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Abstract: The lever or the lever-type mechanism can achieve an inertia amplification effect by
appropriately calibrating its structural configuration, and it is also proven to be one of the most
cost-effective solution for the inerter realization compared with other mechanical devices. Benefitting
from this property, the present paper adopted a new type of tuned lever inerter-like mass damper
(TLIMD) for attenuating stochastic load-induced structure dynamic responses. A set of closed-form
formulae for the TLIMD optimal parameters are developed by the use of H2 norm optimization
criterion, wherein the structure’s inherent damping is explicitly accounted for. It is theoretically
demonstrated that the TLIMD optimal parameters are mainly dominated by three critical parameters,
i.e., the damper mass ratio, the lever length ratio (known as the inertia amplification ratio) and also
the host structural damping. The proposed formulae for the TLIMD optimization are validated
through the seismic analysis, where two classic inerter-based dampers (i.e., the tuned mass damper
inerter (TMDI) and the tuned inerter damper (TID)) optimized by the numerical technique are
included in the discussion. It is found that the TLIMD has a superior advantage in reducing the
structure responses and also exhibits stronger robustness for the detuning condition than the classic
inerter-based dampers. Furthermore, the increase in the damper mass ratio and the lever length ratio
can be beneficial for enhancing its performance.

Keywords: tuned lever inerter-like mass damper; dual-equivalent linearization; H2 normal optimization;
vibration control; seismic response

1. Introduction

The inerter is known as a powerful device to amplify the inertial effect without signifi-
cantly increasing the physical mass [1–3]. Benefiting from this favourable feature, the inerter
has been widely utilized in the conventional damping devices (both dynamic vibration ab-
sorber and energy dissipator) for enhancing their performance. Typical inerter-based dampers
include the tuned mass damper inerter (TMDI) [4–6], the tuned inerter damper (TID) [7–9], the
viscous inertial mass damper (VIMD) [10–12] and even the inerter-based active or semi-active
dampers [13–15]. Another important consideration is the physical realization, and it primarily
includes mechanisms such as ball-screw, rack-and-pinion, hydraulic, etc. [16–19]. However,
almost all these conventional inerter mechanical devices need specialized manufacturing
equipment, and thus create extra costs for the damper utilization. Fortunately, the lever
mechanism, as one of the most traditional and simple mechanical devices, also has similar
inertial amplification characteristics [20]. Although the end point of the lever arm and the
fulcrum, as the two terminals, does not strictly meet the definition of the ideal inerter due to
its nonnegligible nonlinear effect [21–23], the lever is still considered to be one of the most
cost-effective inertial amplification mechanisms.
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Many scholars have performed various studies on lever dampers, and the results show
that they have good control performance. Flamnelly et al. [24] conducted the pioneering
work regarding the lever-type damper. A so-called dynamic anti-resonance vibration
isolator (DAVI) was introduced into the base-isolation system and achieved excellent con-
trol performance. Since then, the lever-type damper has attracted a great attention. It
is interesting to point out that the DAVI was initially utilized in the field of helicopter
research to prevent undesirable vibrations of the cabin caused by the engine vibration. Li
et al. [20] conceived three new types of lever-type DAVIs (different combinations of the
lever and the conventional spring and dashpot). It was shown that the lever mechanism can
enhance the performance of the conventional vibration isolation system. Jing et al. [25,26]
introduced this lever mechanism into an X-shape structure for achieving broadband iso-
lation system. Zang et al. [27] conceived a novel lever-type based on a nonlinear damper,
which incorporated the nonlinear energy sink with the lever mechanism. It was theoreti-
cally demonstrated that the lever mechanism can improve the damping performance of
the original nonlinear energy sink. Similar work has been conducted by Yang et al. [28],
who embedded a lever into a bistable nonlinear energy sink, whose results indicated that
the lever can improve energy harvesting performance. For further improvement of the
lever-type dampers, an additional lever or even multiple levers may be an effective so-
lution. Yilmaz et al. [29] developed two lever-type vibration isolators given the practical
arrangement configuration, and it was shown that a smaller damping is more beneficial for
achieving broadband isolation. In their following study [30], more complicated two levers
vibration isolators are proposed; the results showed that such design can achieve a lower
band frequency. Yan et al. [31–34] included a lever into the eddy current-based dampers,
which significantly enhanced the original damper performance.

In addition to the foundation vibration isolation system, the lever mechanism also
has a good application prospect in the field of the dynamic vibration absorber (DVA). Li
et al. [35] conceived novel lever-type devices called the lever-arm tuned mass damper
inerter (LTMDI), where an inerter was implemented to enhance the lever-type performance.
Gu et al. [36] conducted the first investigation, where the lever arm is embedded into the
conventional tuned mass damper (LTMD). However, a detailed theoretical investigation
was not performed in their work. Lee et al. [37] made a further effort. It was found that
the LTMD is superior to the conventional TMD in terms of the spring static stretch and the
optimal damping requirement. This feature makes the LTMD more favourable to engineers.
Li et al. [38] conceived a new type of LTMD, where two concentrated masses are attached
to the lever two endpoints. Likewise, this new device exhibits better control performance
than the conventional TMD. In addition to the one LTMD configuration, a multiple LTMDs
configuration strategy was also adopted by many researchers [39]. In addition to those
passive damping devices, the lever mechanism is also introduced into the active or semi-
active dampers and achieved excellent performance. Li et al. [13,14,40] included this
lever mechanism into active dampers. The results show that the lever enhanced active
damper can significantly improve the damping performance for the ground motion-excited
structure response. Gu et al. [15] developed a novel lever-based semi-active damper, in
which a movable concentrated mass is employed and achieved desirable results.

The mentioned investigations implies that this classic lever mechanism can enhance the
performance of the original dampers using an appropriate design. In consideration of this
promising result, a novel tuned lever inerter-like mass damper (TLIMD) was developed
in our previous study [22], and its nonlinear dynamic properties (i.e., the large-angle
situation) under a harmonic excitation were systematically discussed. However, the TLIMD
optimization scheme and its control performance assessment under practical conditions
(i.e., the small-angle situation, the structural inherent damping and also the stochastic
load-induced structure vibrations) are still lacking. To remedy this issue, a set of closed-
form formulae for the TLIMD optimal design is developed (using the classic H2 norm
optimization) in the present study under the stochastic load-induced structure vibration
condition. The structural inherent damping contribution is accounted for by adopting a



Appl. Sci. 2024, 14, 10059 3 of 18

simplification procedure for the primary damped system. Thus, more generalized formulae
for the TLIMD optimization are developed. Three critical parameters (including the damper
mass ratio, the lever length ratio and the host structural damping) that dominate the
TLIMD optimal performance are revealed from a theoretical perspective. The accuracy
of the proposed formulae is verified by the comparison results with the ones obtained by
the numerical optimization technique (here using the particle swarm optimization). The
seismic analysis is conducted to evaluate its control performance and robustness property.
The results show the optimized TLIMD (by the proposed formulae) is significantly superior
compared to conventional inerter-based dampers.

2. The SDOF System with a Grounded TLIMD

In general terms, a structure equipped with a grounded tuned lever inerter-like mass
damper (TLIMD, first introduced in [22]) can be represented by an analogue TLIMD with
a single-degree-of-freedom (SDOF) system (TLIMD-SDOF, shown in Figure 1a), with the
DOF corresponding to the target mode, normally the fundamental mode of the primary
structure, for the damper design. The m1, k1 and c1 are the mass, stiffness and damping
coefficients of the host structure, respectively. The TLIMD comprises a rigid lever, having
an auxiliary concentrated mass m2 (located at point Pe) and a parallel dashpot (c2)–spring
(k2) element with its terminals attached to the host structure and the lever (at point Pr),
respectively, as shown in Figure 1b. The total mass of the lever is m3 = ρL, where ρ and L
denote the mass per unit length and the overall lever length, respectively. Two Cartesian
coordinate systems are introduced for the description of this coupled system. The (x,y)-
coordinate system denotes the global fixed coordinate system, with the original point ‘O’
located at the centre of the fulcrum Ps. The (x’,y’)-coordinate system denotes the local
rotating coordinate system fixed to the lever, with the original point coinciding with ‘O’.
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Figure 1. (a) The analogue TLIMD-SDOF system. (b) Schematic configuration of the lever.

In Figure 1, the rotating angle of the lever, denoted as θ, is defined with a positive
value representing clockwise rotation. The location of points Pr, Pe and the lever right-side
end point with respect to the fulcrum Ps in the rotating coordinate system are identified by
l1, l2 and l3, respectively. Note that L = l1 + l3. The ground motion is denoted by xg, and the
relative displacement responses (with respect to. the ground) of the host structure and the
lever (at point Pr) are denoted by x1 and x2, respectively.
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2.1. Equations of Motion (EOMs)

In terms of the two coordinates and motion parameters defined in the primary ana-
logue TLIMD-SDOF system, as shown in Figure 1, the kinetic energy T, the potential energy
V and the dissipation function D of this coupled system can be obtained:

T =
1
2

m1
( .

x1 +
.
xg

)2
+

1
2

m2[(−
.
θl2 cos θ +

.
xg)

2
+ (−

.
θl2 sin θ)

2
]

+
1
2
∫ l3
−l1

ρ[(−
.
θx′ cos θ +

.
xg)

2
+ (−

.
θx′ sin θ)

2
]dx′

V =
1
2

k1x2
1 +

1
2

k2(x1 − l1 sin θ)2

D =
1
2

c1
.
x2

1 +
1
2

c2(
.
x1 −

.
θl1 cos θ)

2

(1)

Thus, the original nonlinear EOMs for the primary analogue TLIMD-SDOF system
can be developed using the Lagrangian equation,

m1
..
x1 + k1x1 + k2(x1 − l1 sin θ) + c1

.
x1 + c2(

.
x1 −

.
θl1 cos θ) = −m1

..
xg

[m2l22 + 1
3 m3(l32 − l1l3 + l1

2)]
..
θ − k2(x1 − l1 sin θ)(l1 cos θ)− c2(

.
x1 −

.
θl1 cos θ)(l1 cos θ)

=
..
xg cos θ[m2l2 + 1

2 m3(l3 − l1)]
(2)

For the development of closed-form formulae for the TLIMD optimal parameters, the
small-angle approximation that is commonly utilized in the lever-type damper design [31,41]
is imposed. The large-angle situation, which may introduce some nonlinear coupling terms, is
investigated in our previous work, cf. [22]. The linearized EOM for this coupled system yields
the following expressions:

m1
..
x1 + k1x1 + k2(x1 − x2) + c2(

.
x1 −

.
x2) = −m1

..
xg

[m2α1
2 + 1

3 m3(α2
2 − α2 + 1)]

..
x2 + k2(x2 − x1) + c2(

.
x2 −

.
x1) = α1m2

..
xg +

1
2 m3(α2 − 1)

..
xg

(3)

where, α1 = l2/l1 and α2 = l3/l1 are the length ratios, which are crucial to the TLIMD
performance, as demonstrated in the following sections. In practical applications, where
the maximal inertial force is always desired, these two length ratios are commonly set to
the same value (i.e., α1 = α2 = α).

2.2. Harmonic Response Analysis

Assume a harmonic ground motion
..
xg = ag0eiωt with an acceleration amplitude ag0

and an excitation frequency ω. i is the imaginary unit. The steady-state responses of the
host structure and the lever (at point Pr) hold the following expressions:

x1 = x10eiωt, x2 = x20eiωt (4)

where the complex response amplitudes denoted by x10 and x20.
A few non-dimensional parameters, including the mass ratio µ of the concentrated

mass m2 to the host structure m1, the mass ratio µ32 of the lever mass m3 to the concentrated
mass m2, the frequency ratio β of the host structure to the TLIMD, and the damping ratios
(ζ1 and ζ2) of both the host structure and the TLIMD, are introduced for the convenience
of expression. ω1 and ω2 denote the natural frequencies of the primary structure and of
the TLIMD, respectively. The excitation frequency ω and the time t are non-dimensional
parameters as well, which are defined as

µ =
m2
m1

, µ32 =
m3
m2

, ω1 =

√
k1
m1

, ω2 =

√
k2
m2

, β =
ω2
ω1

, ζ1 =
c1

2m1ω1
, ζ2 =

c2
2m2ω2

, ϕ =
ω

ω1
, τ = ω1t (5)

Thus, (3) can be recast in a non-dimensional format, given as
..
z1 + z1 + 2ζ1

.
z1 + µβ2(z1 − z2) + 2ζ2µβ(

.
z1 −

.
z2) = −eiϕτ

[α1
2 + 1

3 u32(1 − α2 + α2
2)]

..
z2 + β2(z2 − z1) + 2ζ2β(

.
z2 −

.
z1) = α1eiϕτ + 1

2 u32(α2 − 1)eiϕτ (6)

where z1 = x1ω2
1/ag0 and z2 = x2ω2

1/ag0 represent the non-dimensional responses of the
host structure and the end point (at point Pr) of the lever arm, respectively.
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3. Optimal Calibration of the TLIMD

Theoretical calibration framework for the damper is commonly developed by adopting
the un-damped structure assumption, where the structural inherent damping influence
(on the damper optimization) is totally ignored. To remedy this drawback, Anh et al. [42]
proposed a novel equivalent-linearization-based damper optimization procedure (for the
classic TMD). They demonstrated that the damping c1 and stiffness k1 elements of the
SDOF system (representing the primary system) can be approximately presented by an
equivalent stiffness term k1e, thereby resulting in an approximate un-damped SDOF system.
Hence, the structural damping influence can be automatically included in their damper
calibration process. To achieve better results, an updated dual-equivalent linearization
method was developed in his follow-up research [42–44], which is also utilized in the
present study. By the use of such an approximate system (i.e., the approximate un-damped
SDOF system, shown in Figure 2), analytic solutions for the TLIMD optimal parameters
(under the idealized case of white noise external excitation condition) is developed via the
classic H2 norm optimization criterion.
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3.1. Dual-Equivalent Linearization for the Primary Damped SDOF System

The original EOM for the primary damped SDOF system (shown in Figure 1a) can be
written as

..
x1 + ω1

2x1 + 2ζ1ω1
.
x1 = 0 (7)

where ω1 and ζ1 denote the natural frequency and damping ratio (defined in (5)), respectively.
The EOM for the approximate un-damped SDOF system (shown in Figure 2) can be

constructed as
..
x1 + ω1e

2x1 = 0 (8)

where ω1e
2 = k1e/m1 = γ + ω1

2 is the natural frequency squared of the approximate
un-damped SDOF system. The parameter γ indicates the contribution from the structural
damping (of the primary damped SDOF system) to the equivalent stiffness term k1e (of
the approximate un-damped SDOF system), and it shall be determined by the following
criterion [42].

P =
1
T

∫ T

0
[(2ζ1ω1

.
x1 − γx1)

2 + (γx1 − 2λζ1ω1
.
x1)

2
]dt (9)

where T is a random period and λ is the so-called dual parameter. The coefficients γ and λ
can be determined by

∂P
∂γ

= 0,
∂P
∂λ

= 0 (10)

where (∂/∂) denotes the partial derivative operator.
By inserting (9) into (10), a set of equations in terms of γ and λ can be developed:

γ
∫ T

0 x1
2dt − (λ + 1)

∫ T
0 ζ1ω1x1

.
x1dt = 0

2λ
∫ T

0 ζ1ω1
.
x1

2dt − γ
∫ T

0 x1
.
x1dt = 0

(11)
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The above equations lead to the solutions for γ and λ, given as

γ = 2ζ1ω1

∫ T
0 x1

.
x1dt∫ T

0 x1
2dt

∫ T
0 x1

2dt
∫ T

0
.
x1

2dt

2
∫ T

0 x1
2dt

∫ T
0

.
x1

2dt − (
∫ T

0 x1
.
x1dt)2

λ =
(
∫ T

0 x1
.
x1dt)2

2
∫ T

0 x1
2dt

∫ T
0

.
x1

2dt − (
∫ T

0 x1
.
x1dt)2

(12)

By replacing the period parameter T with Φ/ω1e (i.e., T = Φ/ω1e), (12) can be
rewritten as

γ = 2ζ1ω1

∫ Φ
0 x1

.
x1dφ∫ Φ

0 x1
2dφ

∫ Φ
0 x1

2dφ
∫ Φ

0
.
x1

2dφ

2
∫ Φ

0 x1
2dφ

∫ Φ
0

.
x1

2dφ − (
∫ Φ

0 x1
.
x1dφ)2

λ =
(
∫ Φ

0 x1
.
x1dφ)2

2
∫ Φ

0 x1
2dφ

∫ Φ
0

.
x1

2dφ − (
∫ Φ

0 x1
.
x1dφ)2

(13)

Further, the structure response corresponds to the approximate un-damped SDOF
system (given in (8)) can be expressed by a general equation, given as

x1 = a cos(ω1et + φ0) (14)

where a is the amplitude and φ0 is a phase angle.
Substituting (14) into (13) and using the definition of ω1e

2 = γ + ω1
2 leads to a

quadratic equation of the equivalent natural frequency ω1e, given as

ω1e
2 +

2(1 − cos(2Φ))(2Φ − sin(2Φ))

8Φ2 − 2 sin2(2Φ)− (1 − cos(2Φ))2 ζ1ω1ω1e − ω1
2 = 0 (15)

Thus, the natural frequency ω1e of the approximate un-damped SDOF system, as
shown in Figure 2, can be obtained, given by

ω1e = ω1coe

coe =

√
1 +

[
(1−cos(2Φ))(2Φ−sin(2Φ))

8Φ2−2 sin2(2Φ)−(1−cos(2Φ))2

]2
ζ1

2 − (1−cos(2Φ))(2Φ−sin(2Φ))

8Φ2−2 sin2(2Φ)−(1−cos(2Φ))2 ζ1
(16)

where coe is defined as a frequency ratio of the approximate un-damped SDOF system to
the primary damped one. It is important to point out that the equivalent natural frequency
ω1e given in (16) is closely related to the damping ratio ζ1 of the primary damped SDOF
system implying the structural damping contribution. In addition, coe is also nonlinearity
dependent on the period parameter Φ. It has been demonstrated that Φ = π/2 can provide
a satisfactory result for the damper optimal design. For more information regarding this
period parameter, readers can refer to the previous investigations [42–45].

3.2. H2 Norm Optimization

Similar to (5), a few parameters for the approximate un-damped SDOF system are
introduced, including the frequency ratio β and the damping ratio ζ2. Two more non-
dimensional parameters, i.e., the external excitation frequency ϕ and the time parameter τ
are also included, defined as

β =
ω2

ω1e
, ζ2 =

c2

2m2ω1e
, ϕ =

ω

ω1e
, τ = ω1et (17)
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They are connected to the parameters of the primary damped SDOF system, given in
(5) through the following relations:

β = βcoe, ζ2 = ζ2coe, ϕ = ϕcoe, τ =
τ

coe
(18)

Thus, the EOMs for the primary analogue TLIMD-SDOF system with the damped
SDOF system represented by an approximate un-damped one, i.e., the approximate TLIMD-
SDOF system, can be written as

..
z1 + z1 + µβ

2
(z1 − z2) + 2ζ2µβ(

.
z1 −

.
z2) = −eiϕτ

[α1
2 + 1

3 u32(1 − α2 + α2
2)]

..
z2 + β

2
(z2 − z1) + 2ζ2β(

.
z2 −

.
z1) = α1eiϕτ + 1

2 u32(α2 − 1)eiϕτ
(19)

Note that (19) and (6) possess a unified expression, i.e., (19) can be directly obtained
from (6) by ignoring the structural damping ζ1 = 0 with substitutions of the frequency ratio
β = β, the damping ratio ζ2 = ζ2, the excitation frequency ϕ = ϕ and the time parameter
τ = τ.

The structural responses in (19) can be expressed as

z1 = z1meiϕτ , z2 = z2meiϕτ (20)

By inserting (20) into (19), the complex amplitudes for the host structure z1m and the
lever z2m can be obtained, given as

z1m =
A1 + B1ζ2i
C + Dζ22i

, z2m =
A2 + B2ζ2i
C + Dζ22i

(21)

where

A1 = β
2
(1 − µµ2)− µ1ϕ

2, B1 = 2βϕ(1 − µµ2)

A2 = µ2

(
ϕ

2 − 1
)
+ β

2
(1 − µµ2), B2 = 2βϕ(1 − µµ2)

C = µ1ϕ
2
(

1 − ϕ
2
+ β

2
µ
)
− β

2
(

1 − ϕ
2
)

, D = 2βϕ
(

ϕ
2
+ µµ1ϕ

2 − 1
)

µ1 = α1
2 + 1

3 u32(1 − α2 + α2
2), µ2 = α1 +

1
2 u32(α2 − 1)

(22)

For the white noise external excitation with a constant spectral density S0 applied on
the host structure, the variance of the host structure response can be obtained from the
integral operation:

σ2
z1
=

∫ +∞

−∞
|z1m|

2
S0dω = S0ω1

∫ +∞

−∞
|z1m|

2
dϕ (23)

The performance index is defined by

IH =
σ2

z1

2π
=

1
2π

∫ +∞

−∞
|z1m|

2
dϕ (24)

where the integral part inside (24) can be calculated by

∫ +∞

−∞
|z1m|

2
dϕ =

∫ +∞

−∞

ψ(ϕ)

Γ(ϕ)Γ∗(ϕ)
dϕ =

π

a4

Det[G]

Det[F]
(25)
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where

ψ(ϕ) = b3ϕ6 + b2ϕ4 + b1ϕ2 + b0

Γ(ϕ) = a4(iϕ)
4 + a3(iϕ)

3 + a2(iϕ)
2 + a1(iϕ) + a0

G =


b3 b2 b1 b0
−a4 a2 −a0 0
0 −a3 a1 0
0 a4 −a2 a0

, F =


a3 −a1 0 0
−a4 a2 −a0 0
0 −a3 a1 0
0 a4 −a2 a0


b0 = β

4
(µµ2 − 1)2, b1 = 2β

2
(µµ2 − 1)

(
µ1 − 2ζ2

2
+ 2µµ2ζ2

2
)

, b2 = µ1
2, b3 = 0

a0 = −β
2, a1 = −2βζ2, a2 = −µ1 − β

2 − β
2
µµ1, a3 = −2βζ2(µµ1 + 1), a4 = −µ1

(26)

Then, the optimal frequency ratio β and the damping ratio ζ2 can be determined by
the following equations:

∂IH

∂β
= 0,

∂IH

∂ζ2
= 0 (27)

with the solutions given by

βopt =
1

µµ1+1

√
µ1(µ1µ2µ2+µ1µ+2)

2(1−µµ2)

ζ2,opt =
µ1
2

√
µ(µ1µ2µ2+3µ1µ+4)

2(µµ1+1)(µ1µ2µ2+µ1µ+2)

(28)

Note that the proposed solution (28) for the TLIMD optimal parameters is held as long
as the condition α1 < 1

µ − 1
2 µ32(α2 − 1), (α1 ≤ α2) is fulfilled [22].

The performance index under the optimal tuning condition can be calculated, given as

IH,opt =
µ1(1 − µµ2)

(
µ4µ1

2µ2
2 + 4µ3µ1

2µ2 + 3µ2µ1
2 + 6µ2µ1µ2 + 10µµ1 + 8

)
4
√

2(µµ1 + 1)2βopt(µ1µ2µ2 + µ1µ + 2)ζ2.opt
(29)

Equation (18) connections the parameters defined in the approximate TLIMD-SDOF
system and the one defined in the primary analogue TLIMD-SDOF system. Thus, the
optimal parameters given by (28) can be transferred to

βopt = βoptcoe, ζ2,opt = ζ2,optcoe (30)

which provides more intuitive formulae for the TLIMD optimal design. Furthermore, it
should be emphasized that the proposed formulae for the TLIMD optimal design (given in
(30)) explicitly indicate the contribution from the structural inherent damping ζ1, since coe
is a function of the structural damping, cf. (16).

4. Optimal Formulae Validation

Section 3 develops a theoretical calibration framework for the TLIMD optimization,
in which a set of closed-form formulae for the TLIMD optimal parameters are developed
based on the classic H2 norm optimization criterion. Benefiting from Anh’s dual-equivalent
linearization method, the structural damping influence is also included in the damper
design process. The proposed Formula (30) (determined by the H2 optimization criterion
and indicated by the word Analytical in Figures 3–5) for the TLIMD optimal parameters
are validated by the comparison with the results obtained through the numerical opti-
mization technique (here using the particle swarm optimization, indicated by the word
Numerical in Figures 3–5). A uniform length ratio is assumed to be α1 = α2 = α given the
practical consideration.
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Figure 3 compares the optimal frequency ratio βopt determined by the proposed for-
mula (30) and the one obtained by the numerical optimization technique (here using
the particle swarm optimization). As seen, the optimal values calculated by (30) show
good agreement with the one determined by the numerical technique under all the se-
lected cases. Even though, a large length ratio (such α = 8) and structural damping ratio
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(ζ1 = 0.1) may increase their discrepancy, the relative difference is still less than 5%. In
addition, the βopt tends to increase with the mass ratio µ and damping ratio ζ1 under a
small length ratio condition (such α = 3), while it shows nonlinear variation tendency when
adopting a relatively large length ratio (such α = 8). βopt shows monotonous variation
tendency with the length ratio α, and its values are all larger than 1.

Figure 4 implies that the optimal damping ratio obtained from the two approaches
provides almost identical results only under the small mass ratio µ condition. When
assigning a large mass ratio, for instance µ > 0.08, the difference between the analytically
determined results and the numerically determined one is around 96%. In addition, a large
mass ratio µ and length ratio α normally calls for a large optimal damping ratio ζ2,opt. The
performance indices under the two optimal tuning configurations are given in Figure 5. The
results further confirm the priority of the proposed formulae, which provide a consistent
conclusion with the numerically optimized one.

5. Control Performance Evaluation

The ground motion-excited (by the white noise and the earthquake excitation, respec-
tively) TLIMD-structure responses are evaluated in the current section. Here, a uniform
length ratio is also assumed to be α1 = α2 = α (i.e., l2 = l3) given the practical considera-
tion. Previous studies indicate that the lever can be treated as an ideal inerter element
under a certain structural configuration [22]. Thus, for comparison, two of the most classic
inerter-based dampers (shown in Figure 6), i.e., the tuned inerter damper (TID) and the
tuned mass damper inerter (TMDI), are included in the current discussion. b denotes
the inertance of the inerter (i.e., the apparent mass). A detailed definition of b can be
found in the cited references [1–3]. The inertance ratio is defined as µb = b/m1. The lever
mass is ignored in the following discussion µ32 = 0 given its minor influence in a practical
application. For a fair comparison, the effective mass of these three dampers are unified,
i.e., (m2 + b)TMDI = (b)TID = (m2α2)TLIMD.
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5.1. White Noise-Excited Structure Responses

The control performance of the TLIMD compared with TID and TMDI are quantified
by the following two indices, defined as

ITLIMD-TMDI =
IH-TLIMD

IH-TMDI
, ITLIMD-TID =

IH-TLIMD

IH-TID
(31)

where IH-TLIMD, IH-TMDI and IH-TID represent the variance of the TLIMD, TMDI or TID
equipped with host structure responses, respectively. According to the definition, the
TLIMD is considered to be a better perform than other dampers when ITLIMD-TMDI or
ITLIMD-TID is less than 1.

Figure 7 shows the variation tendency of the two performance indices (given in (31))
with various critical parameters. The concentrated mass m2 used in TLIMD and TMDI
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are set to the same, with its value varying from 0.005 to 0.1, i.e., µ = 0.005~0.1. The
inertance ratio µb of TMID and TID are identical, taken as µb = 0.05~1.0, and the length ratio
α1 =

√
1 + µb/µ can be determined from the equilibrium (m2 + b)TMDI = (m2α2)TLIMD.

The optimal parameters for the TLIMD are determined by (30), while the TMDI and
TID are optimized by numerical technique. As seen, both indices are below 1 under the
selected configuration cases, which exhibits the superiority of the TLIMD. As expected,
the increases in mass ratio µ and inertance ratio µb are always beneficial to the TLIMD
control performance. The enhancement of the structural mass ratio ζ1 leads to a decrease of
ITLIMD-TMDI, while inducing an increase in ITLIMD-TID. Nevertheless, the TLIMD still shows
big advantages over those conventional devices, even under the larger structural damping
scenario (such as ζ1 = 10%).
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Figure 8 further evaluates the TLIMD control performance in terms of the frequency
response function (FRF) of the host structure. As seen, the TMDI and TID provide almost
identical result, while the TLIMD (indicated by the red dashed line) results in a smaller
structure response. Thus, it is concluded that the TLIMD consistently outperforms the
TMDI and TID in terms of the structural peak response when adopting the H2 calibra-
tion criterion.
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5.2. Sensitivity Analysis Under Detuning Situations

In practical application, the target optimal parameters for the TLIMD may be deviated
from the optimization due to the manufacture errors of device, ageing of the spring and
damper, and frequency change in the primary structure in service, directly resulting in the
detuning of the TLIMD and deteriorating the control performance. Hence, the sensitivity
analysis is essential to estimate the performance of the TLID once the detuning occurs.

Previous studies, in general, assume that the frequency and damping ratios of the
damper device are varied in a range normalized to the optimal values to obtain the ratio
of these maximum amplitudes of the primary structure to the optimized values using
a widely used tool contour plot. However, an issue may arise: the comparison of the
sensitive performance between different kinds of dampers is difficult if they have a similar
sensitivity. Additionally, one contour plot only represents the one specified mass ratio
or inertance mass ratio. It cannot roundly evaluate which kind of damper is insensitive
to parameters variation, and a new index needs to be introduced. Therefore, the above
question is discussed in this subsection through the sensitivity comparisons among TID-,
TMDI- and TLIMD-controlled systems. The current discussion is focused on two critical
parameters, i.e., the frequency ratio β and the damping ratio ζ2, where their deviation value
in TLIMD/TMDI/TID are set to β = (0.8~1.2)βopt and ζ2 = (0.8~1.2)ζ2,opt

Herein, an assessment index called the root mean square error (RMSE) is introduced,
defined as

RMSE =

√√√√ M

∑
i=1

N

∑
j=1

[
Ii,j(β, ζ2)− IH,opt(βopt, ζ2,opt)

]2

MN
(32)

where M and N represent the sum of deviation points for frequency and damping ratios,
respectively and i and j are the number of M and N.

Figure 9 shows the RMSE value versus the mass ratio µ. It can be observed that the
TLIMD exhibits the minimal value for all the selected cases, especially under the large
mass ratio condition (such as µ = 0.1). Furthermore, the increase in mass ratio µ and the
inertance ratio µb can diminish the RMSE of all these dampers, and thus somehow enhance
the robustness of the damper performance.
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Figure 10 shows the maximum amplitude ratios of primary structure with various
frequency and damping ratios deviated from the damper optimal design values. The mass
ratio µ for the TLIMD and TMDI is set to 0.01, and the inertance ratio for the TMDI and
TID is set to 0.1. It can be seen that the contour lines for the TMDI and TID looks the same
while the sensitive performance of the TLIMD may be better than the others due to its
small value. Figure 10d further ensures this conclusion, in which the TLIMD provides the
minimal indices IH value.
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5.3. Seismic-Induced Vibration

According to the guideline of FEMA P-695 [46], 44 far-field, 28 near-field pulse and
28 no-pulse ground motion records are investigated here, and the peak acceleration is all
set to 0.3 g. Statistical results of the structure responses are given in Figures 11 and 12.
Figure 11 shows the root mean square (RMS) of the structure relative displacement x1 and
absolute acceleration responses

..
xg +

..
x1. As seen, the structural responses can be effectively

attenuated by increasing the length ratio α and the mass ratio µ under all types of ground
motion excitation. A comparison case for these three dampers is given in Figure 12, where
the length ratio α and the mass ratio µ are set to µ = 0.02 and α = 3. As seen, the TLIMD
consistently provides the minimal values.

Here, three typical ground motions, given in Figure 13, is selected in the following
discussion, and two types of structures (i.e., the long and short period structures, Ts = 0.5
and 2 s) are considered. For both the short (given in Figure 14) and long period (given in
Figure 15) structures, the TLIMD exhibits a noticeably better control performance than the
TID. However, for the long period structure under the adjacent-field pulse ground motion,
the TLIMD is not significantly better than the TMDI, as demonstrated in Figure 15c,f.
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6. Conclusions

The present study develops theoretical calibration framework for a novel tuned lever
inerter-like mass damper (TLIMD) optimization. The host structure inherent damping
is explicitly included in the calibration process, thus leading to generalized formulae for
the TLIMD’s optimal parameters. Owing to the inertial amplification property (of the
lever) and the geometric configuration advantage, the optimized TLIMD exhibits better
performance than the classic inerter-based dampers (e.g., the TMDI and TID). The main
conclusions are as follows.

In terms of the vibration control performance, three main advantages are summarized
for the optimized TLIMD (by the proposed formulae). Firstly, comparing to the traditional
inerter-based damper (e.g., the TID and TMDI), the TLIMD can significantly attenuate the
variance of structure displacement, especially under the large mass ratio and lever length
ratio (known as the inertia amplification ratio) condition. Secondly, with the introduction
of the host structure damping (even at a high damping ratio value such as ζ1 = 10%),
the TLIMD still exhibits significant advantages over the TMDI and TID. Finally, under
the same frequency and damping ratio detuning condition (the robustness analysis), the
TLIMD not only yields smaller root mean square error (RMSE) values but also results in a
relatively smaller displacement RMS value of the main structure compared to the TID and
TMDI. Even though the control performance of the TLIMD is not remarkable compared
with the TMDI under some special cases, it is still considered a cost-effective solution in
real application.
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