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Abstract: The monitoring and diagnostic system has been suggested as a non-destructive diagnostic
method. The structure and operation of the suggested system can be described by the concept of
digital shadow (DS). One of the main DS subsystems is a set of sensors properly placed on the
monitored object and coupled with a discrete data processing model created in Matlab/Simulink. The
discrete model, as another important DS subsystem of the monitored facility, transfers information
about its technical condition to the operator based on data recorded by the sensor system. The digital
monitoring model processes the recorded data in the form of the object’s response to actions caused
by its operating conditions. This work formalized a mathematical model determining the coupling of
the digital model with the sensors placed on the monitored object. The formulated method using DS,
due to its sensitivity, enables the detection of the damage in the object at an early stage. The tests
allowed for detecting the regularities enabling the determination of the area of damage to the shaft
and its size.

Keywords: monitoring and diagnostic system; digital shadow; mathematical model; synthesis of
vibration systems

1. Introduction

The fourth industrial revolution, “Industry 4.0” (I4.0), determines the need to create
new concepts and methods to design, manufacture and operate state-of-the-art industrial
machines [1,2]. They require higher efficiency, lower operating costs, longer service life
and the possibility of coupling with IT systems during the manufacturing process. With
the development of IT methods, such as the Internet of Things (IOT), Artificial Intelligence
(AI), and Cloud Computing (CC), machines created using these techniques began to meet
new functionalities and requirements placed on them in the context of the I4.0 concept.
Development of automated and flexible manufacturing systems implemented in accordance
with the I4.0 concept forces manufacturers to use state-ot-the-art devices and IT technology
to assess and optimize the condition of machines and the processes realized by them.
Already at the design stage, virtual prototyping technology is used to enable the installation
of virtual sensors and analysis of loads, vibrations and cooperation of each component
before the prototype is manufactured. Numerical simulations of this type are also used
during the modernization process of the existing machines, e.g., by optimizing loads [3] or
identifying critical places particularly vulnerable to failure [4]. An additional aspect may
be the use of co-simulation technology, thanks to which it is possible to test the correct
operation of the control system or cooperation with other machines using the virtual
prototype [5–8].
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Intelligent sensors, state-of-the-art measuring equipment, the IOT concept, digital
modelling technology and cloud data processing have allowed the development of new
methods of creating the virtual equivalents of real machine components, namely, the
concepts of “digital twin” (DT) and “digital shadow” (DS). Based on the literature review,
from [9–16], it can be concluded that DT is a virtual representation of a real object (entity),
created to optimize the processes related to it. DT is a virtual model of a product, process or
service ensuring a two-way flow of information between the virtual and physical models.
It enables analyzing the data and monitoring systems to avoid problems before they
occur. In the case of the DT system concept, the integration of four basic elements, i.e., a
graphical representation of the object, a mathematical model of the object (representing
important behavior or states of the considered object or process), state monitoring system
or process data, and a two-way flow of information between the virtual model and the real
object, is required. The integration of these four elements makes DT an IT tool that allows
for comprehensive control and optimization of the functioning of devices or processes.
The DS concept, unlike the DT concept, does not have automatic feedback between the
virtual model and the real object. In the DS model concept, data from a real object allow
for mapping its operation and related processes, while the impact on the real object is
manual. Areas of industry in which the concepts of DT and DS are used are the processes
of monitoring and diagnosing the state of the machines and the processes they perform.
Correct assessment of the machine state is the basis for eliminating the failures, which are
one of the main causes of disruptions in manufacturing processes. They cause downtime,
which negatively affects production. The use of predictive control methods, which enable
predicting the current and future state of a machine or process, is important. Minimizing the
costs associated with planning inspections and servicing the machines is another important
aspect [17–19]. In the process of machine state control, a distinction can be made between
monitoring and diagnostics. Monitoring involves measuring and recording the selected
output values over time, using measuring sensors, continuously or periodically. We refer
specifically to the diagnostic process when the quality criteria of the measured quantity
are defined. Diagnostic assessment consists of comparing the measured value with the
criterion value [20]. Diagnostic processes refer to state diagnostics and process diagnostics.
State diagnostics is considered in the context of a machine’s efficiency (wear or damage
to its parts and assemblies), while process diagnostics is related to disruptions in the
process. Of course, a machine failure directly affects the processes it realizes. Diagnosing
the technical condition of a machine, according to the literature, consists of measuring
methods and technologies in relation to various monitored quantities and tested physical
phenomena, such as vibration diagnostics [21–26], thermal imaging diagnostics [27–34], oil
diagnostics [35–40], vision diagnostics [41–43], acoustic diagnostics [44–48], or electrical
diagnostics [49–62]. In relation to machines with rotating components, vibration methods
are most often used. In ref. [63], it was found that state monitoring based on vibrations
allows detecting of as much as 90% of faults or failures in this type of machines. Depending
on the type of machines and the processes they perform, three basic diagnostic strategies
are used: a single-limit strategy, which assumes that exceeding the criterion limit results
in stopping the machine; a two-boundary strategy, which assumes setting two thresholds,
i.e., an alarm threshold and a threshold resulting in stopping the machine; a third strategy
that involves comparing the waveforms of the monitored quantity with the reference
waveform [20]. In the context of the efficient functioning of the manufacturing system in
accordance with the I4.0 concept, non-destructive methods of monitoring and predictive
diagnosis of machines are being sought. It is particularly important that these methods are
sensitive and enable the detection of small changes in the monitored object at an early stage
of damage propagation. This is important for planning the necessary machine downtime
in advance.

Currently, one of the most dynamically developing methods of monitoring and non-
destructive diagnostics is vibration methods. This is mainly due to the emergence of
small wireless sensors based on IoT technology, which makes continuous monitoring of
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the machine possible. This allows one to improve, and in advanced applications fully
automate, the diagnostic reasoning process. This is important in the context of the I4.0
approach. Then, expensive, specialized and often invasive ad hoc inspection of machines
is not required, but only automatic or remote analysis of continuously recorded data is
needed. Therefore, structural health monitoring (SHM) methods based on the analysis of
dynamic parameters of systems are currently being dynamically developed by researchers
from many academic centers [64–69].

The development of these methods results from the need to optimize costs related
to broadly understood machine maintenance. Some of these methods make it possible
not only to detect damage at the initial stage of its occurrence but also to localize it in
the machine structure. These methods must then be highly sensitive to changes in the
analyzed parameters. One of the most important groups in this context is model-based
vibration methods. Vibration diagnostics based on a dynamic model consists of comparing
the dynamic parameters identified for an undamaged object with the parameters measured
during its operation. Based on the identified differences, it is possible to detect damage
and the place of its occurrence [70–72].

In general, such methods can be divided based on the assessment of changes in the
natural frequency, damping coefficient, natural vibration modes or frequency characteristics.
In the case of methods based on the assessment of the change in the natural frequency
or the change in the damping coefficient, they are characterized by low sensitivity to
small damages, and it is difficult to locate the place where the damage occurred [73–79].
However, methods that analyze changes in frequency characteristics, filtered with respect
to the selected natural frequency, do not provide information on the location of the detected
damage. In the case of methods based on the assessment of natural vibration modes (modal
methods), it is necessary to use a sufficiently large number of measurement points, which
significantly increases the costs of using these methods. Often, due to the insufficient
number of measurement points, the use of these methods is burdened with a large error
and difficulty in locating the place of damage occurrence.

An important aspect of assessing the condition of an object is the ability to identify
and predict damage propagation. Evaluating the rate of propagation and the probability
of catastrophic failure forms the basis for determining the feasibility and duration of safe
operation. This enables controlled decisions regarding the timing of repairs or the moment
when the object must be decommissioned. In this context, methods and algorithms are used
to predict the rate and nature (direction) of damage propagation, allowing for an assessment
of the object’s future condition. These methods include those based on artificial intelligence
(Neural Networks, Artificial Immune Systems (AIS)) [80–84], algorithms based on the
domino effect [85,86], experience-based methods (Case-Based Reasoning (CBR)) [87,88],
and numerical methods that enable computer simulations of damage propagation (FEM,
BEM) [89]. Accurate assessment of damage propagation allows for predicting the future
condition of the object, which enhances safety and reduces the costs associated with
its operation.

The presented research work describes the concept of a monitoring and diagnostic
system based on the vibration diagnostics method with the structure of the DS system.
The proposed system is a set of sensors placed on the monitored machine component and
coupled with a discrete data processing model created in the Matlab/Simulink program.
The discrete model serves as a digital monitoring system that, based on recorded data,
transmits information about the technical state of the monitored machine component to the
user. The digital monitoring system processes the acquired data in the form of the object’s
response to the action caused by its operating conditions. The time processes obtained in
this way (system responses) are processed by a digital monitoring model and compared
with the previously generated waveforms of the tested machine component. The data
generated by the system (compared to the pattern) indicate the area and amount of damage
in the tested object. Monitoring is continuous throughout the entire time of the facility
operation, with simultaneous processing of recorded data in the DS [90–92]. Detection of
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ongoing changes is possible thanks to the use of a mathematical model, which determines
its appropriate coupling with sensors placed on the monitored machine component. This
research work formulates and formalizes the mathematical model on the basis of which the
DS was built. Correct operation of the DS was verified using the model of a continuous
(real) system in the form of a multi-stage machine shaft, modelled in the PLM Siemens
NX program. Sensors were placed on the shaft in selected places to record data during the
simulation of shaft operation. In the next stage, the data were sent to a digital monitoring
system to compare them with the previously generated pattern. During the tests, various
types of damage were introduced into the monitored facility, and the data were recorded
and processed in DS. The data were compared with the pattern, which allowed us to detect
the location and extent of damage to the monitored object.

2. Description of the Tested Machine Component

This paper discusses the problem of monitoring and diagnostics of the gear shaft. It
is assumed that the proposed methodology will enable monitoring and diagnosis of its
technical state. The real object was replaced by a 3D model and the simulation results
of the model’s operation were considered equivalent to the results from the operation of
the real system in relation to the considered problem. The developed 3D model of the
system in the form of a model prepared for motion simulation consists of a six-stage shaft
with bearings, a gear wheel and a half clutch (Figure 1). To recreate the operation of a real
machine component in its working environment, the Motion module of the PLM Siemens
NX 2306 software was used. In the proposed model, the operating mode of one of the
bearings was modelled in the form of a rotational constraint corresponding to a class V
kinematic pair (fixed support—only rotation around the shaft axis is possible), while the
other bearing was modelled in the form of a cylindrical constraint corresponding to a class
IV kinematic pair (movable support—rotation around the shaft axis and axial displacement
are possible).
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Figure 1. Tested object in the form of a 3D model of a shaft in the context of its operating conditions.

The force that sets the modelled system into motion is transmitted through the cou-
pling connection with the shaft end journal. It was assumed, in accordance with the
operating conditions of the real system, that the driving torque applied to the end shaft
journal causes its movement at a rotational speed of 3000 rpm, assuming that a resistive
torque of 100 Nm acts on the gear wheel.

Due to the fact that the considered problem is related to monitoring the technical
condition of the shaft, it was modelled as a flexible body. The flexible component was
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mounted in accordance with the previously described method, and additionally, a gear
wheel and half of the clutch were mounted on the deformable shaft model. It should be
emphasized that all components of the assembly affect the deformable shaft model through
defined constraints using one-dimensional (1D) finite elements spanned on the separated
surfaces of the shaft model. It was assumed that testing such a separated gear component
would be representative in relation to the considered problem.

3. Digital Monitoring System

This section describes the components of a digital monitoring system whose task is
to detect damage to the monitored machine component. The proposed digital monitoring
system, which is coupled to the tested object, is composed of discrete inertial and elastic
components (Figure 2). The number of degrees of freedom of the system (inertial elements)
corresponds to the number of sensors (accelerometers) directly related to the monitored
real machine component. The parameters of the digital monitoring system (parameters
of elastic components) are estimated on the basis of the adopted mass distribution (RFE
method) and the determined natural frequencies of the real object, which were obtained
through comparative synthesis.
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3.1. Mathematical Model of a Digital Monitoring System

Data from monitoring of real machine components during their operation are verified
and then processed by a digital monitoring system. As a result of passing the data through
the digital system, response characteristics of the system are obtained, on the basis of which
it is possible to observe and locate damage to the monitored object, evidenced by the devia-
tion of the response characteristics of the damaged system from the characteristics of the
reference system [93]. Observation of the deviation of the characteristics is possible by using
the suggested mathematical model. The suggested method is a non-destructive vibration
method, but unlike the classic methods used in diagnostics, it allows the location of dam-
age with high precision at its low values, while the comparison of frequency/amplitude
characteristics does not provide satisfactory results. In the next stage of this work, the
mathematical model of the digital monitoring system was formalized on the example of a
system simulating the reading of data from two sensors (accelerometers).

The obtained responses of the monitored system for a system with two degrees of
freedom, assuming a failure in the system, are the sum of the general and specific solutions
of the differential equations of the object whose natural frequencies are equal to ω0 = 0,
ω2

12 = ω2
1 +ω2

2 = (c−∆c)
m1

+ (c−∆c)
m2

. The mathematical model for the digital monitoring
system takes the form of a system of differential motion equations presented in Equation (1).{

m1
..
x11 + c(x 1 − x2

)
= F0sinωt

m2
..
x22 + c(x 2 − x1

)
= 0

(1)

where x1, x2 represent the data read out from the sensors monitoring the object, and x11, x22
represent the response of the digital monitoring system.
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Applying the Laplace transform in Equation (1) and taking into account Equation (2),
the following form is obtained:

m1s2X11(s) + c
(

A 1
s2 − B ω12

(s2+ω2
12)

+ C ω
(s2+ω2)

)
− c

(
A 1

s2 − D ω12
(s2+ω2

12)
+ E ω

(s2+ω2)

)
= F0ω

s2+ω2

m2s2X22(s) + c
(

A 1
s2 − D ω12

(s2+ω2
12)

+ E ω
(s2+ω2)

)
− c

(
A 1

s2 − B ω12
(s2+ω2

12)
+ C ω

(s2+ω2)

)
= 0

(2)

where A =
βω2

2
ωω2

12
, B =

βω(ω2
2−ω2

12)
ω3

12(ω
2
12−ω2)

, C =
βω(ω2−ω2

2)
ω2(ω2

12−ω2)
, D =

βωω2
2

ω3
12(ω

2
12−ω2)

, E =
βω2

2
ω2(ω2

12−ω2)
X11(s) =

βω
s2(s2+ω2)

− ω2
10

s2

(
βω(s2+ω2

2)
s2(s2+ω2

12)(s2+ω2)
− ω2

2βω

s2(s2+ω2
12)(s2+ω2)

)
X22(s) =

ω2
20

s2

(
βω(s2+ω2

2)
s2(s2+ω2

12)(s2+ω2)
− ω2

2βω

s2(s2+ω2
12)(s2+ω2)

) (3)

where ω2
10 = c

m1
, ω2

20 = c
m2

, β = F0
m1

.
As a result of the transformations, the system of equations takes the following form:

X11(s) =
βω(s2+ω2

2−∆ω2
1)

s2(s2+ω2)(s2+ω2
12)

X22(s) =
ω2

20βω

s2(s2+ω2
12)(s2+ω2)

(4)

After decomposing the functions of the system of Equation (4) into simple fractions,
the responses of the digital monitoring system are obtained in the form of a function of the
Laplace variable for the case of the tested object with damage.

X11(s) =
β
(
ω2

2 − ∆ω2
1
)

ωω2
12

1
s2 −

βω
(
ω2

2 − ∆ω2
1 −ω2

12
)

ω3
12
(
ω2

12 −ω2
) ω12(

s2 +ω2
12
) +

βω
(
ω2 −ω2

2 + ∆ω2
1
)

ω2
(
ω2

12 −ω2
) ω

(s2 +ω2)
(5)

X22(s) =
βω2

20
ωω2

12

1
s2 −

βωω2
20

ω3
12
(
ω2

12 −ω2
) ω12(

s2 +ω2
12
) +

βω2
20

ω2
(
ω2

12 −ω2
) ω

(s2 +ω2)
(6)

Using the inverse Laplace transform, Equations (5) and (6) take the final form of the
response of the digital monitoring system as a function of the time variable:

x11(t) =
β
(
ω2

2 − ∆ω2
1
)

ωω2
12

t −
βω

(
ω2

2 − ∆ω2
1 −ω2

12
)

ω3
12
(
ω2

12 −ω2
) sinω12t +

βω
(
ω2 −ω2

2 + ∆ω2
1
)

ω2
(
ω2

12 −ω2
) sinωt (7)

x22(st) =
βω2

20
ωω2

12
t −

βωω2
20

ω3
12
(
ω2

12 −ω2
) sinω12t +

βω2
20

ω2
(
ω2

12 −ω2
) sinωt (8)

Similarly, the case of a digital monitoring system for an object without damage was
considered, assuming that x1 and x2 are the solutions of such a system. The obtained
responses of the Laplace function then take the following form:

X10(s) =
βω2

20
ωω2

120

1
s2 −

βω
(
ω2

20 −ω2
120

)
ω3

120
(
ω2

120 −ω2
) ω120(

s2 +ω2
120

) +
βω

(
ω2 −ω2

20
)

ω2
(
ω2

120 −ω2
) ω

(s2 +ω2)
(9)

X20(s) =
βω2

20
ωω2

120

1
s2 −

βωω2
20

ω3
120

(
ω2

120 −ω2
) ω12(

s2 +ω2
120

) +
βω2

20
ω2

(
ω2

120 −ω2
) ω

(s2 +ω2)
(10)

where ω2
120 = ω2

10 +ω
2
20 = c

m1
+ c

m2
.



Appl. Sci. 2024, 14, 10056 7 of 21

As a result of the application of the inverse Laplace transform, the response of the
digital monitoring system for an object without damage as a function of the time variable
takes the following form:

x10(t) =
βω2

20
ωω2

120
t −

βω
(
ω2

20 −ω2
120

)
ω3

120
(
ω2

120 −ω2
) sinω12t +

βω
(
ω2 −ω2

20
)

ω2
(
ω2

120 −ω2
) sinωt (11)

x20(t) =
βω2

20
ωω2

120
t −

βωω2
20

ω3
120

(
ω2

120 −ω2
) sinω12t +

βω2
20

ω2
(
ω2

120 −ω2
) sinωt (12)

In the case of the determined quantities (x10, x11, x20, x22), their components of the
obtained sum were compared, in particular the slope coefficient of the linear t function.
The determined slope coefficients assume the value for the following cases:

• without damage,

x10 = x20 =
βω2

20
ωω2

120
(13)

• with damage,

x11 =
β
(
ω2

2 − ∆ω2
1
)

ωω2
12

, x22 =
βω2

20
ωω2

12
(14)

Based on the comparison of the values described in (13) and (14), the following
inequality can be observed:

ω2
20 >

(
ω2

2 − ∆ω2
1

)
(15)

ω2
120 > ω2

12 (16)

As a result of the above, it is concluded that the linear functions of the determined
responses (x10, x11, x20, x22) are different, which is presented in functions (17) and (18).

βω2
20

ωω2
120

=
βω2

2
ωω2

12
>

β
(
ω2

2 − ∆ω2
1
)

ωω2
12

(17)

βω2
20

ωω2
120

=
βω2

2
ωω2

12
<

βω2
20

ωω2
12

(18)

A comparison of the slope coefficients of the linear function of the response sum
component before (x10, x20) and after damage (x11, x22) indicates their different values,
which consequently leads to the deviation of the linear functions relative to each other. In
the case of the discussed example, the characteristics converge, indicating the location of
the damage, and the tangent of the inclination angle in relation to the pattern indicates its
size. It should be noted that the deviation of the characteristics from the pattern depends
on the place of the applied force. In the discussed case, the deviation of the characteristics
from the point of damage would occur assuming a force imposed on the mass m2. Based on
the comparison of response solutions before and after damage, without taking into account
the suggested mathematical model, the solutions do not show a change in the tangent of
the slope angle of the angular coefficients, always maintaining the same value.

3.2. Structure and Parameters of the Digital Monitoring System

This section presents issues related to determining the structure and parameters of
the digital monitoring system used in the diagnostic device of the analyzed real machine
component. The operating driving shaft is the real object, the analysis of which requires
monitoring its rotational motion. Therefore, the physical model of a digital monitoring
system is a discrete torsional vibrating system. Such a model consists of non-deformable
discs with one degree of freedom and elastic components constituting connections between
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weightless shaft sections, transmitting only torques. The structure of the digital monitor-
ing system is implied by the analyzed real system and the number of installed sensors
monitoring it. Within the analyzed shaft, three critical areas were identified that should be
monitored and diagnosed (Figure 3a), which correspond to the number of areas between
the components cooperating with the shaft: bearings, gear wheel and clutch. On this basis,
the arrangement of four sensors (S1, S2, S3 and S4) detecting angular displacement at the
ends of these areas was assumed (Figure 3b).
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In the analyzed case, the test was carried out on the driving shaft on which four
measuring points were installed. Therefore, a single-axis discrete physical model with four
degrees of freedom is the structure of the digital monitoring system (Figure 4).
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Figure 4. Structure of a discrete physical model with four degrees of freedom.

The adopted physical model is a free system (the inertial components are not connected
to the support via springs), indicating the possibility of rotational motion as one rigid
body. This causes the frequency of first natural vibrations to be zero. For the system
structure adopted in this way, its dynamic parameters should be determined to meet specific
dynamic properties, in the form of the first four frequencies of torsional vibrations of the
analyzed object (taking into account the first zero value). For the purposes of estimating the
parameters of the discrete model, the forms and values of the natural vibrations frequencies
of the analyzed component were determined (Figure 5). The Pre/Post module based on
the finite element method of the PLM Siemens NX 2306 software was used to determine
the form and value of the shaft’s own vibration frequency. The following basic parameters
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were adopted in the analysis in relation to the finite element mesh: type of finite element—
CTETRA (10—ten nodes), size of finite element—2.65 mm.
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Limiting the input data only to natural frequencies makes it impossible to use the
synthesis apparatus [94,95] directly to determine the required dynamic parameters. At the
same time, the use of the method of discretization of a continuous system, in relation to the
adopted number of degrees of freedom, is subject to high calculation inaccuracy (due to
the natural frequencies of the analyzed object). For this purpose, a combined method was
suggested to determine the dynamic parameters of a discrete physical model. In the first
step, the mass moments of inertia of non-deformable discs with one degree of freedom are
determined. The rigid finite element method (RFEM) is used for this purpose, on the basis
of which the system is divided into RFEMs (Figure 6), and on this basis, the mass moments
of inertia relative to the main central axes of inertia of each RFEM are determined.
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Each mass moment of inertia of non-deformable discs with one degree of freedom, for
such a division of the system (Figure 6), is as follows: I1 = 11.26·10−6 kgm2,
I2 = 53.93·10−6 kgm2, I3 = 71.31·10−6 kgm2, I4 = 21.34·10−6 kgm2.

In the next step, after determining the inertial parameters of the model, the elastic
parameters of the discrete physical model should be determined. It should be borne in mind
that each physical parameter has a significant impact on the distribution of the resonant
and anti-resonant zones of the vibrating system. In order to meet the requirements in terms
of dynamic properties, in the form of the first four frequencies of torsional vibrations of
the analyzed object (taking into account the first zero value), the comparative synthesis
method was used to determine the searched parameters [94–96]. For this purpose, based
on the adopted structure of the discrete model of a physical system, dynamic stiffness
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matrices are built in the following form (taking into account the numerical parameters of
the determined inertial parameters):

Zs(s) =


I1s2 + c1
−c1
0
0

−c1
I2s2 + c1 + c2

−c2
0

0
−c2

I3s2 + c2 + c3
−c3

0
0

−c3
I4s2 + c3

 (19)

where, based on the stiffness matrix Z(s), the following polynomial is determined:

det(Zs(s)) = A8s8 + A6s6 + A4s4 + A2s2 (20)

where A8 = 9.23889·10−19, A6 = 9.91746·10−14·c1 + 3.00881·10−14·c2 + 5.62608·10−14·c3,
A4 = 2.91214·10−9·c1c2 + 6.03929·10−9·c1c3 + 1.65052·10−9·c2c3, A2 = 1.57831·10−4c1c2c3.

To calculate the values of elastic parameters, the obtained polynomial should be
divided by the coefficient A8 and then compared to the polynomial characterizing the
adopted dynamic properties in the form of four natural frequencies of the system. This
equation takes the following form:

det(Zs(s))
A8

= s2
n

∏
i=2

(
s2 +ωbi

2
)

(21)

where ωb1 = 64,025.7 rad/s, ωb2 = 102,604 rad/s, ωb3 = 178,442 rad/s.
After comparing the coefficients with the same powers of the polynomial of Equation (21),

a system of equations is built, on the basis of which the elastic parameters are determined.
The dynamic parameters of the searched elastic elements, in the case of the structure shown in
Figure 6, are listed in Table 1.

Table 1. Dynamic parameters of the searched elastic elements.

i ci [Nm/rad]

1 44.311 47.100 89.152 113.457 281.482 290.282
2 906.273 344.402 176.354 906.689 345.517 176.508
3 200.305 495.875 511.619 78.194 83.189 156.993

All obtained sets of elastic parameter solutions meet the adopted requirements regard-
ing the dynamic properties, in the form of the first four frequencies of torsional vibrations
of the analyzed object. From this set, a solution was selected whose parameters were
closest to the stiffnesses determined by the RFE method. This solution was the second
set of parameters listed in the table. As a result of the calculations, a set of all dynamic
parameters of a discrete physical model was obtained, constituting the structure of a digital
monitoring system used to detect damage to the tested object.

4. Developed Testing Methodology and Test Results

This section describes the developed testing methodology for monitoring and diagnos-
tics of the condition of the tested machine component with computer aid. It also describes
the creation of reference characteristics and the process of monitoring the condition of the
machine component using illustrations of the operation of the digital shadow and presents
the test results.

4.1. Testing Methodology in the Planned Experiment

To create a digital shadow, in accordance with the terminology used in the analyzed
literature, it is necessary to create a digital model of the real machine component and ensure
a continuous one-way flow of information from the real object to the digital model. The
research work presents an illustration of the digital shadow operation, where the real object
was replaced by the created 3D model (Figure 7) and the angular displacements of each
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sensor placed on the model were considered to be equivalent to the values that would
occur during operation of the real system.
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For this purpose, a 3D model of the analyzed real machine component was developed
in the form of a system prepared for simulation of motion using the Motion module of PLM
Siemens NX 2306 software. The digital model was built in the form of a discrete vibrating
system in Matlab/Simulink R2021a software. Ensuring continuous, one-way data exchange
was achieved by using co-simulation between the Motion module of the PLM Siemens NX
2306 software and the Matlab/Simulink R2021a program.

The developed monitoring method using DS was first used to determine the reference
characteristics. The reference characteristics (Figure 8) are created as follows:

• The angular displacements are measured and recorded in the time domain using the
adopted sensor system (sensors S1, S2, S3 and S4);

• The recorded angular displacements are transferred via co-simulation to the discrete
model in digital form;

• Solving the task of determining the waveform of variability of the angular displace-
ment of the inertial elements of the discrete model allows for the determination of
the reference characteristics (S1w, S2w, S3w, S4w). It was assumed that the obtained
waveforms constitute the “0 line” of reference in relation to the characteristics of the
monitored machine component recorded in the same way.
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The monitoring and diagnostics of the state of the tested machine component using
the developed testing methodology consist of recording the current characteristics of the
system in use (S1u, S2u, S3u, S4u) and comparing them with the previously developed
reference characteristics (Figure 9).
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Based on the deviation of the current characteristic from the reference one and the
value of this deviation, inference rules can be defined to identify the area of possible damage
to the monitored machine component.

4.2. Test Results

As part of this research work, a series of tests were conducted to confirm the method
formalized in this work with respect to its possibility of using it to identify the area
of damage in the monitored machine component (Tables 2–4). The tests consisted of
introducing the damage to a given shaft stage and determining the characteristics of the
monitored machine component state using the developed methodology, taking into account
its operating environment (Section 2).

Based on the obtained test results, it can be seen that there are deviations in the
state characteristics of the tested machine component in all tested intervals, regardless
of the location of its damage. However, in the case of the theoretical model (discrete
systems), deviations in the characteristics occur only on the displacements of inertial
elements between which a change in stiffness has been introduced. The remaining inertial
elements of the theoretical model would overlap the current characteristic with the reference
characteristic (∆φn = 0). Therefore, in the tested system, an additional criterion for the
deviation of the current characteristics from the reference ones was adopted. The process of
identifying the area where damage occurs can therefore be presented in the following steps:

• Identify in the characteristics of the machine component’s state the form of deviation
of the current characteristic from the reference characteristic consistent with theoret-
ical considerations (the characteristics between two sensors defining the searched
area with damage should form a minority sign when viewed from the bottom of
the characteristics);
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• If the state characteristics contain only one form of deviation consistent with theoretical
considerations, the damaged area is located between the sensors on which these
deviations were recorded (Table 2, items 4 to 7, Table 3, items 1 to 6, Table 4, item 4);

• If the state characteristics appear more than once in a form consistent with theoretical
considerations, then the sum of the absolute values of deviations between the sensors
monitoring these areas should be taken into account. The damaged area should have
a higher value of the described sum (Table 2, items 2 to 4, Table 4, item 1).

Table 2. Determining the characteristics of the monitored machine component state when introducing
damage in the area confined by sensors S1 and S2.

Geometric Form and Place
of Damage

Characteristics of
Monitored Machine

Component State

Deviation of the
Characteristics [rad]

Volume Loss
[%]

Natural Vibrations
Frequency [Hz]

No damage
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Table 3. Determining the characteristics of the monitored machine component state when introducing
damage in the area confined by sensors S2 and S3.

Geometric Form and Place
of Damage

Characteristics of
Monitored Machine

Component State

Deviation of the
Characteristics [rad]

Volume Loss
[%]

Natural Vibrations
Frequency [Hz]
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Table 4. Determining the characteristics of the monitored machine component state when introducing
damage in the area confined by sensors S3 and S4.

Geometric Form and Place
of Damage

Characteristics of
Monitored Machine

Component State

Deviation of the
Characteristics [rad]

Volume Loss
[%]

Natural Vibrations
Frequency [Hz]
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Based on the obtained test results, it can be seen that there are deviations in the state 
characteristics of the tested machine component in all tested intervals, regardless of the 
location of its damage. However, in the case of the theoretical model (discrete systems), 
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Analyzing the test results, it can be noticed that in several cases the form of the
state characteristics does not contain deviations consistent with theoretical considerations
(Table 4, items 2, 3, 5). It can also be noticed that despite the described condition character-
istics (Table 4, item 6), the probable area of damage does not overlap the area where the
damage was introduced. However, the following additional criteria can be introduced to
identify the damaged area of the monitored machine component:

• In the case of the state characteristics in accordance with Table 4, item 6 and Table 2,
item 5, the sum of the absolute values of deviations between sensor monitoring areas
where deviations of opposite signs occur should be additionally verified. The damaged
area should be considered the area with the highest value of this sum (regardless of
the shape of the deviation);
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• If the form of the state characteristics does not contain deviations consistent with
theoretical considerations (Table 4, items 2, 3, 5), it should be assumed that the damage
occurs in the area near the sensor which recorded the largest deviation (in the analyzed
cases, it was always the end of the monitored shaft).

Based on the analysis of the results, it can be concluded that the described approach
allows one to clearly determine the area of damage (in accordance with the adopted theo-
retical considerations), when these areas are located between the forces acting on the tested
machine component. However, the methodology, improved by additional criteria, enables
unambiguous identification of the area of damage in all tested compartments. It should be
emphasized, however, that the additional criteria were well adapted to testing four areas
with a specific distribution of torques. Therefore, additional tests need to be carried out to
confirm their correctness. In further work, the authors will take the following actions to
clarify information about the damaged area of the monitored machine component:

• Introducing more sensors for narrowing the areas subject to monitoring and diagnostics;
• Extending the digital model with a model representing transverse vibrations;
• Determining, based on theoretical considerations, the form of the state characteristics

in relation to areas lying outside the area of action of forces (torques) on the analyzed
machine component.

5. Conclusions

This work concerned the formulation and formalization of a non-invasive method for
continuous monitoring of machine components in real time. The formalized mathematical
model presented in this work determines proper coupling of the digital model (discrete
vibrating model) with the sensors located on the monitored device. Based on the formulated
method, damage to the machine component is detected at an early stage of its development,
which is often not possible by using classic non-destructive diagnostics methods. In the case
of such a monitoring and diagnostic method, a series of verification tests were carried out
using an machine component designed in the PLM Siemens NX program in the form of a
gear shaft with bearings, which fully recreated the operating conditions of the real machine
component. Four acceleration sensors were placed on the machine component in places
between which the minor damage was introduced in relation to the volume of the tested
system. Due to the number of sensors used (in the context of the number of monitored
areas), a discrete vibrating system with four degrees of freedom was built. The discrete
system obtained in this way, called in the work a digital monitoring system, was connected
to the tested machine component in accordance with a formalized mathematical model.

The application of the DS concept allowed for the acquisition of data obtained from
a virtual object and, based on them, the definition of rules allowing for the diagnosis of
the machine condition (shaft damage). Moreover, the application of the DS concept for
research did not determine the necessity of conducting the inference process in real time. In
the case of applying the method presented in this paper to a real object, the DT concept can
be applied, where based on real measurements and the developed database of diagnostic
rules, it will be possible to automatically infer the condition of the object.

Based on the tests, a regularity can be noticed in the case of damage between the
sensors. The observed regularity is the deviation of the time characteristics, processed by
the digital shadow in relation to the pattern generated in the initial stage of operation of
the monitored system. As a result of damage in the tested machine component, deviation
in the response of time processes to the inertial elements of the digital monitoring system
(CSM) occurs. The CSM inertial elements on which significant differences in deviations in
the state characteristics were observed correspond to the sensors located on the machine
component between which the damage was simulated. Three areas were monitored, where
in the first two, a deviation of the external state characteristics relative to the reference
was observed, which indicated the occurrence of damage in this area. Characteristics of
the areas between the forces applied to the machine component (sensors S1, S2, S3) and
the type of vibrations considered (angular displacements) are the form of the described
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deviation. Based on the test results, it was also observed that for continuous systems, a
deviation of the characteristics in all inertial elements of the CSM occurs. In such cases, the
deviation values of all characteristics should be compared and the location of the damage
should be determined in accordance with the suggested criteria described in Section 4.

To generalize the interpretation of the results, the authors planned the tests taking
into account the displacements of the tested machine component in various directions
during its movement, which will also enable determining the sensitivity of the formulated
method due to the type of vibrations of the considered machine component. In addition,
the authors also intend to test the impact of the number of sensors on the form of the state
characteristics results. From the results of the tests, it can be concluded that the type of
simulated damage had no impact on the determination of the area of its occurrence, and
the direction of deviation of the state characteristics was similar in most of the considered
cases. Values of the first four natural vibration frequencies of the monitored machine
component before and after damage were determined to verify the method. As a result of
comparing the determined frequencies, it would be difficult to clearly state that there was
damage in the system and to indicate its location in the real machine component. In the
future, the authors intend to extend the method by providing qualitative and quantitative
data about the damage in a real machine component. It should be mentioned that in
addition to the monitoring method formalized in this work, it was also suggested to select
the parameters of a discrete system (digital monitoring system) depending on the type
of vibrations considered. The parameters of the discrete vibrating system were selected
due to the desired dynamic properties in the form of the natural vibration frequency of
the monitored machine component and the law of conservation of mass. As a result of
the synthesis, a set of six solutions was obtained that met the desired properties of the
sought discrete system, of which one was selected which was closest to the RFE (rigid
finite element) method. In the future, the authors plan the tests aimed at selecting the
optimal tuning of CSM parameters due to the sensitivity of the method for monitoring
real machine components formulated in this work. The suggested task of synthesizing
the discrete vibrating systems with respect to the desired dynamic properties and mass
distribution may contribute to the development of a new approach to creating a discrete
model corresponding to real systems and their physical properties.

The application of the developed method to monitoring real machine elements will
require the representation of the real load in a digital diagnostic system. Although machines
often operate in predictable conditions in terms of the nature and value of the load, an
important research issue in this context should be to conduct research to determine the
sensitivity of the proposed method to changes in the load value, structure and parameters
of the digital diagnostic model. Another problem to be solved in the case of using this
method to monitor real machine elements is the selection of appropriate sensors in terms of
their operating conditions, installation method and data acquisition.
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