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Abstract: A new multi-constraint optimization model with the weighted objective function is pro-
posed to design the multi-input-multi-output (MIMO) compliant mechanisms. The main feature
of this work is that both the two notable problems related to the de facto hinge and the movement
coupling are tackled simultaneously in the topological synthesis of MIMO compliant mechanisms.
To be specific, the first problem is the severe stress concentration in the flexible hinge areas, and it
is solved by the introduction of input and output compliances into the objective function, which
could facilitate the optimization to strike a good balance between structural flexibility and stiffness.
The second problem is the high degree of control complexity caused by the coupled outputs and
inputs, and it is addressed by achieving the complete decoupling with two groups of extra constraints
that are used to suppress the input coupling and the output coupling, respectively. As the most
common and effective topology optimization method, the Solid Isotropic Material with Penalization
(SIMP)-based density method is adopted here to obtain the optimized configurations. After the
analytical sensitivity deduction related to the weighted objective function and constraints, two typical
numerical examples are presented to demonstrate the validity of the proposed topology optimization
framework in designing the hinge-free and completely decoupled MIMO compliant mechanisms.

Keywords: topology optimization; compliant mechanism; de facto hinge; movement coupling;
multiple inputs; multiple outputs

1. Introduction

Compliant mechanisms, unlike the conventional rigid-body mechanisms, gain their
mobility from the deflection of flexible members rather than from movable joints, and there-
fore have many intrinsic advantages, such as no lubrication, low wear, light weight, ease in
assembly and miniaturization [1–3]. Nowadays, compliant mechanisms outperform the
rigid-body ones in various applications including micro/nano-electro-mechanical systems
(MEMS/NEMS), high-precision instruments and biomedical electronic devices [4,5].

The advantages of compliant mechanisms have aroused considerable and increasing
interest in synthesis methods of compliant mechanisms that can be classified into two
main categories: kinematic-based approaches [6,7] and structural topology optimization
approaches [8,9]. The design method adopted in this work belongs to the latter category,
because the topology optimization technique, which could facilitate designers to break
through traditional institutions and experience, has already proven to be a powerful tool to
obtain competitive and innovative mechanical and architectural structures [10–12].

Topology optimization has undergone tremendous development since the homoge-
nization method was proposed [13], and now it can be realized by many excellent methods,
including density method [14–17], evolutionary method [18–23], level set method [24–29],
bubble method [30,31], feature-driven method [32–34], moving morphable components
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method [35–37] and several others [38–44]. It is worth noting that the Evolutionary Topol-
ogy Optimization (ETO) approach [22] not only belongs to the evolutionary method, but
also is an elemental volume fraction-based method proposed for the first time, which also
includes the Smooth-Edged Material Distribution for Optimizing Topology (SEMDOT)
algorithm [45]. Among the various topology optimization approaches, the density method
with Solid Isotropic Material with Penalization (SIMP) interpolation scheme is the most
widely used one, mainly because of its clear physical conception, simple formula, excel-
lent numerical stability and convergence. In this paper, the SIMP approach is adopted to
synthesize compliant mechanisms, and the corresponding compliant mechanism design
problem is converted into the problem of seeking the optimal material distribution within
a given design domain [2].

In the topology optimization design of compliant mechanisms, there are some challeng-
ing problems that prevent optimized results from being widely applied to the engineering
practice, and the present work focuses on solving the two most common and important
problems: de facto hinges and movement coupling.

The former problem is reflected in Figure 1; de facto hinges (i.e., flexure points [46])
make the resulting mechanism not actually compliant but function as the rigid-body one
with revolute joints [47,48]. To be more specific, if the compliant mechanism is loaded, its
major part will essentially undergo the rigid-body motion, and the mechanical deflection
can only be realized by the bending deformations around its de facto hinges. Consequently,
energy and force are mainly transmitted through the bending of flexible hinges, where
the severe local stress concentration occurs unavoidably and may significantly shorten the
mechanical life span [4–7,49–51].
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Figure 1. Drawings related to the de facto hinge phenomenon: (a) the revolute joint of two rigid
bodies; (b) the flexure point of a structure; (c) the distributed compliant mechanism.

In order to eliminate de facto hinges and obtain the virtually distributed compliant
mechanism [52,53], varieties of methods have been developed and some characteristic ones
are described below. Luo et al. [54] address the de facto hinge problem by introducing
a quadratic energy functional used in image analysis in the level set method; Pereira
and Cardoso [55] study the joint use of local stress constraints and proper filter radius
to design distributed compliant mechanisms; Dunning [56] removes de facto hinges by
applying minimum length-scale constraints to both structure and void regions; Zhan
and Luo [57] prevent the formation of flexible hinges by means of the robust topology
optimization considering material uncertainties. In our work, a relatively popular method
with the weighted objective function is adopted, in which the optimization objective
includes geometric and mechanical advantages [46,47]. The geometric advantage usually
represented by the desired output displacement or the mutual compliance is employed
to quantify the mechanical performance and enhance the output motion. The mechanical
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advantage that could be simply defined by the mean compliance is used to ensure adequate
structural stiffness and hence has the effect of eliminating de facto hinges [58,59].

The latter problem is the coupling issue of outputs and inputs existing in the opera-
tional process of multi-input-multi-output (MIMO) compliant mechanisms [60–65]. The
output coupling always results in complex kinematic models, and the input coupling would
lead to undesired loads on actuators. Both of them could cause serious difficulty in motion
control, so the decoupling property is a crucial factor needing to be considered in the
process of designing precision MIMO compliant mechanisms. In the current study, we aim
to develop fully decoupled mechanisms with both output and input decoupling properties.
Generally, the output decoupling means one actuator produced only one axial output mo-
tion without affecting the motion of other axes [61], and the input decoupling emphasizes
on the isolation of actuations [62]. In order to obtain the fully decoupled compliant mecha-
nism, many effective kinematic-based approaches have already been proposed [63–65], but
they often lead to complicated structures that are not convenient for control implementation
and prototype fabrication. To solve this problem, Zhu et al. [60] adopted the topology
optimization method to design the fully decoupled compliant mechanism, and relatively
simple structures with de facto hinges were obtained.

The present study is conducted to design hinge-free and fully-decoupled MIMO com-
pliant mechanisms, by addressing both the de facto hinge and the movement coupling
problems at the same time. To achieve this end, a new multi-objective-multi-constraint op-
timization model is proposed. Specifically, the multi-objective function consists of desired
output displacements as well as input and output compliances, and corresponding weight-
ing factors are updated adaptively to make the optimization strike a good balance between
structural flexibility and stiffness. The multi-constraint conditions could be classified into
output decoupling and input decoupling constraints, which are employed to restrict the
undesired displacements at output and input ports, respectively. In order to solve the
above-described optimization model, analytical sensitivities related to multi-objective and
constraint functions are deduced and the Method of Moving Asymptotes (MMA) [66] is
used as the optimizer. It should be noted that the proposed method is quite convenient
as it possesses a self-adaptive ability and does not need the setting of many empirical
parameters, such as stiffness coefficients of connecting springs.

The remainder of the paper is organized as follows. MIMO compliant mechanism
design problems regarding the de facto hinge and the movement coupling are introduced
in Section 2, where the integrated mathematical model of concerned optimization problems
is built. Based on this optimization model, Section 3 conducts the sensitivity analysis
and provides the optimization implementation. In Section 4, numerical examples of a
path-generating mechanism and an inverter are presented to demonstrate the validity of
the proposed method. Finally, conclusions are addressed.

2. Problem Formulation
2.1. Topology Optimization Approach

The continuum structural topology optimization can be seen as finding the optimal
material distribution within a given design domain. As the most widely used topology
optimization approach, the density method regards elements for analysis as basic design
units, with which the design domain is discretized. The existence of material in the eth
element is measured by its density xe ranging from 0 to 1, and xe = 1 or 0 means that the
eth element is the solid or void one. In order to suppress the occurrence of elements with
intermediate densities (i.e., 0 < xe < 1) in the final design, the following modified SIMP
interpolation scheme is adopted:

Ee = E(xe) = Emin + xp
e (E0 − Emin), xe = [0, 1] (1)

where Ee denotes Young’s modulus of the eth element material, E0 and Emin denote Young’s
moduli of solid and void materials, respectively, and Emin takes a minimal positive number
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to avoid singularity of the stiffness matrix; p is a penalization factor introduced to ensure
black-and-white solutions and it is typically set to 3.

According to the SIMP based density method, the global stiffness matrix K is calcu-
lated by

K =
N

∑
e=1

Eek (2)

where k is the element stiffness matrix for an element with unit Young’s modulus, and N is
the total number of elements used to discretize the design domain.

2.2. Objective Function with the Effect of Eliminating De Facto Hinges

Figure 2 shows the design domain D and boundary conditions of a typical MIMO
compliant mechanism, in which each input load is responsible for actuating a specific
output displacement, i.e., the desired output displacement uOi at the ith output port Oi
should be generated by applying an input force FIi at the corresponding input port Ii
(i = 1, 2, . . . , n).
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In this work, the output displacement uOi produced by FIi is calculated by using the
concept of the mutual mean compliance as follows:

uOi = VT
OiKUIi (3)

where UIi is the displacement vector associated with the input force FIi, and VOi is the
displacement vector due to a virtual unit load fOi that is applied at the output point Oi and
has the same direction with uOi (see Figure 2).

The core design objective of compliant mechanisms is to maximize the desired output
displacements, and it could be formulated as: Minimize −uOi (i = 1, 2, . . . , n). This multi-
objective formulation could be transformed into the following single-objective one via the
weighted sum method:

Minimize : J = −
n

∑
i=1

ωiuOi (4)

in which ωi is the weighting factor of uOi and is updated with iterations using

ωiter
i =

 1 i = 1 or iter = 1∣∣∣∣ uiter−1
O1

uiter−1
Oi

∣∣∣∣ i ≥ 1 and iter ≥ 2
(5)

where superscripts iter and iter − 1 denote iterth and (iter − 1)th iteration, respectively.
It should be noted that de facto hinges are very likely to appear in design results if the
objective function only involves output displacements, as shown in Equation (4).

In order to eliminate de facto hinges naturally, the present optimization work is
dedicated to striking a good balance between structural flexibility and stiffness. The stiffness
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of compliant mechanisms could be measured by the input compliance CIi and the output
compliance COi defined as

CIi = VT
IiKVIi (6)

COi = VT
OiKVOi (7)

where V Ii is the displacement vector due to a virtual unit load fIi with the same input point
and direction as FIi. The smaller the compliance is, the larger the mechanism stiffness is.

After the introduction of input and output compliances (CIi and COi) computed by
Equations (6) and (7) into the objective function (4), the new formulation based on the
weighted sums of the flexibility and stiffness is developed as

Minimize : J = −
n

∑
i=1

ωiuOi +
n

∑
i=1

wIiCIi+
n

∑
i=1

wOiCOi (8)

in which wIi and wOi are the weighting factors of CIi and COi, respectively. Similar to the
factor ωi, both the wIi and wOi change with iterations adaptively as follows:

witer
Ii =

 1 i = 1, iter = 1∣∣∣∣ uiter−1
O1

Citer−1
Ii

∣∣∣∣ i ≥ 2, iter ≥ 2
(9)

witer
Oi =

 1 i = 1 , iter = 1∣∣∣∣ uiter−1
O1

Citer−1
Oi

∣∣∣∣ i ≥ 2, iter ≥ 2
(10)

The reason for adopting these weighting factors ωi, wIi and wOi is that values of
weighted quantities uOi, CIi and COi vary widely and always differ by orders of magnitude.
The reason for adaptively adjusting them using Equations (5), (9) and (10) is that it can
prevent some of these quantities from becoming insanely large. In other words, the adaptive
update scheme helps to balance the flexibility and stiffness of compliant mechanisms, and
distributed ones with no de facto hinges can therefore be obtained.

2.3. Constraint Functions Set for Achieving Complete Decoupling

A completely decoupled MIMO compliant mechanism implies that each input load pro-
duces only one directional output motion without affecting the motions at other ports. How-
ever, one input load usually leads to undesired output displacement at non-corresponding
ports, which is known as coupling. If the motion appears at the non-corresponding output
port, we will call it output coupling, as depicted in Figure 3a. If the motion exists in any
other input port, we will call it input coupling, as depicted in Figure 3b. Coupling goes
against the precision operation of mechanisms and must be prevented.
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In Figure 3, a load FIi is applied at the ith input port Ii and produces a desired displace-
ment uOi at the output port Oi, whereas in the meantime, the coupled displacements at other
ports are unavoidably generated, which are denoted by ũOj,i and ũI j,i. The former means
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the displacement at the output point Oj (j 6= i) produced by FIi, and the latter represents the
displacement at the input point Ij (j 6= i) produced by FIi. To overcome the coupling issue,
the following extra constraints are introduced into the optimization formulation:

δj,i =

( ũOj,i

uOi

)2

≤ [δ] (11)

γj,i =

( ũI j,i

uOi

)2

≤ [γ] (12)

where δj,i and γj,i denote the output coupling index at Oj (j 6= i) and the input coupling
index at Ij (j 6= i) due to FIi at Ii, respectively; both [δ] and [γ] take very small positive
numbers in order to suppress the movement coupling.

2.4. Optimization Model

By combining Equations (8), (11) and (12), one can obtain the mathematical model
related to the topology optimization design of hinge-free and fully decoupled MIMO
compliant mechanisms as follows:

Minimize : J = −
n
∑

i=1
ωiuOi +

n
∑

i=1
wIiCIi+

n
∑

i=1
wOiCOi

Subject to : δj,i =
( ũOj,i

uOi

)2
≤ [δ]

γj,i =
( ũI j,i

uOi

)2
≤ [γ]

V
V0

=
N
∑

e=1
vexe/V0 ≤ f

KUI = FI , KVI = fI , KVO = fO
0 < xmin ≤ xe ≤ 1; e = 1, 2, . . . , N
i = 1, 2, . . . , n; j = 1, 2, . . . , i− 1, i + 1, . . . , n

(13)

In which V and V0 are, respectively, the volumes of the optimized structure and the design
domain; ve is the eth element volume; f is the prescribed volume fraction; FI, f I and f O are
the global load matrices of which the ith columns are formed by the external load FIi, virtual
unit loads fIi and fOi (i = 1, 2, . . . , n), respectively; UI, V I and VO are the corresponding
global displacement matrices, whose ith columns are respectively UIi, V Ii and VOi defined
as before.

3. Sensitivity Analysis and Optimization Implementation
3.1. Sensitivity Analysis

Sensitivity analysis is usually implemented as an essential step in structural optimiza-
tion for the following reasons: to provide the information about how sensitive the objective
function is with respect to design variables; to solve optimization problems via efficient
gradient-based topology algorithms; to carry out the sensitivity filtering scheme, and so on.

The sensitivity of the objective function J defined in Equation (13) can be computed by
solving its partial differentiation to the design variable xe as

∂J
∂xe

= −
n
∑

i=1
ωi

∂uOi
∂xe

+
n
∑

i=1
wIi

∂CIi
∂xe

+
n
∑

i=1
wOi

∂COi
∂xe

=
n
∑

i=1
ωiVT

Oi
∂K
∂xe

UIi −
n
∑

i=1
wIiVT

Ii
∂K
∂xe

VIi −
n
∑

i=1
wOiVT

Oi
∂K
∂xe

VOi

= pxp−1
e (E0 − Emin)

[
n
∑

i=1
ωiVT

OikUIi −
n
∑

i=1
wIiVT

IikVIi −
n
∑

i=1
wOiVT

OikVOi

] (14)

It is worth mentioning that weighting factors ωi, wIi and wOi remain constant in the
current optimization iteration, so their sensitivities are not involved in the above equation.
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The sensitivity of the output coupling constraint function δj,i with respect to xe could
be calculated as

∂δj,i
∂xe

= ∂
( ũOj,i

uOi

)2
/∂xe

= 2
ũOj,i
uOi

(
∂ũOj,i

∂xe
uOi−ũOj,i

∂uOi
∂xe

u2
Oi

)
= 2

VT
Oj,iKUIi

VT
OiKUIi

(
−VOj,i

∂K
∂xe

UIi ·VT
OiKUIi−VT

Oj,iKUIi ·(−VT
Oi

∂K
∂xe

UIi)

(VT
OiKUIi)

2

)
= 2pxp−1

e (E0 − Emin)
VT

Oj,iKUIi

(
VT

Oj,iKUIi ·VT
OikUIi−VOj,ikUIi ·VT

OiKUIi

)
(VT

OiKUIi)
3

(15)

Similarly, the sensitivity of the input coupling constraint function γj,i can be derived as

∂γj,i
∂xe

= ∂
( ũI j,i

uOi

)2
/∂xe

= 2
ũI j,i
uOi

(
∂ũI j,i
∂xe

uOi−ũI j,i
∂uOi
∂xe

u2
Oi

)
= 2pxp−1

e (E0 − Emin)
VT

Ij,iKUIi

(
VT

Ij,iKUIi ·VT
OikUIi−VI j,ikUIi ·VT

OiKUIi

)
(VT

OiKUIi)
3

(16)

3.2. Optimization Implementation

The design domain is discretized by four-node bilinear elements. Numerical insta-
bilities involved in the optimization process, such as the checkerboard pattern and the
mesh dependence, are addressed by the sensitivity-based filter method [15]. The sensitivity
filter radius is set to 1.5 times the element size. The present multi-constraint optimization
problem is solved by using the well-known method of moving asymptotes (MMA) [66]. The
convergence criterion is that the maximum iteration number attains 2000 or the maximum
variation of design variables is less than 0.01.

Here, we summarize the optimization procedure for the topology optimization of
MIMO compliant mechanisms in this paper as follows:

Step 1. Make an initialization by setting initial values for parameters.
Step 2. Carry out the finite element analysis (FEA) to obtain uOi, ũOj,i, ũI j,i, CIi and COi.
Step 3. Calculate ωi, wIi and wOi by Equations (5), (9) and (10), respectively.
Step 4. Compute and then filter the sensitivities related to the design problem (13).
Step 5. Update design variables by the method of moving asymptotes (MMA).
Step 6. Check for convergence. If not converge, go to Step 2.

4. Experimental Validations

Two design examples of MIMO compliant mechanisms are tested to verify the validity
of the proposed method. The same prescribed volume fraction with f = 0.3, the same
density for void element xmin = 10−4 as well as the same material properties with Poisson’s
ratio ν = 0.3, Young’s moduli for solid material E0 = 1 and for void material Emin = 10−9 are
adopted in both cases.

4.1. Compliant Path Generator

The design domain and boundary conditions of the compliant path generator are
plotted in Figure 4. Two input forces FI1 and FI2 that are applied at input points I1 and I2
lead to output displacements uO1 and uO2 at the same output point O1(O2), respectively.
The void areas at the right top and the right bottom corners have the same size of 40 × 40.
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4.1.1. Validity of the Hinge-Free Design Scheme

For comparison purposes, the traditional optimization design model of compliant
mechanisms is first provided as follows:

Minimize : J = −
n
∑

i=1
ωiuOi

Subject to : V/V0 ≤ f
KU = F
0 < xmin ≤ xe ≤ 1
e = 1, 2, . . . , N
i = 1, 2, . . . , n

(17)

where K differs from that in Equation (13) due to the adoption of the spring model and is
expressed as

K =
N

∑
e=1

Eek +
n

∑
i=1

(KIi + KOi) (18)

in which KIi and KOi denote the global stiffness matrices related to the input spring at
input point Ii and output spring at output point Oi, respectively. In this test, the stiffness
coefficients of input and output springs are all set to 0.1.

To verify the effectiveness of the objective function defined by Equation (8) in eliminat-
ing de facto hinges, the proposed optimization model (13) without considering coupling
constraints is adopted here as

Minimize : J = −
n
∑

i=1
ωiuOi +

n
∑

i=1
wIiCIi+

n
∑

i=1
wOiCOi

Subject to : V
V0

=
N
∑

e=1
vexe/V0 ≤ f

KUI = FI , KVI = fI , KVO = fO
0 < xmin ≤ xe ≤ 1; e = 1, 2, . . . , N
i = 1, 2, . . . , n
j = 1, 2, . . . , i− 1, i + 1, . . . , n

(19)

The design results of the path generator related to optimization models (17) and
(19) are shown in Figure 5a,b, respectively. Both results have reasonable load paths for
this compliant mechanism with two inputs and two outputs, even if their topologies are
significantly different. Figure 6 plots the corresponding strain energy density distributions.
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Figure 6. Plots of the resulting strain energy densities related to optimization modes (a) Equation (17)
and (b) Equation (19).

The optimized path generator in Figure 5a is the lumped compliant mechanism as
it contains several de facto hinges, around which the values of strain energy density are
pretty large, as shown in Figure 6a. It can be seen from Figures 5b and 6b that there are no
slender hinges with high strain energy density in the design result, which means that the
path generator optimized by using the objective function (8) is the hinge-free compliant
mechanism (i.e., the distributed compliant mechanism).

4.1.2. Validity of Decoupling Constraint Functions

In this section, we further investigate the effect of coupling constraints on achieving
full decoupling. Figure 7 plots the horizontal and vertical displacement distributions of the
design result shown in Figure 5b under different load cases FI1 and FI2. Figure 8 draws the
same type of displacement distributions related to the design result optimized using the
optimization mode (13) with coupling constraints. Note that the two permissible coupling
indices [δ] and [γ] involved in Equation (13) are both set to 0.01 here. Figure 9 shows the
evolution of the structural configuration optimized using Equation (13), and Figure 10 plots
the convergence histories.

From Figures 7 and 8, one could visually determine whether the coupling of inputs or
outputs exists or not. As depicted in Figure 7b, the undesired vertical displacement at the
output point is produced by the load FI1 = 1, and this output coupling issue is successfully
solved in Figure 8b. In addition, Figure 7c shows unexpected horizontal displacements at
the output point and the input point I1, and the latter is exceptionally large, both of which
are well suppressed in Figure 8c. Desired horizontal and vertical displacements at the
output point O1(O2) are exhibited in Figures 7a,b and 8a,b, from which we could see that
the design result with totally decoupled kinematics has almost the same expected output
displacements as the one with the movement coupling issue.
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Tables 1 and 2 provide the exact values of desired and undesired displacements as
well as output and input coupling indices, and we can evaluate the output performances
of the two design results shown in Figures 7 and 8 quantitatively. The absolute values of
all the undesired displacements ũO2,1, ũI2,1, ũO1,2 and ũI1,2 related to the path generator
drawn in Figure 8 decrease significantly, and accordingly the values of the coupling indices
δ2,1, δ1,2, γ2,1 and γ1,2 are all quite small and not bigger than [δ] = [γ] = 0.01. Such results
manifest that both input and output couplings are under control.
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Table 1. Desired and undesired displacements of design results shown in Figures 7 and 8.

uO1
~
uO2,1

~
uI2,1 uO2

~
uO1,2

~
uI1,2

Figure 7 11.1167 6.0066 4.1642 14.3340 8.4481 4.1642
Figure 8 11.7840 −1.1522 0.0633 14.2408 1.4234 1.4234

Table 2. Output and input coupling indices of design results shown in Figures 7 and 8.

δ2,1 δ1,2 γ2,1 γ1,2

Figure 7 0.29195 0.34736 0.14032 0.08440
Figure 8 0.00956 0.00999 0.00003 0.00002

4.1.3. The Effect of Permissible Coupling Indices [δ] and [γ]

In this work, there are only two parameters [δ] and [γ] that need to be set manually.
Their influences on the design results are investigated here. Figure 11 plots four optimized
designs obtained using the optimization model (13) with different values of [δ] and [γ],
and the design result shown in Figure 11b is just the one drawn in Figure 8. It can be seen
that all of the optimized results have reasonable and similar topologies even if [δ] and [γ]
vary greatly.

The performance data of the resulting mechanisms is given in Tables 3 and 4. For dif-
ferent decoupling levels (i.e., different values of [δ] and [γ]), the desired displacements uO1
and uO2 have little difference, whereas the undesired displacements change significantly,
so that the values of all the coupling indices could be strictly limited to [δ] and [γ]. These
results indicate that the values of [δ] and [γ] have an evident impact on the decoupling
degree of resulting mechanisms. Both the input and output couplings of optimized mech-
anisms can be controlled very well and the completely decoupled mechanisms could be
obtained by using the optimization model (13) with very small [δ] and [γ].
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Figure 11. Path generators obtained with different [δ] and [γ]: (a) 0.1, (b) 0.01, (c) 0.001, (d) 0.0001.

Table 3. Desired and undesired displacements of the four design results shown in Figure 11.

[δ] = [γ] uO1
~
uO2,1

~
uI2,1 uO2

~
uO1,2

~
uI1,2

Figure 11a 0.1 11.3304 2.1013 1.8679 14.2730 4.5116 1.8679
Figure 11b 0.01 11.7840 −1.1522 0.0633 14.2408 1.4234 1.4234
Figure 11c 0.001 12.6865 −0.4010 0.1077 14.2561 0.4506 0.1077
Figure 11d 0.0001 12.6229 −0.1262 −0.0631 14.2124 0.1421 −0.0631

Table 4. Output and input coupling indices of the four design results shown in Figure 11.

[δ] = [γ] δ2,1 δ1,2 γ2,1 γ1,2

Figure 11a 0.1 0.03439 0.09991 0.02718 0.01713
Figure 11b 0.01 0.00956 0.00999 0.00003 0.00002
Figure 11c 0.001 0.00100 0.00100 0.00007 0.00006
Figure 11d 0.0001 0.00010 0.00010 0.00003 0.00002

4.2. Inverter

The design domain and boundary conditions are illustrated in Figure 12. The void
areas at the right top and the right bottom corners have the same dimensions of 20 × 9.
Both the input point I1 and the output point O1(O2) lie on the horizontal symmetry axis
of the design domain. Input forces FI1 = 1 and FI2 = 1 are applied at input points I1 and
I2, respectively. In addition, two output displacements uO1 and uO2 with the directions
opposite to that of input forces are generated at the output point O1(O2) correspondingly.
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4.2.1. Eliminate De Facto Hinges

By adopting the traditional optimization model (17), the inverter with several de
facto hinges shown in Figure 13a is obtained, and the local strain energy density with
very large values occurred around these de facto hinges, as shown in Figure 13b. The
strain energy distribution confirms that the flexibility of the obtained inverter is mainly
provided by de facto hinges, which makes this inverter unavoidably suffer from the stress
concentration problem.
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Figure 13. Design result of the inverter (a) using Equation (17) and the distribution of the local strain
energy density (b).

The optimization mode (19) is employed here to eliminate de facto hinges, and the
resulting inverter shown in Figure 14a almost has no hinges. The maximum value of
the local strain energy density in the design domain except the fixed and input points is
significantly reduced, as drawn in Figure 14b, so that the stress concentration decreases
largely and the possible fatigue breakage is avoided to a great extent.

4.2.2. Achieve Complete Decoupling

This example adopts the optimization model (13) with the same four groups of values
related to [δ] and [γ] as in the previous example, i.e., [δ] = [γ] = 0.1, [δ] = [γ] = 0.01,
[δ] = [γ] = 0.001 and [δ] = [γ] = 0.0001. The four different design results are plotted in
Figure 15, and we can see that the four optimized topologies are obviously different.
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Tables 5 and 6 list the values of concerned displacements and coupling indices of the
design results shown in Figure 15. The desired displacements uO1 and uO2 are all negative,
and it means the displacement inverter is successfully designed by using the proposed
method. The smaller the values of [δ] and [γ] are, the smaller the values of undesired
displacements are. From the data in Table 6, one can learn that both the output and input
coupling indices decrease greatly when [δ] and [γ] become small, which are all strictly
restricted within the permissible coupling indices [δ] and [γ].

Table 5. Desired and undesired displacements of the four design results shown in Figure 15.

[δ] = [γ] uO1
~
uO2,1

~
uI2,1 uO2

~
uO1,2

~
uI1,2

Figure 15a 0.1 −15.7907 −4.1756 4.9923 −24.1248 4.5064 4.9923
Figure 15b 0.01 −14.3172 −0.4670 −0.4670 −13.5221 1.0904 −0.4670
Figure 15c 0.001 −12.9474 −0.4063 −0.4063 −12.8545 0.4063 −0.4063
Figure 15d 0.0001 −17.5345 0.1752 0.1752 −17.8203 0.1781 0.1752
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Table 6. Output and input coupling indices of the four design results shown in Figure 15.

[δ] = [γ] δ2,1 δ1,2 γ2,1 γ1,2

Figure 15a 0.1 0.06992 0.03489 0.09995 0.04282
Figure 15b 0.01 0.01000 0.00650 0.00106 0.00119
Figure 15c 0.001 0.00100 0.00100 0.00098 0.00100
Figure 15d 0.0001 0.00010 0.00010 0.00010 0.00010

5. Conclusions

In this work, we are dedicated to addressing the two most common and important
issues involved in the MIMO compliant mechanism synthesis. One is the de facto hinge
problem, which is solved by striking a good balance between structural flexibility and
stiffness with the weighted objective function (8); the other is the movement coupling issue,
and it is tackled through the introduction of multi-constraint conditions used to suppress
both the output and input decouplings. Numerical examples show that the proposed
optimization model (13) is effective in handling both problems. As a result, not only can the
stress concentration (excessive local strain energy density) of the compliant mechanism be
greatly alleviated, but also high-precision MIMO compliant mechanisms with fully decou-
pling property are obtained. In addition, only two parameters (i.e., coupling indices [δ] and
[γ]) need to be set manually, whose influences on optimized results are already studied in
detail. The present method is quite convenient for designing the hinge-free and completely
decoupled MIMO compliant mechanisms, since it possesses the self-adaptive ability and
does not need the setting of many empirical parameters. Further development can be made
by replacing the traditional SIMP based topology optimization approach with new popular
methods (e.g., the feature-driven method [33] and the SEMDOT algorithm [45]), in order to
achieve more complicated and valuable design results with clear and smooth boundaries
that could be imported into the CAD systems directly without tedious post-processing.
Moreover, since the optimization design of 3D compliant mechanisms is more practical in
engineering application, our future work will improve the efficiency and calculation scale
of the proposed method by parallel calculation or reduced-order means, and then extend it
to deal with complex 3D cases.
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