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Abstract: In a side-pumped laser module, we simulate the pumping power distribution across the
cross-section of Nd:YAG rods at varying diameters. The coupled rate equations with the spatial
overlap efficiency for a four-level actively Q-switched side-pumped laser are considered complete.
After a Q-switched pulse terminates, the expressions of laser output parameters are derived. We
assess the single pulse energy, pulse width, and peak power using the analysis function. The 200 Hz
Q-switched side-pumped Nd:YAG laser with a peak power of 103 kW and beam quality factors
M2 = 1.67 is developed to the validity of theoretical models.
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1. Introduction

The laser diode (LD) side-pumped is a standard pumping scheme for laser generation
and amplification, particularly for lasers with moderate to high energy output. Side-
pumping Q-switched lasers have been widespread in diverse applications, including
laser-induced fluorescence and plasma, particle image velocimetry, and material research
and processing [1–8]. Using PIV (particle image velocimetry) as an example, this technology
collects real-time information about the flow field via laser [9–11]. Hence, the laser must
have a high repetition and pulse energy to satisfy the detection requirements. The utilization
of a Q-switch can enable the laser to consider the output requisites. Compared with
passively Q-switched (PQS) ones, actively Q-switched (AQS) lasers have the advantages of
faster switching, better hold-off ability, more considerable output energy, and controllable
repetition rates [7,12,13]. Among various active Q-switching methods, electro-optical (EO)
Q-switching is a competitive and practical option. However, EO Q-switched lasers typically
require a high-voltage electronic or radio frequency transducer and have a thermal effect in
the gain medium under conditions of high pumping power. To solve these issues, numerous
research teams have conducted extensive research. One recent study has confirmed that
some electro-optical crystals, such as Relaxor-lead titanate (PbTiO3), are tiny, and the
driving voltage needed for the crystals can be decreased to a few hundred volts [14]. Hence,
the volume of AQS lasers can be further compressed. In addition, periodic pulse pumping
with short pumping durations and high pumping outputs can considerably mitigate the
thermal effect in side-pumped lasers [9–13].

Mode matching in a laser refers to matching the resonator’s oscillated and pumping
laser modes. If the two laser modes match well, a substantial power gain will be generated,
and the output power of the laser will be increased [15–19]. The fundamental mode (TEM00),
which approximates a Gaussian distribution, is the most robust mode of the resonator’s
laser field distribution and has high beam quality. Excellent mode matching between TEM00
and pump beam in the resonator enables lasers with superior beam quality and excellent
output power. Therefore, researching relationships of mode matches in laser designs is
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necessary. In addition, the rate equations represent a dynamic equation for laser output
derived from altering population inversion at the atomic level within the gain medium,
which can be utilized to derive the characteristic output curve of the laser. Specific research
teams have successfully solved the rate equations to a greater extent to simulate and control
the pulse waveform of the laser output [20–22]. For similar purposes, by incorporating
the spatial overlap efficiency into the rate equations, the laser’s output performance can
be more accurately simulated and calculated to reflect the resonator’s actual oscillation.
Nevertheless, most contemporary models concerning coupled rate equations containing
the overlap effect concentrate on end-pumped solid-state lasers [17–19,23]. The primary
reason is that the direction of the pumping beam propagation is paralleled to the direction
of the oscillating laser propagation in an end-pumped laser. Moreover, the fundamental
transverse laser mode (TEM00) oscillates easily in an end-pump laser, making the spatial
overlap effect easier to calculate. In Xie’s publication [24], although he computed the
spatially linked rate equations for a side-pumped laser without Q-switch operation, he
barely considered several parameters in the computation, such as the complex and variable
intensity distribution of pumping power over the section of the gain medium. In addition,
he assumed that only a fundamental transverse mode (TEM00) oscillated in the resonator,
resulting in some discrepancies between the estimated and actual results. In Chen’s
publication [23], the spatial rate equations for Q-switched lasers were solved but just
for end-pumped lasers. In addition, his theoretical model applies solely to passive Q-
switched end-pump lasers. Up to now, few types of research have been conducted on
the rate equations with the spatial overlap efficiency for an electro-optically Q-switched
side-pumping laser.

We conduct theoretical research and verified experiments on the electro-optical Q-
switched side-pumping laser to solve the above problems and satisfy the demand for
high-repetition advanced solid-state lasers in PIV and other applications. The theoretical
research comprises the simulation of pumping power distribution, calculation of overlap
efficiency in the resonator, and derivation of the spatial rate equation. After establishing
the theoretical model, we build an electro-optical Q-switched side-pumping laser with a
low modulated voltage and weak thermal effects to validate the theoretical calculation.

In further detail, we first simulate the pumping power distribution in a side-pumped
laser module equipped with Nd:YAG rods of different sizes. Then, the spatial overlap
efficiency in the resonator is calculated to estimate the matching relationship between the
pumping beam and the laser mode oscillated in the resonator. By integrating the spatial
overlap efficiency into the coupled rate equations, we are able to derive and subsequently
solve the characteristic equation of the photon density for the Q-switched side-pumping
laser. The analytic function we solve is exploited to analyze the output pulse energy, pulse
width, and peak power with the pulse pumping power, respectively, while considering
different Nd:YAG rod diameters. At last, we develop a 200 Hz Q-switched side-pumped
Nd:YAG laser with a peak power of 103 kW and beam quality factors M2 = 1.67. Based on
this laser, we conduct a series of experiments to validate the developed model and equations.

2. Pumping Intensity Distribution and Derivation of the Spatial Rate Equations
2.1. The Simulation of the Pumping Intensity Distribution in the Side-Pumped Laser Module

The structural diagram of the five-dimensional laser diode (LD) side-pumped module
is depicted in Figure 1. In the module’s middle portion, the laser medium is enclosed by
a transparent quartz flow tube. The deionized water serves as a cooling agent in the quartz
flow tube, and the outer portion of the quartz flow tube is a highly reflecting material
condenser [25,26]. Five LD arrays are outside the condenser to pump the 808 nm laser into
the laser medium. The different structural components and geometric distances of the LD
side-pumped module result in various distributions of the pumping power across the gain
medium. Hence, the structural parameters of the commercial LD side-pumped module
from Table 1 are considered during the simulation.
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Figure 1. The cross-section structure diagram of 5-dimensional laser diode (LD) side-pumped modules.

Table 1. Characteristics of commercial side-pumping modules.

Parameters Numerical Values

Number of pumping directions 5

Distance between LD bars and gain medium center 6.1 mm
Manufacturer of LD bars Coherent Inc.

LD bar model 100 W 50 FF × 2 mm TE
Fast axis divergence of LD bars (1/e2) ~50◦

The refractive index of the gain medium 1.82
The refractive index of the cooling liquid 1.33

The refractive index of the flow tube 1.45
The inner diameter of the flow tube 5.9 mm
The wall thickness of the flow tube 1.67 mm

Effective pumping length ~50 mm
Rated centroid pumping wavelength 808 nm

Laser medium Nd:YAG
The doping concentration of the laser medium 0.6 at.%

Diameter of the medium gain rod 3 mm, 4 mm, 5 mm, 6 mm
Gain medium-side surface diffusion (divergence) ~15◦

The research by Dr. Wu presents a method to simulate the pump power intensity
distribution of the side pump module, which is based on the fundamental principle of
the side-pumping laser module and the ray tracing algorithm [27]. However, the crystal
rod in that study is in saturation-pumping absorption when the side-pumped module
begins pumping. In other words, the pumping power distribution simulated in that
research is actually intended for the side-pumped laser module as an amplifier rather
than an oscillation. Our paper focuses on analyzing the matching efficiency between
the side-pumped laser’s pumping beam and the resonator’s oscillating laser. Hence, the
crystal rod in the unsaturation-pumping absorption is considered, and the pumping power
distribution is stimulated when the side pump module is utilized as the laser oscillation.

The improved algorithm is utilized to simulate the distribution of pumping power,
and the simulation program is executed accordingly. The distribution of pumping power
intensity across the 5 mm-diameter Nd:YAG rod in the side-pumped module is shown in
Figure 2. The finite element mesh used in the simulation consists of 500 × 500 elements. For
the convenience of presentation, the axes are converted to millimeter units. In addition, it is
normalized and plotted to represent the cross-sectional area of a Nd:YAG rod for the follow-
up comparison and computation. The simulated distribution of pumping power intensity



Appl. Sci. 2023, 13, 5410 4 of 13

across the five mm-diameter Nd:YAG rod findings suggest that the crystal rod’s pumping
power distribution is non-uniform and non-Gaussian, with an irregular intensity profile.
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Figure 2. Simulation of the pumping power distribution across the section of the Nd:YAG with
a 5 mm side-pump module rod diameter.

A series of simulated pumping power distributions across the crystal rod is obtained
by varying the diameter of the Nd:YAG rod while keeping all other parameters constant.
The alteration of the rod diameter results in a notable shift in the intensity distribution of
the pumping power, as depicted in Figure 3. The intensity distribution is uniform when
the diameter of the rod is small. When the rod’s diameter is large, the intensity distribution
is uneven, with high intensity in the core and low power in the periphery. The intensity
distribution even appears in a pentagram when the section diameter of the Nd:YAG rod is
5 mm or 6 mm, which can affect the spatial overlap efficiency and laser oscillated mode
in the resonator [25–27]. We assume that the Gaussian distribution of pumping power
is utilized to calculate the spatial overlap efficiency and subsequent calculations. Under
such circumstances, the following calculated theoretical values will diverge significantly
from the experimental values. Consequently, the subsequent analyses will fully account
for our simulations of the pumping power distribution that are more representative of the
actual situation.
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2.2. Computation of Spatial Overlap Efficiency

The cross-sectional area of output laser Ae and spatial overlap efficiency S are provided
by [16,17,23,24]. R(r, z) represents the spatial distribution of the pumping power throughout
the gain rod. φ(r, z) is the intensity distribution across the section of the laser-oscillated
mode in the resonator.

Ae = [
x

R(r, z)φ(r, z)dxdy]
−1

, (1)

S =
[
∫

R(r, z)φ(r, z)dxdy]2∫
R(r, z)φ2(r, z)dxdy

. (2)

The previous section has already computed and simulated the distribution of the
pumping power R(r, z). Therefore, the intensity distribution across the section of the
oscillating laser mode needs to be determined utilizing Equations (3) and (4).

φ1(r, z) =
2

πω2
l (z)

exp[−2
r2

ω2
l (z)

], (3)

ωl(z) = ω0

√
1 + (zλ/πω2

0)
2 ≈ ω0. (4)

From Equations (3) and (4), the intensity distribution of the fundamental transverse
mode is directly related to the beam waist size, which is determined by the parameters
of the gain medium and the optical element positioned within the resonator. Thus, based
on the primary parameters of the Q-switched Nd:YAG side-pump laser utilized in the
experiment, the optical software can calculate the beam waist size of 2.09 mm. Figure 4
depicts the intensity distribution of the fundamental transverse mode φ1(r, z).
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Because side-pumping lasers typically exhibit high-order mode oscillation, it is neces-
sary to calculate the intensity distribution of the high-order laser mode. The expression for
high-order mode can be represented by Equation (5), where J0 is the Bessel function of the
first order. The actual oscillated laser mode φ(r, z) in a resonator of the side-pumped laser is
the superposed intensity of the fundamental transverse mode φ1(r, z) and the higher-order
mode φ2(r, z), as expressed by Equation (6).

φ2(r, z) = A0 exp[−(
r

ω0(z)
)

n
]J0(αr), (5)

φ(r, z) = φ1(r, z) + φ2(r, z). (6)
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The intensity distribution after superposition is depicted in Figure 5. Compared to the
distribution of the fundamental transverse mode φ1(r, z), the superposed intensity φ(r, z)
shifts to a particular level. A Gaussian distribution still characterizes its central region,
while its periphery has an explicit intensity distribution.
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In previous calculations of spatial overlap efficiency, the distribution of pumping
power in a side-pumped laser is approximated as a Gaussian distribution, and the high-
order mode oscillation in a resonator is ignored. To guarantee the accuracy of computed
results, our simulated outcomes that closely resemble the actual situation are wholly inte-
grated into the subsequent calculation process, including the pumping power distribution
R and oscillated laser mode φ.

When R(r, z) and φ(r, z) are plugged into Equations (1) and (2), the spatial overlap
efficiency S and the output laser cross-sectional area Ae can be computed by mathematical
software. Figure 6 shows the computed results of the cross-sectional area of the output laser
and spatial overlap efficiency in a Nd:YAG side-pumped laser with various rod diameters.
As the diameter of the Nd:YAG rod increases, so does the cross-sectional area of the output
laser Ae, but the spatial overlap efficiency S declines. Several of these computed results are
applied to calculating the following spatial rate equations.
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2.3. Solution of Spatially Coupled Rate Equations

The Q-switching process in the resonator is divided into two processes. When the
pump source begins pumping (the Q-switch is off), laser oscillation cannot be generated,
and the population inversions in the upper level of the gain medium can accumulate in large
quantities. The time that energy can be stored is determined by the lifetime of the upper
energy level of the laser medium. When the Q-switch turns on, the stimulated emission
quickly intensifies. In a brief period, population inversions are consumed, converted into
laser energy, and a laser pulse is emitted through the coupled mirror.

The gain medium utilized in the laser is the Nd:YAG crystal, which is a four-level
atomic system. The four-level Q-switched rate equations are employed to depict the process
of generating laser output pulses. The spatial rate equations for a four-level AQS operation
are provided by

dN
dt

= −BΦN, (7)

dΦ
dt

= [BAelN − 1
τc
]Φ, (8)

where N is the population inversion density in the gain medium. Φ is the photon density
in the resonator, t is time, and B is the stimulated emission probability of each photon in
each laser mode. L is the length of the medium gain rod, τc is the photon’s lifetime in the
resonator, and Ae is the previously mentioned cross-sectional area of the output laser beam.

When dΦ/dt = 0 corresponding to the output laser pulse peak of the PQS laser,
Equation (9) can be used to determine the population inversion density at the peak of the
output laser pulse Np.

Np = γ/σl, (9)

where γ is the loss factor of the resonator when the Q switch is on, σ is the stimulated
emission cross-section of the gain medium. l is the length of the gain medium. In the
situation where dΦ/dt = 0, it can be observed that the round-trip loss is equivalent to the
gain in the resonator. This condition is also consistent with the laser’s threshold operation.
Hence, the equation Np = Nic holds, where Nic is the initial threshold inversion population
density during the laser’s normal operational state (the Q switch is on).

Furthermore, it was noticed that the Nic is directly proportional to the threshold pump
power denoted by Ppc. Similarly, the initial inversion population density Ni is proportional
to the average pump power of Pp during the regular laser operation. Therefore, the
proportional formula Nic/Ni = Ppc/Pp can be obtained. According to Equation (9), the
initial inversion population density Ni can be represented further as follows:

Ni = Np
Pp

Ppc
=

γ

σl
Pp

Ppc
. (10)

The values of loss factor γ, stimulated emission cross-section σ, length of the gain
medium rod l, and the threshold pump power Ppc are known for our laser. Thus, the
functional relationship between the initial inversion population Ni and the average pump
power Pp is available.

By integrating the ratio of Equations (7) and (8) and substituting the boundary condi-
tions, the final inversion population Nf can be expressed as

Ni − Nf
Ni

=
Np

Ni
ln

Ni

Nf
. (11)

It can be noted that once the values of NP and Ni are determined, the values of Nf can
be solved according to Equation (11).
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In previous models [25,28], the output pulse energy Eout, peak power Pout, and pulse
width ∆τp are provided by

Eout =
SAehυ

2σγ
[Ni − Nf], (12)

Pout =
γ2SAehυ

2στc

[
Ni

Np
− ln(

Ni

Np
)− 1

]
, (13)

∆τp = τc
(Ni − Nf/Np)

[(Ni/Np)− ln(Ni/Np)− 1]
. (14)

The side-pumped laser’s gain medium is Nd:YAG rod, with the stimulated emission
cross section σ = 2.8 × 10−23 m2 (1064 nm) and photon energy hυ = 1.87 × 10−19 J (1064 nm).
The effective cavity length is approximately Le = 350 mm, and the Nd:YAG rod length
is l = 105 mm. The transmittance of the output coupling mirror is T = 30%, and the
output coupling mirror loss γ2 = − ln(1 − T2) = 0.35. The loss factor of the resonator is
γ = 0.1 + γ2/2 = 0.28 when the Q switch is on. In addition, the spatial overlap efficiency
and output spot area at varying Nd:YAG rod diameters have previously been computed.
Consequently, the functional relationship between single pulse energy, pulse width, peak
power, and average pump power (808 nm laser) is shown in Figure 7 by plugging the
values of the related parameter.
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The linear relationship between the single pulse energy of the Q-switched pulse
and the average pump power is observed. The pulse width is approximately inversely
proportional to the average pump power. Peak power initially increases logarithmically
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and then approaches a linear relationship with the average pump power. As the diameter
of the Nd:YAG rod increases, the threshold pump power of the laser drops, and the slope
of the single pulse energy increase as the pump power rises. Despite this, installing the
large Nd: YAG rod in the side-pumped laser reduces the peak power and widens the
pulse width of the output laser. The observed phenomenon can be attributed to the non-
uniform distribution of pumping power intensity and the consequent reduction in spatial
overlap efficiency. Detailed experiments will be conducted to verify the accuracy of the
computed results.

3. Experimental Setup

The schematic diagram of a Q-switched LD side-pumped Nd:YAG laser operating
at a repetition of 200 Hz is presented in Figure 8. The LD side-pumped module has the
ability to achieve a peak pump power of 2000 W when operating at a repetition rate of
200 Hz while exhibiting minimal thermal effect. To restrict the high-order laser modes and
promote the efficient oscillation of the fundamental laser mode (TEM00), a 2.15 mm aperture
diaphragm was introduced into a resonator with a length of 280 mm. The polarization
state of the resonator was adjusted through the combined utilization of a polarizer and a
wave plate [29]. Mirror M1 was coated with a highly reflective material at a wavelength of
1064 nm, while mirror M2 had a transmissivity of 30% at the same wavelength. Sequential
assembly of Nd:YAG rods with cross-sectional diameters of 3 mm, 4 mm, and 5 mm was
performed to construct a side-pumped module for validating experiments.
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4. Experimental Results and Verification of Spatially Coupled Rate Equations

To evaluate the validity of the developed model, an electro-optic (EO) Q-switched
laser was constructed employing a five-dimensional LD side-pumped Nd:YAG module
with the same structural parameters as the side-pumped module used in the simulation
experiments. A pulse pumping scheme with a duty ratio of 12.5% was implemented to
reduce the thermal effect in the Nd:YAG rod [30]. Under an EO Q-switched operation
with a frequency of 200 Hz, the output laser characteristics of our side-pumped laser with
various Nd:YAG rod diameters were determined.

Figure 9 depicts the relationship between the single pulse energy, pulse width, peak
power, and average pump power for various Nd:YAG rod diameters. When the side-
pumped module was assembled with 3 mm Nd:YAG crystal rods, a maximum pulse width
of 18 ns and a maximum peak power of 103 kW were obtained. The maximum single-pulse
energy of 2.3 mJ was obtained using a 5 mm Nd:YAG crystal rod. Experimental results
demonstrated that when the side-pumped module was assembled with a crystal rod of a
small diameter, the spatial overlap efficiency was higher, and the pulse width was narrower.
However, utilizing a crystal rod with a large diameter significantly decreased the peak
power and expanded the pulse width. The observed phenomenon was ascribed to the
non-uniform distribution of pumping power intensity over the cross-sectional area of the
Nd:YAG rod with a large diameter. As a result, the oscillation of high-order modes was
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aggravated in the resonator, which diminished the overlap efficiency and affected the
output pulse width [31].
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In general, the experimental values obtained by employing 3 mm and 4 mm Nd:YAG
rods corresponded well with the fitting function curve. Under the same conditions, the
theoretical values are within the experimental values’ 5% error bar range. There were some
deviations between the experimental values and the simulated curve upon employing a
crystal rod of 5 mm. Due to using a crystal rod with a large diameter, higher-order modes
oscillated in the resonator than expected, resulting in deviations between the experimental
and theoretical values.

A high-speed silicon photo-detector was utilized to detect the output laser pulse,
which had a maximum peak power of 103 kW. The detected pulse was subsequently
displayed on a digitizing oscillograph. The uniform pulse width of a 200 Hz pulse train
was demonstrated in Figure 10, with a pulse width of 18 ns. The M2 factors were also
measured using a traveling 90/10 knife-edge method when the laser was at maximum peak
power. Figure 11 shows that the output laser beam possessed a uniform cross-sectional
intensity distribution and excellent beam quality.
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In conclusion, the spatially coupled rate equations were proven to be valid by our
Q-switched side-pumped Nd:YAG laser experiment. The laser developed in this paper will
be used as the main oscillation stage and cooperate with the subsequent amplification stage
to form a complete laser system. The laser system will then undergo ambient temperature
and vibration testing to fully meet the reliability requirements of laser applications such
as PIV.
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5. Conclusions

The present study involved the simulation of the intensity distribution of pumping
power in the LD side-pumped laser module with a focus on examining the effect of varying
Nd:YAG rod diameters. The analytical model for a four-level electro-optic side-pumped
laser was developed by taking into account the spatial overlap efficiency according to the
rate equations. After the Q-switched pulse ended, the single pulse energy, pulse width, and
peak power were analyzed using the fitting function. The Nd:YAG laser was developed for
the purpose of validating the accuracy of a model, which had a peak power of 103 kW and
a beam quality factor of M2 = 1.67.
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