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Abstract: Multimodal optimization presents a significant challenge in optimization problems due
to the existence of multiple attraction basins. Balancing exploration and exploitation is essential
for the efficiency of algorithms designed to solve these problems. In this paper, we propose the
KbP-LaF-CMAES algorithm to address multimodal optimization problems based on the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES) framework. The Leaders and Followers (LaF) and
Knowledge-based Perturbation (KbP) strategies are the primary components of the KbP-LaF-CMAES
algorithm. The LaF strategy is utilized to extensively explore the potential local spaces, where two
cooperative populations evolve in synergy. The KbP strategy is employed to enhance exploration
capabilities. Improved variants of CMA-ES are used to exploit specific domains containing local
optima, thereby potentially identifying the global optimum. Simulation results on the test suite
demonstrate that KbP-LaF-CMAES significantly outperforms other meta-heuristic algorithms.

Keywords: multimodal optimization; leaders and followers; covariance matrix adaptation evolution
strategy; knowledge-based perturbation

1. Introduction

Multimodal continuous optimization (MMOP) is particularly challenging due to the
presence of multiple attraction basins, each containing a local optimum. In these landscapes,
solutions within a specific basin quickly converge to the local optimum through a local
greedy search [1,2]. However, the presence of multiple local optima complicates the direct
identification of the global optimum using local search strategies.

In real-world scenarios, optimal results are often unattainable due to physical con-
straints, such as limited time [3]. Some methods have been introduced to address MMOP [4].
For single-objective continuous optimization problems, evolutionary algorithms (EAs) typ-
ically search for one optimal solution. However, for MMOPs, numerous local optimal
solutions must be identified to provide different perspectives to the user [5]. Novel strate-
gies, including niching methods and population decomposition, have been introduced to
tackle MMOPs.

Niching techniques divide the entire population into species, and subsequent oper-
ators, such as mutation and crossover, are applied based on these species divisions. For
example, using affinity propagation clustering (APC), Wang et al. [6] introduced an auto-
matic niching technique and developed a niching differential evolution (DE) algorithm to
solve MMOPs. Similarly, Hu et al. [7] introduced a niching backtracking search algorithm
with adaptive local search to address MMOPs. Various techniques such as speciation,
crowding, fitness sharing, clustering, derating, and dynamic cluster size niching have been
employed to enhance the performance of niching-based multimodal algorithms, partic-
ularly in low-dimensional MMOPs. However, these multimodal algorithms often suffer
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from performance sensitivity due to multiple parameter-dependent strategies and struggle
in higher-dimensional scenarios.

The method of multi-objective evolutionary algorithms (MOEAs) is also applied to
solve MMOPs [2]. This approach involves constructing objectives for each subproblem to
reformulate the optimization problem [8]. Peng introduced a subset selection framework
and multi-objective multimodal algorithms [9]. The effectiveness of these algorithms largely
depends on the constructed objectives.

The performance of EAs in solving MMOPs often surpasses that of classical methods [10,11].
EAs simulate natural processes by maintaining a population through selection, mutation,
and recombination strategies [12]. This evolutionary path approximates the solution’s
evolutionary trajectory. By extracting hidden information from historical solutions, EAs
can uncover problem characteristics and identify the optimum accordingly.

Improved EAs have demonstrated strong performance in certain MMOPs [13]. For
example, Wang et al. [14] developed an adaptive distributed differential evolution algorithm
for MMOPs. Agrawal [15] introduced a distributed mutation framework along with an elite
archive mechanism. Sheng et al. [16] proposed an adaptive neighborhood mutation method
based on memetic differential evolution for MMOPs. Additionally, Lin et al. [17] developed
an enhanced differential evolution algorithm incorporating strategies such as nearest-better
clustering (NBC), species balance, and key point-based mutation for MMOPs.

Despite their capabilities, these algorithms often rely on multiple search procedures,
leading to a somewhat random search process. Additionally, their ability to self-learn
problem knowledge is limited. Consequently, researchers have been working to develop
EAs that can identify multiple global optima and reliably reach the global optimum in
MMOPs, thereby enhancing EA performance.

CMA-ES is an effective optimization strategy that is widely utilized across various
problems. In the context of MMOPs, CMA-ES incorporates several strategies. Ahrari et al. [18]
utilized small populations to explore the problem space in parallel, designating identified
basins as taboo fields to prevent other subpopulations from converging on the same solution.
Li et al. [19] employed opposition learning to investigate unknown regions. Luo et al. [1]
proposed an ensemble nearest-better-neighbor clustering method to ensure that solutions
are distributed across different basins.

In this paper, we propose an enhanced Leader–Follower (LaF) approach to minimize
the overexploitation phenomenon and introduce a CMA-ES-based MMOP solver. The
method combines the adaptive evolutionary properties of CMA-ES, the powerful over-
exploitation capability of LaF, and the Knowledge-based Perturbation (KbP) strategy. The
algorithm proposed in [20] utilizes some of the algorithmic ideas presented in this paper.
However, this paper further proposes a knowledge-driven perturbation-based strategy,
which significantly improves the convergence speed and solution accuracy of the algorithm.
In addition, this paper not only extends and enriches the experimental content but also
adds analyses and discussions not previously covered. Specifically, we incorporate more
comprehensive experimental results, refine the methodology, and delve into the implica-
tions of the research findings. These improvements significantly enhance the robustness
and depth of the study.

The structure of this paper is organized around the algorithm’s components. Section 2
is an introductory overview of CMA-ES, the LaF strategy, and the KbP method. Section 3
elaborates on an improved algorithm and details the employed strategies. Section 4 presents
simulation results and analysis to demonstrate the algorithm’s performance. Finally, the
paper concludes in Section 5.

2. Materials and Methods
2.1. Leaders and Followers (LaF)

Multiple attraction basins exist in MMOPs, each varying in size. To effectively solve
MMOPs, it is crucial to identify sufficient basins of the function to extract adequate knowl-
edge about the optimization problem. To avoid getting trapped in local optima, some
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algorithms address MMOPs by controlling parameters [21]. For solving MMOPs, explo-
ration is more important than exploitation. Overemphasis on exploitation can negatively
impact algorithm efficiency [22].

The LaF mechanism is a novel approach designed to address multimodal problems [23].
In the LaF mechanism, there are two sub-populations: leaders and followers. The leader
population consists of the optimal solutions identified during the optimization process,
while the follower population is guided by these leaders. Figure 1 illustrates the LaF
strategy’s procedure. In the strategy of LaF, the direct comparison of exploratory solutions
with the best-known solutions can be avoided. The leader population is periodically up-
dated with solutions from the follower population over several generations. By repeatedly
isolating the accumulated information, the LaF strategy is appropriate for MMOPs.
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Figure 1. The framework of the LaF strategy.

Firstly, two individuals are selected from the leaders and followers as leaderi and
followeri, respectively. Then, a new individual triali is generated by recombination.

triali = leaderi + εi ∗ 2 ∗ (leaderi − followeri) (1)

where εi is a random number, the value is chosen from 0 and 1. Then, the solution triali
is compared with the corresponding solution in the followers, and the individual triali
with better fitness value is retained. In the updating process of the followers, the offspring
solutions are not compared with the current optimal solutions, that is, the individuals in
the leaders, but with the individuals of followers. Therefore, the degree of exploitation in
the LaF mechanism is relatively low, which improves the success rate of exploration.
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2.2. Knowledge-Based Perturbation

The MMOPs are complex and consist of numerous local optima, making it challenging
for algorithms to find the global optimum. A restart strategy can temporarily address this
issue [24]. However, after restarting, the algorithm may quickly cease to converge. Due
to the varying dimensions and complexities of landscapes, the efficiency of restart-based
algorithms is often unstable.

The Knowledge-based Perturbation (KbP) mechanism is a perturbation restart method
designed to prevent the algorithm from getting trapped in local optima and to continue
exploring the problem space [25]. In the perturbation process, it is crucial to determine the
size and timing of the perturbations. The framework of the KbP strategy is illustrated in
Figure 2.
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If the introduced method is detected as stalled for the optimization problem, the KbP
method is triggered. In the KbP strategy, the size of the local basin is used to guide the
exploration process. The size of local basins dbasin in MMOPs is determined using a linear
search mechanism, requiring 1000 ∗ d function evaluations, where d is the dimension of the
MMOP. Specifically, d line searches are performed, each utilizing 1000 function evaluations.
In each line search, one term spans the entire range of the search space, while the other
terms vary between random pairs of values. This approach reveals the landscape of local
basins for subsequent strategies in the algorithm.

During the perturbation process, the size of each dimension is generated based on
dbasin. The perturbation is conducted on the Leaders’ individuals.

leadersnew = leadersold + dpert (2)

dpert = 3/4 ∗ rand(−dbasin, dbasin) (3)

Here, the new individuals in the Leaders’ population are generated by combining the
original individuals leadersold with dpert.
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2.3. CMA-ES

The CMA-ES algorithm, proposed by Hansen & Ostermeier in 1996 [26], is one of the
most advanced algorithms for solving continuous optimization problems. In CMA-ES, a
multivariate Gaussian distribution model is hypothesized to describe the previous motion
pattern of the problem in the search space. During the iterative process, relevant parameters
such as the covariance matrix and step size are adjusted based on historical information.
New individuals are generated through sampling from the adjusted distribution, and
the best individuals are selected to update the parameters. The CMA-ES is invariant to
translation and rotation. Therefore, CMA-ES is invariant to translation and rotation, making
it highly effective for solving ill-conditioned and complex problems.

The CMA-ES algorithm consists of four main processes: sampling, selection, recombi-
nation, and parameter updating. The most common CMA-ES is (µ, λ)-CMA-ES, where µ
and λ are the numbers of parent and child populations, respectively. In the g + 1 genera-
tion of the iterative process of (µ, λ)-CMA-ES, λ individuals are generated by sampling:
X(g+1)

k ∼ mg + σgN(0, Cg), k = 1, 2, . . . , λ, where mg is the mean value of individuals after
population selection of g generation; σg is the standard deviation of g generation, also
known as step size; Cg is the covariance matrix and N(0, Cg) is the multivariate normal
distribution with the mean value of 0 and covariance matrix of Cg.

Individuals are selected according to their fitness value. The first µ individuals are se-
lected as parents to enter the recombination process. In the process of recombination, m(g+1)

is updated as m(g+1) = ∑
µ
i=1 ωi · x(g+1)

i:λ , where ωi is the weight coefficient of reorganization,

x(g+1)
i:λ denotes the i-th best individual among the λ individuals of the g + 1 generation.

f
(

x(g+1)
1:λ

)
≤ f

(
x(g+1)

2:λ

)
≤ · · · ≤ f

(
x(g+1)

λ:λ

)
(4)

where f (x) is the fitness of the individual x.
Finally, the parameters of σg and Cg are updated. The step size σ is updated according

to the evolution path. The evolution path pσ is updated by a distribution that obeys N(0, I)
according to the deviation of the mean value as shown in the following formula.

p(g+1)
σ = (1 − cσ)p(g)

σ +
√

cσ(2 − cσ)µe f f C(g)−
1
2 m(g+1) − m(g)

σ(g)
(5)

where, cδ is the learning rate of the cumulative evolutionary path and µe f f is the variance
effective selection quality.

ln σ(g+1) = ln σ(g) +
cσ

dσ · E∥N (0, I)∥ (6)

where dσ is the attenuation coefficient and E∥N (0, I)∥ is the expectation of the Euclidean
norm of a vector of N (0, I) distribution.

The update of the covariance matrix C is the core part of the CMA-ES algorithm. C is
updated with the following formula.

C(g+1) =
(
1 − c1 − cµ

)
C(g) + c1

(
p(g+1)

c

(
p(g+1)

c

)T
)
+ cµ

µ

∑
i=1

ωiy
(g+1)
i:λ

(
y(g+1)

i:λ

)T
(7)

where c1 and cµ are the learning rates of the rank 1 and rank µ update of the covariance

matrix, respectively, and p(g+1)
c is an evolutionary path similar to p(g+1)

c .

y(g+1)
i:λ =

x(g+1)
i:λ − m(g)

σ(g)
(8)
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p(g+1)
c = (1 − cc)p(g)

c +
√

cc(2 − cc)µe f f
m(g+1) − m(g)

σ(g)
(9)

3. The KbP-LaF-CMAES Algorithm

The KbP-LaF-CMAES algorithm operates in two distinct stages: identifying sufficient
attraction basins and exploiting the identified basins. The LaF method is used to explore
local basins by leveraging problem-specific knowledge during the initial search, specifically
the size of the attraction basin across various dimensions. The improved variants of
CMA-ES are introduced for exploitation.

3.1. Bi-Population Cooperative Evolution Strategy

The goal of methods designed for MMOPs is to discover sufficient global and local
optima within the optimization problem’s landscape. This paper proposes a new method:
a bi-population cooperative approach with a KbP strategy. This method leverages two
distinct populations that evolve cooperatively, as depicted in Figure 3.
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In the bi-population method, individuals are updated using the LaF method, as
outlined in Section 2. New solutions are juxtaposed with corresponding solutions in
the follower population to maintain population diversity. The LaF strategy mitigates
comparison bias associated with elitism and effectively identifies promising basins. In
instances of stagnation, perturbations based on multimodal knowledge are implemented.

In the KbP strategy, the population is perturbed using a random value determined by
the multimodal characteristics of the problem. Subsequently, the search process of the LaF
strategy is restarted from the perturbed solutions. The contribution of the KbP strategy in
multimodal problems is illustrated in Figure 4. For convenience, the 2D Rastrigin problem
serves as an example to demonstrate the influence of KbP. As shown in Figure 4a, a small
perturbation value is added to the original solutions, with the new solution remaining in
the same basin. This perturbation does not affect the exploitation process. In Figure 4b,c,
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the perturbation value corresponds to the size of the basin, allowing solutions to explore
adjacent basins. These figures indicate that the direction of perturbation is crucial for
exploration. In Figure 4d, if the perturbation size is too large, the new solution’s basin
becomes random.
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In the KbP strategy, the perturbation value is determined by the basin size of the
multimodal problem. This knowledge is acquired through the linear search method.
A detailed description is provided in Section 2. The minimum basin size in a specific
dimension is used to generate the magnitude of the perturbation. During the KbP strategy,
solutions are perturbed by a random value related to the basin size.

3.2. CMA-ES with Local Refinement

The CMA-ES is a highly effective algorithm for locating a single global optimum.
Therefore, the CMA-ES is employed in the exploitation stage of the proposed algorithm.
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In an evolutionary algorithm, the population evolves as a whole, and the population’s
information is utilized to explore the problem space. However, individual information has
not been fully leveraged in this algorithm [27]. This paper proposes the CMA-ES with local
refinement (LR-CMA-ES) to enhance the algorithm’s exploitability.

The proposed LR-CMA-ES can be regarded as a synergy of evolutionary learning and
self-learning. The evolutionary learning process consists of the evolution operators of the
CMA-ES, which are detailed in Section 2.3. Self-learning is achieved through local heuristic
methods. The framework of the introduced LR-CMA-ES is illustrated in Figure 5.
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3.3. CMA-ES with Population Reduction

To enhance scalability, the CMA-ES with population reduction (PR-CMA-ES) uti-
lizes a relatively small population. Typically, the number of fitness evaluations is fixed.
Small populations enable multiple generations and the efficient use of fitness evaluations
(FEs) [28]. The optimization of multimodal problems involves two distinct tasks: locating
promising attraction basins and identifying the local optimum within these basins. For
the first task, the population size should be sufficiently large to account for the number of
basins. Conversely, for the second task, the algorithm’s solutions must be iterated through
many generations to find the optimum. Therefore, the population size of the CMA-ES is
defined as shown in Equation (10).

pop_sizet = initpop ∗
(
[FEs − k]

FEs

)
(10)

where pop_sizet is the population size of iteration t, initpop is the initial size of the popula-
tion, FEs is the total available amount of CMA-ES, and k is the number of evaluations used
in CMA-ES so far.
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3.4. Pseudocode of KbP-LaF-CMAES

The KbP-LaF-CMAES algorithm comprises two primary procedures: the discovery
of local basins and subsequent optimization within these areas. The KbP-LaF-CMAES
algorithm outlines the procedural steps involved (Algorithm 1).

In the KbP-LaF-CMAES algorithm, a bi-population cooperative strategy is employed
for exploratory searches across the problem space, complemented by the use of two CMA-
ES variants for exploitation. The pseudocode illustrates the synergy between the novel
global search strategy and the refined CMA-ES, facilitating a seamless transition from
exploration to exploitation. This integration represents more than a mere amalgamation of
strategies; it embodies an organic fusion aimed at enhancing overall algorithmic efficacy.

3.5. Complexity Analysis

The complexity of an algorithm is generally measured by the number of floating-
point operations and the required iterations or recursions. In the context of metaheuristic
optimization algorithms, the number of FEs is a critical aspect of complexity. The time
complexity of an EA is analyzed based on a set of fitness evaluations and iterations [29]. In
this paper, the complexity of KbP-LaF-CMAES is associated with the following operations:
LaF, KbP, and two variants of CMA-ES. In the strategy of LaF, the size of two co-evolutionary
populations is denoted as N1. The time complexity is O(2 ∗ N1 ∗ D). The sizes of attraction
basins in each dimension need to be measured. Therefore, the complexity of LaF operation
is O(D). According to the time complexity of the CMA-ES, the corresponding complexity
of the improved CMA-ES is O(N2 ∗ D). N2 is the population size of the CMA-ES algorithm.
Therefore, the time complexity of KbP-LaF-CMAES is O(2 ∗ N1 ∗ D + N2 ∗ D + D).

Algorithm 1 KbP-LaF-CMAES

Input: the parameters configuration;
Output: optimal solution;
Initialize two populations, Leaders and Followers;
while fEval < maxEvals of KbP-LaF do

Update the population Followers;
Merge the two populations;
If fall into stalled then

Conduct KbP strategy;
Update Xbest;

end
while not meet stop criterion do

k-means clustering on Leaders;
LR-CMA-ES for the best_k solutions;
Update Xbest;
PR-CMA-ES for the Leaders;
Update Xbest;

end

3.6. Convergence Analysis of KbP-LaF-CMAES

In the proposed algorithm, the solutions of exploration are not directly applied to
the two variants of CMA-ES. Therefore, the adaptability and convergence of CMAES are
not affected by the strategies of KbP and LaF. The convergence of CMA-ES proved to be
equivalent to the convergence of KbP-LaF-CMAES.

The evolutionary process of the evolutionary algorithm can be modeled as an in-
homogeneous Markovian process [30]. As a population-based stochastic optimization
algorithm, the evolutionary process of CMA-ES is considered a resampling process [31].
Two primary strategies are included in CMA-ES, covariance matrix self-adaptation and
step-size adaptation [32]. Then, the description of the theoretical derivation of its empiri-
cally observed convergence rate is tackled in this Section [33].
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In CMA-ES, the state space (Xt, σt) ∈ Rn ×R is constructed. Where Xt ∈ Rn represent
the individual at iteration t. σt is the overall step size of an underlying sampling distribution
at iteration t. Then, CMA-ES is the stochastically recursive sequence on the state space.

(Xt+1, σt+1) = F ((Xt, σt), Ut) (11)

F is the transition function of the algorithm. In CMA-ES, the transition function F
depends on the benchmark function f only through the comparison of candidate solutions.
Ut is the distribution obtained by the selected solutions.

The p individuals of the population are created by a Sol function.

Xi
t = Sol

(
(Xt, σt), Ui

t

)
, i = 1, · · · , p (12)

where Sol
(
(x, σ), ui) = x + σui.

Then, the p candidate individuals are evaluated on f and ordered by the objective.
The permutation process is denoted as S ∈ S(p). Where S(p) is the permutation set of
p elements.

S(p)×Up → Up (13)

(S , Ut) 7→ S ∗ Ut =
(

US(1)
t , · · · , US(p)

t

)
(14)

The update process of (Xt, σt) is executed according to the strategy of selection and
mutation. More precisely, a measurable function G called the update function that maps
Rn ×R×Up onto Rn ×R.

(Xt+1, σt+1) = G((Xt, σt),S ∗ Ut) = G((Xt, σt), Yt) (15)

where Yt denotes the ordered coordinates of Ut.
CMA-ES is determined by the quadruplet (Sol,G,Up, p).

(1) Invariance properties of CMA-ES

Suppose that M is a strictly monotonic mapping, f ′ is the mapping function. (X′
t, σ′

t)
is the Markov chain obtained when optimizing f ′ using the same sequence (Xt, σt)t∈N and
the same initial state (X′

0, σ′
0) = (X0, σ0).

Proof 1. Invariance to Strictly Monotonic Transformations of f .
Assume

(
X’

t, σ’
t
)

= (Xt, σt), and denote Xi
t = Sol

(
(Xt, σt), Ui

t
)
. Because

Ord
(

f ’(X1
t
)
, · · · , f ’

(
Xp

t

))
= Ord

(
f
(
X1

t
)
, · · · , f

(
Xp

t

))
= S , the following equation is

induced. Ord is the ordering function that returns the permutation set of p elements.

(Xt+1, σt+1) = G((Xt, σt),S ∗ Ut) = G
((

X′
t, σ′

t
)
,S ∗ Ut

)
=

(
X′

t+1, σ′
t+1

)
(16)

□

Proof 2. Invariance to Translation of f .
Φ is defined by Φ(x0)(x, σ) = (x + x0, σ) for all x0, x, σ.
Then, as the homomorphism definition,

G(Φ(x0)(x, σ), y) = Φ(x0)G((x, σ), y) (17)

G
(

Φ(x0)(x, σ),S f (x−x0)
Φ(x0)(x,σ) ∗ u

)
= Φ(x0)G

(
(x, σ),S f (x)

(x,σ) ∗ u
)

(18)

CMA-ES algorithm is translation invariance. □

Proof 3. Invariance to Scaling of f .
φ is defined by φ(α)(x, σ) = (x/α, σ/α) for all x0, x, σ.
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f
(
Sol

(
(x, σ), ui)) = f

(
αSol

(( x
α , σ

α

)
, ui)) implies that the same permutation S is ob-

tained by the (x, σ) of f and
( x

α , σ
α

)
of f (αx), denoted as S f (x)

(x,σ) = S f (αx)
( x

α , σ
α )

.

F f (x)((x, σ), u) = G
(
(x, σ),S f (x)

(x,σ) ∗ u
)

(19)

F f (αx)
(( x

α
,

σ

α

)
, u

)
= G

(( x
α

,
σ

α

)
,S f (αx)

( x
α , σ

α )
∗ u

)
(20)

Then,
F f (x)((x, σ), u) = φ(1/α)F f (αx)(φ(α)(x, σ), u) (21)

Hence, the property of scaling-invariance of CMA-ES is held.

(2) Linear Convergence of CMA-ES

In this part, Zt is defined as Xt
σt

. The log-progress ln ∥Xt+1∥/∥Xt∥ is investigated in
the following for the analysis of linear convergence.

ln
∥Xt+1∥
∥Xt∥

= ln
∥Zt+1∥η∗(Y(Zt, Ut))

∥Zt∥
(22)

η∗ is the multiplicative step-size update. Y(Zt, Ut) is the ordered vector S(Zt ,1) ∗ Ut.

According to the property of logarithm, 1
t ln ∥Xt∥

∥X0∥
is expressed as follows.

1
t ln ∥Xt∥

∥X0∥
= 1

t ln
t−1
∏

k=0

∥Xk+1∥
∥Xk∥

= 1
t

t−1
∑

k=0
ln ∥Zk+1∥

∥Zk∥
η∗(Y(Zk, Uk))

= 1
t

t−1
∑

k=0
ln∥Zk+1∥ − 1

t

t−1
∑

k=0
ln∥Zk∥+ 1

t

t−1
∑

k=0
ln η∗(Y(Zk, Uk))

(23)

R(z) is defined as the expectation of the logarithm of η∗(Y(z, U)). Pt(z, A) is the
transition probabilities of the Markov chain. The σ-finite measure π is invariant if it satisfies

π(A) =
∫

π(dz)P(z, A) (24)

Eπ

[
ln

∥Xt+1∥
∥Xt∥

]
=

∫
EU∼pU [ln(η

∗(Y(z, U)))]π(dz) =
∫

R(z)π(dz) (25)

CR is the convergence rate as the opposite of RHS of the previous equation.

CR = −
∫

EU∼pU [ln(η
∗(Y(z, U)))]π(dz) = −

∫
R(z)π(dz) (26)

Then,

lim
t→∞

1
t

ln
∥Xt∥
∥X0∥

=
∫

ln∥z∥π(dz)−
∫

ln∥z∥π(dz) +
∫

E[ln(η∗(Y(z, U)))]π(dz) = −CR (27)

The linear convergence can be proven by exploiting the application of a Law of Large
Numbers (LLN).

∆ is the drift operation defined as follows.

∆V(z) =
∫

P(z, dy)V(y)− V(z) = EZ[V(Z1)− V(Z0)] (28)

Then, ∥∥Pt(z, .)− π
∥∥

h →
t→∞

0 (29)

KbP-LaF-CMAES can reach the global optimum in probability. □
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4. Experiment and Analysis

The optimization capacity of the KbP-LaF-CMAES algorithm is evaluated using the
CEC2013 benchmark problems. It is compared with several other metaheuristic algo-
rithms, including LaF-CMA-ES [34], EBOwithCMAR [35], IPOP-CMAES [24], CMA-ES,
and SPSR-DEMMS [36]. These test problems are categorized into three classes based on
their landscape properties: unimodal, basic multimodal, and composition functions [37].

The simulation experiments were conducted on a MATLAB 2019 platform using a PC
equipped with an Intel(R) Xeon(R) W-2123 CPU running at 3.6 GHz and 16 GB of memory
with Windows 10 x64 OS, and the manufacturer of this device is Lenovo Group Ltd. This
company is headquartered in Beijing, China. Performance was measured based on a
predetermined number of fitness evaluations, which is 10,000 * D. In Section 4.1, the typical
parameters of KbP-LaF-CMAES are analyzed through a design of experiments (DOE).
Section 4.2 discusses the contributions of the KbP-LaF-CMAES components based on
experimental results from 28 benchmark test functions. Section 4.3 compares KbP-LaF-
CMAES with five other algorithms.

Authors should interpret the results in light of previous studies and the underlying
hypotheses. The findings and their implications should be discussed within the broadest
possible context, and potential future research directions may also be highlighted.

4.1. Parameters Analysis

The configuration of parameters is crucial for achieving optimized results in algo-
rithms. However, determining the optimal parameter settings can be challenging. By ana-
lyzing statistical data, the impact of parameters on performance can be assessed throughout
the optimization process. In this part, the DOE method is applied to control the parameters
of the proposed KbP-LaF-CMAES in the test suite of CEC2013. Three typical parameters
mainly influence the capacity of the KbP-LaF-CMAES. These parameters are MainEvals
(Evaluation number of LaF strategy), PertFac (Factor of perturbation), and PopFac (Factor
of parent population).

A 1/2 fractional factorial DOE was conducted for these parameters. The parameter
choices are shown in Table 1: MainEvals ∈ [0.3, 0.5, 0.7, 0.9], PertFac ∈ [0.5, 1, 1.5, 2], and
PopFac ∈ [0.1, 0.25, 0.5, 0.75]. A variety of dimensions (D = 30, D = 50, and D = 100) were
selected as the dimensions of the test space to enhance the statistical significance. The
orthogonal array of the parameter configurations is shown in Table 2. For each parameter
group, the algorithm was run 10 times independently on all of the 28 functions of CEC2013.

Table 1. The choices of the parameter.

Factor Level 1 2 3 4

mainEvals 0.3 0.5 0.7 0.9
PertFac 0.5 1 1.5 2
PopFac 0.1 0.25 0.5 0.75

The ranks of these parameters are presented in Table 3. The MainEvals parameter
is the most critical for performance. For each parameter combination in the orthogonal
array, the average value (AVE) across all dimensions and the total average value (TAVE)
are displayed in Table 4.

According to the experimental results, the performance variation with these parame-
ters is shown in Figure 6. The analysis indicates that the parameter mainEvals is the most
influential among the three parameters, with an optimal value of 0.3. The mainEvals parame-
ter determines the proportion of LaF in the algorithm, which is a powerful exploration strat-
egy in KbP-LaF-CMAES. In contrast, PertFac and PopFac are relatively minor parameters
but still affect population diversity, which, in turn, influences the quality of the exploitation
process. Based on Table 3 and Figure 6, the parameter values for KbP-LaF-CMAES are as
follows: mainEvals = 0.3, PertFac = 1.5, and PopFac = 0.5.
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Table 2. The combinations of the parameters.

Serial Number mainEvals PertFac PopFac

1 0.3 0.5 0.1
2 0.3 1 0.25
3 0.3 1.5 0.50
4 0.3 2.0 0.75
5 0.5 0.5 0.25
6 0.5 1.0 0.1
7 0.5 1.5 0.75
8 0.5 2.0 0.50
9 0.7 0.5 0.5
10 0.7 1.0 0.75
11 0.7 1.5 0.1
12 0.7 2.0 0.25
13 0.9 0.5 0.75
14 0.9 1.0 0.5
15 0.9 1.5 0.25
16 0.9 2.0 0.1

Table 3. The ranks of parameters.

Parameters
Level mainEvals PertFac PopFac

1 3.2 × 103 6.5 × 103 8.1 × 103

2 6.1 × 103 7.8 × 103 6.1 × 103

3 1.0 × 104 3.3 × 103 5.5 × 103

4 8.1 × 103 8.1 × 103 7.7 × 103

Std. 2.9 × 103 2.2 × 103 1.2 × 103

Rank 1 2 3

Table 4. Performance of the parameter combination.

No.
Parameters AVE TAVE

mainEvals PertFac PopFac 30D 50D 100D Total

1 1 1 1 6.78 × 102 1.35 × 103 7.87 × 103 3.33 × 103

2 1 2 2 4.12 × 102 8.56 × 102 6.60 × 103 2.62 × 103

3 1 3 3 2.95 × 102 7.48 × 102 1.98 × 103 1.01 × 103

4 1 4 4 4.36 × 102 8.89 × 102 1.62 × 104 5.84 × 103

5 2 1 2 6.58 × 102 1.37 × 103 2.16 × 104 7.87 × 103

6 2 2 3 3.42 × 102 8.58 × 102 1.74 × 104 6.20 × 103

7 2 3 4 4.06 × 102 8.44 × 102 6.47 × 103 2.57 × 103

8 2 4 1 5.90 × 102 1.19 × 103 2.15 × 104 7.76 × 103

9 3 1 3 4.80 × 102 1.24 × 103 1.93 × 104 7.01 × 103

10 3 2 4 3.80 × 102 3.93 × 103 3.96 × 104 1.46 × 104

11 3 3 1 4.87 × 102 1.13 × 103 1.95 × 104 7.07 × 103

12 3 4 2 6.73 × 102 2.55 × 103 3.06 × 104 1.13 × 104

13 4 1 4 6.34 × 102 1.56 × 103 2.12 × 104 7.79 × 103

14 4 2 3 6.78 × 102 1.26 × 103 2.14 × 104 7.78 × 103

15 4 3 2 3.66 × 102 7.43 × 102 6.54 × 103 2.55 × 103

16 4 4 1 7.33 × 102 4.17 × 103 3.77 × 104 1.42 × 104
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4.2. Operator Analysis

In this Section, the effectiveness of the subcomponents of the improved method is
analyzed through comparisons with CMA-ES, LaF-CMAES, and LaF. The average results
of KbP-LaF-CMAES, CMA-ES, LaF-CMAES, and LaF across three different dimensions are
evaluated using the CEC2013 test suite. Figures 7–9 illustrate the performance of the four
algorithms through boxplots.
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Figure 7. Boxplots of benchmark functions for each strategy (30D).

The selected test functions are Functions 11, 14, 17, and 22 from the CEC2013 bench-
marks. The first three functions are multimodal problems, while Function 22 is classified
as a composition function. These functions exemplify the characteristics of multimodality
based on their fitness landscapes. The results indicate that all strategies contribute to the
effectiveness of KbP-LaF-CMAES.

The results indicate that the introduced method outperforms CMA-ES, LaF-CMAES,
and LaF in both high-dimensional and low-dimensional functions. This finding suggests
that the combination of multiple strategies yields superior effectiveness and stability com-
pared to single-strategy algorithms.
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Figure 8. Boxplots of benchmark functions for each strategy (50D). 
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4.3. Experimental Analysis and Result

Simulations were conducted across three different dimensions. Five statistical
indicators—Best, Worst, Median, Mean, and Standard Deviation (Std)—were calculated,
as shown at the end of this paper. Each algorithm was run independently 51 times for
each instance, and the Mean and Std indicators were derived from the performance of
each algorithm on the test functions. The results of the introduced method on the CEC
benchmark across the three dimensions are illustrated in Table 5, with the best perfor-
mance for each function highlighted in bold. The test functions are notably complex due
to their high dimensionality. Consequently, comparison experiments were performed on
the test problems across these three types of dimensions to assess the robustness of the
introduced algorithms.

Table 5. Friedman’s test rankings of the different algorithms.

Algorithm Mean Rank (30D) Mean Rank (50D) Mean Rank (100D)

KbP-LaF-CMAES 2.75 2.48 2.41
CMA-ES 3.77 4.11 3.86

LaF-CMA-ES 3.75 3.68 3.54
IPOP-CMA-ES 3.59 3.66 3.45

EBOwithCMAR 2.77 2.77 2.70
SPSRDEMMS 4.38 4.30 5.05

The statistical variances between the introduced method and the compared algorithms
are analyzed using Friedman’s test. The results of Friedman’s test for the improved method
and comparison algorithms across each dimension are illustrated in Table 6. These figures
consistently show KbP-LaF-CMAES achieving the highest ranking for the test benchmark.
Subsequently, the significance levels of the differences between the algorithms are computed
using Bonferroni–Dunn’s test.

CD = qα

√
k(k + 1)

6N
(30)

Table 6. Results of the post hoc test.

30D 50D 100D

p-Value Adjusted
p-Value p-Value Adjusted

p-Value p-Value Adjusted
p-Value

SPSRDEMMS 0.001 0.017 0.000 0.004 0.000 0.000
CMA-ES 0.042 0.627 0.001 0.017 0.004 0.057

LaF-CMAES 0.048 0.683 0.017 0.251 0.024 0.367
IPOP-CMAES 0.093 1.000 0.018 0.276 0.038 0.575

EBOwithCMAR 0.972 1.000 0.568 1.000 0.568 1.000

In Equation (30), k and N represent the number of compared algorithms and test
functions, respectively, while α denotes the confidence level, commonly set to 0.05 or 0.1.
The critical difference for Bonferroni–Dunn’s test was calculated with α = 0.05 and α = 0.1,
as shown in Equation (30).

In this study, with k = 5 and N = 28, qα = 2.394 for α = 0.05, and qα = 2.128 for α = 0.1.
The statistical results are presented in Table 5, demonstrating that the introduced method
outperforms the comparison methods. Regardless of the α value and the dimension, a
significant difference is detected among the comparison methods.

The experimental results lead to several conclusions. The performance of the proposed
algorithm surpasses that of most comparison algorithms across a wide range of functions
in all dimensions. For low-dimensional problems (30D and 50D), the effectiveness of the
introduced method is comparable to that of EBOwithCMAR. Subsequently, post hoc tests
were conducted to identify the differences between these algorithms [38]. The introduced
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method served as the control algorithm for these tests. The objective of the post hoc tests is
to establish a comparison set of p-values. These p-values are derived from the results, with
the Bonferroni–Dunn method employed to compute adjusted p-values. The test results are
presented in Table 6.

Table 6 displays both the p-values and the adjusted p-values, highlighting differ-
ences among the five algorithms across all three dimensions. Specifically, in the 50D and
100D dimensions, statistical disparities have emerged between the KbP-LaF-CMAES and
IPOP-CMAES algorithms. To confirm the directionality of these statistical differences,
reference to the raw data is necessary.

Further statistical analysis of the simulation results involves making an all-pair com-
parison without a control algorithm. The outcomes of the n × n comparison using post hoc
Friedman tests for the three kinds of dimensions are detailed in Tables 7–9, respectively. n is
the count of the compared algorithms. From these tables, the n×(n−1)

2 pairwise comparison
results can be derived. Specifically, for the 50D and 100D test functions, the introduced
method outperforms the other compared algorithms.

Table 7. Results of 6 vs. 6 comparisons on the benchmark of 30D.

KbP-LaF-CMAES EBOwithCMAR IPOP-CMAES LaF-CMAES CMA-ES SPSRDEMMS

KbP-LaF-CMAES 0.972 0.093 0.046 0.042 0.001
EBOwithCMAR 0.972 0.100 0.049 0.046 0.001
IPOP-CMAES 0.093 0.100 0.748 0.721 0.116
LaF-CMAES 0.046 0.049 0.748 0.972 0.211

CMA-ES 0.042 0.046 0.721 0.972 0.225
SPSRDEMMS 0.001 0.001 0.116 0.211 0.225

Table 8. Results of 6 vs. 6 comparisons on the benchmark of 50D.

KbP-LaF-CMAES EBOwithCMAR IPOP-CMAES LaF-CMAES CMA-ES SPSRDEMMS

KbP-LaF-CMAES 0.391 0.018 0.017 0.001 0.000
EBOwithCMAR 0.391 0.694 0.069 0.007 0.002
IPOP-CMAES 0.018 0.694 0.972 0.372 0.199
LaF-CMAES 0.017 0.069 0.972 0.391 0.211

CMA-ES 0.001 0.007 0.372 0.391 0.694
SPSRDEMMS 0.000 0.002 0.199 0.211 0.694

Table 9. Results of 6 vs. 6 comparisons on the benchmark of 100D.

KbP-LaF-CMAES EBOwithCMAR IPOP-CMAES LaF-CMAES CMA-ES SPSRDEMMS

KbP-LaF-CMAES 0.568 0.038 0.024 0.004 0.000
EBOwithCMAR 0.568 0.134 0.093 0.020 0.000
IPOP-CMAES 0.038 0.134 0.858 0.411 0.001
LaF-CMAES 0.024 0.093 0.858 0.520 0.002

CMA-ES 0.004 0.020 0.411 0.520 0.017
SPSRDEMMS 0.000 0.000 0.001 0.002 0.017

The experimental results demonstrate a significant advantage of the introduced
method over the comparison algorithms. The statistical analysis indicates that the in-
troduced method exhibits distinct performance improvements over SPSRDEMMS and the
three other variants of CMA-ES, validating its efficiency. The superiority of the introduced
method becomes more evident as dimensionality increases. The comparison between
KbP-LaF-CMAES and EBOwithCMAR reveals that the performance of KbP-LaF-CMAES is
comparable to that of the state-of-the-art algorithm.

Detailed analysis of the experimental results shows that KbP-LaF-CMAES performs
well on several typical multimodal functions, such as F7, F8, F14, F15, F18, F19, and F20.



Appl. Sci. 2024, 14, 9133 18 of 24

Additionally, KbP-LaF-CMAES also excels in the two composite problems F22 and F23. For
the remaining multimodal and composite problems, KbP-LaF-CMAES exhibits comparable
or slightly inferior performance compared to the other algorithms. Overall, the KbP-LaF-
CMAES algorithm has demonstrated preferable performance on most test functions, partic-
ularly in high-dimensional problems. The test functions exhibit strong multimodal proper-
ties, confirming that the introduced method can effectively solve multimodal problems.

Some of the comparison test results for the 30, 50, and 100 dimensions are shown in
Figures 10–12, respectively. The statistical analysis validates that the introduced method
performs best on the test functions across these dimensions. Although KbP-LaF-CMAES
does not always find the global optimal solution, the solutions it produces are comparable
to those found by other algorithms.
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For multimodal functions, the introduced method achieves the best performance
among the compared algorithms. On the remaining functions, KbP-LaF-CMAES main-
tains a comparable performance. The detailed experimental results for KbP-LaF-CMAES,
CMA-ES, LaF-CMAES, IPOP-CMAES, and EBOwithCMAR are presented in Tables 10–12
for 30, 50, and 100 dimensions, respectively, where the bolded data in the table indicates
the optimal results.

In summary, the introduced method has better Friedman’s test results on all three
dimensions of the CEC benchmark relative to the other five compared algorithms, which
proves that the robustness of the introduced algorithm is the best relative to the other
five compared algorithms, and the introduced method outperforms several comparison
algorithms, including SPSRDEMMS and three variants of CMA-ES, especially as the di-
mensionality increases. It performs well on many multimodal and composite functions,
and its overall performance is preferable in high-dimensional problems. Although it does
not always find the global optimal solution, its results are comparable to other leading
algorithms, particularly excelling in multimodal functions.
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Table 10. The results of different algorithms for 30-dimensional benchmark functions.

Function Criterion CMA-ES LaF-CMA-ES IPOP-CMAES EBOwithCMAR SPSRDEMMS KbP-LaF-CMAES

1 Mean
Std. Dev.

0
0

0
0

0
0

0
0

0
0

0
0

2 Mean
Std. Dev.

0
0

0
0

0
0

2.28 × 10−4

3.47 × 10−4
1.02 × 105

5.30 × 104
0
0

3 Mean
Std. Dev.

4.39 × 101

2.92 × 102
2.80 × 101

1.50 × 102
1.22 × 102

7.42 × 102
3.78 × 10−7

2.40 × 10−6
1.10 × 107

1.39 × 107
1.29 × 10−1

6.21 × 10−1

4 Mean
Std. Dev.

0
0

0
0

0
0

5.46 × 10−5

1.17 × 10−4 2.41 3.28 0
0

5 Mean
Std. Dev.

0
0

0
0

0
0

0
0

0
0

0
0

6 Mean
Std. Dev.

0
0

1.11
5.19

3.08 × 10−1

2.20
0
0

1.74 × 101

1.14 × 101
1.03
5.16

7 Mean
Std. Dev.

2.45 × 101

2.18 × 101
2.82
2.21

7.16 × 101

4.91 × 102
6.66 × 10−2

1.31 × 10−1
1.10 × 101

6.18
2.47
2.16

8 Mean
Std. Dev.

2.12 × 101

5.58 × 10−2
2.10 × 101

4.39 × 10−2
2.12 × 101

6.65 × 10−2
2.09 × 101

1.03
2.10 × 101

5.01 × 10−2
2.10 × 101

5.97 × 10−2

9 Mean
Std. Dev.

2.14 × 101

3.10
1.10 × 101

2.52
6.77
2.08

2.39 × 101

1.68
2.49 × 101

3.45
1.18 × 101

2.91

10 Mean
Std. Dev.

8.70 × 10−4

2.41 × 10−3
5.12 × 10−3

3.72 × 10−3
0
0

1.45 × 10−4

1.04 × 10−3
5.40 × 10−2

4.02 × 10−2
7.25 × 10−4

2.22 × 10−3

11 Mean
Std. Dev.

2.92 × 101

3.89
1.98 × 101

4.98
6.05
1.72

1.00 × 101

0
0
0

8.15
3.02

12 Mean
Std. Dev.

2.87 × 101

4.04
2.66 × 101

5.09
5.64
2.01

3.37 × 101

2.71
4.27 × 101

1.36 × 101
2.65 × 101

6.01

13 Mean
Std. Dev.

7.14 × 101

1.29 × 101
5.90 × 101

1.93 × 101
7.04
4.68

6.80 × 101

1.17 × 101
7.98 × 101

2.09 × 101
5.22 × 101

1.53 × 101

14 Mean
Std. Dev.

3.71 × 103

5.11 × 102
1.49 × 103

6.81 × 102
2.70 × 103

5.13 × 102
6.00 × 102

4.56 × 102
3.26
6.13

6.16 × 102

1.92 × 102

15 Mean
Std. Dev.

3.71 × 103

4.73
2.99 × 103

5.08
2.65 × 103

4.61
2.58 × 103

3.62 × 102
4.42 × 103

6.98 × 102
2.46 × 103

4.38 × 102

16 Mean
Std. Dev.

3.72 × 10−2

1.53 × 10−2
5.40 × 10−2

2.73 × 10−2
1.50
2.56

1.04 × 10−1

7.35 × 10−2
2.28

3.74 × 10−1
5.60 × 10−2

3.40 × 10−2

17 Mean
Std. Dev.

6.04 × 101

5.20
6.16 × 101

5.97
3.95 × 101

2.82 × 101
3.04 × 101

2.44 × 101
3.04 × 101

7.58 × 10−3
4.53 × 101

4.47

18 Mean
Std. Dev.

6.72 × 101

2.83 × 101
6.92 × 101

9.31
1.14 × 102

9.57 × 101
7.40 × 101

1.26 × 101
8.93 × 101

2.07 × 101
6.22 × 101

7.10

19 Mean
Std. Dev.

2.26
3.69 × 10−1

2.52
4.67 × 10−1

2.85
4.26 × 10−1

1.12
1.57 × 10−1

1.16
1.79 × 10−1

2.09
3.32 × 10−1

20 Mean
Std. Dev.

1.49 × 101

1.65 × 10−1
1.14 × 101

6.50 × 10−1
1.46 × 101

9.82 × 10−1
1.03 × 101

1.32
1.12 × 101

5.25 × 10−1
1.00 × 101

6.90 × 10−1

21 Mean
Std. Dev.

1.88 × 102

3.25 × 101
3.04 × 102

8.56 × 101
2.82 × 102

3.83 × 101
2.99 × 102

5.13 × 101
2.85 × 102

6.94 × 101
2.82 × 102

6.57 × 101

22 Mean
Std. Dev.

4.79 × 103

8.25 × 102
1.05 × 103

5.54 × 102
4.62 × 103

3.06 × 103
6.08 × 102

2.29 × 102
7.66 × 101

4.88 × 101
5.18 × 102

1.96 × 102

23 Mean
Std. Dev.

5.16 × 103

6.31 × 102
3.00 × 103

6.55 × 102
5.24 × 103

1.33 × 103
2.19 × 103

4.10 × 102
4.77 × 103

7.75 × 102
2.59 × 103

4.86 × 102

24 Mean
Std. Dev.

1.92 × 102

4.01 × 101
2.10 × 102

7.28
2.00 × 102

0
1.97 × 102

1.08 × 101
2.53 × 102

8.98
2.08 × 102

7.63

25 Mean
Std. Dev.

2.67 × 102

6.95
2.54 × 102

6.97
2.45 × 102

8.63
2.40 × 102

3.92
2.64 × 102

8.34
2.50 × 102

1.16 × 101

26 Mean
Std. Dev.

1.76 × 102

4.03 × 101
2.00 × 102

0
3.00 × 102

1.72
2.00 × 102

1.20 × 10−5
2.00 × 102

4.94 × 10−3
2.00 × 102

0

27 Mean
Std. Dev.

6.19 × 102

1.20 × 102
4.03 × 102

6.37 × 101
3.01 × 102

3.47
3.00 × 102

3.51 × 10−1
8.88 × 102

9.20 × 101
4.07 × 102

8.14 × 101

28 Mean
Std. Dev.

2.22 × 102

9.86 × 101
3.00 × 102

0
3.00 × 102

0
2.73 × 102

6.95 × 101
3.00 × 102

3.94 × 10−13
3.00 × 102

0
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Table 11. The results of different algorithms for 50-dimensional benchmark functions.

Function Criterion CMA-ES LaF-CMA-ES IPOP-CMAES EBOwithCMAR SPSRDEMMS KbP-LaF-CMAES

1 Mean
Std. Dev.

0
0

0
0

0
0

0
0

0
0

0
0

2 Mean
Std. Dev.

0
0

0
0

3.38 × 102

2.67 × 102
2.20 × 10−3

2.57 × 10−3
5.65 × 105

2.56 × 105
0
0

3 Mean
Std. Dev.

1.45 × 103

5.65 × 103
9.80 × 103

3.94 × 104
3.11 × 105

2.21 × 106
1.16 × 103

2.45 × 103
4.44 × 107

4.56 × 107
2.68

1.54 × 101

4 Mean
Std. Dev.

0
0

0
0

0
0

1.97 × 10−4

3.69 × 10−4
5.17
4.72

0
0

5 Mean
Std. Dev.

0
0

0
0

1.21
8.62

0
0

0
0

0
0

6 Mean
Std. Dev.

3.54 × 101

1.66 × 101
4.34 × 101

0
4.34 × 101

0
4.34 × 101

4.81 × 10−14
4.37 × 101

1.11
4.34 × 101

0

7 Mean
Std. Dev.

3.91 × 101

1.81 × 101
1.34 × 101

4.50
6.08

1.86 × 101
6.57 × 10−2

7.14 × 101
3.17 × 101

9.20
9.19
4.33

8 Mean
Std. Dev.

2.14 × 101

4.56 × 10−2
2.12 × 101

5.09 × 10−2
2.14 × 101

5.21 × 10−2
2.11 × 101

7.59 × 10−2
2.11 × 101

4.19 × 10−2
2.12 × 101

4.07 × 10−2

9 Mean
Std. Dev.

4.09 × 101

3.43
2.37 × 101

3.50
1.32 × 101

2.68
4.86 × 101

3.55
5.12 × 101

4.97
2.15 × 101

4.52

10 Mean
Std. Dev.

7.25 × 10−4

2.22 × 10−3
3.38 × 10−3

4.24 × 10−3
0
0

6.14 × 10−3

6.67 × 10−3
5.86 × 10−2

3.89 × 10−2
1.45 × 10−4

1.04 × 10−3

11 Mean
Std. Dev.

6.85 × 101

8.76
5.24 × 101

9.48
1.33 × 101

3.10
5.00 × 101

0
0
0

4.52 × 101

9.79

12 Mean
Std. Dev.

6.76 × 101

8.64
6.68 × 101

8.97
1.21 × 101

2.02
6.49 × 101

5.87
8.74 × 101

2.16 × 101
5.43 × 101

9.95

13 Mean
Std. Dev.

1.61 × 102

2.66 × 101
1.61 × 102

2.88 × 101
2.41 × 101

9.54
1.39 × 102

1.49 × 101
1.59 × 102

2.60 × 101
1.28 × 102

1.94 × 101

14 Mean
Std. Dev.

6.39 × 103

6.72 × 102
4.76 × 103

8.66 × 102
6.21 × 103

2.70× 103
3.01 × 103

8.72 × 102
2.07 × 101

1.35 × 101
3.72 × 103

1.21 × 103

15 Mean
Std. Dev.

7.11 × 103

7.75 × 102
5.98 × 103

8.44 × 102
8.23 × 103

1.87 × 103
6.09 × 103

8.97 × 102
8.63 × 103

8.47 × 102
5.63
6.17

16 Mean
Std. Dev.

3.50 × 10−2

1.08 × 10−2
4.40 × 10−2

1.92 × 10−2
1.14
2.41

5.66 × 10−2

2.61 × 10−2
2.83

6.01 × 10−1
2.86 × 10−2

1.33 × 10−2

17 Mean
Std. Dev.

1.20 × 102

9.68
1.34 × 102

9.43
8.51 × 101

8.90 × 101
5.16 × 101

5.56 × 10−1
5.08 × 101

2.44 × 10−2
1.11 × 102

7.37

18 Mean
Std. Dev.

1.43 × 102

7.66 × 101
1.38 × 102

5.01 × 101
3.00 × 102

1.70 × 102
1.37 × 102

1.55 × 101
1.57 × 102

3.65 × 101
1.14 × 102

1.10 × 101

19 Mean
Std. Dev.

4.69
6.32 × 10−1

5.03
1.04

5.08
8.84 × 10−1

2.48
3.80 × 10−1

1.96
3.13 × 10−1

4.23
5.77 × 10−1

20 Mean
Std. Dev.

2.47 × 101

3.37 × 10−1
2.10 × 101

7.58 × 10−1
2.26 × 101

2.26
1.98 × 101

8.57 × 10−1
2.06 × 101

7.92 × 10−1
1.98 × 101

7.17 × 10−1

21 Mean
Std. Dev.

1.98 × 102

1.40 × 101
6.14 × 102

4.22 × 102
3.87 × 102

3.15 × 102
6.32 × 102

3.64 × 102
6.06 × 102

4.42 × 102
5.82 × 102

4.34 × 102

22 Mean
Std. Dev.

9.71 × 103

1.30 × 103
4.40 × 103

9.40 × 102
1.21 × 104

6.87 ×102
3.01 × 103

1.53 × 103
3.94 × 101

2.97 × 101
2.65 × 103

1.03 × 103

23 Mean
Std. Dev.

9.56 × 103

1.37 × 103
6.45 × 103

1.08 × 103
1.13 × 104

5.40 × 102
5.04 × 103

7.19 × 102
8.91 × 103

9.56 × 102
5.79 × 103

5.83 × 102

24 Mean
Std. Dev.

2.71 × 102

1.63 × 101
2.28 × 102

1.07 × 101
2.00 × 102

3.89 × 10−1
2.00 × 102

5.11 × 10−2
3.11 × 102

1.43 × 101
2.30 × 102

1.09 × 101

25 Mean
Std. Dev.

3.40 × 102

1.15 × 101
2.93 × 102

9.15
2.83 × 102

7.87
2.71 × 102

5.27
3.35 × 102

1.29 × 101
2.90 × 102

9.93

26 Mean
Std. Dev.

2.07 × 102

3.92 × 101
2.59 × 102

6.93 × 101
2.99 × 102

1.48 × 101
2.00 × 102

2.65 × 10−4
2.87 × 102

1.10 × 102
2.50 × 102

6.58 × 101

27 Mean
Std. Dev.

1.08 × 103

9.85 × 101
7.46 × 102

1.54 × 102
4.58 × 102

1.93 × 102
3.06 × 102

7.87
1.53 × 103

1.45 × 102
7.14 × 102

1.37 × 102

28 Mean
Std. Dev.

4.53 × 102

4.22 × 102
4.00 × 102

0
4.01 × 102

5.36
4.00 × 102

2.87 × 10−13
7.54 × 102

9.78 × 102
4.00 × 102

0
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Table 12. The results of different algorithms for 100-dimensional benchmark functions.

Function Criterion CMA-ES LaF-CMA-ES IPOP-CMAES EBOwithCMAR SPSRDEMMS KbP-LaF-CMAES

1 Mean
Std. Dev.

0
0

0
0

0
0

0
0

0
0

0
0

2 Mean
Std. Dev.

0
0

1.00 × 10−6

2.00 × 10−6
2.31 × 106

8.03 × 105
4.96 × 10−3

1.80 × 10−3
7.13 × 105

3.42 × 105
0
0

3 Mean
Std. Dev.

1.69 × 105

3.07 × 105
8.74 × 105

9.47 × 105
1.63 × 105

2.39 × 105
6.93 × 105

1.10 × 106
5.12 × 107

4.91 × 107
1.35 × 104

2.79 × 104

4 Mean
Std. Dev.

0
0

0
0

0
0

4.56 × 10−3

9.26 × 10−3
7.14
5.26

0
0

5 Mean
Std. Dev.

0
0

1.00 × 10−6

0
1.40 × 10−4

7.6 × 10−5
0
0

0
0

0
0

6 Mean
Std. Dev.

4.13
1.73 × 101

7.43 × 101

8.61 × 101
2.06 × 102

5.45 × 101
1.58 × 102

9.09 × 101
4.71 × 101

8.15 × 101
5.84 × 101

7.77 × 101

7 Mean
Std. Dev.

5.73 × 101

1.32 × 101
4.70 × 101

8.60
3.06 × 101

1.46 × 101
1.76

7.80 × 10−1
1.37 × 102

3.22 × 101
3.92 × 101

7.79

8 Mean
Std. Dev.

2.14 × 101

4.29 × 10−2
2.13 × 101

2.74 × 10−2
2.15 × 101

4.92 × 10−2
2.13 × 101

3.75 × 10−2
2.13 × 101

4.19 × 10−2
2.13 × 101

2.47 × 10−2

9 Mean
Std. Dev.

9.15 × 101

7.70
8.14 × 101

7.48
3.01 × 101

3.91
1.28 × 102

4.21
1.52 × 102

7.51
7.68 × 101

6.43

10 Mean
Std. Dev.

4.35 × 10−4

1.76 × 10−3
3.14 × 10−3

3.82 × 10−3
2.90 × 10−3

4.03 × 10−3
1.23 × 10−2

8.35 × 10−3
1.32 × 10−1

6.91 × 10−2
2.90 × 10−4

1.45 × 10−3

11 Mean
Std. Dev.

1.94 × 102

1.53 × 101
1.90 × 102

2.22 × 101
3.48 × 101

5.05
1.77 × 102

7.67
0
0

1.58 × 102

2.00 × 101

12 Mean
Std. Dev.

1.83 × 102

1.43 × 101
2.31 × 102

2.50 × 101
3.33 × 101

3.64
3.13 × 102

5.65
2.69 × 102

3.63 × 101
1.99 × 102

2.23 × 101

13 Mean
Std. Dev.

3.99 × 102

4.05 × 101
4.74 × 102

3.74 × 101
6.91 × 101

1.99 × 101
9.80 × 102

3.07 × 102
4.72 × 102

5.91 × 101
3.98 × 102

3.91 × 101

14 Mean
Std. Dev.

1.35 × 104

1.03 × 103
1.17 × 104

1.21 × 103
1.40 × 104

9.62 × 102
1.04 × 104

1.37 × 103
7.93 × 102

8.32 × 101
1.10 × 104

1.12 × 103

15 Mean
Std. Dev.

1.27 × 104

1.27 × 103
1.13 × 104

1.13 × 103
1.20 × 104

1.39 × 103
1.36 × 104

1.29 × 103
1.82 × 104

1.79 × 103
1.11 × 104

1.10 × 103

16 Mean
Std. Dev.

3.24 × 10−2

8.70 × 10−3
3.93 × 10−2

1.30 × 10−2
8.59 × 10−1

2.17
3.70 × 10−2

1.67 × 10−2
2.19

8.11 × 10−1
2.68 × 10−2

5.74 × 10−3

17 Mean
Std. Dev.

2.99 × 102

1.77 × 101
3.31 × 102

2.52 × 101
1.33 × 102

4.19
1.13 × 102

1.10 × 101
1.26 × 102

5.31 × 10−1
3.01 × 102

1.43 × 101

18 Mean
Std. Dev.

4.21 × 102

2.68 × 102
3.91 × 102

1.87 × 102
6.30 × 102

3.85 × 102
3.64 × 102

2.54 × 101
3.98 × 102

7.72 × 101
3.04 × 102

2.18 × 101

19 Mean
Std. Dev.

1.19 × 101

1.33
1.37 × 101

2.20
1.35 × 101

1.75 × 101
7.52

8.63 × 10−1
5.34 × 101

7.35 × 10−1
1.20 × 101

1.30

20 Mean
Std. Dev.

5.00 × 101

0
5.00 × 101

0
5.00 × 101

0
5.00 × 101

1.10 × 10−12
5.87 × 101

0
5.00 × 101

0

21 Mean
Std. Dev.

2.88 × 102

3.25 × 101
3.61 × 102

4.93 × 101
3.88 × 102

3.25 × 101
3.90 × 102

3.00 × 101
3.88 × 102

4.98 × 101
3.67 × 102

4.76 × 101

22 Mean
Std. Dev.

2.10 × 104

2.37 × 103
1.22 × 104

1.52 × 103
2.43 × 104

1.90 × 103
1.19 × 104

1.80 × 103
8.31 × 101

4.09 × 101
1.16 × 104

1.27 × 103

23 Mean
Std. Dev.

1.95 × 103

1.82 × 103
1.31 × 104

1.63 × 103
2.08 × 104

8.95 × 102
1.22 × 104

1.61 × 103
1.72 × 104

1.95 × 103
1.30 × 104

1.24 × 103

24 Mean
Std. Dev.

3.80 × 102

2.09 × 101
3.01 × 102

1.21 × 101
2.00 × 102

5.61 × 10−2
2.02 × 102

8.25 × 10−1
3.58 × 102

1.92 × 101
2.89 × 102

1.11 × 101

25 Mean
Std. Dev.

5.00 × 102

1.70 × 101
4.22 × 102

1.51 × 101
3.71 × 102

1.11 × 101
3.59 × 102

1.00 × 101
5.73 × 102

2.78 × 101
4.10 × 102

1.20 × 101

26 Mean
Std. Dev.

3.46 × 102

1.33 × 102
4.34 × 102

1.49 × 101
3.13 × 102

1.50 × 101
3.08 × 102

3.86
5.43 × 102

5.01 × 101
4.19 × 102

1.41 × 101

27 Mean
Std. Dev.

2.11 × 103

1.48 × 102
1.56 × 103

1.96 × 102
4.33 × 102

2.44 × 102
1.53 × 103

1.93 × 102
2.71 × 103

4.12 × 102
1.41 × 103

1.54 × 102

28 Mean
Std. Dev.

2.83 × 103

6.72 × 102
2.97 × 103

8.47 × 102
3.08 × 103

9.48 × 102
2.46 × 103

2.33 × 101
5.72 × 103

1.62 × 103
3.03 × 103

8.98 × 102

5. Conclusions

In this paper, KbP, LaF strategies, and two variants of CMA-ES are integrated into
the introduced method to solve MMOPs. These strategies are employed to balance ex-
ploration and exploitation. Simulation results on the CEC problems demonstrate that the
performance of the introduced method surpasses that of five other compared algorithms.
Statistical analysis indicates that the introduced method significantly differs from the other
four compared algorithms. Its performance is comparable to that of EBOwithCMAR. Com-
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parative analysis confirms that the introduced method is an efficient and effective algorithm
for MMOPs.

In multimodal problems, the complexity of the landscape increases the difficulty of the
problems. The strategy of multi-objective evolutionary algorithms is a promising research
direction for solving multimodal problems. Additionally, landscape analysis methods can
be integrated with CMA-ES to measure the size of attraction basins. For the application of
CMA-ES, its framework can be extended to combinatorial optimization problems, such as
distributed production scheduling.
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