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Abstract: This paper discusses the optimal control law, in a three-dimensional (3D) heliocentric orbit
transfer, of a spacecraft whose primary propulsion system is a Solar Wind Ion Focusing Thruster
(SWIFT). A SWIFT is an interesting concept of a propellantless thruster, proposed ten years ago
by Gemmer and Mazzoleni, which deflects, collects, and accelerates the charged particles of solar
wind to generate thrust in the interplanetary space. To this end, the SWIFT uses a large conical
structure made of thin metallic wires, which is positively charged with the aid of an electron gun.
In this sense, a SWIFT can be considered as a sort of evolution of the Janhunen’s E-Sail, which also
uses a (nominally flat) mesh of electrically charged tethers to deflect the solar wind stream. In the
recent literature, the optimal performance of a SWIFT-based vehicle has been studied by assuming a
coplanar orbit transfer and a two-dimensional scenario. The mathematical model proposed in this
paper extends that result by discussing the optimal guidance laws in the general context of a 3D
heliocentric transfer. In this regard, a number of different forms of the spacecraft state vectors are
considered. The validity of the obtained optimal control law is tested in a simplified Earth–Venus
and Earth–Mars transfer by comparing the simulation results with the literature data in terms of
minimum flight time.

Keywords: Solar Wind Ion Focusing Thruster; three-dimensional heliocentric transfer; optimal
guidance; interplanetary trajectory optimization

1. Introduction

This paper analyzes the optimal control law of a spacecraft equipped with a Solar
Wind Ion Focusing Thruster (SWIFT) [1,2] in a heliocentric, three-dimensional (3D) orbit
transfer. The SWIFT is an interesting propellantless propulsion system concept, which has
been proposed as a possible alternative in a typical interplanetary orbit transfer to more
conventional propellantless thrusters such as, for example, classical solar sails [3,4] or the
more recent E-sail [5,6].

From a conceptual viewpoint, a SWIFT-based spacecraft uses the solar wind stream
to produce a net thrust in the interplanetary space, as in the case of the E-sail propulsion
system proposed by Dr. Janhunen two decades ago [7,8]. However, different from the
more studied E-sail, a SWIFT propulsion system captures the solar wind charged particles
through a large conical space structure formed by a mesh of conducting (thin) cables, which
are maintained at a high positive electric potential, as sketched in Figure 1. The ion stream
is then collected by a suitable spacecraft subsystem and accelerated out of the spacecraft
in a manner that resembles the acceleration process of a classical ion electric thruster.
Accordingly, a part of the SWIFT-induced thrust vector can be steered within a prescribed
range without varying the axis direction of the mesh-formed conical structure. The latter,
in fact, nominally remains aligned with the Sun–spacecraft line during the interplanetary
flight, as indicated in Figure 1.
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Figure 1. Artistic concept of a spacecraft equipped with a SWIFT. The axis of the conical structure
coincides with the Sun–vehicle line during the flight.

This paper considers a 3D heliocentric mission scenario, wherein the mathematical
results discussed in this work extend the two-dimensional (2D) model recently proposed
by the authors in Ref. [9]. In particular, considering a SWIFT-propelled spacecraft in the
context of a 3D heliocentric orbit transfer, the optimal control law is obtained in analytical
form by solving an optimization problem in which the performance index is the total flight
time. To this end, the problem is analyzed by using the calculus of variations, which allows
for obtaining the (optimal) direction of the SWIFT-induced thrust vector as a function of
both the propulsion system design characteristics and the components of the costate vector.

The obtained optimal guidance laws are used to simulate the SWIFT-propelled space-
craft’s optimal performance in some typical 3D orbit-to-orbit transfers within a heliocentric
framework. In this regard, a classic Earth–Venus and Earth–Mars interplanetary transfer
is analyzed in detail, with the aim of comparing the results of the literature with those
obtained using the mathematical model proposed in this work. Starting from the thrust
model used to study a 2D scenario, which is briefly described in Appendix A, the next
section discusses a simplified thrust model for the analysis of a general 3D heliocentric
transfer. The latter is used in Section 3 to obtain the optimal guidance law with the aid of
Pontryagin’s maximum principle. In particular, a number of different forms of the space-
craft state vector are considered in the trajectory optimization process, and the validity of
the obtained optimal control law is discussed in Section 4 by comparing the outputs of
the (3D) numerical simulations with the results of the recent literature [9]. More precisely,
Section 4 compares the Earth–Venus and Earth–Mars minimum transfer times obtained in
a 3D mission scenario with the results obtained with the 2D simplified approach proposed
in Ref. [9].

2. Thrust Vector Model for Trajectory Design in a 3D Mission Scenario

In this section, we discuss a simple thrust vector analytical model for the study and
optimization of the SWIFT-based trajectories in a heliocentric 3D mission scenario. The pro-
posed mathematical model will be employed in the next section to obtain the optimal
guidance law during a typical interplanetary transfer between two assigned Keplerian
orbits, without ephemeris constraints. In particular, the SWIFT-induced thrust vector il-
lustrated in this section originates from the mathematical model, proposed by the authors
in Ref. [9], for the more simple case of a 2D heliocentric orbit transfer. Note that the lat-
ter mathematical model (i.e., the model for 2D scenarios) has been briefly summarized
in Appendix A for the sake of completeness and for convenience, because the approach
proposed in this section begins from the expression of the propulsive acceleration vector a
given by Equation (A1). In fact, bearing in mind the model illustrated in Appendix A and
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according to Equation (A1), at a given distance r from the Sun, the maximum value of the
magnitude of a is given by

max(∥a∥) = aD⊕

( r⊕
r

)2
(1 + K) (1)

where the terms aD⊕ , r⊕, and K are defined in Appendix A. In particular, Equation (1)
is obtained from Equation (A1) by enforcing the condition t̂ = r̂, that is, by assuming a
configuration in which the direction of the steerable part of the SWIFT-induced propulsive
acceleration (such that the direction is indicated by the unit vector t̂) coincides with the
Sun–spacecraft direction. The latter is indicated by the radial unit vector r̂, as discussed in
Appendix A.

Paralleling the terminology used in the literature concerning the trajectory design of
spacecraft equipped with photonic solar sails [3,4,10,11], such as the E-Sail [5,6] or Zubrin’s
Magnetic Sail [12–14], for a SWIFT-propelled spacecraft, we introduce the concept of
characteristic acceleration ac, that is, the maximum magnitude of a when the distance of the
spacecraft from the Sun is equal to 1 astronomical unit. Bearing in mind that, by definition,
r⊕ = 1 au, Equation (1) gives the expression of the characteristic acceleration for a SWIFT-
propelled vehicle. In particular, ac is a function of the two propulsion system design
parameters {aD⊕ , K}, and it is written in a compact form as

ac = aD⊕ (1 + K) (2)

Accordingly, using the previous equation to express aD⊕ as a function of ac and K, the vector
a given by Equation (A1) becomes

a =
ac

1 + K

( r⊕
r

)2 (
r̂ + K t̂

)
(3)

in which, at a given solar distance r, the propulsion system performance parameters are
collected in the pair {ac, K}, while the control term is given by the unit vector t̂. Therefore,
the thrust vector of the SWIFT-based spacecraft has two scalar control parameters, i.e., the
two independent (scalar) terms that define the components of the unit vector t̂. In this
context, from the point of view of trajectory design and paralleling the classical solar sail-
related literature [15–17], it is more convenient to introduce the two typical control angles
α and δ. To this end, we introduce a classical, right-handed, Radial–Transverse–Normal
(RTN) orbital reference frame [18], in which îR is the radial unit vector, îT is the transverse
unit vector, and îN is the normal unit vector; see the scheme of Figure 2, which has been
adapted from Ref. [19].

osculating
orbit

SWIFT

R
�iT

�i N
�i

Sun

Figure 2. Sketch of the RTN reference frame of unit vectors îR, îT, and îN.
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In particular, the unit vectors of the RTN reference frame are defined as

îR ≡ r̂ , îN =
h

∥h∥ , îT = îN × îR (4)

where h is the spacecraft specific angular momentum vector. Note that the plane (îR, îT)
coincides with the plane of the spacecraft osculating orbit, see Figure 2, while the spacecraft
inertial velocity v has a positive component along the direction of the transverse unit vector,
that is, v · îT > 0.

Consider now the scheme of Figure 3 that shows the RTN reference frame and a
generic configuration of the unit vector t̂, which indicates the direction of the steerable
part of the SWIFT-induced acceleration; see the discussion in Appendix A about the SWIFT
thrust model.

t̂

SWIFT-based
spacecraft

Rî

Tî

Nî

a

osculating
orbit plane

d

Sun

f

conical mesh
of wires

Figure 3. Unit vector t̂ in the RTN reference frame, definition of the SWIFT cone α, and clock δ

angle. The scheme also shows the aperture angle ϕ of the conical mesh of conducting wires, which
constitutes the large part of the propulsion system structure.

Figure 3 also shows the aperture angle ϕ ∈ (0, 180)deg of the conical mesh of (thin)
conducting wires of the SWIFT propulsion system. The latter conical structure should
be considered a sort of geometric constraint on the direction of t̂, because the stream of
charged particles accelerated out of the spacecraft cannot be directed inside the (conical)
mesh of wires. From a mathematical viewpoint, that constraint can be expressed through
the following inequality:
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t̂ · îR > − cos(ϕ/2) (5)

or
α ≤ αmax with αmax < 180 deg − ϕ/2 (6)

where ϕ has an assigned value. According to Figure 3, in the RTN reference frame, the unit
vector t̂ can be written as a function of the cone angle α ∈ [0, αmax] and the clock angle
δ ∈ [0, 2π] rad as

t̂ = cos α îR + sin α cos δ îT + sin α sin δ îN (7)

Therefore, bearing in mind that r̂ ≡ îR, the vector a given by Equation (3) can be
rewritten in a more convenient form as

a =
ac

1 + K

( r⊕
r

)2 [
(1 + K cos α)îR + K sin α cos δ îT + K sin α sin δ îN

]
(8)

Note that, in this case, the two angles α and δ are not defined by considering the
direction of the propulsive acceleration (or the total thrust) vector. In fact, in a SWIFT-based
scenario, the pair {α, δ} indicates the direction of t̂, that is, the direction of only a part of
the SWIFT-induced acceleration, as discussed in Appendix A.

The expression of vector a, as a function of both the two control angles {α, δ} (or, equiv-
alently, the unit vector t̂) and the SWIFT design characteristics {ac, K}, will be employed
in the next section to determine the 3D optimal guidance law. To this end, a companion
(geometric) problem is firstly solved in the last part of this section, because its analytical
result allows for the study and the discussion of the optimal control law to be considerably
simplified. Such a companion (geometric) problem is illustrated in the next subsection.

Maximization of the Projection of Vector a along a Given Direction

Consider a given direction in the RTN reference frame, which is indicated by the unit
vector d̂; see the scheme of Figure 4. According to that figure, the unit vector d̂ is defined
by the two angles αd ∈ [0, π] rad and δd ∈ [0, 2π] rad, which play the same role as the two
control angles {α, δ} in the case of the unit vector t̂; compare Figure 4 with the sketch in
Figure 3.

d̂

Rî

Tî

Nî

da

d
d

given
direction

osculating
orbit plane

Figure 4. Generic assigned direction in the RTN reference frame. That assigned direction is indicated
by the unit vector d̂, which is given by the two angles {αd, δd}.

Bearing in mind the form of Equation (7), in the RTN frame, one has

d̂ = cos αd îR + sin αd cos δd îT + sin αd sin δd îN (9)
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The problem addressed here is to find the values of the two control angles, α⋆ and δ⋆,
that maximize the projection of a along the (assigned) direction of d̂. This corresponds to
maximize the scalar index P defined as the dot product of the two vectors a and d̂, viz.

P ≜ a · d̂ (10)

In this context, bearing in mind Equations (8) and (9), the scalar index P to be maxi-
mized becomes

P =
ac

1 + K

( r⊕
r

)2
[(1 + K cos α) cos αd + K sin α cos δ sin αd cos δd + K sin α sin δ sin αd sin δd] (11)

Accordingly, the previous equation and the necessary condition ∂P/∂δ = 0 give the
value δ = δ⋆ of the clock angle that maximizes the scalar index P as

δ⋆ = δd (12)

which indicates that the three vectors îR, d̂, and a always belong to the same plane. Bearing
in mind that the maximum value of the cone angle α is constrained by αmax, Equation (11)
and the necessary condition ∂P/∂α = 0 give the value of α = α⋆ that maximizes P, viz.

α⋆ =

αd if αd ≤ αmax

αmax otherwise
(13)

Note that Equations (12) and (13) indicate that the unit vector t̂ coincides with d̂ when
αd ≤ αmax. Moreover, Equations (12) and (13) can be used to obtain a compact expression
of the unit vector t̂ (indicated with the superscript ⋆), which maximizes the scalar index P.
In fact, recalling that îR ≡ r̂, one has

t̂⋆ =


d̂ if αd ≤ αmax

sin(αd − αmax)

sin αd
r̂ +

sin αmax

sin αd
d̂ if αd ∈ (αmax, 180 deg)

(14)

where αd ∈ [0, 180)deg is given by

αd = arccos
(

d̂ · r̂
)

(15)

In other terms, when αd > αmax, the direction of the unit vector d̂ belongs to a cone
of an aperture equal to 2 (180 deg − αmax), whose axis coincides with the radial direction.
The situation is illustrated in Figure 5, where the red cone indicates the forbidden zone
related to the presence of the SWIFT conical mesh of conducting wires. In the special case of
αd = 180 deg, that is, when the direction of d̂ is purely radial with d̂ · îR = −1, we assume
that t̂⋆ belongs to the (îR, îT) plane; therefore, using Equations (4) and (7), the result is

t̂⋆ = cos αmax r̂ +
sin αmax

∥h∥ (h × r̂) if αd = 180 deg (16)

The vector Equation (14) is quite general, and it can be used to obtain the optimal
guidance law in a typical heliocentric orbit transfer by using a set of different forms of the
spacecraft state vector, as discussed in the next section.
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Tî

Nî

( )max2 180deg a-

forbidden 
region

ˆ*t

Rî

d̂
given

direction

plane ( )R
ˆ ˆ,i d

osculating
orbit plane

(a)

Tî

Nî

( )max2 180deg a-

forbidden 
region

Rî

d̂

given
direction

ˆ*t

plane ( )R
ˆ ˆ,i d

osculating
orbit plane

(b)

Figure 5. Configuration of the unit vector t̂⋆ that maximizes the scalar index P defined in Equation (10);
see also Equation (14). The red cone indicates the forbidden zone related to the presence of the SWIFT
conical mesh of conducting wires. (a) Case of αd ≤ αmax. (b) Case of αd > αmax.
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3. Optimal Guidance Laws

In this section, the optimal control law is analyzed by considering a heliocentric orbit
transfer. In particular, the spacecraft trajectory minimizes the total flight time so that the
optimal guidance laws give a rapid transfer between two assigned heliocentric orbits.
In this context, the spacecraft position along the initial and the final Keplerian orbit is
left free in order to obtain a typical orbit-to-orbit (minimum time) interplanetary transfer.
The optimization process is solved using an indirect approach [20–22], in which the optimal
control law is obtained with the aid of the classical Pontryagin’s maximum principle [23,24].

More precisely, the optimal control law is studied considering a spacecraft dynamics
in terms of (1) the Cartesian position and velocity vector components {rx, ry, rz, vx, vy, vz};
(2) the state variables {r, θ, γ, vr, vθ , vγ} in a heliocentric spherical reference frame; (3) the
Walker’s modified equinoctial orbital elements {p, f , g, h, k, L} [25]; and (4) the classical
elements {a, e, i, Ω, ω, ν} [26,27]. In the latter two cases, the modified or the classical
orbital elements define the characteristics of the spacecraft osculating orbit during the
interplanetary transfer between the two Keplerian orbits.

3.1. Spacecraft State in Terms of Cartesian Components of Position and Velocity Vector

Consider the typical case in which the spacecraft state is defined in terms of the three
scalar components of the position vector r = [rx, ry, rz]T and the three scalar components of
the velocity vector v = [vx, vy, vz]T in a Cartesian, heliocentric ecliptic, 3D, right-handed,
reference frame TC(O; x, y, z). The latter reference frame, which is accurately described in
Section 2.2.1 of Ref. [26], is sketched in Figure 6, where the origin O coincides with the
Sun’s center of mass.

x

Sun

ecliptic plane

y

z

SWIFT

r

O

v

Figure 6. SWIFT-propelled spacecraft in a Cartesian, heliocentric ecliptic, reference frame TC(O; x, y, z).

In this case, the vector form of the SWIFT-propelled spacecraft equations of motion
(EoMs) is given by

ṙ = v (17)

v̇ = −
(µ⊙

r3

)
r + a (18)
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where µ⊙ is the gravitational parameter of the Sun, and a is the propulsive acceleration vec-
tor given by Equation (3) as a function of both the propulsion system design characteristics
{ac, K} and the control (vector) term t̂.

Introducing the vector adjoint to the position λr ∈ R3 and the vector adjoint to the
velocity λv ∈ R3, the Hamiltonian function H ∈ R is

H = λr · v −
(µ⊙

r3

)
λv · v + λv · a (19)

Taking the SWIFT thrust vector model into account and rewriting the Lawden’s primer
vector λv [28–31] as

λv = λv λ̂v (20)

with λv ≜ ∥λv∥ ̸= 0 and λ̂v ≜ λv/λv, it is possible to enucleate the part of H which
explicitly depends on a, i.e., on the control term. In fact, substituting Equation (20) into
Equation (19), one obtains the scalar function Hc, which coincides with the part of H that
depends on vector a, as

Hc = a · λ̂v (21)

According to Refs. [23,24], the control term t̂ is selected to maximize, at any time
instant, the value of H. Bearing in mind that t̂ appears in the expression of a given by
Equation (3), the Pontryagin’s maximum principle is more conveniently applied to the (re-
duced) function Hc defined in Equation (21). In this case, comparing Equation (21) with (10),
one concludes that Hc substantially coincides with P if the unit vector d̂ is formally sub-
stituted by the unit vector λ̂v. Therefore, the optimal control law, i.e., the value of t̂ that
maximizes H (or, equivalently, Hc), is directly obtained from Equations (14) and (15) as a
function of the adjoint unit vector λ̂v as

t̂⋆ =


λ̂v if αλv ≤ αmax

sin(αλv − αmax)

sin αλv

r̂ +
sin αmax

sin αλv

λ̂v if αλv ∈ (αmax, 180 deg)
(22)

where αλv ∈ [0, 180)deg is an auxiliary angle given by

αλv = arccos
(

λ̂v · r̂
)

(23)

In particular, the time variation of the adjoint vectors λr and λv (and, thus, the time
variation of λ̂v, which gives the optimal control law) is obtained through the Euler–
Lagrange equations

λ̇r = −∂H
∂r

, λ̇v = −∂H
∂v

(24)

whose analytical expressions can be easily obtained using the approach described in
Ref. [32]. The procedure illustrated in this scenario, where the spacecraft dynamics is
studied in a Cartesian heliocentric ecliptic reference system, will be replicated in the next
three subsections, where the vehicle dynamics will be described using different forms of
the state vector.

3.2. Spacecraft Dynamics in a Heliocentric Spherical Reference Frame

Introduce a heliocentric spherical reference frame TS(O; r, θ, γ), illustrated in Figure 7,
where θ is the azimuthal angle measured (counterclockwise) into the ecliptic plane from
the direction of the x axis of the Cartesian reference frame TC, and γ is the elevation
angle, which gives the spacecraft angular position with respect to the ecliptic plane (x, y).
The unit vectors of the spherical reference frame TS are îr, îθ , and îγ, that is, the radial unit
vector, the transverse (or azimuthal) unit vector, and the normal unit vector, respectively.
In particular, îγ points towards the north celestial pole, the direction of îr is radial (i.e.,
îr ≡ r̂), and the plane (îθ , îγ) coincides with the local horizontal plane.
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x
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ecliptic 
plane
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z

SWIFT
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ˆ
riˆ
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qi

Figure 7. SWIFT-propelled spacecraft in a heliocentric spherical reference frame TS(O; r, θ, γ).

In the spherical reference frame TS(O; r, θ, γ), the components of the spacecraft state
vector are {r, θ, γ, vr, vθ , vγ}, where {vr, vθ , vγ} are the three components of the spacecraft
inertial velocity, i.e., v = vr îr + vθ îθ + vγ îγ, while the position vector is simply given
by r = r îr. Using the procedure detailed in Ref. [33], the six scalar EoMs of the SWIFT-
propelled spacecraft are

ṙ = vr , θ̇ =
vθ

r cos γ
, γ̇ =

vγ

r
, v̇r =

v2
θ + v2

γ

r
− µ⊙

r2 + a · îr ,

v̇θ =
vθ vγ tan γ − vr vθ

r
+ a · îθ , v̇γ = −

v2
θ tan γ + vr vγ

r
+ a · îγ (25)

where the vector a is given by Equation (3). Introducing the six adjoint variables
{λr, λθ , λγ, λvr , λvθ

, λvγ} in this case, the expression of the scalar Hamiltonian function [34] is

H = λr vr +
λθ vθ

r cos γ
+

λγ vγ

r
+ λvr

(
v2

θ + v2
γ

r
− µ⊙

r2 + a · îr

)
+

+ λvθ

(
vθ vγ tan γ − vr vθ

r
+ a · îθ

)
+ λvγ

(
−

v2
θ tan γ + vr vγ

r
+ a · îγ

)
(26)

while the Euler–Lagrange equations, which give the time variation of the generic adjoint
variable, are obtained through the following relationships:

λ̇r = −∂H
∂r

, λ̇θ = −∂H
∂θ

, λ̇γ = −∂H
∂γ

,

λ̇vr = −∂H
∂vr

, λ̇vθ
= − ∂H

∂vθ
, λ̇vγ = − ∂H

∂vγ
, (27)
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Bearing in mind Equations (3) and (26) and introducing the auxiliary vector λS ∈ R3

defined as
λS ≜ [λvr , λvθ

, λvγ ]
T (28)

with
λS ≜

√
λ2

vr + λ2
vθ
+ λ2

vγ
and λ̂S ≜

λS
λS

(29)

one obtains that the function Hc can be written as

Hc = a · λ̂S (30)

which is substantially coincident with Equation (21) with the formal substitution λ̂S → λ̂v.
Therefore, according to Equations (22) and (23), the optimal guidance law is given by

t̂⋆ =


λ̂S if αλS ≤ αmax

sin(αλS − αmax)

sin αλS

r̂ +
sin αmax

sin αλS

λ̂S if αλS ∈ (αmax, 180 deg)
(31)

where αλS ∈ [0, 180)deg is another auxiliary angle defined as

αλS = arccos
(

λ̂S · r̂
)

(32)

3.3. Spacecraft Dynamics in Terms of Variation of the Walker’s Modified Equinoctial
Orbital Elements

The use of nonsingular orbital elements [35] is a common choice in the design and
optimization of the spacecraft transfer trajectory both in a heliocentric and in a planeto-
centric scenario [36,37]. In this context, we describe the spacecraft dynamics in terms of
the six equinoctial elements {p, f , g, h, k, L} proposed by Walker et al. [25]. In particular,
the geometric interpretation of the Walker’s elements, together with the calculation of both
the classical orbital elements and the Cartesian state vector components, are summarized
in the last part of Ref. [38]. From the spacecraft dynamics point of view and using the
nomenclature described in a recent author’s work [39], the EoMs in the heliocentric mission
scenario are given by the following (vector) nonlinear differential equation:

[
ṗ, ḟ , ġ, ḣ, k̇, L̇

]T
= M a +

[
0, 0, 0, 0, 0,

√
µ⊙ p

(
1 + f cos L + g sin L

p

)2
]T

(33)

where the components of the vector a are expressed in the RTN reference frame illustrated
in Section 2, that is, a = [aR, aT, aN]

T, while M ∈ R6×3 is a matrix defined as [40]

M ≜



0 2 p
1+ f cos L+g sin L

√
p

µ⊙
0

sin L
√

p
µ⊙

(2+ f cos L+g sin L) cos L+ f
1+ f cos L+g sin L

√
p

µ⊙
− g (h sin L−k cos L)

1+ f cos L+g sin L

√
p

µ⊙

− cos L
√

p
µ⊙

(2+ f cos L+g sin L) sin L+g
1+ f cos L+g sin L

√
p

µ⊙
f (h sin L−k cos L)
1+ f cos L+g sin L

√
p

µ⊙

0 0 (1+h2+k2) cos L
2 (1+ f cos L+g sin L)

√
p

µ⊙

0 0 (1+h2+k2) sin L
2 (1+ f cos L+g sin L)

√
p

µ⊙

0 0 h sin L−k cos L
1+ f cos L+g sin L

√
p

µ⊙



(34)
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In this scenario, the (scalar) Hamiltonian function H can be easily expressed by introducing
the six costates {λp, λ f , λg, λh, λk, λL} so that, taking Equations (33) and (34) into account,
one has

H =
[
λp, λ f , λg, λh, λk, λL

]


ṗ
ḟ
ġ
ḣ
k̇
L̇

 ≡
[
λp, λ f , λg, λh, λk, λL

]
(M a) + λL

√
µ⊙ p

(
1 + f cos L + g sin L

p

)2
(35)

According to the previous equation, the part Hc of the Hamiltonian function can be
obtained by introducing the auxiliary vector λW ∈ R3 defined as

λW ≜ MT



λp
λ f
λg
λh
λk
λL

 (36)

with
λW ≜ ∥λW∥ and λ̂W =

λW
λW

(37)

In particular, the expressions of the components of λW in the RTN reference frame are

λW =

 M21 λ f + M31 λg
M22 λ f + M32 λg + M12 λp

M63 λL + M23 λ f + M33 λg + M43 λh + M53 λk

 (38)

where Mij is the entry of matrix M at the ith row and jth column. Therefore, using
Equation (35), one obtains the part of the reduced Hamiltonian function Hc as

Hc = a · λ̂W (39)

whose right side is (again) of the same form of the right side of Equation (21) when
λ̂v → λ̂W . Accordingly, upon also examining Equations (22) and (23), the optimal control
law is

t̂⋆ =


λ̂W if αλW ≤ αmax

sin(αλW − αmax)

sin αλW

r̂ +
sin αmax

sin αλW

λ̂W if αλW ∈ (αmax, 180 deg)
(40)

where αλW ∈ [0, 180)deg is now defined as

αλW = arccos
(

λ̂W · r̂
)

(41)

3.4. Spacecraft Dynamics in Terms of Classical Orbital Elements

In this last part of Section 3, we analyze the optimal control law in the typical case in
which the spacecraft dynamics are studied by using the classical orbital elements. The lat-
ter set, in fact, describes the characteristics of the spacecraft osculating orbit during the
interplanetary transfer in terms of the semimajor axis a, eccentricity e, inclination i with
respect to the ecliptic plane, longitude of the ascending node Ω, argument of perihelion
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ω, and true anomaly ν, which gives the spacecraft its angular position with respect to the
osculating orbit apse line.

Paralleling the procedure described in the previous section, we begin the discussion
of the optimal control law by writing the time derivative of the spacecraft state variables
{a, e, i, Ω, ω, ν}. In this context, according to Ref. [41] (see Equation (10.41) at p. 488 of [41]),
one has

ȧ =
2 a2

h

(
e aR sin ν +

p
r

aT

)
(42)

ė =
1
h
{p aR sin ν + [(p + r) cos ν + r e] aT} (43)

i̇ =
r cos(ω + ν)

h
aN (44)

Ω̇ =
r sin(ω + ν)

h sin i
aN (45)

ω̇ =
1

h e
[−p aR cos ν + (p + r)aT sin ν]− r sin(ω + ν) cos i

h sin i
aN (46)

ν̇ =
h
r2 +

1
e h

[p aR cos ν − (p + r) aT sin ν] (47)

where {aR, aT, aN} are the components of a in the RTN reference frame, h =
√

µ⊙ p is
the magnitude of the angular momentum vector with p = a (1 − e2), while the radial
distance r can be expressed through the usual (polar) equation as r = p/(1 + e cos ν).
The time derivatives of {a, e, i, Ω, ω, ν} given by Equations (42)–(47) are rewritten, in a
more convenient compact form, as

[
ȧ, ė, i̇, Ω̇, ω̇, ν̇

]T
= N a +

[
0, 0, 0, 0, 0,

h
r2

]T

(48)

where N ∈ R6×3 is a matrix defined as

N =



2 a2 e sin ν

h
2 a2 p

r h
0

p sin ν

h
(p + r) cos ν + r e

h
0

0 0
r cos(ω + ν)

h

0 0
r sin(ω + ν)

h sin i

−p cos ν

h e
(p + r) sin ν

h e
− r sin(ω + ν) cos i

h sin i

p cos ν

e h
−(p + r) sin ν

e h
0



(49)

Introducing the adjoint variables {λa, λe, λi, λΩ, λω, λν} ∈ R, the scalar Hamiltonian
function in this case is written as

H = [λa, λe, λi, λΩ, λω, λν] (N a) +
λν h
r2 (50)
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so that the Euler–Lagrange equations are

λ̇a = −∂H
∂a

, λ̇e = −∂H
∂e

, λ̇i = −∂H
∂i

, λ̇Ω = −∂H
∂Ω

, λ̇ω = −∂H
∂ω

, λ̇ν = −∂H
∂ν

(51)

Therefore, as discussed in the previous section, one can define an auxiliary vector
λo ∈ R3 as

λo ≜ NT



λa
λe
λi
λω

λΩ
λν

 ≡

N11λa + N21λe + N51λω + N61λν

N12λa + N22λe + N52λω + N62λν

N43λΩ + N33λi + N53λω + N63λν

 (52)

where Nij is the entry of matrix N at the ith row and jth column, with

λo ≜ ∥λo∥ and λ̂o =
λo

λo
(53)

Using Equations (50) and (52), the function Hc is

Hc = a · λ̂o (54)

so that, according again to Equations (21)–(23), the optimal guidance law is

t̂⋆ =


λ̂o if αλo ≤ αmax

sin(αλo − αmax)

sin αλo

r̂ +
sin αmax

sin αλo

λ̂o if αλo ∈ (αmax, 180 deg)
(55)

where αλo ∈ [0, 180)deg is given by

αλo = arccos
(

λ̂o · r̂
)

(56)

4. Potential Transfer Trajectories and Case Study

The optimal control law described in the previous section is now employed to analyze
the minimum time transfer of a SWIFT-propelled spacecraft in two typical, heliocentric,
3D mission scenarios. In this regard, and with the aim also to validate the mathematical
model discussed in this paper, we consider the propulsion system characteristics and the
two interplanetary mission scenarios analyzed in Ref. [9]. More precisely, Section 4 of
Ref. [9] reports the results of a 2D optimization problem in which a spacecraft equipped
with a SWIFT propulsion system of performance parameters aD⊕ = 0.035 mm/s2 and
K = 1 [so that the characteristic acceleration is ac = 0.07 mm/s2; see Equation (2)], moves
from a circular (ecliptic) orbit of radius r = 1 au to a target, coplanar, circular orbit of
radius r ∈ {0.723, 1.524} au. In particular, the scenario in which the radius of the target
circular orbit is 0.723 au (or 1.524 au) is consistent with a simplified, 2D Earth–Venus (or
Earth–Mars) interplanetary transfer in which both the eccentricity and the inclination of
the planetary orbits are neglected. In those mission scenarios, the 2D analysis discussed in
Ref. [9] gives a minimum value of the (circle-to-circle) flight time of roughly 3.62 years for
the Earth–Venus mission and 8.09 years for the Earth–Mars mission.

In this section, instead, we consider the actual 3D shape of the heliocentric orbits of
the three planets involved in the transfer by using the ephemerides data obtained on July
1st 2024 obtained by the well known JPL Horizon system. In particular, the characteristics
of the planet orbits used in the trajectory optimization process are summarized in terms
of classical orbital elements {a, e, i, Ω, ω} in Table 1. Recall that the angular position of the
spacecraft along the two Keplerian orbits, both at the beginning and the end of the transfer,
is left free.
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Table 1. Classical orbital elements, which give the characteristics of the Keplerian orbits of Earth,
Mars, and Venus, used in the numerical simulations. Data obtained by the JPL Horizon system on 1
July 2024.

Orbital Parameter Earth Venus Mars

semimajor axis a [au] 1.0004 0.7233 1.5236
eccentricity e 1.6335 × 10−2 6.73308 × 10−3 9.3289 × 10−2

inclination i [deg] 4.1705 × 10−3 3.3944 1.8478
long. of the asc. node Ω [deg] 146.5136 76.6118 49.4893

arg. of perihelion ω [deg] 317.9011 55.1947 286.6906

The boundary value problem connected to the optimization process is solved using a
numerical method based on a classical shooting procedure [42] with a tolerance of 10−8.
The initial guess of the boundary value problem solution is obtained by adapting the
semianalytical procedure described in Refs. [43,44]. Finally, the differential equations, that
is, the EoMs and the Euler–Lagrange equations, are integrated using the Adams–Bashforth
methods [45] with a relative tolerance of 10−10.

In the case of an Earth–Venus orbit-to-orbit 3D transfer, the solution of the optimization
problem gives a minimum flight time of about 3.93 years (+8.5% with respect to the value
obtained in a rapid 2D circle-to-circle transfer [9]). The time variation of the components of
the control unit vector t̂ in the RTN reference frame and the optimal transfer trajectory in
the Cartesian heliocentric ecliptic reference frame are reported in Figure 8. In particular,
the scale of the z axis in Figure 8b is different from that of the other two axes to highlight
the three-dimensionality of the transfer.
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(b)

Figure 8. Results of the optimization process in a 3D Earth–Venus mission scenario when
ac = 0.07 mm/s2 and K = 1. (a) Time variation of the components of t̂ in the RTN reference frame.
(b) Optimal transfer trajectory (black line). Blue line → is Earth’s orbit; red line → is Venus’ orbit;
blue circle → is start point; red circle → is arrival point; blue star → is Earth’s perihelion; red star →
is Venus’ perihelion; orange circle → is the Sun.

Finally, in the Earth–Mars case, the flight time is 8.76 years (+8.3% with respect to the
2D case [9]), while the optimal guidance law and the transfer orbit are shown in Figure 9.
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Figure 9. Results of the optimization process in a 3D Earth–Mars mission scenario when
ac = 0.07 mm/s2 and K = 1. (a) Time variation of the components of t̂ in RTN. (b) Optimal transfer
trajectory (black line). Blue line → is Earth’s orbit; red line → is Mars’ orbit; blue circle → is start
point; red circle → is arrival point; blue star → is Earth’s perihelion; red star → is Mars’ perihelion;
orange circle → is the Sun.

5. Conclusions

This paper presented the optimal control law of a spacecraft equipped with a SWIFT in
a 3D heliocentric transfer between two assigned Keplerian orbits. The proposed mathemat-
ical model extends the recent literature results on this advanced, rather exotic, propulsion
system concept that allows for achieving interplanetary orbit transfer without the expen-
diture of a propellant and with a continuous propulsive acceleration. The thrust vector
model discussed in this paper can be used to obtain the optimal control law in a wide range
of mission applications. The thrust model has been used in this work to study the rapid
orbit-to-orbit transfer by describing the spacecraft dynamics in terms of Cartesian vectors
or orbital (both classic and equinoctial) elements. In particular, the heliocentric dynamics of
the spacecraft has been modeled assuming only the effects of SWIFT-induced acceleration
and the gravitational pull of the Sun. In this regard, a potential limitation of the proposed
approach is represented by the absence of the inevitable orbital perturbations that can
influence the shape of the optimal transfer trajectory. In this sense, a more refined model of
orbital dynamics (which perhaps also includes possible uncertainties on the performance
characteristics of the propulsion system) would allow for a more precise transfer trajectory.

The simulation results show that the transfer performance of a SWIFT-based spacecraft
in a 3D scenario strictly depends on the value of the design parameter K. In fact, the trans-
verse (i.e., perpendicular to the radial direction) component of the vector a depends on K so
that a small value of that design parameter gives a small transverse component of a, with
the characteristic acceleration being fixed. In a 3D orbit transfer, the value of the transverse
component of the vector a plays an important role in achieving a short flight time, espe-
cially in mission scenarios requiring a large variation in the orbital inclination. A possible
extension of this work is related to the analysis of displaced, heliocentric, non-Keplerian
orbits for planetary observation using a SWIFT-propelled spacecraft. In fact, the proposed
thrust vector model allows the geometric characteristics of the heliocentric displaced orbit
to be obtained as a function of the two design parameters of the SWIFT system. In that
context, the optimal control law obtained in the case of a spherical reference frame can be
used to study the rapid transfer trajectories from the Earth’s parking orbit and the target
(heliocentric) displaced orbit.
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Appendix A. SWIFT Thrust Vector Model and Spacecraft Dynamics for 2D
Mission Scenarios

In this appendix, we briefly summarize the thrust vector model proposed in Ref. [9]
for the study of a 2D heliocentric mission scenario. That mathematical model has been
used to design the optimal transfer trajectory between two coplanar, Keplerian orbits of
assigned characteristics by using a classical indirect approach [46,47] and the well-known
Pontryagin’s maximum principle [24,29,48]. In particular, the thrust model illustrated in
Ref. [9] originates from the recent seminal work by Gemmer et al. [1] that, in turn, refines
the mathematical model of the SWIFT propulsion system concept, which was proposed
in an interesting set of conference papers by the same authors [2,49–51]. More precisely,
the mathematical approach used in Ref. [9] to describe the SWIFT-induced propulsive
acceleration vector is focused on the trajectory analysis and optimization. In this sense,
the thrust model described in Ref. [9] was designed, according to the physical results
illustrated in Ref. [1], with the aim of obtaining a set of analytical relations simple enough
to be used in a trajectory optimization software [52–54], which can be used for a preliminary
mission analysis and design.

Bearing in mind that the spacecraft total mass is constant, according to Gemmer et al. [1]
and using the results of Ref. [9], in a 2D heliocentric mission scenario, the vector a can be
written as the (vector) sum of two contributions: (1) the part due to the radial component
of the SWIFT-induced force (i.e., a sort of “drag” originated by focusing the solar wind
stream [1]), which is directed along the Sun–spacecraft unit vector r̂ and (2) the part due to
the acceleration of the collected charged particles out of the vehicle (i.e., a sort of “thrust”
term, thus borrowing the terminology used to describe the performance of a typical electric
thruster), which can be steered within a wider field and is directed along the unit vector
t̂. From a mathematical point of view, and using the nomenclature introduced in Ref. [9],
the vector a can be written in a compact form as

a = aD⊕

( r⊕
r

)2 (
r̂ + K t̂

)
(A1)

where r is the Sun–spacecraft distance, r⊕ = 1 au is a reference distance that roughly
coincides with the semimajor axis of the Earth’s orbit around the Sun, aD⊕ is the reference
acceleration defined as the value of the magnitude of the “drag” part of the propulsive
acceleration vector when r = r⊕, and K > 0 is a dimensionless parameter, which coincides
with the ratio of the exhaust velocity of the charged particles stream over the local velocity
of the solar wind stream. In particular, the two terms {aD⊕ , K} should be considered as
propulsive system performance parameters [1] so that their values depend on both the char-
acteristics of the SWIFT and the spacecraft mass breakdown. In this regard, Ref. [9] contains
a mathematical model that is useful to estimate the values of the pair {aD⊕ , K} as a function
of the geometric, inertial, and propulsive characteristics of the SWIFT-based spacecraft.

In the case of a 2D heliocentric mission scenario as that studied in Ref. [9], during the
flight, the unit vector t̂ is assumed to belong to the plane of the initial parking orbit so that
the propelled trajectory of the spacecraft is 2D. In this context, the spacecraft dynamics can
be studied by using a classical polar reference frame with the origin in the Sun’s center of
mass, in which θ̂ is the transverse unit vector, while the radial unit vector coincides with
r̂. Recall that the spacecraft inertial velocity vector has a positive component along the
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direction of θ̂. Introducing the pitch angle αn ∈ [−αmax, αmax] defined as the angle between
the Sun–spacecraft (radial) line and the direction of the steerable part of the vector a [1,9],
where αmax ∈ (90, 180)deg is an angle that accounts for the geometric constraints due to
the conical shape of the SWIFT tethers grid—see the red cone in the conceptual sketch of
Figure 5—the unit vector t̂ is written as

t̂ = cos αn r̂ + sin αnθ̂ (A2)

so that Equation (A1) becomes

a = aD⊕

( r⊕
r

)2 [
(1 + K cos αn)r̂ + K sin αnθ̂

]
(A3)

Accordingly, the heliocentric dynamics of the SWIFT-based spacecraft can be analyzed,
as discussed in Ref. [9], by using the classical set of EoMs in the polar reference frame of
unit vectors {r̂, θ̂}

ṙ = u , θ̇ =
v
r

, u̇ = −µ⊙
r2 +

v2

r
+ aD⊕

( r⊕
r

)2
(1 + K cos αn) , v̇ = −u v

r
+ aD⊕

( r⊕
r

)2
K sin αn (A4)

where θ is the polar angle measured from the Sun–spacecraft line at the initial time instant,
µ⊙ is the Sun’s gravitational parameter, u is the radial component of the spacecraft inertial
velocity vector, and v is the transverse component of the spacecraft inertial velocity vector.
The polar reference frame is sketched in Figure A1.

Sun
initial Sun-spacecraft line

SWIFT-based
spacecraft

r̂

t̂

‘drag’ part
of the propulsive 

acceleration

‘thrust’ part
of the propulsive 

acceleration

na

q

Figure A1. Sketch of the polar reference frame and the sail pitch angle αn in a 2D heliocentric mission
scenario of a SWIFT-propelled spacecraft, such as that used in Ref. [9].

In particular for a 2D scenario, the pitch angle αn is the single scalar control parameter
in Equation (A4), and its local value has been evaluated in Ref. [9] by using an optimization
procedure based on the calculus of variations.
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