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Abstract

:

In order to solve the problems of low efficiency and complex cutting tools in conventional face gear machining, this paper presents a machining method of ruled surface face gears with conical cutters and proposes a new pinion to correct deviation and its machining method. Firstly, the mathematical models of ruled surface face gears and conical cutters are established, the motion rules of the conical cutter are derived, and the influence of basic parameters on the tooth surface deviation between ruled surface and conventional surface is analyzed. Secondly, for the sake of correction of tooth surface deviation, reverse conjugation is applied to the ruled surface to obtain a corrected pinion. On the basis of hobbing cylindrical gears, the purpose of machining corrected pinions is achieved by increasing CNC motions. Finally, the manufacturing process is simulated by VERICUT software, the results demonstrate that the machining error of ruled surface and pinion do not exceed 10 μm, and through LTCA, the meshing performance of the ruled surface face gear pair is basically the same as that of conventional face gear pair, proving the feasibility of replacing the latter with the former. This study provides a new manufacturing method for face gears.
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1. Introduction


The face gear transmission is a gear mechanism that relies on the meshing of cylindrical gears and face gears to transmit motion and power between two intersecting or crossed shafts. Due to its simple support system, high contact ratio and the structure of a split-torque transmission which can reduce the weight of the gearbox and improve bearing performance, it is successfully applied in helicopter main reducers [1,2] and in some low-speed and light load situations [3], and has broad application prospects in the future.



At present, the manufacturing methods of face gears include common gear shaping, hobbing, and recently emerged power skiving [4,5]. Fellows Company [6] was the first to propose a manufacturing method of face gears in which the gear shaping cutter is identical to the pinion, without considering the sensitivity of installation errors to the tooth surface. Litvin [7,8] proposed the gear shaper cutter with tooth number difference to process face gears, limiting the contact area of the tooth surface to local areas, causing the contact method to be changed from line to point, effectively avoiding edge contact. However, this method has obvious idle stroke and discontinuous cutting process, resulting in low efficiency. Miller [9] and the Crowngear corporation [10] proposed a gear hobbing method to manufacture face gears, which can improve machining efficiency through continuous indexing. However, this method has a large machining error and cannot meet the accuracy requirements. So as to improve machining accuracy and production efficiency, Wang [11] put forward a method for machining face gears with worm hobs and demonstrated its effectiveness through experiments, but a new machine tool is needed. Han [12] presented a method for machining orthogonal spur gears with power skiving, and the tooth surface deviation between skiving and shaping was compared. The feasibility of this method was verified through experiments, and the influence of the parameters of the skiving cutter on meshing performance was analyzed. Guo [13] analyzed the influence of parameters of skiving cutter on tooth surface deviation and proposed a deviation correction method for skiving face gears. Tsai [14,15] presented a design method of skiving tool to avoid negative working clearance angles for internal gears and realized the technology on the six-axis CNC skiving and milling center. The research on the soft tooth surface of the rough machined gear mentioned above is based on the principle of gear shaping machining, which requires the cutters to imitate the theoretical tooth profile of the gear shaping cutter and make point contact with the workpiece, which limits the machining efficiency in terms of contact mode.



When the hard tooth surface is high-precision machined, the gear grinding method is usually used. Litvin [16] proposed the method of grinding surface gears with worm grinding wheels, which improves machining efficiency and tooth surface accuracy. However, due to the fact that the worm tooth surface is an elliptical involute worm, the tooth shape is complex and difficult to the machine and dressing. Peng [17] studied the method of generating machining face gears with the grinding disk and its tooth surface modification method. This method is easier to achieve than worm wheel, but the machining efficiency is lower. Zhou [18] presented a grinding method of face gear mating with a conical spur involute pinion. In the above research on gear grinding, the former has a higher machining efficiency than the latter. However, the disadvantage of the former is that the tool is complex and difficult to manufacture and in dressing.



To simplify cutting tools and achieve low-cost machining, Tang [19] proposed a new type of plunge milling cutter for machining face gears. Although it has certain universality, this tool also imitates the profile of the gear shaping cutter and performs point contact machining, resulting in low efficiency. Wang [20] presented a method for machining face gears with spherical hobs and verified its feasibility through experiments, but its machining efficiency is relatively low. Buckingham [21] proposed that the tooth surface of the face gear is a modified and variable tooth thickness rack, but no in-depth research was conducted. Stadtfeld [22] proposed a Coniflex tool for line contact machining of bevel gears, but the machined tooth surface deviates significantly from the theoretical tooth surface. A. Kubo and A. Ueda [23] proposed a new bevel gear tooth surface, which reduces the processing time by 10 times compared to traditional bevel gear tooth surfaces, and its matching pinions can also be easily processed on a five-axis machining center. According to the above research, it was found that due to the complex spatial surface of the face gear, it is necessary to limit the tool-to-point contact with the workpiece during generative machining. However, this idea can lead to high cost or low efficiency in face gear machining. Peng [24] proposed that if the tooth surface of a face gear is directly regarded as a ruled surface, that is, a regular surface formed by a cluster of straight lines, its machining efficiency will be improved, and the machining cost will be reduced, which is conducive to the promotion and application of face gears. Hu [25] studied a simplified mathematical model of a new developed curve-face gear, and analyzed the compound transmission characteristics. Ivana [26] studied two ruled surfaces—the surface of a hyperbolic paraboloid and the tangent surface of a cylindrical helix, and summarized geometrical mathematical properties of both surface and their application. Tan [27] proposed a unique gear set including a conical involute pinion and a mating face gear, which can transmit high torque at high speeds through an angle as required in a helicopter. Hsu [28] presented a new shaving method for double crowning, which used a variable pressure angle shaving cutter in a parallel gear shaving process. Zhou [29] studied the developed ruled surface of the face gear and provided an implicit equation, and the corresponding milling method was proposed based on the characteristics of the ruled surface. Chu [30] put forward a method of tooth surface design and side milling of ruled line face gears.



In general, in order to design high-performance gear transmissions or evaluate the meshing performance of gear pairs, tooth contact analysis (TCA) is required, which is a method of determining the tooth contact position, tooth contact area, and geometric transmission error through numerical simulation. However, in practical applications, gear pairs need to withstand a certain load, and the load tooth contact analysis (LTCA) technology can better simulate the working performance under real working conditions. Through LTCA, the bearing contact imprint, tooth surface contact stress, tooth root bending stress, bearing transmission error, etc., of gears can be obtained, which is of great significance for shortening the cycle, reducing costs, and designing high-quality gears. Lu [31] presented a new process of the TCA algorithm, which can reduce the calculation amount and speed up the calculation. Wu [32] studied a new integration method for the generative design of face gears, which can improve the speed of CAD modeling and CAE finite element analysis.



Based on the concept of the ruled surface of face gears, this paper proposes a method for machining ruled surfaces with conical cutters. So as to obtain the theoretical model of ruled surfaces, the mathematical model of the conical cutter will be defined, and the motion rules of the cutter will be derived according to the process of generating the ruled surface. Then, the influence of the basic parameters of face gears on the surface deviation between ruled surfaces and surfaces generated by a gear shaper (conventional face gears) will be studied and a new pinion to correct the significant deviations proposed when the transmission ratio is less than or equal to 4. The equations of the new pinion will be derived, and the machining method presented. Finally, the load tooth contact analysis (LTCA) will be performed to verify the feasibility of replacing conventional face gears with ruled surface face gears, and the machining simulations of the ruled surface and the new pinion will be performed with the VERICUT8.0 software to verify the correctness of machining methods.




2. Conventional Face Gear Pair


2.1. Tooth Surface of Involute Gears


Involute gears not only serve as gear cutters during the gear shaping process of face gears, but participate in meshing as pinions during the gear transmission process of face gears. Considering the impact of installation errors, the number of teeth of the gear shaping cutter will be 1 to 3 more than that of the pinion. The general involute tooth surface Σc can be expressed by the following equation:


   R c  =        r c  [ sin (  θ 0  +  θ s  ) −  θ s  cos (  θ 0  +  θ s  ) ]       −  r c  [ cos (  θ 0  +  θ s  ) +  θ s  sin (  θ 0  +  θ s  ) ]        u s       1       



(1)




where


   θ 0  =  π  2  N c    − tan α + α  



(2)




where rc is the radius of the base circle of the gear cutter, Nc is the number of teeth of an involute gear, α is the pressure angle, us is the tooth width, and θs is the spread angle of the involute gear, the unit normal vector is as follows:


   n c  =     ∂  R c    ∂  u s    ×   ∂  R c    ∂  θ s          ∂  R c    ∂  u s    ×   ∂  R c    ∂  θ s        = −       cos (  θ 0  +  θ s  )       sin (  θ 0  +  θ s  )      0      .  



(3)








2.2. Tooth Surface of Face Gears


The tooth surface of a face gear is defined based on the gear shaping process of a involute gear, as shown in Figure 1. In this case, the angle between the shaft of the face gear and the involute gear is 90°, and the angle of the involute gear φc and the angle of the face gear φf satisfy the relationship shown in Equation (6), where Nf is the number of teeth of the face gear.


     φ c     φ f    =    N f     N c     



(4)







Hence, the position vector Rf and the normal vector nf of the face gear surface Σf are obtained through the coordinate transformation of the following equation. The coordinate systems Sc and Sd are established on the gear cutter, where Sc is fixed in space and Sd rotates with the cutter; Se and Sf are on the face gear coordinate systems, where Se is fixed and Sf rotates with the face gear; and rf and rp are the pitch radius of the face gear and the cylindrical gear.


   R f  (  u s  ,  θ s  ,  φ f  ) =  M  f d   (  φ f  )  R c  (  u s  ,  θ s  )  



(5)






   n f  (  u s  ,  θ s  ,  φ f  ) =  M  f d   (  φ f  )  n c  (  u s  ,  θ s  )  



(6)






   M  fd   =  M  f e    M  e d    M  c d    



(7)






    M  c d   =       cos  φ c      sin  φ c     0   0      − sin  φ c      cos  φ c     0   0     0   0   1   0     0   0   0   1           M  e c   =      1   0   0   0     0    cos γ     − sin γ     −  r f       0    sin γ     cos γ      r p       0   0   0   1           M  f e   =       cos  φ f      − sin  φ f     0   0      sin  φ f      cos  φ f     0   0     0   0   1   0     0   0   0   1        











The cutter and face gear satisfy the following meshing equation, the theoretical face gear tooth surface can be successfully obtained.


   f 2     u s  ,  θ s  ,  φ f    =  n c  ⋅   ∂  R f     u s  ,  θ s  ,  φ f      ∂  φ f    = 0  



(8)









3. Ruled Surface for Face Gears


3.1. Tooth Surface Equation of Ruled Surfaces


A ruled surface is a special surface composed of a family of straight lines, that is, a line passing through each point on the curve falls on that surface, as shown in Figure 2a, and the general expression can be represented by the following equation:


  g ( u , v ) = a ( u ) + v ⋅ b ( u )  



(9)




where a(u) represents the leading line, b(u) is the unit vector on the straight line passing through a point a(u) on the leading line, and the distance from a point on the ruled surface to a point a(u) on the leading line is v.



In the meshing process of conventional face gear pairs, a special contact line Lr is shown in Figure 2b, in which Lr extends from the top of the toe to the root of the heel, and the line Lr is an involute extending in the longitudinal direction of the face gear tooth that is tangent to the surface Σc and Σf. If this special line Lr is considered as a leading line, a family of lines that are tangent to Lr at different cross sections or to the end face involute at different points that are arranged in the longitudinal direction of the face gear tooth and change with respect to the pressure angle are generatrices, so the tooth surface of the face gear can be seen as a ruled surface, as shown in Figure 3b, which greatly facilitates its manufacturing process. Compared with the implicit equation given in the reference [29,30], the explicit expression of the ruled surface is derived in this paper. The ruled surface of a orthogonal-straight tooth face gear can be obtained by the following process.



At any point on this line Lr, the linear velocities of the pinion and face gear are equal, which are represented as follows:


   r q   w c  =  L q   w f  sin γ =    L q   w f   N f  sin γ    N c     



(10)




where rq and Lq are the distance from point q on the line to axes zc and zf, respectively, and wc and wf are the angular velocities of the pinion and face gear, respectively. As shown in Figure 3a, any point on the involute, rq can be expressed as follows:


   r q  =    r c    cos (  θ s  +  θ 0  )    



(11)







Hence, Lq can be expressed as shown in Equation (12).


   L q  =    r c   N f     N c  cos (  θ s  +  θ 0  ) s i n γ    



(12)







By taking Equation (12) into consideration, the position vector R2 of the ruled surface can be represented by the following formulas:


  A =    O a   O b    =  r c  tan (  θ 0  +  θ s  ) −  r c   θ s   



(13)






   L 0  =    O 2   O c    =    r q    tan γ   +  L q   



(14)






   R 2  =  M  2 c    M  cb    M  ba    R a  =  M  2 a    R a   



(15)






    M  2 s   =      1   0   0   0     0    − cos γ     − sin γ     −  L 0  sin γ      0    sin γ     − cos γ     −  L 0  cos γ      0   0   0   1             M  c b   =      1   0   0   0     0   1   0    −  r q       0   0   1   0     0   0   0   1        










    M  b a   =       cos (  θ 0  +  θ s  )     sin (  θ 0  +  θ s  )    0    − A cos (  θ 0  +  θ s  )       − sin (  θ 0  +  θ s  )     cos (  θ 0  +  θ s  )    0    A sin (  θ 0  +  θ s  )      0   0   1   0     0   0   0   1             R a  =      0       u a       0     1        








where Ra represents the generatrix of the ruled surface, ua is the distance from any point on the generatrix to the contact line Lr, and Mij is a matrix of coordinate transformations from system Sj to Si. The normal vector n2 can be expressed as:


   n 2  =     ∂  R 2    ∂  u a    ×   ∂  R 2    ∂  θ s          ∂  R 2    ∂  u a    ×   ∂  R 2    ∂  θ s        .  



(16)








3.2. Machining Method for Ruled Surfaces


The conventional cutting tools for machining face gears are based on the principle of gear shaping, which requires cutting tools to profile the theoretical tooth profile of the normal section of the gear shaping, resulting in low machining efficiency; although the ruled surface was proposed in the literature [29,30], it used the tooth milling machining method, which could not significantly reflect the machining advantages of the ruled surface. However, the ruled surface is defined by the linear family, and the use of cylindrical milling cutters, planar cutters, and cone disk milling cutters for line contact machining can greatly improve machining efficiency, and these cutting tools own simple structures and facilitate convenient manufacturing progress with extremely low manufacturing costs. This section deduces the equation of the conical cutter and derives the motion rules of the tool based on the principle of motion equivalence, ultimately obtaining the ruled surface.



3.2.1. The Conical Cutter


The geometric structure of the conical cutter is shown in Figure 4, and the occurrence line lt on its axial section is the cutting edge of the tool. Its length needs to meet the tooth height of the face gear and should not be less than 2.25 m, and considering the service life of the cutter, large diameter cutters are used to reduce their wear rate; wt = ltsinβt determines the thickness of the conical tool, which should not be greater than the tooth gap width of the outer root and inner top of the face gear, so the rang of the tool inclination angle value βt can be determined; the distance from the moving point on the cutting edge to the bottom of the tool is ut; therefore, the position vector ra of the cutting edge on the cross section of the tool shaft can be obtained:


   r a  =       − (  l t  −  u t  ) s i n  β t      −  h t  − (  l t  −  u t  ) cos  β t     0   1       



(17)




where ht is the upper radius of the conical cutter, after the axis cross section vector ra is transformed through rotational coordinates, the position vector Rt and normal vector nt of the cutter are obtained:


   R t  (  φ t  ,  u t  ) =  M  ta   (  φ t  )  r a  (  u t  )  



(18)






   M  ta   =      1   0   0   0     0    cos  φ t      sin  φ t     0     0    − sin  φ t      cos  φ t     0     0   0   0   1       










   n t  (  φ t  ,  u t  ) =     ∂  R t    ∂  φ t    ×   ∂  R t    ∂  u t          ∂  R t    ∂  φ t    ×   ∂  R t    ∂  u t        .  



(19)








3.2.2. The Motion Rules of the Cutter


Due to the fact that the ruled surface is a family of modified straight lines with a variable pressure angle, the cutting edge of a conical cutter can meet the variation of the pressure angle as long as it rotates around the z-axis, and the modified requirements can be met through the movement of the x, y, and z-axes, and the coordinate systems of ruled surface generation is shown in Figure 5. Therefore, in the process of machining ruled surfaces with the conical cutter, only four movements of the tool are required, and the tooth blank remains stationary. The position vector equation for machining ruled surfaces with the conical cutter can be expressed by the following equation, where X, Y, and Z are the movements along their axis of motion, C is the rotation of the cutter around the z-axis, and γ2 is the angle of intersection of the axes.


   R 2 c  (  u t  ,  φ t  , X , Y , Z , C ) =  M  2 t  c  ( X , Y , Z , C )  R t  (  u t  ,  φ t  )  



(20)






   M  2 t  c  ( X , Y , Z , C ) =  M  2 u   ( X , Y , Z )  M  u t   ( C )  



(21)






    M  u t   =       cos C     sin C    0   0      − sin C     cos C    0   0     0   0   1   0     0   0   0   1             M  2 u   =      1   0   0   X     0    − cos  γ 2      − sin  γ 2      − Z      0    sin  γ 2      − cos  γ 2     Y     0   0   0   1        











For the ruled surface, whether the forming process is theoretical generation or CNC machining, the spatial position and direction of the two methods are the same for the cutter. The transformation matrix   M  2 t  c   of CNC machining is shown in Equation (20), and according to the previous section, the transformation matrix M2p of the theoretical ruled surface is shown in Equation (22).


   M  2 p   =  M  2 c    M  cb    M  ba    M  at    R t   



(22)






   M  t a   =       cos  β t      − sin  β t     0     h t  sin  β t        sin  β t      cos  β t     0     h t  cos  β t  +  l t  −  l a       0   0   1   0     0   0   0   1       








where


   l a  =      r c    cos α   + 1.25 m + A sin (  θ 0  +  θ s  ) −  r q    cos (  θ 0  +  θ s  )    



(23)




where m is the gear module. According to the principle of motion equivalence, the CNC motion rules of the cutter are derived in Equations (24) and (25).


   M  2 p   (  u t  ,  θ s  ) =  M  2 t  c  ( X , Y , Z , C )  



(24)






      X =  h t  sin (  θ 0  +  θ s  −  β t  ) + (  l t  −  l a  ) s i n (  θ 0  +  θ s  −  β t  ) − A cos (  θ 0  +  θ s  −  β t  )     Y =  h t  c o s (  θ 0  +  θ s  −  β t  ) + (  l t  −  l a  ) cos (  θ 0  +  θ s  −  β t  ) + A sin (  θ 0  +  θ s  −  β t  ) −  r q      Z =   −  r c   N f     N c  cos (  θ 0  +  θ s  )       C =  θ 0  +  θ s  −  β t       



(25)







From the above equations, it can be seen that the motion rules of the cutting tools are functions of θs, in order to obtain the CNC machining tooth surface, the tooth height and width should be limited, and it is necessary to combine the meshing equation of the following equation:


      h l −  R 2 c  ( 3 ) = 0     w l −    R 2 c  ( 1 ) ^ 2 +  R 2 c  ( 2 ) ^ 2   = 0      f 3     u t  ,  φ t  ,  θ s    =  n t     u t  ,  φ t    ⋅  v  t 2   (  θ s  ) = 0      



(26)




where hl and wl are the tooth height and width of face gear, respectively, vt2 is the speed of the cutter relative to the tooth blank, the motion tracks of the tool are calculated, and this coordinate system is used to write CNC programs in VERICUT8.0.




3.2.3. Numerical Examples of Machining Method


In order to verify the feasibility of machining ruled surface gears with conical cutter, two sets of ruled surface gears with different parameters were set up for verification, as shown in Table 1. The deviation between the tooth surface machined by the conical cutter and the theoretical developed tooth surface can be represented by the ease-off topology, which is a tooth surface deviation topology constructed by all grid node deviations, as shown in Figure 6.



From the graph, it can be seen that the maximum deviation is 0.07 μm, with a transmission ratio of 3, and the maximum deviation is −0.09 μm when the transmission ratio is 6. Therefore, conical cutters can be used to machine the ruled surface with no deviation, theoretically. Not only does it simplify the cutting tool without a new machine tool structure, but its line contact machining method also improves the machining efficiency of the face gear, which is of great significance for the rough machining of the face gear.





3.3. Analysis of Tooth Surface Deviations


The conventional tooth surface is regarded as a theoretical reference for comparison and analysis with the ruled surface processed by a conical cutter. The definition for the deviation is shown in Figure 7a. Any point Rf on the conventional tooth surface intersects with the ruled surface along its normal vector direction nf at a point R2, and the distance between the two points can be expressed as follows:


  Δ = (  R 2  -  R f  ) ⋅  n f  .  



(27)







Figure 7b shows the morphology of the tooth surface deviation, and the parameters are displayed in case 1 of Table 1. In the figure, the black mesh represents the standard surface and the red mesh represents the ruled surface. It can be seen that the deviation of the tooth surface at the contact line position is almost zero, the deviation increases as the tooth surface expands from the contact line to two sides, the maximum deviation δ1 is mainly at the root of the inner diameter tooth, followed deviation δ2 by the top of the outer diameter tooth, and the other two parts are almost zero.



In order to study the influence of transmission ratio on tooth surface deviation, the number of teeth of cylindrical gears is a constant value, and the number of teeth of face gears varies with the transmission ratio from 1 to 12. Deviation calculations are conducted on 12 sets of calculation examples. The variation of deviation between the inner and outer diameters of the tooth surface at the top and root of the tooth is shown in Figure 8a, when the transmission ratio is small, the inner diameter tooth root and outer diameter tooth top are still the main deviation positions. However, as the transmission ratio increases, their deviation gradually tends to zero. While the deviation at the inner diameter tooth top and outer diameter tooth root is almost always zero, independent of the transmission ratio. In order to study the influence of modules on tooth surface deviation, the number of teeth of the pinion and the face gear remains unchanged, and the tooth surface deviation is calculated with the module from 1 to 12, the results are shown in the Figure 8b, the ratio of tooth surface deviation to modules is a certain value, that is, under fixed transmission ratio conditions, and the tooth surface deviation is independent of modules.



This section presents the equations of ruled surfaces and conical cutters, and proposes a machining method of ruled surfaces with conical cutters, and the tooth surface deviation between ruled surfaces and conventional surfaces is analyzed. From the results, it can be seen that when the transmission ratio is greater than or equal to 5, the tooth surface deviation is almost 0, and the ruled surface can directly replace the conventional face gear without the tooth surface correction; however, when the transmission ratio is less than 5, the deviation is too large, which is not conducive to meshing with cylindrical gears, and at this point, surface deviation correction needs to be considered. If the tooth surface of face gears is modified, its modification is time-consuming, which can lead the cutter to wear easily and increase the cost of tool repair due to its high number of teeth. Simultaneously, in order to achieve modification motion, it is generally necessary to add new degrees of freedom and may also require the design of new machine tool structures, which increases manufacturing costs. In order to solve the above problems, the pinion is usually chosen to modify, and the next section proposes the conjugate pinion of the ruled surface and its machining method.





4. Conjugate Pinion with Ruled Surface Face Gear


4.1. Generation of Conjugate Pinions


From the definition of the ruled surface, it can be seen that the tooth surface of the ruled surface is no longer tangent to the tooth surface of the cylindrical gear, except for the contact line, especially at the root and top of the tooth, as shown in Figure 3. If the ruled surface is directly meshed with the cylindrical gear, it will inevitably generate a strong vibration and impact due to not meeting the conjugate relationship, accelerating the wear of the gear. Therefore, in order to avoid the occurrence of the above situations, the ruled surface is regarded as a tool for generating pinions, and is developed into a completely conjugate pinion tooth surface, which can be considered as a modified involute pinion. The coordinate systems of generation for pinions are shown in Figure 9.



The coordinate systems Sg and S2 in Figure 9 are the motion coordinate systems and fixed coordinate systems of the ruled surface gear, respectively; the coordinate systems Sn and Sj are the motion coordinate system and fixed coordinate system of the pinion, respectively; γj is the angle between the shaft of the ruled surface gear and the pinion; r2 and rj is the pitch diameter of the ruled surface and the pinion; and φ2 and φj is the angle of the ruled surface and the pinion, meeting the gear ratio.



By combining the coordinate transformation equation from S2 to Sj and the meshing equation between the two gears, the position vector Rj and normal vector nj of the conjugate tooth surface of the pinion can be determined:


       R j  (  φ r  , θ , u ) =  M  jr   (  φ r  )  R 2  ( θ , u )      n j  (  φ r  , θ , u ) =  M  jr   (  φ r  )  n 2  ( θ , u )      f 3  (  φ r  , θ , u ) =  n j  (  φ r  , θ , u )   ∂  R j  (  φ r  , θ , u )   ∂  φ r         



(28)




where Mjr is the coordinate transformation matrix from the ruled surface to the conjugate pinion, and its specific expression is similar to Mfd and will not be repeated.




4.2. Difference in Tooth Surface between Conjugate Pinions and Cylindrical Gears


Due to the fact that the conjugate tooth surface is no longer a simple regular surface, but a complex surface that constantly changes with tooth width, there are differences between the conjugate tooth surface and the tooth surface of cylindrical gears, as shown in Figure 10a, the parameters are shown in case 1 of Table 1, and the maximum deviation is at the root of left side of the tooth surface. According to the previous section, it is known that the transmission ratio is the largest factor to influence the deviation; therefore, the maximum deviation is calculated when the transmission ratio i = 1–12, as shown in Figure 10b.




4.3. The proposal of Machining METHOD for Conjugate Pinions


According to the difference between conjugate pinions and cylindrical gears under small transmission ratio conditions, the conjugate tooth surface can be regarded as a modified tooth surface based on the tooth surface of cylindrical (involute) gears. In order to produce a conjugate pinion, a correction motion can be added to the basic motion of the cylindrical gear. Without designing new cutters and machine tools to save economic costs, if the forming method is used to process the conjugate tooth surface, the irregular surface cannot be corrected due to the linear contact between the cutter and the tooth surface; the generative method is used for point contact machining of conjugate tooth surfaces. Compared to gear shaping machining, a hobbing method can achieve continuous cutting, higher cutting speed, and better machining efficiency. Therefore, gear hobbing can be used for machining of conjugate tooth surfaces.





5. The Processing Method of Conjugate Pinions


5.1. Mathematical Model of Hob


In the hobbing method, Archimedes worm hobs are the most widely used due to their relatively simple manufacturing and measurement, which can be seen as infinitely long racks meshing with gears, and the machining principle is shown in Figure 11a. The axial section of the worm is shown in Figure 11b, and the production lines I and II spiral around the worm axis, forming the helical surfaces on both sides of the worm, respectively. Due to the symmetry of the production line about the x-axis, the expressions for the spiral surfaces of the two are similar, only the equation expression for the right spiral surface is given:


   R h  =        u h  cos  α h  cos  θ h         u h  cos  α h  sin  θ h         u h  sin  α h  − ( r tan  α h  +  s 2  ) +  p h   θ h       0       



(29)




where


       p h  =  m 2      s =   m π  2  − 2  x h  m      



(30)




where xh is the tangential displacement coefficient, uh is the position of any point on the production line, θh is the rotation angle of the spiral motion, αh is the tooth shape angle, r is the indexing circle radius of the worm, and its normal vector nh can be expressed as:


   n h  =       cos  α h  (  p h  sin  θ h  −  u h  cos  α h  sin  θ h  )       cos  α h  (  p h  cos  θ h  +  u h  sin  α h  sin  θ h  )        u h    cos  2   α h       0      .  



(31)








5.2. Coordinate Systems Used for Involute Gear Generation by Hobbing


The generation from Archimedes worm hobs into involute gears is a dual parameter process. In addition to the cutting motion of the hob and the meshing motion of the workpiece, there is also the feed motion of the hob in the transverse direction. The coordinate system for hobbing machining motion is shown in Figure 12.



The coordinate systems Sh and Sc in Figure 11 are fixedly connected to the hob and workpiece, respectively; Sp and Sq are the motion coordinate systems of the hob and the workpiece; Ss is the coordinate system after the hob is tilted during actual installation; Sk is an auxiliary coordinate system; Ls is the axial feed distance of the hob, φc and φh are the rotation angle of the workpiece and the hob, β is the installation angle of the hob holder; and L is the sum of the pitch radius of the hob and the workpiece. According to Figure 11, the coordinate transformation matrix Mch from Sh to Sc can be established, and the position vector Rc and normal vector nc of the cylindrical gear are as follows:


   R c  (  φ h  ,  L s  ,  θ h  ,  u h  ) =  M  ch   (  φ h  ,  L s  )  R h  (  θ h  ,  u h  )  



(32)






   n c  (  φ h  ,  L s  ,  θ h  ,  u h  ) =  M  ch   (  φ h  ,  L s  )  n h  (  θ h  ,  u h  )  



(33)






   M  c h   =  M  c q    M  q s    M  s p    M  p h    



(34)






    M  p h   =       cos  φ h      sin  φ h     0   0      − sin  φ h      cos  φ h     0   0     0   0   1   0     0   0   0   1             M  s p   =      1   0   0   0     0    cos β     sin β    0     0    − sin β     cos β    0     0   0   0   1        










    M  q s   =      1   0   0    − L      0    cos  γ h      sin  γ h     0     0    − sin  γ h      cos  γ h      L s      0   0   0   1             M  c q   =       cos  φ c      sin  φ c     0   0      − sin  φ c      cos  φ c     0   0     0   0   1   0     0   0   0   1        








and combined with the meshing equation, the theoretical model of cylindrical gears is obtained.


   f 4  (  φ h  ,  L s  ,  θ h  ,  u h  ) =  n c    ∂  R c    ∂  φ h     



(35)






   f 5  (  φ h  ,  L s  ,  θ h  ,  u h  ) =  n c    ∂  R c    ∂  L s     



(36)








5.3. Machining Method for Conjugate Tooth Surface


In order to machine the ideal conjugate tooth surface, in addition to the basic movements mentioned above, the radial movement ΔL of the hob and the additional rotation Δφ of the workpiece should be considered simultaneously, as shown in Figure 13. So as to obtain additional motion laws, Δφ and ΔL are represented by a Taylor polynomial at φh = 0, and the equations are as follows:


      Δ φ =  a 0   φ h 0  +  a 1   φ h 1  +  a 2   φ h 2  +  a 3   φ h 3  +  a 4   φ h 4  +  a 5   φ h 5  +  a 6   φ h 6      Δ L =  b 0   φ h 0  +  b 1   φ h 1  +  b 2   φ h 2  +  b 3   φ h 3  +  b 4   φ h 4  +  b 5   φ h 5  +  b 6   φ h 6       



(37)




where an and bn are the nth (n = 0, 1, 2,…, and 6) order coefficients for the additional rotation angle Δφ and the additional movement ΔL, respectively. Therefore, the position vector and normal vector of the conjugate pinion are represented by the following equation:


       R 1 c  (  φ h  ,  L s  ,  θ h  ,  u h  ) =  M  1 h   (  a n  ,  b n  ,  φ h  ,  L s  )  R h  (  θ h  ,  u h  )      n 1 c  (  φ h  ,  L s  ,  θ h  ,  u h  ) =  M  1 h   (  a n  ,  b n  ,  φ h  ,  L s  )  n h  (  θ h  ,  u h  )      



(38)




where M1h is the coordinate transformation matrix after additional motions.



In order to solve the additional motion coefficients, a sensitivity matrix can be listed. The theoretical conjugate tooth surface is dispersed into a grid, and its value for each point is calculated, which can be written as a column vector   δ 1 c   = δi (i = 1, 2,…, q); the coefficients an and bn are merged into a column vector c = cj (j = 0, 1, 2,…, p, p = 7 × 2 = 14), and Δc is set as an increment that causes the change in the tooth surface position vector. Therefore, the sensitivity matrix equation can be expressed as:


   δ 1 c     ( q × 1 )   =  J  ( q × p )   ⋅    Δ c    ( p × 1 )    



(39)




where J is the sensitivity matrix, which is composed by partial derivatives, and it represents the degree of response of the target modification value when the increment changes, which can be expressed as follows:


  J =    n c  ⋅ [  R 1 c  (  c j  + Δ  c j  ) −  R c  ]   Δ  c j     



(40)




where Δcj is the unit increment of coefficient cj. Due to the deviation values being too small, Equation (39) is usually ill conditioned, and the singular value decomposition method is used to iteratively solve the equation, where the singular value decomposition formula of the sensitivity matrix is:


   Γ Ω Λ =  s v d ( J )  



(41)




when the following conditions are met, the iteration stops and the parameters are obtained.


      H =  δ 1 c  −  n c  ⋅ [  R 1 c  (  c j  + Δ  c j  ) −  R c  ]        H T  H   ≤  10  − 3        



(42)







Considering that during the actual machining process, due to the additional rotation Δφ of the workpiece, the rotation between the hob and the workpiece no longer meets the transmission ratio, resulting in over cutting during the processing of standard worm hobs, as shown in Figure 13. Therefore, the hob should be tangentially modified, as shown in Figure 11b; during the machining process, the cutting edge on one side is used for cutting, and after machining the single tooth surface, the cutting edge on the other side is located at the position before tangential modification, and the directions of the hob and the workpiece are changed simultaneously to produce a symmetrical tooth surface.




5.4. Numerical Examples of Machining Method


In order to ensure that the hob does not produce over cutting under the influence of additional motion during the machining process, the positional relationship between the cutting edge of the hob and the tooth profile is given, and the parameters of two sets of examples are shown in Table 2.



Figure 14 is a diagram showing the positions of the cutting edge of a hob relative to the conjugate tooth profile and the positions of the conjugate tooth profile relative to the involute tooth profile when the tooth profile with the largest deviation is processed, respectively, at a transmission ratio of 1 and 3. From the figures, it can be seen that the cutting edge of the hob is close to tangent at every point of the tooth profile, without any over cutting phenomenon, indicating the feasibility of machining motion.



Figure 15 shows the deviation between the tooth surface of cylindrical gears and the conjugate tooth surface when the transmission ratio i is 1, as well as the machining effect of the CNC machining of the conjugate tooth surface. Figure 15a shows the tooth surface deviation, with a maximum deviation of 158.51 μm. By iterating multiple times to solve the coefficient of additional motion in gear hobbing, the final polynomial coefficient results are shown in Table 3. The maximum error between the CNC machining tooth surface and conjugate surface is only 7.25 μm, which is shown in Figure 15b.



Figure 16 shows the deviation between the tooth surface of cylindrical gears and the conjugate tooth surface when the transmission ratio i is 3, as well as the machining effect of CNC machining of the conjugate tooth surface. The polynomial coefficients of the motion axis obtained through multiple iterations of the singular value decomposition method are shown in Table 4, and the maximum value of surface deviation is 14.02 μm. The maximum machining surface compared to conjugate tooth surface is only 0.65 μm.



From two sets of examples, it can be seen that even if the deviation value of the conjugate tooth surface changes within a wide range, the CNC machining tooth surface can approach the conjugate tooth surface well, and the theoretical error can be controlled within 8 μm, it indicates the correctness of the method for hobbing conjugate tooth surfaces, and the use of singular value decomposition to solve the sensitivity matrix equation to obtain the increment of polynomial coefficients is stable.





6. The Load Performance of Ruled Surface Face Gear Pair


By using the above method, a pair of ruled surface face gear pairs with high machining efficiency can be obtained. In order to explore whether they can replace traditional face gear pairs, it is necessary to study their load contact characteristics [33]. A set of conventional face gear pairs is designed to compare with ruled surface face gear pairs, and the differences between the two can be received. The basic parameters of the two sets of gear pairs are the same, as shown in case 2 of Table 2.



6.1. Establishment of Finite Element Model


Due to the large computational scale, low efficiency, and difficulty in convergence of the overall finite element model of the face gear pair, a local five-tooth meshing finite element model was established to facilitate obtaining the meshing characteristics of the ruled surface face gear pair, as shown in Figure 17. The gear components of this model are all based on tooth surface equations, and are assembled after meshing. The parameter settings for the finite element model are as follows.



	(1)

	
The material properties used are: density 7800 kg/m3, elastic modulus 206.8GPa, and Poisson’s ratio 0.29.




	(2)

	
The model uses hexahedral elements and the mesh density is 81 × 51 (tooth width × tooth height).




	(3)

	
The tooth contact is defined as face-to-face frictionless contact, with the right tooth surface of the face gear as the main surface and the corresponding tooth surface of the pinion as the secondary surface.




	(4)

	
This model adopts static analysis method to limit all degrees of freedom except for the rotation of the pinion around the shaft, and applies a torque of 1600 N·m.







The above operations are parameterized through programs developed in MATLAB2014b. After generating the corresponding INP files, they are imported into the finite element software ABAQUS6.14 for calculation. The calculation results (odb files) are imported into the finite element software for post-processing to extract the relevant characteristic parameters of gear tooth bearing.




6.2. Finite Element Analysis of Result


At present, the edge contact caused by the line contact of two completely conjugate gear pairs will not be considered temporarily. Only the difference in load performance between the new face gear pair and the old face gear pair will be compared.



Figure 18 shows the almost identical tooth contact stress of two sets of gear pairs under the same load; the maximum difference between the new and old face gear is 0.67% of the old, and the maximum difference of two kinds of pinions is 1.47% of the old. Figure 19 shows the same tooth surface bending stress of two gear pairs; the maximum difference of two face gears is 1.29% of the old, and the maximum difference of two pinions is 1.06% of the old. Figure 20 and Figure 21, respectively, show the load imprints and load transmission errors of old face gear pairs and new face gear pairs, and it is found that the two are almost identical, the maximum difference of load transmission error being less than 0.0003 deg.



Therefore, in situations where the transmission ratio is less than 5, the application of traditional face gear pairs can be replaced by ruled surface face gear pairs, leveraging the machining advantages of ruled surface face gears. As for the issue of edge contact, literature [6] restricts the contact imprint to a local area through the difference in the number of teeth between the pinion and the gear shaper, which can solve the problem of edge contact; Reference [34] improves the meshing characteristics of gears by actively modifying method. Thus, by actively designing the tooth surface of the pinion, it can obtain tooth surfaces with better meshing performance while maintaining the superiority of machining method of ruled surface. The above methods can be used for the tooth surface design of ruled surface gear pairs, but this research is not the focus of this paper, so it will not be further discussed.





7. Machining Simulation Verification Based on VERICUT


7.1. Machining Simulation of Ruled Surface Face Gears


In order to verify the correctness of machining ruled surface face gears with conical cutter, a five-axis machining center was established in VERICUT [35], as shown in Figure 22. The design parameters of the conical cutter are shown in Table 5, and that of face gear are shown in case 1 of Table 1. A code file was developed according to the generation principle, and the machining simulation was performed.



The machining center model consists of three axes with linear motion and three axes with rotational motion (the rotation of the conical cutter, the rotations of face gear blank in the z-axis and y-axis directions). The machined ruled surface is shown in Figure 23a, the theoretical model is shown in Figure 23b. The single tooth machining result is imported into MATLAB in STL format, the tooth surface is discretized into a 5 × 9 grid to compare with the theoretical surface in Figure 23c. The error of simulation is obtained as shown in Figure 23d, it is observed that the maximum residual error is 9.3 μm and the maximum over cutting error is 5.3 μm, confirming the correctness of machining ruled surfaces with conical cutters.




7.2. Machining Simulation of Conjugate Pinions


In order to verify the correctness of the machining method of conjugate pinions proposed in Section 4, a machine tool model was established in VERICUT as shown in Figure 24. The design parameters of the hob are shown in the Table 6, and the design parameters of the pinion are shown in case 2 of Table 2. According to the machining method of conjugate pinions, a CNC program was developed, and the machining simulation was performed.



In this model of the machine tool, the moving axis X is responsible for the radial motion of the hob; the moving axis Y is responsible for the feed motion of the hob; the rotating axis B is responsible for the comprehensive rotation of the pinion (the sum of general separation motion and additional rotation); and the rotation axis C is responsible for the rotation of the hob.



The machined pinion is shown in Figure 25a. Using the same data extraction method as the face gear in Section 6.1, the simulation error is shown in Figure 25b. By comparing the error, it can be seen that the maximum error is less than 6 μm, confirming the feasibility of machining conjugate pinions with hobs.





8. Conclusions


Based on the performed research work, the following conclusions can be drawn:




	(1)

	
The computerized generation of ruled surface face gears generated by conical cutter was presented.




	(2)

	
The transmission ratio is the main factor affecting the deviation between ruled surface face gear and traditional face gears. When the transmission ratio is less than or equal to 4, due to the large deviation of the tooth surface, it is proposed to correct the cylindrical gear.




	(3)

	
By adjusting the radial motion of the hob and the rotation of the pinion, the conjugate pinion can be machined through gear hobbing.




	(4)

	
By load tooth contact analysis and machining simulation, the feasibility of replacing traditional face gear pairs with ruled surface face gears was verified, demonstrating the superiority of ruled surface machining.
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Nomenclature




	an
	Polynomial coefficient of additional roatation



	bn
	Polynomial coefficient of radial movement



	a,b
	Unit vectors in different directions of ruled surface



	c
	Column vector merged with polynomial coefficients



	   δ 1 c   
	Column vector composed of target values



	J
	Sensitivity matrix



	rc
	Radius of the base circle of the gear cutter



	L1, L2
	Inner radius and outer radius of the face gear



	Si
	Coordinate system



	Mij
	Transformation matrix from coordinate system Sj to coordinate system Si



	Ri
	Position vector of the surface of gear i



	ni
	Unit normal vector of the surface of gear i



	m
	Module



	g
	Ruled surface



	ri
	Pitch radius of gear i



	Ni
	Number of teeth of gear i



	α, αh
	Pressure angle of gear and hob



	γ
	Crossed-axis angle between the face gear and the pinion



	γ2
	Crossed-axis angle between the ruled surface face gear and the conical cutter



	γj
	Crossed-axis angle between the ruled surface face gear and the conjugate pinion



	φi
	Rotational angle of gear i



	rq
	Distance from point q to axes zc



	Lq
	Distance from point q to axes zf



	ut
	Distance from the moving point on the cutting edge to the bottom of the tool



	lt
	Cutting edge of conical cutter



	ht
	Upper radius of conical cutter



	βt
	Inclination angle of conical cutter



	β
	Installation angle of the hob holder



	C
	Rotational angle of conical cutter



	X,Y,Z
	Coordinates of translational axes x,y,z



	xh
	Modification coefficient of hob



	ph
	Spiral parameters of hob



	s
	Tooth thickness of hob



	θh
	Rotational angle of spiral motion



	I, II
	Right and left production line of hob



	L
	Sum of radius of hob and workpiece



	Ls
	Feed distance of hob



	Δφ
	Additional rotation angle of workpiece



	ΔL
	Radial movement of hob



	Σi
	Tooth surface of gear i



	θs
	Spread angle of the involute gear



	us
	Tooth width of the involute gear



	ua
	Distance from any point on the generatrix to the contact line Lr



	u,v
	Parameters of ruled surface



	Lr
	Leading line of ruled surface



	hl
	Tooth height of face gear



	wl
	Tooth width of face gear
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Figure 1. Generation of the face gear. 
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Figure 2. Schematic diagrams of ruled surface and the special contact line of conventional face gear pair: (a) definition of ruled surface, and (b) a special contact line in surfaces Σc and Σf. 
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Figure 3. Schematic diagram of the development of ruled surface: (a) generation coordinate system of ruled surface, and (b) generating result of ruled surface for face gear. 
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Figure 4. The conical cutter. 
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Figure 5. Coordinate systems for ruled surface generation. 
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Figure 6. The deviation between the tooth surface machined by conical cutters and the theoretically developed tooth surface: (a) case 1, and (b) case 2. 
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Figure 7. Tooth surface deviations of the ruled surface: (a) definition of the tooth surface deviation, and (b) tooth surface deviation morphology. 
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Figure 8. The influence of basic parameters on the deviation of face gears: (a) transmission ratio and tooth surface deviation, and (b) module and tooth surface deviation. 
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Figure 9. Generation of conjugated pinion. 
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Figure 10. Deviation between conjugate surface and involute surface: (a) tooth surface deviation morphology; and (b) transmission ratio and tooth surface deviation. 
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Figure 11. Theory of gear hobbing and modified hob: (a) hob equals an infinite rack, and (b) geometric shape of the cross section of the worm shaft. 
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Figure 12. Coordinate systems for pinion generation. 
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Figure 13. The machining motions of conjugate surface and overcutting phenomenon. 
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Figure 14. The cutting edge approaches conjugate tooth profile without overcutting: (a) case 1, (b) case 2. 
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Figure 15. Tooth surface deviation with a transmission ratio of 1 and CNC machining result: (a) deviation between involute surface and conjugate surface, and (b) CNC machining error. 
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Figure 16. Tooth surface deviation with a transmission ratio of 3 and CNC machining result: (a) deviation between involute surface and conjugate surface, and (b) CNC machining error. 
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Figure 17. Finite element model of face gear pair. 
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Figure 18. Contact stresses of two gear pairs: (a) contact stresses of face gears, and (b) contact stresses of pinions. 
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Figure 19. Bending stresses of two gear pairs: (a) bending stresses of face gears, and (b) bending stresses of pinions. 
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Figure 20. Load imprints and load transmission errors of conventional face gear pair: (a) load imprints of face gears, and (b) load transmission error. 
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Figure 21. Load imprints and load transmission errors of ruled surface face gear pair: (a) load imprints of ruled surface face gears, and (b) load transmission error. 
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Figure 22. Simulation model of face gear generated by conical cutter on a machining center. 
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Figure 23. Simulation result and error: (a) tooth surface generated in VERICUT, (b) theoretical tooth surface, (c) STL model and topography for measurements, and (d) simulation error in machined STL model. 
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Figure 24. CNC machine tool model. 
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Figure 25. Simulation result and error: (a) tooth surface generated in VERICUT, and (b) simulation error in machined STL model. 
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Table 1. Parameters for the face gears.
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	Parameters
	Symbol
	Unit
	Case 1
	Case 2





	Tooth number of face gear
	Nf
	-
	90
	180



	Tooth number of pinion
	Nc
	-
	30
	30



	Normal module
	mn
	mm
	4
	4



	Pressure angle
	α
	deg
	25
	25



	Shaft angle
	γ
	deg
	90
	90



	Face gear inner radius
	L1
	mm
	170
	347



	Face gear outer radius
	L2
	mm
	200
	402










 





Table 2. Parameters for the conjugate pinion development.
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	Parameters
	Symbol
	Unit
	Case 1
	Case 2





	Tooth number of face gear
	Nf
	-
	30
	90



	Tooth number of pinion
	Nc
	-
	30
	30



	Normal module
	mn
	mm
	3
	3



	Pressure angle
	α
	deg
	25
	25



	Shaft angle
	γ
	deg
	90
	90



	Face gear inner radius
	L1
	mm
	45
	130



	Face gear outer radius
	L2
	mm
	50
	150










 





Table 3. Calculated parameters with the transmission ratio of 1.
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Polynomial Coefficients of Machine-Axis Motion






	
a0

	
a1

	
a2

	
a3

	
a4

	
a5

	
a6




	
0.00115

	
0.00101

	
0.00089

	
0.00154

	
0.00103

	
0.00111

	
0.00108




	
b0

	
b1

	
b2

	
b3

	
b4

	
b5

	
b6




	
0.00113

	
0.01095

	
0.02085

	
−0.04298

	
0.00606

	
−0.00116

	
0.00140











 





Table 4. Calculated parameters with the transmission ratio of 3.
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Polynomial Coefficients of Machine-Axis Motion






	
a0

	
a1

	
a2

	
a3

	
a4

	
a5

	
a6




	
0.00098

	
0.00090

	
0.00052

	
0.00109

	
0.00094

	
0.00098

	
0.00097




	
b0

	
b1

	
b2

	
b3

	
b4

	
b5

	
b6




	
0.00106

	
0.00827

	
0.04462

	
-0.01074

	
0.00361

	
0.00034

	
0.00110











 





Table 5. Design parameters of the conical cutter.
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	Parameters
	Symbol
	Unit
	Value





	Upper radius
	ht
	mm
	10



	Inclination angle
	βt
	deg
	30



	Length of cutting edge
	lt
	mm
	15










 





Table 6. Design parameters of the hob.






Table 6. Design parameters of the hob.





	Parameters
	Symbol
	Unit
	Value





	Number of threads of worm
	Nh
	-
	1



	Normal module
	mh
	mm
	3



	Pressure angle
	αh
	deg
	25



	Pitch radius
	r
	mm
	33.75



	Modification coefficient
	xh
	-
	0.064
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