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Abstract: Electromagnetic fields in bulk bianisotropic media contain plane waves whose k-vectors
can be found using the method of the index of refraction’s operator and belong to the Fresnel wave
surfaces that fall into one of the five hyperbolic classes of the Durach et al. taxonomy of bianisotropic
media. Linear combinations of vector spherical harmonics can be used as a set of solutions of vector
Helmholtz equations in gyrotropic media to develop Mie’s theory of scattering by anisotropic spheres
as accomplished by Lin et al. and Li et al. In this study, we introduced electromagnetic orbitals for
bianisotropic media as linear combinations of vector spherical harmonics, which represent solutions
of Maxwell’s equations in bianisotropic media. Using these bianisotropic orbitals, we developed a
theory of the scattering of electromagnetic radiation by bianisotropic spheres with arbitrary effective
material parameters and sizes. As a by-product, we obtained a simple expression for the expansion
of a vector plane wave over vector spherical harmonics in a more compact form than the frequently
used by Sarkar et al. We obtained the polarizability expressions in the Rayleigh limit in agreement
with the results of the electrostatic approximation of Lakhtahia and Sihvola.

Keywords: Mie scattering; Rayleigh scattering; bianisotropic and anisotropic media

1. Introduction

Electromagnetism occupies the crowning role in physics, science, and modern tech-
nology. As in the cases of the Second and the Third Industrial Revolutions, research into
electromagnetism is driving the ongoing Fourth Industrial Revolution [1] related to the
transition to renewable energy, telecommunications in the 5G and 6G standards [2], ad-
vanced micro-/nanofabrication for novel electronic devices [3], bioelectromagnetics [4],
information and electronic warfare [5], machine learning, material training [6,7], and in
other realms. The slide towards scientific and technological unification of the physical,
chemical, biological, and digital worlds brought by the Fourth Industrial Revolution is
due to the inalienable electromagnetic nature of these phenomena, based on the rule of
the underlying laws of Coulomb, Gauss, Biot-Savart, Ampere, Kirchhoff, Faraday, and
Maxwell [8–10]. We, the researchers of modern electromagnetism, are devoted to the
development of the new electromagnetic materials collectively called composite artificial
materials or metamaterials [11–17]. Metamaterials are made of arrays of subwavelength
scatterers designed to exhibit the desired electromagnetic properties. In many important
cases, metamaterials can be described as bianisotropic media [13–17]. In bianisotropic
media, both the electric and magnetic responses depend on both the electric and magnetic
fields of the external radiation [18,19].

The studies of bianisotropic materials are almost as old as electromagnetism itself,
persisting through the 19th and 20th centuries in the work of scientists such as Roentgen,
Wilson, Landau, Lifshitz, Dzyaloshinskii, Cheng, and Kong [18–24]. In the 21st century
the field of bianisotropic optical materials has received the name of bianisotropics [25–27]
and is closely related to the research on electromagnetic metamaterials, since, typically, the
desired properties of metamaterials depend on them being anisotropic and bianisotropic
media [13–19]. Despite all these efforts and the rich history of research into bianisotropics
until recently, very few general properties of bianisotropic media were established due to
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the complexity of these media [14,18,28–35]. The bianisotropic media are the most general
case of local linear media [18,19,25,36,37], with the effective material parameters combined
into a 6 × 6 matrix of material parameters M̂, which characterizes the electric displacement
field D and magnetic field B in terms of the fields E and H:(

D
B

)
= M̂

(
E
H

)
=

(
ε̂ X̂
Ŷ µ̂

)(
E
H

)
(1)

The 3 × 3 matrices ε̂, µ̂, X̂, Ŷ are dielectric permittivity, magnetic permeability, and
two magnetoelectric coupling matrices respectively. The inverse relationship can also be
formulated: (

E
H

)
=

[
ε̂ X̂
Ŷ µ̂

]−1(D
B

)
=

[
α̂ED α̂EB
α̂HB α̂HD

](
D
B

)
(2)

The relationships in Equations (1) and (2) mean that, unlike in many naturally occur-
ring isotropic media, the electrical polarization and magnetization vectors in bianisotropic
media are not directed in the same direction as the electric and magnetic fields. Such differ-
ences in the isotropic media can be achieved in engineered metamaterial structures [13–17].

One of the jewels in the crown of electromagnetism is Mie’s theory of scattering
by spheres. Originally, Mie’s theory was introduced to describe scattering by isotropic
spheres [38,39], but later, it was extended to describe scattering by bi-isotropic [40], rotation-
ally symmetric and anisotropic [41], orthorhombic and dielectric–magnetic [42], magneto-
and electro-gyrotropic [43–45], and spherically-symmetric bianisotropic [46] spheres. De-
spite this activity, the theory of scattering by a generic bianisotropic sphere has not yet been
constituted [47].

The plane waves which can propagate in bianisotropic media belong to Fresnel wave
surfaces, which can be characterized using the method of the index of refraction’s opera-
tor [31–33]. The Fresnel wave surfaces in bianisotropic media follow quartic dispersion
equations, and, therefore, can be classified using the taxonomy of Durach et al. [31–33],
which includes the five hyperbolic classes: non-, mono-, bi-, tri-, and tetra-hyperbolic mate-
rials [31–33,48–59]. The prefix in the name of each topological class indicates the number of
double cones that the iso-frequency’s k-surface has in its high-k limit. Note that hyperbolic
metamaterials, which are already known for their applications in optical imaging, hyper-
lensing, and emission rate and directivity control, utilize the diverging optical density of
high-k states [51–59]. In Figure 1a, we show an example of an iso-frequency Fresnel wave
surface for a tetra-hyperbolic bianisotropic medium with the effective material parameter
matrix M̂ color-coded in Figure 1b.
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Figure 1. (a) Iso-frequency Fresnel wave surface for a tetra-hyperbolic bianisotropic medium with the
effective material parameters matrix M̂ color-coded in (b); (c) eigenvalues of the index of refraction’s
operator [31–33] in a complex plane for the same material.
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The Fresnel wave surfaces only include the plane waves with real wave vectors k.
Nevertheless, the inhomogeneous plane waves with an imaginary k are also important. In
Figure 1c, we plot the eigenvalues of the index of refraction’s operator [31–33] in a complex
plane for the material color-coded in Figure 1b for plane waves propagating in directions
spanning the entire solid angle with steps in the angles ∆θ = π/40 and ∆φ = 2π/40. Note
that in Figure 1c, only the eigenvalues on the horizontal axis Re{k/k0} correspond to the
real wave vectors belonging to the Fresnel wave surfaces depicted in Figure 1a.

In unbounded homogeneous bianisotropic media, plane waves represent the set of
solutions of Maxwell’s equations which is typically used, but to consider the scattering
of electromagnetic waves by bianisotropic spheres, it is more convenient to express the
electromagnetic fields inside such spheres in terms of vector spherical harmonics. In this
study, we proposed a theory of scattering by bianisotropic spheres with arbitrary effective
media parameters M̂. To accomplish this, we introduced bianisotropic orbitals composed
of vector spherical harmonics.

2. Results
2.1. Bianisotropic Orbitals

The plane waves whose k-vectors belong to Fresnel’s wave surfaces represent a com-
plete set of solutions of Maxwell’s equations in the bulk bianisotropic media. A different set
of solutions can be found as expansion of vector spherical harmonics. Recently, the close
connection between the multipole composition of electromagnetic fields and bianisotropy
has been revealed [60].

Due to the solenoidal nature of D- and B-fields, namely ∇·D = 0 and ∇·B = 0, we can
express them as an expansion over the vector spherical harmonics M1

lm, N1
lm found from

solutions of the scalar Helmholtz equations [61–63]

ψ
(j)
lm = − 1

i
√

l(l + 1)
z(j)

l (kr)Ylm, ψ
(j)
00 = iz(j)

0 (kr)Y00 (3)

according to

L(j)
lm =

1
k
∇ψ

(j)
lm , M(j)

lm = ∇×
(

rψ
(j)
lm

)
, N(j)

lm =
1
k
∇×M(j)

lm (4)

Detailed definitions of the vector spherical harmonics used in this study are in Appendix A.
We represent the D- and B-fields of a bianisotropic orbital with a wave number kq as

Dq = ∑
lm

{
f DM
qlm M1

lm
(
kq
)
+ f DN

qlm N1
lm
(
kq
)}

(5)

Bq = ∑
lm

{
f BM
qlm M1

lm
(
kq
)
+ f BN

qlmN1
lm
(
kq
)}

(6)

The corresponding E- and H-fields can be expressed using Equation (2) as

Eq = ∑
uv

(
µ

eq
uvM1q

uv + ν
eq
uvN1q

uv + λ
eq
uvL1q

uv

)
= α̂EDDq + α̂EBBq

= ∑
lm

{
f DM
qlm

(
α̂EDM1q

lm

)
+ f DN

qlm

(
α̂EDN1q

lm

)}
+ ∑

lm

{
f BM
qlm

(
α̂EBM1q

lm

)
+ f BN

qlm

(
α̂EBN1q

lm

)}

= ∑
lm,uv

(
M1q

uv, N1q
uv, L1q

uv

)
·

gαED
MM gαED

NM gαEB
MM gαEB

NM
gαED

MN gαED
NN gαEB

MN gαEB
NN

gαED
ML gαED

NL gαEB
ML gαEB

NL


lm,uv

·


f DM
qlm

f DN
qlm

f BM
qlm

f BN
qlm


(7)
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Hq = ∑
uv

(
µ

hq
uvM1q

uv + ν
hq
uvN1q

uv + λ
hq
uvL1q

uv

)
= α̂HDDq + α̂HBBq

= ∑
lm

{
f DM
qlm

(
α̂HDM1q

lm

)
+ f DN

qlm

(
α̂HDN1q

lm

)}
+ ∑

lm

{
f BM
qlm

(
α̂HBM1q

lm

)
+ f BN

qlm

(
α̂HBN1q

lm

)}

= ∑
lm,uv

(
M1q

uv, N1q
uv, L1q

uv

)
·

gαHD
MM gαHD

NM gαHB
MM gαHB

NM
gαHD

MN gαHD
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MN gαHB
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gαHD
ML gαHD

NL gαHB
ML gαHB

NL
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f DM
qlm

f DN
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where the coefficients g is found using {U|α̂|V} =
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0

∫ 2π
0

∫ π
0 U · α̂ · Vr2 sin θdr dθ dϕ,∫

Y∗uv(r̂)Ylm(r̂)dΩ = δulδvm, and
∫ ∞

0 ju(k′r)jl(kr)r2dr = π
2k2 δ(k− k′) as:

{M?
uv|α̂|Mlm} {N?

uv|α̂|Mlm} {L?
uv|α̂|Mlm}

{M?
uv|α̂|Nlm} {N?

uv|α̂|Nlm} {L?
uv|α̂|Nlm}

{M?
uv|α̂|Llm} {N?

uv|α̂|Llm} {L?
uv|α̂|Llm}


=

gα
MM gα

MN gα
ML

gα
NM gα

NN gα
NL

gα
LM gα

LN gα
LL


lm,uv

{M?
uv|Muv} = 1 0 0

0 {N?
uv|Nuv} = 1 0

0 0 {L?
uv|Luv}

 (9)

Please note that, while the D- and B-fields are divergence-free, as indicated by Equa-
tions (5) and (6), the E- and H-fields include the longitudinal vector spherical harmonic L,
as was previously shown for anisotropic media as well [43–45].

The bianisotropic orbitals with the radial quantum numbers kq represent the solutions
of Maxwell’s equations in homogeneous bianisotropic media if the expansion coefficients
fqlm satisfy the following eigenproblem:

∑
lm


−gαHD

MN −gαHD
NN −gαHB

MN −gαHB
NN

−gαHD
MM −gαHD

NM −gαHB
MM −gαHB

NM
gαED

MN gαED
NN gαEB

MN gαEB
NN

gαED
MM gαED

NM gαEB
MM gαEB

NM


lm,uv


f DM
qlm

f DN
qlm

f BM
qlm

f BN
qlm

 = i
(

k0

kq

)
f DM
quv

f DN
quv

f BM
quv

f BN
quv

 (10)

Note that the eigenproblem of Equation (10) differs from the eigenproblems formulated
for the anisotropic media, which stem from the vector Helmholtz equations [43–45]. Such
eigenproblems could not be used in the case of the bianisotropic media considered here and
we used the pair of Maxwell’s equations composed of Faraday’s and Maxwell-Ampere’s
equations instead to obtain Equation (10).

The bianisotropic orbitals provided by the solutions of Equation (10) can be repre-
sented as expansions over plane wave solutions of the method of the index of refraction’s
operator [31–33] with the indexes of refraction n = kq/k0 (Appendix B). In Figure 2a, we
show the inverse eigenvalues kq/k0 of Equation (10) for the eigenproblems which are
truncated and have l = 4 (black dots), 10 (red), and 40 (green). Note the direct correspon-
dence of the eigenvalues of Equation (10) in Figure 2a with the eigenvalues of the index of
refraction’s operator plotted in Figure 1b.

In other words, the inclusion of higher multipoles in the bianisotropic orbitals corre-
sponds to higher angular resolution in the Fourier expansion of the fields in bianisotropic
materials with a smaller ∆θ and ∆φ with the inclusion of both the real wave vectors belong-
ing to the Fresnel wave surface, as well as the complex eigenvalues k/k0 of the index of
refractioná operator.
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2.2. Scattering Cross-Section of Bianisotropic Spheres in a Vacuum

The bianisotropic orbitals can be used to solve a large range of problems with spher-
ically shaped bianisotropic media from spheres and spherical shells, to spherical voids,
combinations of such geometries, and so forth. Here, we considered a bianisotropic sphere
with the arbitrary effective material parameters M̂ with a radius R. We studied the scat-
tering of an electromagnetic plane wave by such a sphere. The field of the plane wave is
given by

Ein = ε(k)eikr = ∑
lm

(
qlmM1

lm + plmN1
lm

)
(11)

Hin = h(k)eikr =
1
i ∑

lm

(
plmM1

lm + qlmN1
lm

)
, h = k̂× ε (12)

We defined the orientation of the incident electric and magnetic fields with the po-
larization angle α in the spherical coordinates with respect to the direction of incidence
k̂ = (sin θ cos φ, sin θ sin φ, cos θ), ε(k) =

(
sin αθ̂− cos αφ̂

)
, h(k) =

(
cos αθ̂+ sin αφ̂

)
,

where θ̂ = (cos θ cos φ, cos θ sin φ,− sin θ), φ̂ = (− sin φ, cos φ).
Expansions of the vector plane wave over vector spherical harmonics exist in the

literature [43,66]. Nevertheless, we derived a compact expansion of a vector plane wave
for our work (Appendix C):

aeikr = 4π ∑
lm

il
(
−
√

l(l + 1)
{

a · Y(−1)∗
lm

(
k̂
)}

L(1)
lm +

{
a · Yl∗

lm
(
k̂
)}

M(1)
lm −

{
a · Y(+1)∗

lm
(
k̂
)}

N(1)
lm

)
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Correspondingly, the coefficients in the expansions Equations (11) and (12) are

qlm = 4πil
{
ε(k) · Yl∗

lm
(
k̂
)}

, plm = 4πil+1
{

h(k) · Yl∗
lm
(
k̂
)}

(13)

The scattered fields outside of the sphere are given by

Esc = ∑
lm

(
blmM3

lm + almN3
lm

)
(14)

Hsc =
1
i ∑

lm

(
almM3

lm + blmN3
lm

)
(15)

The scattered fields consist only of the outgoing vector spherical harmonics containing
the spherical Hankel functions h(1)l .

We represent the field inside the bianisotropic sphere as a linear combination of the
bianisotropic orbitals described by Equation (10).

Esph = ∑
q

AqEq, Hsph = ∑
q

AqHq, (16)

Please note that for reciprocal media, the eigenvalues of Equation (10) come in pairs
with the radial wavenumber ±kq, and the corresponding modes in Equation (16) are
equivalent. Therefore, among the orbitals with a real kq, we only included the modes with a
positive kq. For the orbitals with a complex kq, we only included the modes with Im kq > 0.
Note, however, that in non-reciprocal media, the symmetry of the reciprocity between the
modes is broken, and all the bianisotropic orbitals of Equation (10) should be included
into Equation (16). Correspondingly, additional boundary conditions (ABC) are needed, as
described in [34].

The continuity of the tangential components of the E- and H-fields at the surface of the
sphere lead to the following boundary conditions, expressed in terms of the Riccati–Bessel
functions ψl(x) = xjl(x) and ξl(x) = xh(1)l (x), where jl(x) and h(1)l (x) are spherical Bessel
functions of the first and third kinds, and the parameters x = k0R and xq = kqR:

Einθ + Escθ = Esphθ , qlm + blm

(
ξl(x)
ψl(x)

)
= ∑

q
Aq

(
x
xq

)
µ

eq
lm

(
ψl
(
xq
)

ψl(x)

)
(17)

Hinθ + Hscθ = Hsphθ , plm + alm

(
ξl(x)
ψl(x)

)
= i ∑

q
Aq

(
x
xq

)
µ

hq
lm

(
ψl
(
xq
)

ψl(x)

)
(18)

Einφ + Escφ = Esphφ, plm + alm

(
ξ ′l(x)
ψ′l(x)

)
= ∑

q
Aq

(
x
xq

){
ν

eq
lm

(
ψ′l
(
xq
)

ψ′l(x)

)
+ λ

eq
lm

(
jl
(
xq
)

ψ′l(x)

)}
(19)

Hinφ + Hscφ = Hsphφ, qlm + blm

(
ξ ′l(x)
ψ′l(x)

)
= i ∑

q
Aq

(
x
xq

){
ν

hq
lm

(
ψ′l
(
xq
)

ψ′l(x)

)
+ λ

hq
lm

(
jl
(
xq
)

ψ′l(x)

)}
(20)

The boundary Equations (17)–(20) can be represented in the matrix form as

M̂ψ

→
A− Ψ̂(ab) = (pq) (21)

N̂ψ

→
A− Φ̂(ab) = (pq) (22)
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where
→
A is the column of the amplitudes of the bianisotropic orbitals Aq inside the sphere,

and (ab) and (pq) include the amplitudes of the scattered vector spherical harmonics and
the known incident amplitudes of Equation (13).

The matrices Ψ̂, Φ̂, are diagonal and contain the functions
(

ξl(x)
ψl(x)

)
and

(
ξ ′l(x)
ψ′l(x)

)
, while

the matrices M̂ψ, N̂ψ represent the coupling between different multipoles due to the bian-
isotropy in the bianisotropic orbitals, and correspond to the sums on the right-hand sides
of Equations (17)–(20).

Excluding the coefficients (pq), we obtained the relationship between (ab) and
→
A

(ab) = Ω̂
→
A, Ω̂ =

{
Ψ̂− Φ̂

}−1{M̂ψ − N̂ψ

}
(23)

The amplitudes of the bianisotropic orbitals Aq were found from Equations (21) and (23)
as follows →

A = Ξ̂(pq) =
{

M̂ψ − Ψ̂Ω̂
}−1

(pq) (24)

Substituting the amplitudes Aq from Equation (24) into Equation (23), we obtained
the T-matrix for a bianisotropic sphere with arbitrary effective medium parameters and the
scattering amplitudes (ab) in terms of the parameters of the incident wave (pq) as

(ab) = T̂(pq), T̂ = Ω̂Ξ̂ (25)

The scattering cross-section Qs can be found from the scattering amplitudes as

Qs =
1
k2

0
∑
lm

(
|alm|2 + |blm|2

)
(26)

To validate our formulas and codes and check the accuracy of the numerical results
obtained, in Figure 3, we compare our results with the published results of Lin et al.
and Li et al. [43,45]. In Figure 3a, we show the scattering cross-section Qs/

(
πR2) as a

function of the angles θ for the anisotropic sphere with ε̂ = 1 and µ̂ = 1̂ + (µs − 1)ẑẑ for
various values of µs in linear polarization for α = 0. In Figure 3b, we show the scattering
cross-section Qs/

(
πR2) as a function of the angles θ for the gyromagnetic sphere with

ε̂ = 1 and µ̂ = 1̂− iµg(x̂ŷ− ŷx̂) for various values of µg in left- and right-handed circular
polarizations. Figure 3 is an exact match with the results obtained in Figure 2 of Ref. [43]
and Figures 2 and 3 of Ref. [45].
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Figure 3. (a) Reduced scattering cross-section Qs/
(
πR2) for all angles θ in response to the linear

polarization α = 0 for an anisotropic sphere with the values µs = 1.2 (black), 1.4 (red), 1.6 (green),
1.8 (blue), and x = k0R = 4. (b) Reduced scattering cross-section Qs/

(
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an anisotropic sphere with µg = 0.4 (black—LCP, red—RCP), 0.8 (green—LCP, blue—RCP), and
x = k0R = 4.

In Figure 4a,b, we plot the dependence of the reduced scattering cross-section Qs/
(
πR2)

for all incidence angles θ and φ for a bianisotropic sphere with the effective material param-
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eters color-coded in Figure 1b and with x = k0R = 1. Please note that to emphasize that our
method is applicable to arbitrary bianisotropic materials, the effective parameters matrix
M̂ color-coded in the bottom of panel Figure 1b corresponds to a reciprocal material with
effective parameters randomly generated in the range between −5 and 5. This material
features anisotropic dielectric permittivity, magnetic permeability, and chirality tensors,
which can be engineered by combining split-ring, helix, omega, fishnet, parallel-plate, and
wire metaatoms [16,17].
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Figure 4a corresponds to the incidence polarization angle α = 0, while in Figure 4b,
the polarization angle is α = π/2.

In Figure 4, one can see the strong dependence of scattering by the bianisotropic
spheres in the incidence direction and polarization.

2.3. Expressions of Polarizability in the Rayleigh Limit

In the Rayleigh limit of electromagnetically small spheres x � 1, only the dipole terms
of Mie’s theory are retained. For l, u = 1, gα

MN = gα
ML = gα

NM = 0 and the E- and H-fields,
Equations (7) and (8) can be written as

E = ∑
mv

M1
1v
(

gαED
MM, gαEB

MM
)

m,v

(
f DM
1m
f BM
1m

)
+ ∑

mv
N1

1v
(

gαED
NN , gαEB

NN
)

m,v

(
f DN
1m
f BN
1m

)
+ ∑

mv
L1

1v
(

gαED
NL , gαEB

NL
)

m,v

(
f DN
1m
f BN
1m

)
(27)

H = ∑
mv

M1
1v
(

gαHD
MM, gαHB

MM
)

m,v

(
f DM
1m
f BM
1m

)
+ ∑

mv
N1

1v
(

gαHD
NN , gαHB

NN
)

m,v

(
f DN
1m
f BN
1m

)
+ ∑

mv
L1

1v
(

gαHD
NL , gαHB

NL
)

m,v

(
f DN
1m
f BN
1m

)
(28)

Applying Maxwell’s equation to the E- and H-fields of Equations (20) and (21), we
can obtain

−i(k0/k)D = ∑
1m,1v

N1
1v ·
(

gαHD
MM, gαHB

MM
)

m,v ·
(

fDM
1m

fBM
1m

)
+ ∑

1m,1v
M1

1v ·
(

gαHD
NN , gαHB

NN
)

m,v ·
(

fDN
1m

fBN
1m

)

i(k0/k)B = ∑
1m,1v

N1
1v ·
(

gαED
MM, gαEB

MM
)

m,v ·
(

fDM
1m

fBM
1m

)
+ ∑

1m,1v
M1

1v ·
(

gαED
NN , gαEB

NN
)

m,v ·
(

fDN
1m

fBN
1m

)
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This translates into a system of equations

ĜMFMq = i(k0/kq)ÛFNq (29)

ĜN FNq = i(k0/kq)V̂FMq (30)

where FMq =
(

f DM
1−1q, f BM

1−1q, f DM
10q , f BM

10q , f DM
11q , f BM

11q

)T
, FMq = ( f DN

1−1q, f BN
1−1q, f DN

10q , f BN
10q , f DN

11q ,

f BN
11q )

T , and the matrices ĜM and ĜN are composed of the coefficients gMM and gNN

ĜM =



gαHD
MM−− gαHB

MM−− gαHD
MM0− gαHB

MM0− gαHD
MM+− gαHB

MM+−
gαED

MM−− gαEB
MM−− gαED

MM0− gαEB
MM0− gαED

MM+− gαEB
MM+−

gαHD
MM−0 gαHB

MM−0 gαHD
MM00 gαHB

MM00 gαHD
MM+0 gαHB

MM+0
gαED

MM−0 gαEB
MM−0 gαED

MM00 gαEB
MM00 gαED

MM+0 gαEB
MM+0

gαHD
MM−+ gαHB

MM−+ gαHD
MM0+ gαHB

MM0+ gαHD
MM++ gαHB

MM++
gαED

MM−+ gαEB
MM−+ gαED

MM0+ gαEB
MM0+ gαED

MM++ gαEB
MM++



ĜN =



gαED
NN−− gαEB

NN−− gαED
NN0− gαEB

NN0− gαED
NN+− gαEB

NN+−
gαHD

NN−− gαHB
NN−− gαHD

NN0− gαHB
NN0− gαHD

NN+− gαHB
NN+−

gαED
NN−0 gαEB

NN−0 gαED
NN00 gαEB

NN00 gαED
NN+0 gαEB

NN+0
gαHD

NN−0 gαHB
NN−0 gαHD

NN00 gαHB
NN00 gαHD

NN+0 gαHB
NN+0

gαED
NN−+ gαEB

NN−+ gαED
NN0+ gαEB

NN0+ gαED
NN++ gαEB

NN++
gαHD

NN−+ gαHB
NN−+ gαHD

NN0+ gαHB
NN0+ gαHD

NN++ gαHB
NN++



while Û =



−1 0 0 0 0 0
0 1 0 0 0 0
0 0 −1 0 0 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 0 0 0 1

, V̂ =



0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 1 0 0
0 0 −1 0 0 0
0 0 0 0 0 1
0 0 0 0 −1 0

.

Excluding FMq = i(kq/k0)V̂ĜN FNq from the system Equations (29) and (30), we
obtained an eigenproblem for FNq, which corresponded to six bianisotropic orbitals in
the Rayleigh limit (

ÛĜMV̂ĜN
)

FNq =
(
k0/kq

)2FNq (31)

The boundary conditions of Equations (17)–(20) turn into

j1(k0R) (pq) + h1(k0R)(ab) = ∑
q

Aq j1
(
kqR

)
diag{i, 1, i, 1, i, 1}ĜMFMq (32)

∂
∂r [r j1(k0r)]r=R (pq) + ∂

∂r [r h1(k0r)]r=R(ab)
= ∑

q
Aq

(
k0
kq

)
diag{1, i, 1, i, 1, i} ×

(
∂
∂r
[
r j1
(
kqr
)]

r=RĜN FNq + j1
(
kqR

)
ĜLFNq

)
(33)

where ĜL is composed of the coefficients gNL, similar to the matrix ĜN provided above,
(pq) = (p1−1, q1−1, p10, q10, p11, q11)

T , and (ab) = (a1−1, b1−1, a10, b10, a11, b11)
T .

Taking the limit of kqR, k0R→ 0 in the spherical Bessel functions, and excluding the
scattered amplitudes (ab), and substituting Equation (29) for ĜMFMq, we obtained

3(pq) = diag{1, i, 1, i, 1, i}
(
1̂ + 2ĜN + ĜL

)
F̂N
→
A (34)
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Equation (34) can be re-written using
(

D
B

)
= 1√

3π
T̂−1 F̂N

→
A, (pq) =

√
3πT̂

(
ε

h

)
, and

the matrix T̂ given by T̂ =



−i +1 0 0 0 0
0 0 0 1 +i 0
0 0 −i

√
2 0 0 0

0 0 0 0 0
√

2
i +1 0 0 0 0
0 0 0 −1 +i 0

.

In accordance with Equation (34),
(
1̂ + 2ĜN + ĜL

)
= T̂

(
1̂ + 2M̂−1)T̂−1, or 3T̂−1(

1̂ + 2ĜN + ĜL
)−1T̂ = 3M̂

(
M̂ + 21̂

)−1. This resulted in(
D
B

)
= 3M̂

(
M̂ + 21̂

)−1
(
ε

h

)
(35)

Considering that
(

D
B

)
=

(
E
H

)
+ 4π

(
P
M

)
= M̂−1

(
D
B

)
+ 4π

(
P
M

)
, we found

(
D
B

)
=

4π
(
1̂− M̂−1)−1

(
P
M

)
,

(
P
M

)
=

3
4π

(
M̂− 1̂

)(
M̂ + 21̂

)−1
(
ε

h

)
(36)

From this, we obtained the polarizability α̂ of the sphere of volume V in the Rayleigh
approximation (

p
m

)
= V

(
P
M

)
= α̂

(
ε

h

)
=

3V
4π

(
M̂− 1̂

)(
M̂ + 21̂

)−1
(
ε

h

)
This agrees with the polarizability of the bianisotropic spheres obtained previously in

electrostatic approximations [67–69].

3. Discussion and Conclusions

Mie’s theory of electromagnetic scattering by spheres is a very important part of
electromagnetism. In the existing literature, it has been extended from the original results
of Mie to bi-isotropic spheres by Bohren [40], and, recently, to anisotropic spheres by
Lin et al. and Li et al. [43–45]. Nevertheless, there is no existing theory of scattering
by bianisotropic spheres, and the methods used to find the scattering for isotropic or
anisotropic spheres are not applicable to bianisotropic spheres.

The extension of our approach to other geometries could be very promising. For
example, recently much attention has been paid to the Mie resonances in nanocylinder
systems [70–72], and we believe that this opens a broad avenue for application.

To conclude, in this study, we introduced the bianisotropic orbitals and presented a
theory of the scattering by bianisotropic spheres with arbitrary effective media parameters
and sizes. In the Rayleigh limit, we obtained the results known from the electrostatic
approximation approach.
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Appendix A

We used a definition of vector spherical harmonics (VSH) that built upon the defini-
tions of Stratton [61], Jackson [62], and Varshalovich et al. [63]. The starting point was the
solution of the scalar Helmholtz equation ∇2ψ + k2ψ = 0

ψ
(j)
lm = − 1

i
√

l(l + 1)
z(j)

l (kr)Ylm, ψ
(j)
00 = iz(j)

0 (kr)Y00,

where the scalar spherical harmonic is Ylm(r̂) =
√

2l+1
4π ·

(l−m)!
(l+m)! Pm

l (cos θ)eimϕ.

The VSH are derived from ψ
(j)
lm , analogous to the definitions of Stratton [61], as

L(j)
lm =

1
k
∇ψ

(j)
lm , M(j)

lm = ∇×
(

rψ
(j)
lm

)
, N(j)

lm =
1
k
∇×M(j)

lm

L(j)
00 =

1
k
∇ψ

(j)
00 , M(j)

00 = 0, N(j)
00 = 0

In spherical coordinates, these VSH can be expressed as

L(j)
lm =

1
k
∇ψ

(j)
lm =

1
k

∂ψ
(j)
lm

∂r
r̂ +

1
kr

∂ψ
(j)
lm

∂θ
θ̂+

1
kr

im
sin θ

ψ
(j)
lm ϕ̂

M(j)
lm = ∇×

(
rψ

(j)
lm

)
=

im
sin θ

ψ
(j)
lm θ̂−

∂ψ
(j)
lm

∂θ
ϕ̂

N(j)
lm =

1
k
∇×M(j)

lm =
l(l + 1)

kr
ψ
(j)
lm r̂ +

1
kr

∂2

∂r∂θ

[
rψ

(j)
lm

]
θ̂+

1
kr

im
sin θ

∂

∂r

[
rψ

(j)
lm

]
ϕ̂

These harmonics are directly related to the harmonics of Jackson [62]

Xlm(r̂) =
1√

l(l + 1)
LYlm, r̂Ylm, r̂×Xlm,

where L = −i(r×∇) is the angular momentum operator

M(j)
lm =

z(j)
l (kr)

i
√

l(l + 1)
r×∇Ylm = z(j)

l (kr)Xlm(r̂)

N(j)
lm =

1
k
∇×

(
z(j)

l (kr)Xlm(r̂)
)
=

i
√

l(l + 1)
kr

z(j)
l (kr)r̂Ylm +

1
kr

∂

∂r

(
rz(j)

l (kr)
)

r̂×Xlm

The vector spherical harmonics L(j)
lm , N(j)

lm , M(j)
lm can be expressed using the harmonics

Yl
jm(r̂) of Varshalovich et al. [63].

L(j)
lm

M(j)
lm

N(j)
lm

 =


iz(j)

l−1(kr)√
(l+1)(2l+1)

0
iz(j)

l+1√
l(2l+1)

0 z(j)
l 0

i
√

l+1
2l+1 z(j)

l−1 0 −i
√

l
2l+1 z(j)

l+1


Yl−1

lm
Yl

lm
Yl+1

lm

 (A1)
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According to the quantum theory of angular momentum, the vector spherical har-
monics of Varshalovich et al. [63] can be expressed on a spherical basis by using Clebsch–
Gordan coefficients.

Yl
jm(r̂) = ∑

m′ ,σ
lm′1σ|jmYlm′(r̂)eσ = ∑

m′ ,σ
Cjm

lm′ ,1σYlm′eσ

where the spherical basis vectors are the eigenstates of the spin operators S2 and Sz.

e±1 = ∓ 1√
2
(x̂± iŷ), e0 = ẑ

Appendix B

The bianisotropic orbitals provided by the solutions of Equation (10) can be represented
as an expansion over the plane wave solutions of method of the index of refraction’s
operator [31–33], with the indexes of refraction related to the radial quantum number kq
given by n = kq/k0. This can be understood by inspecting the expansion of the scalar

spherical harmonics ψ
(1)
lm .

ψ
(1)
lm
(
kq; r

)
= − 1

i
√

l(l + 1)
jl
(
kqr
)
Ylm(r̂) =

∫
ψ
(1)
lm
(
kq; k

)
eikr d3k

(2π)3

According to [63],

ψ
(1)
lm
(
kq; k

)
=
∫

ψ
(1)
lm
(
kq; r

)
e−ikr dV = − (−1)l

i
√

l(l + 1)
2π2il δ

(
kq − k

)
k2

q
Ylm
(
k̂
)

which means that all scalar spherical harmonics contain only the plane waves with the
wavenumbers kq as follows

ψ
(1)
lm
(
kq; r

)
= − (−1)l

i
√

l(l + 1)
πil

∫
eikqk̂r Ylm

(
k̂
) d2Ωk

(2π)2

Correspondingly, the vector spherical harmonics are

L(1)
lm =

1
kq
∇ψ

(1)
lm = − (−1)l

i
√

l(l + 1)
πil

∫
eikqk̂r k̂Ylm

(
k̂
) d2Ωk

(2π)2

M(1)
lm = ∇×

(
rψ

(1)
lm

)
= jl

(
kqr
)
Xlm(r̂) =

jl(kqr)√
l(l+1)

L̂Ylm

= − (−1)l

i
√

l(l+1)
πil ∫ eikqk̂r L̂kYlm

(
k̂
) d2Ωk
(2π)2

N(1)
lm = 1

kq
∇×M(1)

lm = 1
kq
∇×

(
jl
(
kqr
)
Xlm(r̂)

)
= − (−1)l

i
√

l(l+1)
πil−1

∫
eikq k̂r [k̂× L̂k

]
Ylm
(
k̂
) d2Ωk
(2π)2

Appendix C

According to [63],

aeikr = 4π ∑
lm

l+1
∑

q=l−1
iq
{

a · Yq∗
lm
(
k̂
)}

jq(kr)Yq
lm(r̂)

= 4π ∑
lm

(
il−1

{
a · Yl−1∗

lm
(
k̂
)}

jl−1(kr)Yl−1
lm (r̂)

+il
{

a · Yl∗
lm
(
k̂
)}

jl(kr)Yl
lm(r̂) + il+1

{
a · Yl+1∗

lm
(
k̂
)}

jl+1(kr)Yl+1
lm (r̂)

)



Appl. Sci. 2023, 13, 5169 13 of 15

From Equation (A1),z(j)
l−1Yl−1

lm

z(j)
l Yl

lm

z(j)
l+1Yl+1

lm

 =


− il
√

l+1√
2l+1

0 − i
√

l+1√
2l+1

0 1 0

− i
√

l(l+1)√
2l+1

0 i
√

l
2l+1


L(j)

lm
M(j)

lm
N(j)

lm


aeikr = 4π ∑

lm
il
({

a · Yl−1∗
lm

(
k̂
)}(
− l
√

l+1√
2l+1

L(1)
lm −

√
l+1√

2l+1
N(1)

lm

)
+
{

a · Yl∗
lm
(
k̂
)}

M(1)
lm

+
{

a · Yl+1∗
lm

(
k̂
)}(√l(l+1)√

2l+1
L(1)

lm −
√

l
2l+1 N(1)

lm

))
= 4π ∑

lm
il
(
−
√

l(l + 1)a ·
( √

l√
2l+1

Yl−1∗
lm

(
k̂
)
−
√

l+1√
2l+1

Yl+1∗
lm

(
k̂
))

L(1)
lm

+
{

a · Yl∗
lm
(
k̂
)}

M(1)
lm − a

·
( √

l+1√
2l+1

Yl−1∗
lm

(
k̂
)
+

√
l√

2l+1
Yl+1∗

lm
(
k̂
))

N(1)
lm

)
Y(−1)

lm
(
k̂
)
=

√
l√

2l+1
Yl−1

lm
(
k̂
)
−
√

l+1√
2l+1

Yl+1
lm
(
k̂
)
, Y(+1)

lm
(
k̂
)

=
( √

l+1√
2l+1

Yl−1
lm
(
k̂
)
+

√
l√

2l+1
Yl+1

lm
(
k̂
))

We arrive at

aeikr = 4π ∑
lm

il
(
−
√

l(l + 1)
{

a · Y(−1)∗
lm

(
k̂
)}

L(1)
lm +

{
a · Yl∗

lm
(
k̂
)}

M(1)
lm −

{
a · Y(+1)∗

lm
(
k̂
)}

N(1)
lm

)
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