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Abstract: Given the deformation issues in machining segmented equal-base bevel gears, this paper
investigates the variations of additional stress during the machining process, considering the gear
blank material, residual internal stress, and gear blank design. A model for calculating internal
additional stress and torque during gear machining has been developed. The calculation formula
for the bending deformation of the gear blank has been derived using the torque–area method. By
analyzing the time-varying stiffness of the blank, a calculation model for the bending deformation of
the gear blank has been constructed, and the projection analysis of gear stock deformation has been
completed. Based on the cumulative superposition effect of its deformation projection, a calculation
model for the overall deformation of the segmented gear blank has been formulated. The deformation
calculation model has been validated through finite element simulation, deformation calculation,
actual machining, and measurement verification.

Keywords: segmented equal-base bevel gears; machining deformation; internal stress; finite ele-
ment simulations

1. Introduction

Extra-large bevel gears play a crucial role in heavy industrial equipment across mining,
power generation, and other sectors. Particularly, when the diameter exceeds 3000 mm,
the processing methods and machining equipment become highly demanding, leading to
increased complexity in testing equipment and methods. Consequently, manufacturing
becomes challenging, expensive, and time-consuming. To address these challenges and
facilitate transportation and machining, split straight bevel gears are widely employed in
existing heavy industrial equipment. The equal-base circle bevel gear is a unique type of
curved-tooth bevel gear in China [1–3]. Its machining principle is straightforward, making
it particularly suitable for small machine tools to process large gears. Moreover, it is easily
divisible. Hence, the large-size equal-base -bevel gear proves to be a superior alternative to
the super-large straight bevel gear.

Upon processing the split gear blank, engineering practices and existing data indicate
that its deformation typically reaches the millimeter level [4,5]. The main reason for this is
the shape change in the response accuracy of large bevel gears. The change in stiffness and
the removal of materials then play a major role in the gear blank structural deformation,
causing 92.2% of total deformation. The structural deformation of the wheel blank is closely
related to its section design and how to divide the overall wheel. However, the gear blank
is divided first and then cut, so the deformation is large. In the existing manufacturing
process, there is no design standard, and human factors have a great influence on the
rational design and segmentation of gear blanks.
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Therefore, based on the gear blank material and the geometric gear parameters, a
deformation prediction model is established, and the model is suitable for predicting the
structural deformation of gear blanks, which will be very important for split equal base
bevel gear. However, the existing research assumes that the gear blank is integral, with no
exploration of internal stress changes, stiffness variations, and deformation calculations.
In the research domain of split large gears, the primary focus is on large cylindrical gears,
particularly emphasizing processing technology, deformation control methods, and defor-
mation mechanisms [6]. Wang et al. [7] studied the laws of internal stress changes during
the machining of split-type straight bevel gears and discussed the internal deformation
mechanism and laws of split-type straight bevel gears. Sun et al. [8] of Zhejiang University,
through theoretic calculation and ABAQUS modeling simulation, solved the deformation
of a rectangular section beam under unidirectional stress in the process of delamination
and studied the deformation of a large integral structure caused by residual stress of the
blank after NC machining. The results show that the theoretical solution is consistent with
the finite element calculation. Meng et al. [9] studied the residual stress of machined parts
by using the “life and death element” technology of finite element software and simulating
stress peeling. Wang et al. [10] studied the stress superposition and redistribution by estab-
lishing the finite element model of the deformed workpiece and analyzed the principle of
the machining deformation of structural parts. Huang et al. [11] analyzed the relationship
between stress redistribution, stiffness change, and the deformation of aeronautical integral
structural parts during machining and established the model to predict the deformation of
integral components. Nervi [12] established a model for predicting machining deformation
of parts with internal stress and analyzed how the initial internal stress distribution affects
the deformation. Keith [13] studied the effect of machining stress on part deformation
during machining. Ratchev et al. [14] established a neural network model for thin-walled
parts to predict their machining errors. Takayuki AOYAMA et al. [15] analyzed the plastic
deformation mechanism of hypoid gears caused by internal stress under the line of contact
through finite element analysis. ABDUL AZIZ et al. [16] studied stress and deformation in
reinforced structures obtained using a layered machining method.

Thus, our research was conducted according to these aspects. First, the deformation
and additional stress analysis of equal-base circle bevel gear blank in the process of gear
cutting were performed, and the calculation model of additional torque in the residual
material of the blank was established. Then, the formula to calculate deformation was
deduced, and the projection analysis of wheel blank deformation was performed. Finally,
based on the superposition effect of blank deformation and its projection, incorporating
changes in gear blank stiffness, the gear blank deformation calculation model was estab-
lished, and the model was verified by simulation and machining experiments, which lays a
theoretical foundation for the prediction and control of the machining deformation of the
segmented equal-base circle bevel gear.

2. Analysis of Gear Blank Deformation and Additional Torque

The profile of the tooth blank of a large equal-base bevel gear closely resembles a
rectangle. With a substantial root angle and a large outer circle diameter, the tooth blank,
post-splitting, can be effectively regarded as a cuboid. This study defines the length
direction of the semi-finished product as the X direction (rolling direction), the lateral
direction as the Y direction, and the thickness direction as the Z-axis, oriented vertically
upward. For this processing and measurement test, 7075-t7451 aluminum alloy is employed.
To ensure the finite element model accurately represents the residual stress distribution of
the wheel blank, an appropriate function is designed to express the relationship between
the thickness of the wheel blank and the calculated initial residual stress distribution
characteristics [17]. Subsequently, the subroutine is designed, and the corresponding
subroutine is invoked by ABAQUS software, establishing the finite element analysis model
for the automatic continuous loading of residual stress.
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The internal stress within the corresponding part dissipates when the material in the
tooth space is removed, representing the fundamental aspect of the processing deformation
of the split gear blank. Applying additional stress to the left and right sides of the tooth
slot allows for an equivalent simulation of the influence of cutting on deformation. This
approach facilitates the determination of torque and wheel blank deformation resulting
from material removal. Figure 1 illustrates a cloud diagram depicting deformation during
simulated processing. It can be observed from the cloud diagram that the processing area
is small, and the deformation is the largest in other places. Furthermore, as one moves
farther away from the cutting position, the deformation diminishes. Upon completion of
the machining process, the gear blank adopts an overall curved state, with deformation
symmetrically distributed in the X direction of the wheel blank.
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Figure 1. Deformation nephogram of simulated machining. Notes: (a) deformation nephogram of
machining middle cogging; (b) deformation nephogram of finished machining.

If the curvature of the tooth line is not considered, the shape of the tooth blank after
machining a tooth pitch is almost U-shaped in the X direction. The research shows that
the maximum change in internal stress occurs in the length direction of the processed
gear blank. At this time, the specific distribution of additional stress and the established
coordinate system are shown in Figure 2. After removing the material, the initial support
stress σ on the left and right sides of the tooth slot also disappears. In this case, applying
stress −σ to the sidewall of the tooth slot achieves the force-equivalent effect.
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Figure 2. Diagram of additional bending stress.

In Figure 2, zc is the position of the neutral axis, on which the centroid of the section is
located. During the gear cutting process, the position of the centroid of the section changes
continuously. Different additional stresses are created when the material is removed layer
by layer from the tooth slot. The accumulation of additive stress and the initial residual
stress of the part lead to the occurrence of the gear blank bending deformation. With the
help of the relevant theory of material mechanics, the curvature can be calculated and
combined with the additive stress distribution of bending in the process of gear processing.



Appl. Sci. 2024, 14, 5645 4 of 13

The curvature change law, additional stress calculation formula, and residual stress balance
expression of the gear before and after processing are solved in sequence. Finally, the
formula for the additive torque due to the redistributed internal stress σi1 located on the
instantaneous neutral axis is calculated.

M =
∫ z1

0
σi1(z)(z − zc)χ2dz (1)

3. Calculation of Bending Deformation

To determine the precise numerical value of the bending deformation for the wheel
blank with only one tooth groove and no helix angle, as depicted in Figure 2, an analysis of
the additional torque is conducted. This analysis, combined with the machining charac-
teristics of a single pitch, allows for the initial determination of the internal stress in each
layer. Subsequently, the size parameters of the gear blank are substituted into Equation (1)
to calculate the additional torque experienced by the gear blank during processing,

M =
∫ z1

0
σil(z)(h − zc − z) ∗ [x3 − (x3 − x2)(z1/2.25m)]dz (2)

where x1 = (L − x3)/2, m is the gear modulus.
Then, the additional moment is substituted into the calculation formula to obtain the X

direction bending deformation of the wheel blank without the helix angle after machining
a tooth slot:

Si =
∫ L

0
x ∗ M/(KiLi)dx (3)

where Ki is the rigidity of the gear blank when the ith single tooth slot on the gear blank is
processed. Li is the length of the cantilever beam of each slot for qualitative analysis.

For equal-base circle bevel gear, due to the existence of the helix angle, the analysis
model in Figure 2 must be established according to the normal sectional dimension of
the midpoint of tooth length; that is, the bending deformation of the single tooth space
obtained by Equation (3) is related to the helix angle and the direction of rotation. In order
to determine the simplified calculation of the blank deformation of the split gear, the Y
direction is consistent with the tangent direction of the tooth line at the midpoint of the
tooth length, and the one perpendicular to it is set as the X direction. For the split gear
blank of right-hand equal-base circle bevel gear, in the two-dimensional view from the top
of the tooth (Figure 3), taking the rightmost tooth space as the analysis datum, it is more
convenient to establish the plane reference coordinate system for the overall deformation
analysis, and the analysis principle is the same for the left-hand gear. For the reference
coordinate system, the deformation analysis plane coordinate system OiXiYi for machining
each single tooth space, there are different inclination angles.
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For each tooth space in Figure 3, from the calculation method of equivalent stiffness
derived, the stiffness of the gear blank when machining different tooth slots can be obtained,
and it is set to K11, K12, K13, K14, and K15 in sequence according to the machining order.
Based on the split structure of equal-base circle bevel gear and the machining process, the
equivalent stiffness of the cutting gear blank is

Ki =
∫ L

0
EIk(y1(x)′′ )2dx (4)

where y1(x) is the deflection curve equation of the equivalent equal section beam of the
split gear blank. The stiffness is substituted into Equation (3) and the integration interval
is adjusted; the deformation Si in Zi direction can be obtained via machining single tooth
space at different positions. The deformation is located in the plane XiOiZi, and the angle
between the plane XiOiZi and the XOZ plane of the datum coordinate system is θi. Figure 4
shows the deformation projection diagram of the wheel blank.
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To solve the total deformation, the independent deformation of each tooth space is
projected to the XOZ plane of the datum coordinate system, and then the deformation
superposition calculation is performed. The principle of deformation projection is shown
in Figure 5. After projection, the bending deformation S corresponding to Si is obtained.

As shown in Figure 5, from bending deformation Si to S the amount of bending
deformation remains unchanged, but the length of the analysis unit changes. When it is
projected to the plane OXZ of the datum coordinate system, there is an additional projection
relationship of cos(θi).

Li = L ∗ cos(θi) (5)

According to the former finite element analysis of wheel blank deformation, the
deformation has nothing to do with the cutting sequence, and the bending deformation
follows the law of deformation superposition. Without losing generality, the first machined
tooth space starts from the third tooth space as shown in Figure 6.

The coordinate system S3(o3 − x3, z3), as shown in the Figure 6, is established at the
tooth space of the segmented gear blank, and z3 is the axis of symmetry in the middle of
the tooth slot. When machining the first tooth space, on the XOZ plane of the coordinate
system OXYZ, θ11 and θ12 are the angles between the bottom surface of the left and right
sides without the processing areas and the line which is horizontal, respectively.
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Because of the invariance of the bending deformation projection, S1 can be obtained
directly according to Equation (6).

S1 =
∫ L1

0
x ∗ M/(K1L1)dx (6)

θ11 ≈ arcsin(S1/l2) (7)

θ12 ≈ arcsin(S1/l1) (8)

According to the above formulas and parameters, the additional torque of cutting one
tooth space is calculated, which is substituted into the deflection calculation formula, and
the calculation program is written in MATLAB (MATLAB R2014b (8.4.0.150421)) to obtain
the gear blank deformation S1, θ11, and θ12. At the same time, the finite element simulation
is performed to simulate the machining process, and the specific ABAQUS simulation is
shown in Figure 1a.
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The results of finite element simulation and calculation method are summarized, and
the precise data are shown in Table 1.

Table 1. Physical properties of air at atmospheric pressure.

Deformation Data

S1 from calculation 0.0230 mm
S1 from simulation 0.0250 mm
θ11 from calculation 0.0176◦

θ12 from calculation 0.0177◦

Here, continue to process the tooth slot toward the left side of the wheel blank accord-
ing to the set order, and set the local deformation of the wheel blank when the tooth slot is
processed alone to be S2, then the deflection angle of the left and right ends of the bottom
surface caused by deformation are θ21 and θ22, respectively.

S4(o4 − x4, z4) is obtained through coordinate transformation at the position of the
symmetry axis of the second tooth space. First, linearly move the coordinate system
S3(o3 − x3, z3), and then turn the coordinate system clockwise at a certain angle. The
establishment and transformation process of the coordinate system is shown in Figure 7.
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Figure 7. Schematic diagram of deformation after cutting the second slot.

The deformation direction corresponding to the second tooth space is perpendicular
to the tangent direction of the deformed bottom surface of the first tooth space, and the
deformation of the second tooth slot after single machining is S2.

S2 =
∫ L

0
x ∗ M/(K2L2)dx (9)

The distance between the two tooth spaces is p in the non-machining state, and the
total deformation after bending deformation composition is S.

S = S2 ∗ cos(θ11) + p ∗ tan(θ11) (10)

After machining the first two tooth slots, the angle between the corresponding bottom
plane of the unprocessed area at the left end and the horizontal line is approximately
θ11 + θ21, and the bottom surface deflection angle of the unprocessed area at the right end
is approximately θ12 + θ22. Similarly, the deformation characteristics of the gear blank
when two tooth slots are processed can be obtained. At the same time, the deformation is
analyzed by finite element simulation, and the simulation results are shown in Figure 8.

The results of deformation calculation and simulation are summarized as shown in
Table 2.
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Table 2. Deformation data after machining two tooth spaces.

Deformation Data

S1 from calculation 0.0275 mm
S1 from simulation 0.0290 mm
θ11 + θ21 from calculation 0.0286◦

θ12 + θ22 from calculation 0.0143◦

Similarly, the deformation direction of the third tooth space, that is, the leftmost
tooth space, is perpendicular to the tangent direction of the deformed bottom surface
corresponding to the second tooth space, and the total deformation after machining the
three left tooth spaces is

S = S3 ∗ cos(θ11 + θ21) + p ∗ (tan(θ11) + tan(θ11 + θ21)) (11)

Further machining the right three tooth spaces, and so on, with the machining process,
the bottom angle and deformation of the left and right sides after machining are as follows:

θ1 = θ11 + θ21 + θ31 (12)

and
S = S4 ∗ cos(θ1) + p ∗ (tan(θ11) + tan(θ11 + θ21) + tan(θ11 + θ21 + θ31)) (13)

After all the machining is completed, the deformation of split blank is shown in
Figure 9. At the same time, the angle between the tangent line of the bottom surface of
the left end and the horizontal line is set as θ1, the angle between the straight line part of
the right bottom surface and the horizontal line is set as θ2, and the total superposition
deformation is S.

At this point, the simulation of all the machining is completed, and the results are shown
in Figure 1b. Table 3 shows the deformation data obtained by calculation and simulation.

Table 3. Deformation data after all machining.

Deformation Data

S from calculation 0.039 mm
S from simulation 0.038 mm
θ1 from calculation 0.030◦

θ2 from calculation 0.031◦
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According to the data in Table 3, the split equal-base circle bevel gear presents bending
deformation after machining; the maximum deformation is at the central position of the
gear blank, and the inclination angles of the left and right sides caused by the deformation
are basically the same.

4. Experimental Section

In the experimental part, the flatness of the bottom surface, the verticality of the left
and right end faces, and the diameter of the inner and outer circles of the wheel blank are
measured, and the correctness of the previous theoretical calculation and finite element
analysis are indirectly verified through the analysis of the change trend in these parameters.

Experimental verification is conducted using gears of the same material and specifica-
tion as in the simulation. The main parameters of the split wheel blank are as follows: the
inner and outer diameters are 626 mm and 804 mm, respectively, and the angle between
the two end faces of the wheel blank is 36◦. In conjunction with the aforementioned simula-
tion process, experimental verification is conducted using a three-coordinate measuring
machine. The specific steps are as follows: First, the initial measurement of the processed
split blank is conducted on the CMM. Second, the first tooth slot is machined for the second
measurement. Third, all the tooth slots on the right side of the blank are machined, and the
third measurement is performed. Finally, all the tooth slots on the left are machined, and
the fourth measurement is taken. Each measurement includes the following elements of
the gear blank: the flatness of the bottom surface, the verticality of the left and right end
faces, the diameter of the inner and outer circles, and the angle between the left and right
end faces.

Figure 10 is the first measurement of the machined split gear blank. Figure 11a is
the machining of the first tooth slot on the CNC machine, and Figure 11b is the second
measurement of the machining of the first tooth slot.

Figure 11c shows the process of machining the right tooth slots on the CNC machine,
and Figure 11d shows the third measurement after machining all the tooth slots on the
right. Figure 11e shows all the tooth slots processed on the left side, and Figure 11f shows
the process of fourth measurement.

According to the experimental design and measurement items, the gear blank is
measured on the Hexagon CMM, measurements were taken multiple times at each stage
of the experiment, and the data in Table 4 are processed arithmetic means. The specific
measured values are shown in Table 4.

From the measurement results, the measurement data of the gear blank during the
first measurement is small because the tooth slot has not been machined at this time. But
with the progress of multiple processing and the position tolerances, the shape, inner
and outer diameters of the gear blanks all change significantly. The flatness tolerance of
gear blank has a large variation range, which indicates that the wheel blank has a large
bending deformation. During the machining process, the included angle between the two
end faces keeps decreasing, and the included angle after machining is 0.005◦ smaller than
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that before machining, which shows that the gear blank will have opening deformation
during machining. Moreover, the variation trend of perpendicularity tolerance of left and
right end faces is opposite with the processing, which indicates that a certain amount of
torsional deformation occurs along the X-axis of the gear blank and the deformation is
mainly bending deformation after projection. The size of the outer circle is reduced by
about 3 mm, which indicates that there is a large deformation in the Y direction. The data
are consistent with the simulation results. The data in the third column of the table have a
sudden change and do not coincide with the overall change trend, which can be the result
of the measurement error.

Table 4. Experimental data.

Measurement The 1st Measurement The 2nd Measurement The 3rd Measurement The 4th Measurement

Bottom surface flatness (mm) 0.035 0.015 0.089 0.053
Perpendicularity of left end

surface 0.003 0.017 0.024 0.026

Perpendicularity of right
end face 0.029 0.026 0.005 0.017

Outer diameter (mm) 802.520 802.898 801.850 800.701
Inner diameter (mm) 625.292 625.222 625.675 625.006
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5. Conclusions

The main research results and conclusions are summarized as follows:

1. Based on the analysis of the deformation and the additional stress during the ma-
chining of the segmented equal-base circle bevel gear, the calculation model of the
additional torque in the residual material is established. On this basis, the bending
deformation of the segmented equal-base circle bevel gear in machining single tooth
slot is solved. The results show that for split curved bevel gears, the deformation
of the wheel blank can be analyzed and calculated by deformation projection and
superposition.

2. Through simulation and experimental research, the machining deformation calcula-
tion model proposed in this paper has been verified. The research also shows that
for the workpiece, which is similar to the segmented gear blank, the deformation can
be effectively predicted by establishing an accurate simulation model loaded with
internal stress.
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Abbreviations

Symbol Explanation
M Additional torque during processing
σi1 Internal stress distribution
z Vertical direction coordinate
zc Position of the neutral axis
h Gear blank height
m Gear module
x1, x2, x3 Related to gear blank dimensions
L Total length of gear blank
Li Length of cantilever beam for each slot
Ki Stiffness of gear blank during processing
Si Deformation of gear blank
θi Angle between bottom surface and horizontal line
θ11, θ12, θ21, θ22 Specific angles during different stages of processing
p Tooth pitch
E Elastic modulus
Ik Moment of inertia of the cross-section
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