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Abstract: The recent technology advancements in miniaturizing the primary components of spacecraft
allow the classic CubeSats to be considered as a valid option in the design of a deep space scientific
mission, not just to support a main typical interplanetary spacecraft. In this context, the proposed ESA
M-ARGO mission, whose launch is currently planned in 2026, will use the electric thruster installed
onboard of a 12U CubeSat to transfer the small satellite from the Sun–Earth second Lagrangian
point to the orbit of a small and rapidly spinning asteroid. Starting from the surrogate model of the
M-ARGO propulsion system proposed in the recent literature, this paper analyzes a simplified thrust
vector model that can be used to study the heliocentric optimal transfer trajectory with a classical
indirect approach. This simplified thrust model is a variation of the surrogate one used to complete
the preliminary design of the trajectory of the M-ARGO mission, and it allows to calculate, in an
analytical form, the typical Euler–Lagrange equations without singularities. The thrust model is then
used to study the performance of a M-ARGO-type CubeSat (MTC) in a different scenario (compared
to that of the real mission), in which the small satellite moves along a circular heliocentric orbit in
the context of a classic phasing maneuver. In this regard, the work discusses a simplified study
of the optimal constrained MTC transfer towards one of the two Sun–Earth triangular Lagrangian
points. Therefore, the contributions of this paper are essentially two: the first is the simplified thrust
model that can be used to analyze the heliocentric trajectory of a MTC; the second is a novel mission
application of a CubeSat, equipped with an electric thruster, moving along a circular heliocentric
orbit in a phasing maneuver.

Keywords: M-ARGO CubeSat; circular orbit phasing; optimal control law; two-dimensional trajectory
optimization

1. Introduction

Since the pioneering and successful mission of NASA’s Mars Cube One (MarCO) [1,2],
which in 2018 provided an in situ communication relay to NASA’s InSight lander [3–5]
during its descent phase through the atmosphere of the Red Planet, CubeSats have demon-
strated their capabilities in supporting future scientific missions beyond near-Earth space [6].
In this context, the scientific outcomes obtained by the panoramic pictures of the impact
between NASA’s DART spacecraft and asteroid Dimorphos [7–9], which have been pro-
vided by the Light Italian CubeSat for Imaging of Asteroids (LICIACube) of the Italian
Space Agency [10], are probably the clearest proof of the importance and the potential-
ities of CubeSats in the design of complex and ambitious interplanetary missions [11].
The near future hopefully will see another two CubeSats investigating the binary asteroid
65803 Didymos after the impact of the DART spacecraft, thanks to the ESA’s Hera mission
whose launch date is planned in October 2024 [12,13]. In particular, Hera spacecraft will
carry the two CubeSats named Milani and Juventas, the first one dedicated to the memory
of Prof. Andrea Milani Comparetti from the University of Pisa, which are designed to
obtain the geophysical characterization and the global mapping of the asteroid by operating
in close proximity to this celestial body [14–16].
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To date, CubeSats used in interplanetary missions have been designed to be trans-
ported inside a sort of main, mother, spacecraft and then released near the target celestial
body. This is the case, for example, of the two pioneering (twin) CubeSats MarCO-A and
MarCO-B, the more recent LICIACube, and the upcoming Milani and Juventas. The next
step in the practical employment of CubeSats in deep space scientific missions is, therefore,
the use of an own propulsion system to perform the entire (or a consistent part of the) inter-
planetary transfer required to reach the target solar system’s body or the target heliocentric
orbit. In this context, the proposed ESA’s The Miniaturised Asteroid Remote Geophysical
Observer (M-ARGO) mission can be considered a milestone in the use of CubeSats for the
solar system’s scientific exploration [17,18]. In fact, the M-ARGO demonstration mission,
whose launch is currently scheduled for 2026, will use the electric propulsion system in-
stalled on board a 12U CubeSat (parked at the Sun–Earth collinear Lagrangian point L2)
to trace a heliocentric trajectory that will achieve a rendezvous with a small and rapidly
spinning (near-Earth) asteroid. The latter has yet to be selected in a set of recently identified
targets as discussed in the interesting work by Franzese et al. [19]. The (continuous-thrust)
miniaturized electric thruster (i.e., a single radiofrequency gridded ion thruster) is one of
the CubeSat advanced subsystems [20] as, for example, a multispectral camera and a laser
altimeter, which will be used to obtain the in situ observation of the target celestial body,
or the flat-panel antenna (also called “reflectarray” [21–23]) for deep space communica-
tions. Figure 1 shows an artistic concept of the CubeSat M-ARGO approaching a potential
target asteroid.

Figure 1. Artistic concept of the CubeSat M-ARGO approaching the target asteroid. Image: © ESA-
Jacky Huart.

Starting from the procedure described by Topputo et al. [18], which is detailed at the
beginning of Section 2, this paper uses the surrogate model for the propulsive performance
of the M-ARGO electric thruster in order to develop an approximated (and simplified)
analytical thrust model, which can be used to optimize the heliocentric transfer trajectory
of a M-ARGO-type CubeSat (MTC), when the classical calculus of variations is employed
to solve the optimization problem. In particular, as will be discussed in Section 3.1, the pro-
posed (analytical) thrust model is used to obtain a closed form of the Euler–Lagrange
equations which are employed, together with the optimal control law obtained with the aid
of the well-known Pontryagin’s maximum principle, to simulate the optimal performance
of a MTC in a pair of typical two-dimensional heliocentric mission scenarios.

In the context of a rapid orbit transfer in which the performance index to be minimized
is the total flight time, a classical circle-to-circle (planar) orbit raising and lowering is
firstly considered (see Section 3.2) with the aim to test the effectiveness of the proposed
simplified thrust model. Then, the phasing maneuver along a circular orbit with a ra-
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dius of one astronomical unit is analyzed in detail as illustrated in Section 4. The second
mission scenario, in fact, models the orbital repositioning of a MTC along the Earth’s
heliocentric trajectory when the eccentricity of the planet’s orbit around the Sun is ne-
glected. In particular, the MTC optimal performance results are studied in that scenario by
using a parametric approach, and considering the typical CubeSat design constraints as,
for example, the maximum propellant mass expenditure and the maximum value of the
flight time.

The results of the optimization of a generic (circular) orbit phasing maneuver are finally
used to study, in a simplified trajectory design framework, the transfer of a MTC towards
one of the two triangular Lagrangian points of the Sun–Earth system [24] as discussed in
Section 4.1. In particular, considering a phasing ahead (or behind) maneuver of 60 deg with
respect to the initial CubeSat position, which is assumed to be coincident with that of the
starting planet, the Earth–L4 (or the Earth–L5) optimal transfer of a MTC is analyzed by
considering the constraints on the maximum admissible value of the required propellant
mass. In this context, numerical simulations will show that a (rapid) transfer towards a
triangular Lagrangian point of the Sun–Earth system, in which the flight time reach its
minimum value, requires a propellant expenditure greater than the maximum admissible
value. However, a trade-off study, in which the (optimization) condition on minimum flight
time is relaxed in favor of decreasing the required propellant mass, reveals that a transfer
towards a triangular Lagrangian point is still possible with a flight time slightly higher
than the global minimum value. This aspect is illustrated at the end of Section 4.1, which
precedes the Conclusions section, and constitutes a new mission application of the MTC.

2. Simplified Thrust Model

This section illustrates the simplified MTC thrust model that has been used to optimize
the CubeSat transfer trajectory in two deep space mission scenarios discussed later in this
paper; see Sections 3.2 and 4. This specific thrust model can be considered a variation of the
elegant surrogate model proposed by Topputo et al. [18] in their interesting work regarding
the selection of the possible set of target asteroids during the preliminary design of the
M-ARGO interplanetary mission [25]. In that paper [18], in fact, the authors consider the
actual characteristics (at that design stage, at least) of the M-ARGO CubeSat in order to
derive a simple mathematical model of the spacecraft thrust vector, which can be used to
perform the trajectory analysis with a reduced computational effort.

In particular, the mathematical model presented in ref. [18] considers a CubeSat
whose total mass at the beginning of the heliocentric transfer towards the target asteroid is
m0 = 22.6 kg, of which mpmax = 2.8 kg is the maximum propellant mass stored onboard.
This value, which gives a propellant mass fraction of 12.4%, can be used to complete
the interplanetary transfer with a flight time less than or equal to a maximum value of
∆tmax ≜ 3 years. The continuous-thrust electric propulsion system modeled in ref. [18]
gives a maximum thrust magnitude Tmax that linearly depends on the (local) engine input
power Pin with a simple relationship, which is obtained through a best-fit procedure of
the available experimental data. The value of Pin, for technological reasons, ranges in the
interval Pin ∈ [Pinmin , Pinmax ], where Pinmin ≜ 20 W and Pinmax ≜ 120 W are the minimum
and the maximum values of the thruster input power, respectively. Assuming that the
thruster is switched off when Pin < Pinmin , the maximum thrust magnitude Tmax is given
by the following equation:

Tmax =


0 if Pin < Pinmin

a0 + a1 Pin if Pin ∈ [Pinmin , Pinmax ]

a0 + a1 Pinmax if Pin > Pinmax

(1)
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where {a0, a1} are two best-fit coefficients defined as (see the second column in Table 3 of
ref. [18])

a0 = −0.7253 mN , a1 = 0.02481
mN
W

(2)

Note that a0+ a1 Pinmax ≃ 2.25 mN and, according to Equation (1), one has Tmax ∈ [0, 2.25]mN.
A similar approach is used to describe the variation in the specific impulse Isp with

Pin, which is modeled by the three-order polynomial function

Isp =

b0 + b1 Pin + b2 P2
in + b3 P3

in if Pin ∈ [Pinmin , Pinmax ]

b0 + b1 Pinmax + b2 P2
inmax

+ b3 P3
inmax

if Pin > Pinmax

(3)

where {b0, b1, b2, b3} are best-fit (dimensional) coefficients defined as

b0 = 2652 s , b1 = −18.123
s

W
, b2 = 0.3887

s
W2 , b3 = −0.00174

s
W3 (4)

Note that the case of Pin < Pinmin is not considered in Equation (3) because that
condition gives a zero value of the maximum thrust magnitude Tmax as described by the
first row of Equation (1). The condition Tmax = 0, which is, for example, consistent with a
shut-down electric thruster, gives a zero value of the propellant mass flow rate. Moreover,
from Equation (3), observing that ∂Isp/∂Pin > 0 for Pin ∈ [Pinmin , Pinmax ] and bearing in
mind that b0 + b1 Pinmax + b2 P2

inmax
+ b3 P3

inmax
≃ 3068 s, one has that Isp ≤ 3068 s during the

entire interplanetary transfer.
The thruster input power Pin depends on the spacecraft solar panels power output

that, in its turn, can be approximately considered a function of the Sun–spacecraft distance
r as analyzed in refs. [26,27] by using a simplified model for the performance of the power
subsystem unit in a typical interplanetary transfer, which is derived from the more refined
model proposed by Sauer [28,29]. In this context, Equation (3) of ref. [18] provides a useful
polynomial formula that directly expresses the power Pin absorbed by the electric thruster
as a function of the solar distance r ∈ [0.75, 1.25]AU. That formula, in fact, bypasses the
introduction of a mathematical model for the solar panels performance as a function of both
the Sun–spacecraft distance and the flight time [30]. In this case, the simplified function
Pin = Pin(r) proposed by ref. [18], which refines the classical relationship Pin ∝ r−2, can be
written in a compact form as

Pin =


0 if P⋆

in < Pinmin

P⋆
in if P⋆

in ∈ [Pinmin , Pinmax ]

Pinmax if P⋆
in > Pinmax

(5)

where P⋆
in is a sort of reference value of the electric thruster input power given by the

polynomial expression

P⋆
in = c0 + c1 r + c2 r2 + c3 r3 + c4 r4 (6)

in which the best-fit coefficients {c0, c1, c2, c3, c4} are defined as

c0 = 840.11 W , c1 = −1754.3
W

AU
, c2 = 1625.01

W
AU2 ,

c3 = −739.87
W

AU3 , c4 = 134.45
W

AU4 (7)

Note that the surrogate model described in ref. [18] is designed to be consistent
with the M-ARGO expected performance in its nominal interplanetary transfer. In this
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regard, the design parameters of that specific CubeSat indicates a constraint in the solar
distance in terms of a maximum (or minimum) value of r equal to 1.25 AU (or 0.75 AU).
Accordingly, in order to be consistent with the results of the best-fit procedure used to
obtain the analytical relationships illustrated in ref. [18], in the rest of this paper, we will
consider the additional constraint regarding the distance of the spacecraft from the Sun in
the form

r ∈ [rmin, rmax] with rmin ≜ 0.75 AU and rmax ≜ 1.25 AU (8)

Therefore, observing that ∂Pin/∂r < 0 and bearing in mind that

c0 + c1 rmin + c2 r2
min + c3 r3

min + c4 r4
min ≃ 168.86 W > Pinmax (9)

and
c0 + c1 rmax + c2 r2

max + c3 r3
max + c4 r4

max ≃ 69.5 W > Pinmin (10)

the expression of Pin given by Equation (5) is simplified as

Pin =

P⋆
in if P⋆

in ∈ [Pinmin , Pinmax ]

Pinmax if P⋆
in > Pinmax

(11)

The expression of Pin = Pin(r) given by Equation (11) can be combined with the
expressions of Tmax = Tmax(Pin) and Isp = Isp(Pin) given by Equations (1) and (3) to obtain
the variation in the pair {Tmax, Isp} with the Sun–spacecraft distance r. In this regard,
Figure 2 shows the functions Pin = Pin(r), Tmax = Tmax(r), and Isp = Isp(r) obtained
with the mathematical model previously described. Note that the graphs in Figure 2 are
consistent with the curves sketched in Figure 1 of ref. [18].
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Figure 2. Variation in the MTC thrust model characteristics {Pin, Tmax, Isp} as a function of the solar
distance r, according to the mathematical model proposed in the recent literature by Topputo et al. [18].

The analysis of the curves shown in Figure 2 indicates that the derivative of the
function Tmax = Tmax(r) presents a discontinuity of the first kind when r ≃ 0.93 AU. This
behavior is due to the value of Pin, which reaches 120 W at that solar distance, according
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to Equation (5). This aspect is more evident in Figure 3, which shows the variation with
r in the two derivatives ∂Tmax/∂r and ∂Isp/∂r. The figure also shows that the derivative
∂Isp/∂r is a continuous function of r because one has ∂Isp/∂r ≃ 0 when r ≃ 0.93 AU.
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Figure 3. Variation with r in the two derivatives ∂Tmax/∂r and ∂Isp/∂r. Note that the function
∂Tmax/∂r has a jump discontinuity when r ≃ 0.93 AU, while the derivative ∂Isp/∂r is a continuous
function of r.

In the next section, the MTC optimal transfer trajectory is analyzed using an indirect
approach, in which the spacecraft equations of motion and the Euler–Lagrange equa-
tions [31,32] are numerically integrated with a suitable set of initial conditions. In particular,
the derivative ∂Tmax/∂r appears in one of the Euler–Lagrange equations. Therefore, in or-
der to facilitate the numerical integration of the (coupled and non-linear) Euler–Lagrange
equations, an approximation of the function Tmax = Tmax(r) is now proposed to avoid
the presence of the discontinuity in its derivative with respect to r. To this end, the Curve
Fitting Toolbox of Matlab [33] is employed to obtain an approximation of Tmax = Tmax(r)
by using a rational function in the form

Tmax = Tmax⊕
dN1(r/r⊕)4 + dN2(r/r⊕)3 + dN3(r/r⊕)2 + dN4(r/r⊕) + dN5

(r/r⊕)3 + dD1(r/r⊕)2 + dD2(r/r⊕) + dD3

(12)

where r⊕ ≜ 1 AU is a reference distance, and Tmax⊕ ≜ 1.8897 mN is the actual value of
Tmax when r = r⊕ [the latter is obtained by using Equation (1)], while {dNi , dDj} with
i ∈ {1, 2, . . . , 5} and j ∈ {1, 2, 3} are dimensionless best-fit coefficients defined as

dN1 = −1.6239, dN2 = 6.6115, dN3 = −9.7377, dN4 = 6.1927, dN5 = −1.4378,

dD1 = −2.4888, dD2 = 2.0463, dD3 = −0.5527 (13)

Note that Equation (12) gives a derivative ∂Tmax/∂r which is continuous in the range
r ∈ [0.75, 1.25]AU. Although not strictly necessary, for reasons of consistency of the
thrust model, we also use an analytical approximation of the function Isp = Isp(r) with a
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rational function similar to that described in Equation (12). In this regard, the approximated
expression obtained by using the Curve Fitting Toolbox is

Isp = Isp⊕
eN1(r/r⊕)4 + eN2(r/r⊕)3 + eN3(r/r⊕)2 + eN4(r/r⊕) + eN5

(r/r⊕)3 + eD1(r/r⊕)2 + eD2(r/r⊕) + eD3

(14)

where Isp⊕ ≜ 3022.6 s is the actual value of Isp when r = r⊕, which is obtained from
Equation (3), and {eNi , eDj} is a set of eight dimensionless best-fit coefficients given by

eN1 = −0.3556, eN2 = 2.2133, eN3 = −4.0643, eN4 = 2.9771, eN5 = −0.7599,

eD1 = −2.5148, eD2 = 2.0994, eD3 = −0.5740 (15)

The accuracy of Equations (12) and (14) in approximating the expressions of the MTC
surrogate thrust model given by Equations (1) and (3) is confirmed by Figure 4, which
shows that the proposed model substantially gives a thrust (and specific impulse) variation
with the solar distance, which is superimposed with the results illustrated in ref. [18].
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Figure 4. Comparison between the surrogate thrust model described by Equations (1) and (3) (black
lines) and the simplified mathematical model given by Equations (12) and (14) (dash red lines).

Accordingly, the two Equations (12) and (14) can be used to analytically describe the
electric thruster-induced propulsive acceleration vector a of the MTC. Assuming that the
thrust vector can be freely steered during the flight, and introducing the dimensionless
control variable τ ∈ [0, 1] which models the thrust magnitude level (the case of τ = 0
indicates a zero thrust, while τ = 1 indicates a full throttle level), according to Equation (12),
the propulsive acceleration vector is written as

a =
τ Tmax

m
≡

τ Tmax⊕
m

[
dN1(r/r⊕)4 + dN2(r/r⊕)3 + dN3(r/r⊕)2 + dN4(r/r⊕) + dN5

(r/r⊕)3 + dD1(r/r⊕)2 + dD2(r/r⊕) + dD3

]
â (16)

where â is the thrust unit vector, and m is the local value of the spacecraft mass. The deriva-
tive of m with respect to the time t can be written, as usual, using the expression of the
thrust magnitude and the specific impulse as
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dm
dt

= −
τ Tmax⊕
g0 Isp⊕

[
dN1(r/r⊕)4 + dN2(r/r⊕)3 + dN3(r/r⊕)2 + dN4(r/r⊕) + dN5

eN1(r/r⊕)4 + eN2(r/r⊕)3 + eN3(r/r⊕)2 + eN4(r/r⊕) + eN5

]
×

×
[
(r/r⊕)3 + eD1(r/r⊕)2 + eD2(r/r⊕) + eD3

(r/r⊕)3 + dD1(r/r⊕)2 + dD2(r/r⊕) + dD3

]
(17)

where g0 = 9.80665 m/s2 is the standard gravity. Bearing in mind Equations (16) and (17),
the dimensionless control terms are the throttle parameter τ and the thrust unit vector â.
The expressions of {τ, â} are obtained by solving the optimization problem described in
the next section.

3. Spacecraft Dynamics and Trajectory Optimization

Consider a two-dimensional, heliocentric mission scenario in which the MTC moves in
the interplanetary space under the effect of the electric thruster-induced propulsive acceler-
ation (a) and the Sun’s gravitational attraction. In this context, the orbital perturbations and
uncertainty propagation [34] are neglected as is usually assumed in a preliminary phase
of the trajectory analysis and design. Introduce a typical polar reference frame T (O; r, θ)
whose origin coincides with the Sun’s center of mass O, in which the polar angle θ ≥ 0 is
measured counterclockwise from the Sun–spacecraft direction at the initial time t0 ≜ 0; see
the scheme in Figure 5.

Sun

MTC

r̂

q
initial position

of the MTC

r

θ̂

a

O

radial 
direction

transverse 
direction

â

Figure 5. Heliocentric polar reference frame T (O; r, θ), in which the azimuthal angle θ is measured
from the Sun–spacecraft direction (green dash line) at the initial time instant. The unit vectors r̂ and θ̂

indicate the radial and transverse directions, respectively, while a is the MTC-induced propulsive
acceleration vector.

Bearing in mind the expression of the propulsive acceleration vector a given by
Equation (16), the MTC equations of motion in T are

dr
dt

= u,
dθ

dt
=

v
r

,
du
dt

= −µ⊙
r2 +

v2

r
+ a · r̂,

dv
dt

= −u v
r

+ a · θ̂ (18)

while the time variation in the spacecraft mass m is given by Equation (17) as a function of
the solar distance r and the engine throttle dimensionless parameter τ. In Equation (18),
u (or v) is the radial (or transverse) component of the MTC inertial velocity, µ⊙ is the
Sun’s gravitational parameter, and r̂ (or θ̂) is the radial (or transverse) unit vector, which
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is in the positive direction of the Sun–spacecraft line (or the inertial velocity vector).
The initial conditions, which are required to complete the differential system given by
Equations (17) and (18), model the flight of the MTC along the initial parking orbit, whose
plane contains at any time instant the thrust unit vector â. In this regard, we assume a typi-
cal circular parking orbit of radius equal to r⊕, which approximates the Earth’s heliocentric
orbit with a zero value of the orbital eccentricity. Bearing in mind that the spacecraft initial
mass is m0 = 22.6 kg, and assuming an initial polar angle equal to zero, the five (scalar)
initial conditions are

r(t0) = r⊕, θ(t0) = 0, u(t0) = 0, v(t0) =

√
µ⊙
r⊕

, m(t0) = m0 (19)

The final conditions, i.e., the value of the spacecraft state variables at the end of the
flight (time instant t = t f > t0), depend on the specific mission scenario to be analyzed.
In this section, for example, we consider the typical case of a rapid circular orbit rising
(or lowering), which also allows us to determine the optimal control law in terms of time
variation in the pair {τ, â}. The optimal control law and the mathematical model used to
optimize the spacecraft trajectory is employed (with minor changes) in the next section to
analyze the MTC performance in a heliocentric phasing maneuver along a circular orbit.
In the context of a rapid circle-to-circle orbit transfer, when the value of the final polar angle
is left free and assuming a circular target orbit of assigned radius r f ̸= r⊕, the three final
(scalar) conditions related to the spacecraft state variables {r, u, v} are

r(t f ) = r f , u(t f ) = 0, v(t f ) =

√
µ⊙
r f

(20)

in which t f is an output of the optimization process. In particular, the value of −t f coincides
with the scalar performance index J to be maximized during the interplanetary transfer,
that is, J ≜ −t f .

3.1. Trajectory Optimization and Optimal Control Law

The maximization of J is obtained by using an indirect approach [35,36], in which the
adjoint variables are {λr, λθ , λu, λv, λm} and the Euler–Lagrange equations are

dλr

dt
= −dH

dr
,

dλθ

dt
= −dH

dθ
,

dλu

dt
= −dH

du
,

dλv

dt
= −dH

dv
,

dλm

dt
= −dH

dm
(21)

where H is the scalar Hamiltonian function defined as

H = λr u +
λθ v

r
+ λu

(
−µ⊙

r2 +
v2

r
+ a · r̂

)
+ λv

(
−u v

r
+ a · θ̂

)
+ λm

dm
dt

(22)

in which the expression of dm/dt is given by the right side of Equation (17). The expressions
of the Euler–Lagrange equations are calculated in a closed form by using the simplified
surrogate model of the MTC propulsion system, which is illustrated in the previous section.
The explicit form of that equations are omitted for the sake of brevity. Taking Equation (22)
into account and bearing in mind the expression of a given by Equation (16), we observe
that the first of the Euler–Lagrange Equation (21) contains, as expected, the derivative
∂Tmax/∂r.

The boundary conditions of Equation (21) are obtained by enforcing the transversality
condition as described in the textbook by Bryson and Ho [31]. In this case, recalling that
(1) the flight time t f is unconstrained; (2) the adjoint variable λθ is a constant of motion;
(3) the final value of the polar angle is left free; and (4) the MTC total mass at the end of the
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transfer is unconstrained, and according to the second of the Euler–Lagrange Equation (21),
the transversality condition gives

λθ = 0, λm(t f ) = 0, H(t f ) = 1 (23)

Therefore, Equations (19), (20), and (23) give 11 scalar boundary conditions (recall
that the value of t f is unknown), which complete the two-point boundary value problem
associated with the optimization process. That boundary value problem is numerically
solved by using a shooting procedure [33], with a tolerance of 10−8, in which the initial
guess of the unknowns initial costates [37] is obtained by adapting the method proposed
in refs. [38–40]. In particular, the ideal model of the electric propulsion system proposed
in [38] was adapted to the characteristics of the MTC, while a continuation procedure was
employed to obtain the initial guess during the parametric study of the mission scenarios.

Finally the optimal control law, that is, the optimal variation in the two control terms
{τ, â} is obtained by employing the classical Pontryagin’s maximum principle [36]. To this
end, Equations (16) and (17) are more conveniently rewritten as

a =
τ Tmax⊕

m

(
NT
DT

)
â,

dm
dt

= −
τ Tmax⊕
g0 Isp⊕

(
NT DI
NI DT

)
, (24)

where {NT , DT , NI , DI} are defined as

NT ≜ dN1(r/r⊕)4 + dN2(r/r⊕)3 + dN3(r/r⊕)2 + dN4(r/r⊕) + dN5 (25)

DT ≜ (r/r⊕)3 + dD1(r/r⊕)2 + dD2(r/r⊕) + dD3 (26)

NI ≜ eN1(r/r⊕)4 + eN2(r/r⊕)3 + eN3(r/r⊕)2 + eN4(r/r⊕) + eN5 (27)

DI ≜ (r/r⊕)3 + eD1(r/r⊕)2 + eD2(r/r⊕) + eD3 (28)

Taking Equations (22) and (24) into account, the part Hc of the Hamiltonian function
which depends on the control terms {τ, â} is written as

Hc =
τ Tmax⊕ NT

m DT

(
λu â · r̂ + λv â · θ̂− m λm DI

g0 Isp⊕ NI

)
(29)

where the dimensionless ratio NT/DT is always positive during the transfer according to
Equation (16). The maximization of Hc with respect to the thrust unit vector â gives the
well-known result (the superscript ⋆ indicates the optimal control law)

â = â⋆ ≜
λu r̂ + λv θ̂√

λ2
u + λ2

v
(30)

Substituting the last equation in the expression of Hc given by Equation (29), observing
that Hc is a linear function of τ and neglecting the singular arcs during the transfer [41,42],
the optimal value of the engine throttle parameter τ is given by

τ = τ⋆ ≜


1 if 1 − m λm DI

g0 Isp⊕ NI
≥ 0

0 if 1 − m λm DI
g0 Isp⊕ NI

< 0
(31)

Equations (30) and (31) are used to express the MTC control terms in both the equations
of motion and the Euler–Lagrange equations during the numerical simulation of the optimal
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trajectory. The results of the optimization process are illustrated in the next section as a
function of the value of the target orbit radius.

3.2. Numerical Results: Classical Case of the Circular Orbit Raising or Lowering

The optimal transfer trajectory of the MTC has been calculated assuming a circle-
to-circle orbit lowering (or raising) in which the radius of the coplanar target orbit is
r f ∈ [0.75, 0.99]AU (or r f ∈ [1.01, 1.25]AU) with a step of 0.01 AU. In other terms,
the numerical simulations consider an orbit transfer, in which the radius of the target
orbit ranges in the interval r f ∈ [0.75, 1.25]AU, which coincides with the validity interval
of the original propulsion system surrogate model [18]. The final mass of the spacecraft
is left free so that the results of the optimization process give the truly minimum flight
time required to complete the circle-to-circle orbit transfer, without any constraints on the
maximum value of the propellant mass. The solution of the boundary value problem gives
the results which are summarized in Figure 6, in terms of minimum flight time t f and the
corresponding (required) propellant mass mp ≡ m0 − m(t f ).
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Figure 6. Results of the optimization process in a circle-to-circle coplanar MTC orbit transfer without
constraints on the propellant mass, in terms of the minimum flight time t f and propellant mass mp as
a function of the target orbit radius r f . The light red region indicates the zone in which the condition
mp ≤ mpmax on the maximum value of the admissible propellant mass is violated (mpmax = 2.8 kg).
(a) Case of orbit lowering; (b) case of orbit raising.

The red highlighted regions of Figure 6 indicate the zones in which the condition
mp ≤ mpmax on the maximum value of the admissible propellant mass is violated. In partic-
ular, Figure 6b shows that a circle-to-circle orbit raising is always possible if r f ≤ 1.25 AU,
while a truly rapid orbit lowering with r f ∈ [0.75, 0.8)AU requires a propellant mass
greater than 2.8 kg; see the bottom part of Figure 6a. In that case, however, the orbit lower-
ing is still possible by assuming (a priori) a greater value of the flight time and minimizing
the required propellant mass as discussed in ref. [43]. Note that a slightly different proce-
dure, which can be used to obtain a feasible transfer trajectory when the nominal value of
the required propellant mass exceeds mpmax , is illustrated in the next section for a circular
orbit phasing in a heliocentric mission scenario. Finally, from Figure 6, one has that the
value of the optimal flight time is well below the reference value of 3 years.

For example, consider the case in which the radius of the target circular orbit is
r f ∈ {0.8, 1.2}AU, that is, the case in which the minimum (unconstrained) flight time is
t f ∈ {1.228, 1.22} years. In that case, the optimal transfer trajectories are shown in Figure 7,
which shows that the MTC completes a single revolution around the Sun during the transfer



Appl. Sci. 2024, 14, 7059 12 of 19

in both the orbit raising and lowering. The variation with time t in the total spacecraft
mass m and the components of the control vector {τ, â} are shown in Figure 8, where one
can observe that the propulsion system is switched on (i.e., τ = 1) during all the transfer
as expected. In particular, the green line in Figure 7b indicates that the thrust unit vector
â is substantially aligned with the transverse direction (i.e., aligned with θ̂) during the
optimal orbit raising. Finally, the upper part of Figure 8 confirms that when τ = 1 and the
solar distance remains close to the radius of the parking orbit, the value of the derivative
∂m/∂t is roughly constant during the optimal orbit transfer.
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Figure 7. Optimal circle-to-circle coplanar orbit transfer of a MTC when the radius of the parking
orbit is r = 1 AU. Radial distances are in astronomical units. Black line → rapid transfer trajectory;
blue line → parking circular orbit; red line → target circular orbit; black circle → start point; red
square → arrival point; orange circle → the Sun. (a) Case of an orbit lowering with r f = 0.8 AU;
(b) case of an orbit raising with r f = 1.2 AU.
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Figure 8. Variation with time t in the spacecraft total mass m and the control terms {τ, â}.
Black line → m; magenta line → τ; blue line → â · r̂; green line → â · θ̂; black circle → start point; red
square → arrival point. (a) Case of an orbit lowering with r f = 0.8 AU; (b) case of an orbit raising
with r f = 1.2 AU.
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4. Circular Orbit Phasing Maneuver

This section analyzes the MTC optimal performance results in a heliocentric circular
orbit phasing. The latter is a classical mission application in the case of a multiple-impulse
transfer trajectory [44,45]. In fact, this specific scenario has been already studied in the
context of a propellantless propulsion system as, for example, a photonic solar sail [46,47]
or Janhunen’s Electric Solar Wind Sail [48,49]. More precisely, in this context, the phasing
maneuver models the azimuthal repositioning of the MTC along a heliocentric circular
orbit of assigned radius. That radius is assumed to be equal to r⊕ so that the scenario is
consistent with a mission in which the MTC moves along the Earth’s orbit with the aim
of modifying its angular position with respect to the (starting) planet. Without loss of
generality, we assume that at the beginning of the transfer, the Earth and the MTC share
the same heliocentric position and velocity, with a zero value of the polar angle θ. This
situation models the escape of the CubeSat from the Earth by using a classical parabolic
orbit. The transfer starts at time t0 = 0 and ends at time t f > t0, i.e., at the time instant in
which the MTC returns to the circular parking orbit (of radius r⊕) with an assigned angular
displacement (with respect to the Earth) equal to ∆θ ̸= 0. In particular, we assume that
∆θ > 0 (or ∆θ < 0) refers to a phasing ahead (or behind) with respect to the planet.

The minimum time transfer trajectory in this specific mission scenario can be obtained
using the mathematical model illustrated in the previous section, with the only difference
regarding the expressions of the boundary conditions given by Equation (23) being in
the case of a circle-to-circle orbit transfer. In a circular orbit phasing maneuver without
constraints on the maximum propellant mass, according to ref. [49], Equation (23) is
substituted by the following equation

θ(t f ) = t f

√
µ⊙
r3
⊕

+ ∆θ, λm(t f ) = 0, H(t f ) = 1 + λθ

√
µ⊙
r3
⊕

(32)

in which the term t f

√
µ⊙/r3

⊕ indicates the angle swept by the Sun–Earth line in the time

interval ∆t ≜ t f − t0 ≡ t f . The boundary value problem has been solved for a number of
mission scenarios defined by the value of the phasing angle in the range ∆θ ∈ [−60, 60]deg,
with a step of 1 deg and excluding the trivial case ∆θ = 0. The numerical results, in terms of
the minimum flight time t f and the required propellant mass mp, are reported in Figure 9,
in which the red highlighted zone indicates again the condition mp > mpmax .

The optimal transfer trajectory for the case of ∆θ ∈ {−40, −20, 20, 40}deg is shown
in Figure 10. In particular, the left side of the figure clearly indicates that a phasing behind
maneuver (i.e., a maneuver in which ∆θ < 0) requires a MTC transfer trajectory which
“evolves outside” the Earth’s circular orbit, while in a phasing ahead maneuver (i.e., when
∆θ > 0) the Sun–MTC distance is less than or equal to r⊕ during all the heliocentric transfer;
see, for example, the right side of Figure 10.

According to the graph in Figure 9a (or in Figure 9b), a minimum-time phasing tra-
jectory with ∆θ ≥ −57 deg (or ∆θ ≤ 43 deg) requires a propellant mass less than the
maximum admissible value of 2.8 kg. However, in cases where the constraint on the maxi-
mum permissible value of the propellant mass is violated, i.e., when ∆θ ∈ [−60, −58]deg
and ∆θ ∈ [44, 60]deg, the circular orbit phasing maneuver of the MTC is still possible
considering a flight time greater than the minimum value obtained with the solution of the
optimization process. In this regard, a possible approach to the study of a feasible phasing
trajectory when ∆θ ∈ [−60, −58]deg and ∆θ ∈ [44, 60]deg is to constrain the required
propellant mass to its maximum value mpmax . This corresponds to removing the constraint
λm(t f ) = 0 and to enforcing the following condition at the (free) final time

m(t f ) = m0 − mpmax if ∆θ ∈ [−60, −58]deg or ∆θ ∈ [44, 60]deg (33)
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Figure 9. Results of the optimization process in a circular orbit phasing maneuver (with radius equal
to r⊕), as a function of the desired phasing angle ∆θ ∈ [−60, 60]deg of the MTC with respect to the
Earth, with ∆θ ̸= 0. The numerical results are in terms of the minimum flight time t f and propellant
mass mp. The light red region indicates the zone in which the constraint mp ≤ mpmax on the maximum
value of the admissible propellant mass is violated (mpmax = 2.8 kg). (a) Case of phasing behind
(∆θ < 0); (b) case of phasing ahead (∆θ > 0).
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Figure 10. Optimal circular orbit phasing trajectory when ∆θ ∈ {−40, −20, 20, 40}deg. Radial
distances are in astronomical units. Black line → MTC transfer trajectory; blue line → Earth’s
circular orbit with r = r⊕ = 1 AU; black circle → start point; red square → MTC arrival point;
blue circle → Earth at the end of the transfer; orange circle → the Sun.
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Therefore, in such a suboptimal transfer problem, Equation (32) is substituted by

θ(t f ) = t f

√
µ⊙
r3
⊕

+ ∆θ, m(t f ) = m0 − mpmax , H(t f ) = 1 + λθ

√
µ⊙
r3
⊕

(34)

which is then used to complete the associated two-point boundary value problem. In this
case, the numerical solution of the optimization problem when ∆θ ∈ [−60, −58]deg and
∆θ ∈ [44, 60]deg gives the results summarized in Table 1. In particular, for comparative
purposes, the table also shows the results of the unconstrained optimization problem (i.e.,
an optimization procedure with a free value of the propellant mass).

Table 1. Simulation results of the circular orbit optimal phasing maneuver with a constraint on the
maximum propellant mass; see also Equation (34).

Unconstrained Constrained
∆θ t f [Years] mp [kg] t f [Years] mp [kg]

−60 1.634 2.847 1.635 2.8
−59 1.622 2.831 1.623 2.8
−58 1.610 2.815 1.610 2.8
44 1.284 2.820 1.284 2.8
45 1.293 2.842 1.294 2.8
46 1.303 2.864 1.304 2.8
47 1.312 2.886 1.314 2.8
48 1.322 2.908 1.324 2.8
49 1.331 2.929 1.334 2.8
50 1.340 2.951 1.343 2.8
51 1.349 2.972 1.353 2.8
52 1.359 2.994 1.363 2.8
53 1.368 3.015 1.373 2.8
54 1.377 3.036 1.383 2.8
55 1.386 3.057 1.393 2.8
56 1.395 3.079 1.403 2.8
57 1.404 3.100 1.414 2.8
58 1.413 3.121 1.425 2.8
59 1.422 3.142 1.436 2.8
60 1.431 3.163 1.448 2.8

As emerges from Table 1, the presence of a constraint on the mass of propellant
required to complete the transfer leads to a small increase in the flight time compared to
the unconstrained case. For example, when ∆θ = 55 deg, the “constrained” case gives a
flight time of about 508.6 days, while the truly minimum transfer time is 506 days, that is,
an increase of roughly 2.5 days. This small rise in flight time allows a propellant saving of
approximately 0.25 kg, which allows the constraint on the maximum allowable propellant
mass mpmax to be satisfied. This aspect will also be evident in the next paragraph, which
will analyze the transfer trajectories towards the triangular Lagrangian points {L4, L5}
of the Sun–Earth system, taking into account the constraint on the maximum available
propellant mass.

4.1. Case Study: Transfer towards the Sun–Earth Triangular Lagrangian Points

The mathematical model discussed in the last section can be used to obtain the (con-
strained) minimum flight time of a MTC in a transfer towards one of the two Sun–Earth
triangular Lagrangian points {L4, L5}. The latter are approximately located at a distance of
1 AU from both the Earth and the Sun (see Figure 11) so that a transfer of a MTC towards
point L4 (or point L5) can be approximated with a phasing ahead (or behind) maneuver of
an angle ∆θ = 60 deg (or ∆θ = −60 deg) along a circular heliocentric orbit with radius r⊕.
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Figure 11. Approximate position of the triangular Lagrangian points {L4, L5} of the Sun–Earth
system, which has been considered for the study of the MTC transfer trajectory.

In this case, the optimal performance in terms of minimum flight time and required
propellant mass can be obtained from the first and the last rows of Table 1. Accordingly,
the propellant-constrained optimal transfer towards point L4 (or point L5) requires a flight
time of about 1.45 years (or 1.63 years) and a propellant mass of 2.8 kg. In this scenario,
the optimal transfer trajectory is reported in Figure 12, while the time variation in the
control terms is shown in Figure 13. Note that the active constraint on the final mass of
the MTC introduces a coasting arc almost halfway through the transfer, whose duration is
roughly 13 days (or 82 days) for the Earth–L5 (or the Earth–L4) transfer.
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Figure 12. Optimal MTC transfer trajectory towards Sun–Earth triangular Lagrangian points {L4, L5}.
Radial distances are in astronomical units. Black line → MTC transfer trajectory; blue line → Earth’s
circular orbit with r = r⊕ = 1 AU; black circle → start point; red square → MTC arrival point; blue
circle → Earth at the end of the transfer; orange circle → the Sun.
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Figure 13. Variation in the control terms {τ, â} with time t in a MTC transfer towards the Sun–Earth
triangular Lagrangian points L4 or L5. Magenta line → τ; blue line → â · r̂; green line → â · θ̂; black
circle → start point; red square → arrival point.

In particular, Figure 13 shows the radial and transverse components of the thrust unit
vector â as obtained from the optimal guidance law, even when τ = 0 only to facilitate the
visualization of the curves. In fact, when τ = 0, the orbital motion of the MTC is purely
Keplerian so that its heliocentric trajectory is a conic arc and can be obtained by using a
classical approach.

5. Conclusions

The current technological level allows the CubeSat to be effectively used in complex
interplanetary missions. This work illustrates a simplified thrust model that can be used to
analyze the optimal transfer trajectory of a CubeSat modeled on the M-ARGO spacecraft in
a heliocentric scenario. The thrust vector description, which is a refinement of a recently
proposed mathematical model, was used to simulate both a classical circle-to-circle orbit
transfer and a phasing maneuver along a heliocentric circular orbit of assigned radius.

Simulation results indicate that a phasing maneuver along a circular orbit, which is
consistent with the heliocentric trajectory of the Earth, is possible even when the phas-
ing angle is on the order of 60 degrees. In particular, considering the typical spacecraft
constraints related to the propellant mass, this work analyzes the propellant-constrained
optimal transfers towards one of the two triangular Lagrangian points of the Sun–Earth
system. In this context, simulations show that a rapid transfer is possible when a coasting
arc appears near the middle of the heliocentric transfer. The proposed refined thrust model
can be easily extended to a general three-dimensional case in order to obtain a simple
tool for the CubeSat trajectory optimization, which can be used to explore the spacecraft
performance in more complex mission scenarios.
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