is measured in [s·V−1]. These constants can be
expressed as a function of k1, k2, and k3, which in turn depends on the three parameters to
determinate, R, C0, and kc, on the variables of the RVS (E, Rc) and the initial cell voltage,
U0. Their values are as follows:

α =
1
k3

·
[

k1· log
(

U0 − E
k2

)
+ U0 +

R
Rc

·E
]

. (25)

β =− k1

k3
. (26)

γ =− k2

k3
. (27)



Appl. Sci. 2024, 14, 9939 10 of 21

Subsequently, function F, which represents the sum of the squares of the differences
between the measured time instants, ti, and the estimated times from (24), will be defined.
The function F is expressed as follows:

F =∑n
i=1(ti − α− β· log(ucoi − E)− γ·ucoi)

2. (28)

The objective now is to calculate the constants α, β, and γ that make the value F
minimum. To do so, the latter will be derived with respect to each of these three parameters,
and each derivative will be equal to zero. The resulting system, expressed in matrix form,
is the following: ∑n

i=1 ti
∑n

i=1 ti· log(ucoi − E)
∑n

i=1 ti·ucoi

 = [M]·

αβ
γ

 =

a11 a12 a13
a21 a22 a23
a31 a32 a33

·
αβ
γ

. (29)

The matrix [M] is symmetric and its determinant is nonzero. The coefficient a11
represents the total number of samples, n, taken from the function uco(t). The remaining
elements of the matrix are as follows:

a22 = ∑n
i=1(log(ucoi − E))2. (30)

a33 = ∑n
i=1 ucoi

2. (31)

a12 = a21 = ∑n
i=1 log(ucoi − E). (32)

a13 = a31 = ∑n
i=1 ucoi. (33)

a23 = a32 = ∑n
i=1 ucoi· log(ucoi − E). (34)

Solving the equations system (29) yields the constants α, β, and γ. Once these are
known, along with the values of k1, k2, and k3, as defined in Equations (12)–(14), respec-
tively, the parameters of the main branch of the SC can be obtained. The value of R is first
calculated, and its final expression, after some operations, is as follows:

R =
γ

β
· Rc·(U0 − E)

W0

(
γ
β · exp

(
− 1

β ·(α+ γ·E)
)) − Rc. (35)

Once the value of R has been obtained, the values of C0 and kc are obtained by using
the following formulas:

kc =
−γ·Rc

2·(Rc + R)2 . (36)

C0 =
−β

(Rc + R)
− 2·kc·E. (37)

For this method to yield accurate results, the charging or discharging process must
be completed in a relatively short period of time. This is necessary to prevent the slower
dynamics of the secondary branch of the SC from influencing the primary branch. Therefore,
it is advisable to use a real voltage source with a low internal resistance Rc. The voltage of
this source may be higher than the rated voltage of the SC, provided that the charging is
stopped before the SC exceeds its rated value. If it is not desired that the source initially
injects a too high a current, it is sufficient to connect a resistor of a known value in series
with the SC to limit it. This avoids the possibility of damaging the voltage source. However,
it is necessary to find a commitment between the current limitation and the charging
time, as the latter should not be slowed down too much. If the tested SC has a low-rated
capacitance and during the test, it is observed that it has reached the steady state, a shorter
charging time must be taken to ensure that the first branch is far from reaching the value of
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the voltage source E. This method is applicable to both a charge (E > U0) and a discharge
(E < U0), as well as to a discharge through a constant resistance (E = 0).

The 3PM method has the advantage that it only needs three measurements of the
voltage uco(t) and the three parameters are very easily obtained using simple mathematical
functions. The LSM method is more accurate, as it estimates the three parameters using the
whole register of uco(t), thus getting the best fit, but for the calculation of the resistance, it
is necessary to use the Lambert-W function.

The two methods described have the following advantages over other methods in
which an ideal current source is used to carry out the charging or discharging:

1. These methods can be used directly in those applications where the SC is to operate
connected to an RVS or be discharged through a constant resistance, which makes it
possible to estimate the parameters during normal operation of the SC.

2. Only the cell terminal voltage, uco(t), needs to be measured. It is not necessary
to obtain any other signal, such as the internal voltage or any of its derivatives,
nor is it necessary to adjust those functions by means of polynomials or Taylor
series, as is performed in other methods [30], which adds complexity and may cause
additional errors.

3. The three parameters (R, C0, and kc) can be obtained directly by both methods (3PM
and LSM) in a single step. However, in other approaches, like the one proposed by
Sergio M. Coca et al. [30], C0 and kc values must be obtained in the first stage using
a discharge of SC with a high constant current. From this, in the second phase, the
value of the resistance R.

4. When an ideal constant current source is used, a high value of current is required
to measure the voltage drop across the internal resistance, ∆V = R·I. For example,
Faranda [28] used 33 A current source to estimate the parameters of a 600 F cell. It
must be considered that the higher the capacitance of an SC, the lower its internal
resistance R. Sergio M. Coca et al. [30] used 120 A discharge current in their method
for a 3000 F cell. Using an RVS, if it has a very low internal resistance, Rc, which
in these examples would be the sum of the resistance of the wires plus the limiting
resistor, the voltage drop ∆V is obtained using a simple voltage divider, given by the
Equation (17), which can be easily measured, even if the no-load voltage of the source,
E, or the current injected at the moment of connection, i(t = 0), are low.

5. The method can be used by discharging the SC directly on a constant resistor Rc, the
SC being at an initial voltage U0, so that in the formulas shown, it would be sufficient
to consider E = 0 V. In this case, the equipment needed to discharge the SC would be
a simple low-value resistor, e.g., a piece of nichrome conductor. Its price would be
considerably cheaper than that of a high current source or voltage source.

4. Results and Discussion

For the experimental tests, a Keithley™ 2440 SourceMeter (Keithley Instruments, Inc.,
Cleveland, OH, USA), configured as an ideal voltage source, was used, with an output
voltage of 2.7 V set [54]. This piece of equipment can establish voltages at its external
terminals between 5 µV and 42 V, with a measurement resolution of 1 µV. The connection
cables between the source and the SC have an electrical resistance whose values are Rw1
(positive) and Rw2 (negative). The internal resistance of the SC will be denoted by R0
(Figure 4).
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Figure 4. Connection of the measurement instruments.

As the source can supply a maximum current of 5 A, a series resistor, Rlim, of 496.7
mΩ was connected to limit the current set when the source is turned on. The resistances of
the wires leading from the Rlim resistor to the SC were also measured; their values are Rw3
(positive) and Rw4 (negative). Given that the wires and connectors are not identical, the
resistances Rwj (j = 1, 2, 3, 4) are different. To achieve the highest precision in measuring
these low resistances, a 4-wire connection was employed. The values obtained are presented
in Table 1, where the initial internal voltage of each cell, U0, is also shown. In consideration
of the diagram depicted in Figure 2, the resistance Rc used in the theoretical formulas
described in Section 3 is equal to:

Rc = Rw1 + Rw2 + Rlim. (38)

Table 1. Values of the wiring resistances in the tested SCs and initial voltage of the cells.

CN [F] Rw1 [mΩ] Rw2 [mΩ] Rw3 [mΩ] Rw4 [mΩ] U0 [mV]

150 59.30 59.90 0 0 0
310 45.78 66.22 2.23 2.45 0
400 54.25 57.08 6.08 6.37 0
600 58.32 58.53 0 0 5

When the estimation methods described in Section 3 are applied, using the external
voltage uco(t) (Figure 4), the value of the obtained resistance, R, can be expressed as the
sum of the internal resistance of the SC, R0, and the resistances of the cables, Rw3 and Rw4.
Subtracting those two latter from the value of R allows R0 to be obtained.

The voltage uco(t) is measured by connecting its positive terminal to the analog input
AI1 of a DA-NI-USB 6343™ data acquisition board, which has a resolution of 16 bits, and
the negative terminal to its GND port. The resolution of the voltage measurement with the
analog inputs is 0.152 mV and its accuracy is 1.52 µV [55]. The voltage ua(t) was measured
at the analog input AI0 (Figure 4). The two analog inputs were configured in single-ended
mode with an input range from −5 V to +5 V. The charging current, i(t), was obtained with
the difference ua(t) − uco(t) divided by the resistance Rlim. The chosen sampling period
was 1 ms. The full instrumentation setup is shown in Figure 5.
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Figure 5. Full instrumentation used in the experimental tests.

Table 2 presents the most significant data for the SCs under consideration. These
include the manufacturer, the rated capacitance, the rated resistance, and the rated voltage.
Regarding the values in the datasheets provided by the manufacturers, it is necessary to
clarify certain aspects. Firstly, the resistance and capacitance are obtained by assuming that
the SC behaves as a constant capacitance RC circuit (Figure 1a), for which standardized
IEC 62391-1 [56] and IEC 62391-2 [57] tests are used, without considering the leakage
resistance RL. Furthermore, it should be noted that there are certain unavoidable tolerances,
inherent to the manufacturing process, which may result in discrepancies between the
rated capacitance provided by the manufacturer and the real value measured. To ensure
that the end user can work without encountering any issues, it is most common to indicate
the rated value as the minimum obtained in the quality control process or to combine it
with the typical and maximum values. When a manufacturer presents a single rated value,
it signifies that the actual capacitance of the cell will be at least that value, but may be
up to 20% higher, within the usual tolerances. The specifications may also appear, as in
other electronic components, such as the rated value, CN, together with the tolerances, e.g.,
(−5%, +10%). Similarly, the series resistance is typically presented by its maximum value,
although the average or typical value may also be provided.

Table 2. Rated values of the tested SCs.

Manufacturer Cmin [F] Ctypical [F] Cmax [F] Rtypical [mΩ] Rmax [mΩ] UN [V]

Maxwell Technologies, San Diego, CA, USA. 150 165 180 4.0 6.5 3.0
Maxwell Technologies, San Diego, CA, USA. 310 - - - 2.2 2.7

Eaton, Cleveland, OH, USA 380 400 440 - 3.2 2.7
DGH, Knowles Corporation, Itasca, IL, USA 540 600 780 - 3.5 2.7

Table 2 presents the tolerances for capacitance and series resistance. The value desig-
nated as the rated capacitance is highlighted in bold. The temperature at which these values
were measured is typically provided by the manufacturer: 20 ◦C or 25 ◦C. Figure 6 depicts a
photograph of the cells tested, some of which have their connection cables already soldered.
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Figure 6. Tested SCs (capacitances of 150 F, 310 F, 400 F, and 600 F). For the 400 F and 310 F cells, the
resistance value of the connection cables (Rw3, Rw4) has been considered.

Figure 7 illustrates the uco(t) voltage evolution, in the four cases, where the cells were
connected to the RVS with E = 2.7 V. The SCs started with a zero initial voltage, except for
the 600 F cell, which exhibited a residual voltage of 5 mV derived from previous tests. The
source was activated 20 s after the beginning of data acquisition (19.2 s for the 400 F cell).
The initial external voltage, uco1, is dependent on the values of the resistances of the wires
connecting the cell (Rw1, Rw2, Rw3, and Rw4). This is demonstrated in (17) and (38).
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capacitance, CN-est, calculated by expression (2), and the circuit time constant, τ, considered 

Figure 7. Measurement of the external voltage, uco(t), for the 150 F (red), 310 F (black), 400 F (magenta),
and 600 F (blue) cells.

Figure 8 shows the charge current, i(t), in the four cases. The resistor Rlim has been
selected with such a value that ensures the maximum current does not exceed 4.5 A, to
provide a safety margin, given that the source is not capable of supplying more than 5 A.
The lower the capacitance value, the faster the cell will charge and the faster the current
will decrease.
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Figure 8. Measurement of the charging current, i(t), for the 150 F (red), 310 F (black), 400 F (magenta),
and 600 F (blue) cells.

To calculate the parameters of the SCs under test, only the first 80 s of the data
acquisition, measured from the moment of connection of the RVS, were taken, to avoid this
way the secondary branch having time to charge. With these samples and the methods
described above, the results shown in Table 3 were obtained. For the application of the
3PM, the time instants t1 = 0, t2 = 40, and t3 = 80 s were considered. These measurements,
taken just at those instants, were not averaged with the samples close to each other, so the
values obtained with the LSM method will be more accurate. Even so, the results produced
by both methods are very similar.

Table 3. Main branch values for all the SCs tested.

CN [F] Method R0 [mΩ] C0 [F] kc [F/V]

150 3PM 4.268 101.575 21.323
LSM 4.195 101.343 21.476

310 3PM 1.498 263.974 36.390
LSM 1.714 262.158 38.376

400 3PM 2.173 269.304 65.425
LSM 1.458 268.362 65.017

600 3PM 4.231 456.807 43.882
LSM 4.712 460.918 36.840

Table 4 shows the value of the Normalized Initial Capacitance, k0, the estimated rated
capacitance, CN-est, calculated by expression (2), and the circuit time constant, τ, considered
for the variable capacitance model, as defined in [31], whose theoretical expression is
as follows:

τ = Rtotal·
(

C0+2·kc·
(

U0 +
E − U0

e

))
. (39)

Table 4. Rated and normalized capacitances (CN and k0) and the time constant of the circuit.

CN [F] Method CN-est [F] k0 τ [s]

150 3PM 165.544 0.613 88.89
LSM 165.771 0.611 88.92

310 3PM 362.228 0.729 206.76
LSM 365.773 0.717 208.14

400 3PM 445.953 0.604 248.61
LSM 443.909 0.604 247.23

600 3PM 575.288 0.794 336.23
LSM 560.387 0.822 330.36
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In (39), Rtotal is the total resistance of the circuit (series connection of all that are
present) and e is the Euler number.

The theoretical external voltage, uco(t), can be obtained from the estimated model
parameters (Table 3) using Equations (4)–(7) and (10). It is also possible to analyze theoreti-
cally the behavior of the SC (one branch model with variable capacitance) considering the
relationship between the external voltage, uco(t), and the current absorbed, i(t), according
to the passive sign convention, as follows:

uco(t)= R·i(t)+u(t) = R·i(t) + U0 +
∫ t

0

i(t)·dt
C0+2·kc·u(t)

. (40)

In both ways, the external voltage can be calculated. The second option can be easily
modeled with a simulation program. Figure 9 shows the block diagram created with
SimulinkTM to reproduce the behavior of an SC considering only the main branch of
variable capacitance, which will need the three parameters of the model (R, C0, and kc) and
the value of the initial internal voltage, U0. Connecting this block to a real voltage source (E,
Rc) identical to the one used in the experimental tests, the theoretical value of the external
voltage, uco(t), will be obtained.
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Figure 9. Block diagram created with Simulink to analyze theoretical cell behavior.

The theoretical external voltage, uco(t), was obtained using SimulinkTM software
version R2021b, with the block diagram described in Figure 9 and graphically represented
for the four cells tested alongside the actual recorded measurements, during the first 80
s, as shown in Figure 10. It can be observed that the theoretical and measured values of
the external voltage are in perfect agreement. The model parameters chosen were those
corresponding to the LSM method (Table 3).

Table 5 shows the values of the absolute error (minimum, maximum, and mean),
calculated as the absolute value of the difference between the measured external voltage
and the one estimated with the theoretical formulation. In this case, the absolute error was
chosen because it is independent of time or SC voltage level, since it comes mainly from
the A/D converter of the data acquisition board, while the relative error varies greatly
depending on the instantaneous voltage of the cell. When this is close to zero, the relative
error will be larger, being divided by a small value, and will decrease as the SC voltage
increases. Its variance, σ, and the correlation coefficient R2 of the fit are also shown. R2 is, in
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all cases, very close to unity, again demonstrating the agreement between the calculations
and the experimental measurements.
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Figure 10. Voltage uco(t) measured and estimated from the values in Table 3 using the parameters
obtained with the LSM method, for all the tested SCs.

Table 5. Main fit data. Errors and correlation coefficient.

CN [F] εmin [mV] εmean [mV] εmax [mV] σ [mV2]
Correlation

Coefficient, R2

150 2.572 × 10−6 1.565 14.515 2.045 0.999977
310 30.532 × 10−6 1.361 8.913 1.382 0.999955
400 1.392 × 10−6 2.108 11.184 3.217 0.999872
600 35.268 × 10−6 1.532 12.208 2.008 0.999866

5. Conclusions

The methods developed have been employed to analyze several SCs from different
manufacturers, with capacities ranging from 150 F to 600 F. The variable capacity model
parameters have been obtained and the experimentally recorded measurements have been
compared with the theoretical curve, uco(t), which would be obtained with the calculated
variables. The results show an almost perfect coincidence between both. The estimated
values of series resistance and rated capacitances present a good agreement with the values
specified by the manufacturers as well. The only differences with respect to the data given
in the datasheets of the SCs are that, in the case of the 600 F cell, the measured value of
internal resistance is 1 mΩ higher, while in the 400 F cell, the capacitance value measured
in the test is 1% higher than the expected maximum value. However, it should be noted
that the values provided by the manufacturers are measured considering the cells as an
RC load of constant values, rather than considering the variable capacitance model, so it is
reasonable to find slight discrepancies. The proposed methods have been demonstrated to
be an alternative, and fairly accurate tool, for estimating the parameters of the main branch.
They are capable of being calculated using a real voltage source or simply a constant
resistance, in contrast to the current source that has been proposed by other authors to date.
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Abbreviations

SC Supercapacitor
C(u) Variable capacitance [F]
C0 Initial capacitance [F]
C1(u) Variable part of C(u) [F]
CN Rated capacitance [F]
R Internal resistance of the SC [Ω]
Rwi Electrical resistance of the wires [Ω]
UN Rated voltage [V]
k0 Normalized Initial Capacitance (dimensionless)
u(t) Internal voltage of SC [V]
U0 Initial internal voltage of SC [V]
uco(t) External voltage of SC [V]
i(t) Current [A]
RVS Real constant voltage source
E No-load voltage of the RVS [V]
Rc Internal resistance of the RVS [Ω]
Rlim Current-limiting resistor [Ω]
g(t) Time function defined as u(t) − E [V]
km Constant measured in [V−1]
kn Constant measured in [s−1]
kp Constant (dimensionless)
k1 Constant measured in volts
k2 Constant (dimensionless)
k3 Constant measured in [V·s−1]
α Constant measured in seconds
β Constant measured in seconds
γ Constant measured in [V·s−1]
εmin Minimum error [mV]
εmean Mean error [mV]
εmax Maximum error [mV]
σ Standard deviation [mV2]
R2 Correlation coefficient of the fit
t Time [s]
W0(x) Main branch of the Lambert-W function
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